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Foreword

The National Curriculum Framework, 2005, recommends that children’slife at school
must belinked to their life outside the school. This principle marksadeparturefromthe
legacy of bookish learning which continues to shape our system and causes a gap
between the school, home and community. The syllabi and textbooks devel oped on the
basis of NCF signify an attempt to implement this basic idea. They also attempt to
discourage rote learning and the maintenance of sharp boundaries between different
subject areas. We hope these measures will take us significantly further in the
direction of achild-centred system of education outlined in the National Policy on
Education (1986).

The success of thiseffort depends on the stepsthat school principalsand teachers
will taketo encourage childrento reflect on their own learning and to pursueimaginative
activitiesand questions. We must recognisethat, given space, time and freedom, children
generate new knowledge by engaging with theinformation passed on to them by adults.
Treating the prescribed textbook as the sole basis of examination is one of the key
reasons why other resources and sites of learning are ignored. Inculcating creativity
andinitiativeispossibleif we perceive and treat children as participantsin learning, not
asreceivers of afixed body of knowledge.

Theseaimsimply considerable changein school routinesand mode of functioning.
Flexibility in the daily time-table is as hecessary as rigour in implementing the annual
calendar so that the required number of teaching daysare actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’slife at school a happy experience, rather than a
source of stress or boredom. Syllabus designers have tried to address the problem of
curricular burden by restructuring and reorienting knowledge at different stages with
greater consideration for child psychology and the time available for teaching. The
textbook attempts to enhance this endeavour by giving higher priority and space to
opportunitiesfor contemplation and wondering, discussionin small groups, and activities
requiring hands-on experience.
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NCERT appreciatesthe hard work done by the textbook devel opment committee
responsible for this book. We wish to thank the Chairperson of the advisory group in
Science and Mathematics, Professor J.V. Narlikar and the Chief Advisor for thisbook,
Professor PK. Jain for guiding thework of thiscommittee. Several teachers contributed
to the development of thistextbook; we are grateful to their principalsfor making this
possible. We are indebted to the institutions and organi sations which have generously
permitted usto draw upon their resources, material and personnel. As an organisation
committed to systemic reform and continuousimprovement in the quality of its products,
NCERT welcomes commentsand suggestionswhich will enable usto undertake further
revision and refinement.

Director
New Delhi National Council of Educational
20 November 2006 Research and Training
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Preface

The National Council of Educational Research and Training (NCERT) had constituted
21 Focus Groups on Teaching of various subjects related to School Education,
to review the National Curriculum Framework for School Education - 2000
(NCFSE - 2000) in face of new emerging challenges and transformations occurring in
the fields of content and pedagogy under the contexts of National and International
spectrum of school education. These Focus Groups made general and specific comments
intheir respective areas. Consequently, based on these reports of Focus Groups, National
Curriculum Framework (NCF)-2005 was devel oped.

NCERT designed the new syllabi and constituted Textbook Development
Teamsfor Classes X1 and X1 to prepare textbooks in Mathematics under the new
guidelines and new syllabi. The textbook for Class X| isalready in use, which was
brought in 2005.

The first draft of the present book (Class XI1) was prepared by the team
consisting of NCERT faculty, experts and practicing teachers. The draft was refined
by the development team in different meetings. Thisdraft of the book was exposed
to agroup of practicing teachers teaching Mathematics at higher secondary stage
in different parts of the country, in areview workshop organised by the NCERT at
Delhi. Theteachers made useful comments and suggestions which wereincorporated
inthe draft textbook. The draft textbook wasfinalised by an editorial board constituted
out of the development team. Finally, the Advisory Group in Science and Mathematics
and the Monitoring Committee constituted by the HRD Ministry, Government of India
have approved the draft of the textbook.

In the fitness of things, let us cite some of the essential features dominating the
textbook. These characteristics havereflectionsin almost all the chapters. Theexisting
textbook containsthirteen main chaptersand two appendices. Each chapter contains
thefollowings:

= |ntroduction: Highlighting the importance of the topic; connection with earlier
studied topics; brief mention about the new concepts to be discussed in the
chapter.

= Organisation of chapter into sections comprising one or more concepts/
subconcepts.

= Motivating and introducing the concepts/subconcepts. Illustrations have been
provided wherever possible.
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= Proofs/problem solving involving deductive or inductive reasoning, multiplicity
of approaches wherever possible have been inducted.

= Geometric viewing/ visualisation of concepts have been emphasized whenever
needed.

= Applications of mathematical concepts have also been integrated with allied
subjects like Science and Social Sciences.

= Adequate and variety of examples/exercises have been given in each section.

= For refocusing and strengthening the understanding and skill of problem solving
and applicabilities, miscellaneous types of examples/exercises have been
provided involving two or more subconcepts at atime at the end of the chapter.
The scope of challenging problems to talented minority have been reflected
conducive to the recommendation as reflected in NCF-2005.

= For more motivational purpose, brief historical background of topics have been
provided at the end of the chapter and at the beginning of each chapter, relevant
quotation and photograph of eminent mathematician who have contributed
significantly in the development of the topic undertaken, are also provided.

= | astly, for direct recapitulation of main concepts, formulas and results, brief
summary of the chapter has also been provided.

| am thankful to Professor Krishan Kumar, Director, NCERT who constituted the
team and invited meto join this national endeavour for theimprovement of Mathematics
education. He has provided us with an enlightened perspective and avery conducive
environment. This made the task of preparing the book much more enjoyable and
rewarding. | expressmy gratitude to Professor J.V. Narlikar, Chairperson of theAdvisory
Group in Science and Mathematics, for his specific suggestions and advice towards
the improvement of the book from time to time. I, also, thank Professor
G. Ravindra, Joint Director, NCERT for hishelp from timeto time.

| express my sincere thanks to Professor Hukum Singh, Chief Coordinator and
Head, DESM, Dr. V. P. Singh, Coordinator and Professor, S. K. Singh Gautam who
have been helping for the success of thisproject academically aswell asadministratively.
Also, | would like to place on records my appreciation and thanksto al the members
of the team and the teachers who have been associated with this noble causein one or
the other form.

Pawan K. JaIiN
Chief Advisor
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THE CONSTITUTION OF
INDIA

PREAMBLE

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
'[SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC] and to secure
to allits citizens :

JUSTICE, social, economic and
political;

LIBERTY of thought, expression, belief,
faith and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the ’[unity and
integrity of the Nation];

IN OUR CONSTITUENT ASSEMBLY
this twenty-sixth day of November, 1949 do
HEREBY ADOPT, ENACT AND GIVE TO
OURSELVES THIS CONSTITUTION.

1. Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Sovereign Democratic Republic” (w.e.f. 3.1.1977)

2. Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Unity of the Nation" (w.e.f. 3.1.1977)

2020-21




Acknowledgements

The Council gratefully acknowledges the valuable contributions of the following
participants of the Textbook Review Workshop: Jagdish Saran, Professor, Deptt. of
Statistics, University of Delhi; Quddus Khan, Lecturer, Shibli National P.G College,
Azamgarh (U.P); PK. Tewari, Assistant Commissioner (Retd.), Kendriya Vidyalaya
Sangathan; S.B. Tripathi, Lecturer, R.P.V.V., Surgimal Vihar, Delhi; O.N. Singh,
Reader, RIE, Bhubaneswar, Orissa; Miss Saroj, Lecturer, Govt. Girls Senior
Secondary School No.1, Roop Nagar, Delhi; P. Bhaskar Kumar, P.G.T., Jawahar
Navodaya Vidyalaya, Lepakshi, Anantapur, (A.P); Mrs. S. Kalpagam, P.G.T.,
K.V.NAL Campus, Bangalore; Rahul Sofat, Lecturer, Air Force Golden Jubilee I nstitute,
Subroto Park, New Delhi; Vandita Kalra, Lecturer, Sarvodaya Kanya Vidyalaya,
Vikaspuri, District Centre, New Delhi; Janardan Tripathi, Lecturer, Govt. R.H.S.S,,
Aizawl, Mizoram and Ms. Sushma Jaireth, Reader, DWS, NCERT, New Delhi.

The Council acknowledges the efforts of Deepak Kapoor, Incharge,Computer
Station; Sajjad Haider Ansari, Rakesh Kumar and Nargis Islam, D.T.P. Operators,
Monika Saxena, Copy Editor; and Abhimanu Mohanty, Proof Reader.

The contribution of APC-Office, administration of DESM and Publication
Department is also duly acknowledged.

2020-21



oS %
Contents of
M ATHEMATICS PART |
For Class XI|
Chapter 1 Relations and Functions 1-32
Chapter 2 Inverse Trigonometric Functions 33-55
Chapter 3 Matrices 56 - 102
Chapter 4 Determinants 103- 146
Chapter 5 Continuity and Differentiability 147-193
Chapter 6 Application of Derivatives 194 - 246
Appendix 1: Proofs in Mathematics 247 - 255
Appendix 2: Mathematical Modelling 256- 267
Answers 268- 286
S o

2020-21



Contents

PART I
Foreword iii
Preface v
7. Integrals 287
7.1 Introduction 288
7.2 Integration as an Inverse Process of Differentiation 288
7.3 Methodsof Integration 300
7.4  Integralsof some Particular Functions 307
7.5 Integration by Partia Fractions 316
7.6 Integration by Parts 323
7.7 DefinitelIntegral 331
7.8 Fundamental Theorem of Calculus 334
7.9 Evaluation of Definite Integrals by Substitution 338
7.10 Some Properties of Definite Integrals 341
8. Application of Integrals 359
8.1 Introduction 359
8.2 Areaunder Simple Curves 359
8.3 Area between Two Curves 366
9. Differential Equations 379
9.1 Introduction 379
9.2 Basic Concepts 379
9.3 General and Particular Solutions of a 383
Differential Equation
9.4 Formation of aDifferential Equation whose 385
General Solutionisgiven
9.5 Methodsof Solving First order, First Degree 391
Differential Equations
10. Vector Algebra 424
10.1 Introduction 424
10.2 Some Basic Concepts 424
10.3 Types of Vectors 427
10.4 Addition of Vectors 429

2020-21



11.

12.

13.

105
10.6

Xi

Multiplication of aVector by a Scalar
Product of Two Vectors

Three Dimensional Geometry

111
1.2
11.3
114
115
116
1.7
11.8
119

Introduction

Direction Cosines and Direction Ratios of aLine
Equation of aLinein Space

Angle between Two Lines

Shortest Distance between Two Lines

Plane

Coplanarity of Two Lines

Angle between Two Planes

Distance of a Point from a Plane

11.10 Angle between aLine and a Plane

Linear Programming

121

12.2 Linear Programming Problem and its Mathematical Formulation
12.3 Different Types of Linear Programming Problems

Introduction

Probability

131
132
133
134
135
136
13.7

Introduction

Conditiona Probability

Multiplication Theorem on Probability
Independent Events

Bayes Theorem

Random Variablesand its Probability Distributions
Bernoulli Trialsand Binomial Distribution

Answers

Supplementary Material

2020-21

432
441

463

471
473
479
487

490
492
504
505
514

531
531
531

542

557
572

588
613



7

12080CHOT

(INTEGRALS )

+» Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there.— JAMES B. BRISTOL ¢

7.1 Introduction

Differential Calculus is centred on the concept of Ealhiiliihibiius
derivative. The original motivation for the derivative w

the problem of defining tangent lines to the graphs
functions and calculating the slope of such lines. Inte
Calculus is motivated by the problem of defining &
calculating the area of the region bounded by the graj
the functions.

If a functionf is differentiable in an interval |, i.e., it
derivativef “exists at each point of |, then a natural ques :
arises that givem’at each point of I, can we determi
the function? The functions that could possibly have gi
function as a derivative are called anti derivatives (or G .W. Leibnitz
primitive) of the function. Further, the formula that gives ~ (1646-1716)
all these anti derivatives is called timelefinite integral of the function and such
process of finding anti derivatives is called integration. Such type of problems arise in
many practical situations. For instance, if we know the instantaneous velocity of an
object at any instant, then there arises a natural question, i.e., can we determine the
position of the object at any instant? There are several such practical and theoretical
situations where the process of integration is involved. The development of integral
calculus arises out of the efforts of solving the problems of the following types:

(a) the problem of finding a function whenever its derivative is given,

(b) the problem of finding the area bounded by the graph of a function under certain
conditions.
These two problems lead to the two forms of the integrals, e.g., indefinite and
definite integrals, which together constitute thiegral Calculus
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288 MATHEMATICS

There is a connection, known as Eumdamental Theorem of Calculus, between
indefinite integral and definite integral which makes the definite integral as a practical
tool for science and engineering. The definite integral is also used to solve many interesting
problems from various disciplines like econosjitnance and probability

In this Chapter, we shall confine ourselves to the study of indefinite and definite
integrals and their elementary properties including some techniques of integration.

7.2 Integration as an Inverse Process of Differentiation

Integration is the inverse process of differentiation. Instead of differentiating a function,
we are given the derivative of a function and asked to find its primitive, i.e., the original
function. Such a process is calledegrationor anti differentiation.

Let us consider the following examples:

We know that %((sin X) = CcosX . (1)
d

and d (€)=¢ (3)
dX - rE

We observe that in (1), the function cois the derived function of sk We say
3
that sinxis an anti derivative (or an integral) of cosimilarly, in (2) and (3)% and

e*are the anti derivatives (or integrals)fnde, respectivelyAgain, we note that
for any real number C, treated as constant function, its derivative is zero and hence, we
can write (1), (2) and (3) as follows :

d . d ) d o

CIX(smx +C)= cosx, dx( 3 +C)=x"and ™ (e+C)=¢

Thus, anti derivatives (or integrals) of the above cited functions are not unique.

Actually, there exist infinitely many anti derivatives of each of these functions which
can be obtained by choosing C arbitrarily from the set of real numbers. For this reason
C is customarily referred to asbitrary constant In fact, C is thgparameterby
varying which one gets different anti derivatives (or integrals) of the given function.
More generally, if there is a function F such tl%(tF ®) =1 (X), vxe | (interval),

then for any arbitrary real number C, (also cattedstant of integration

%([F(x)+c] =f(x), xe |
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INTEGRALS 289

Thus, {F + C, Ce R} denotes a family of anti derivatives bf

Remark Functions with same derivativesfdifby a constanfo show this, legy andh
be two functions having the same derivatives on an interval I.

Consider the functioh= g — h defined byf (x) = g(x) —h(X), vx e |

df
Then P f’=g"—h'giving f'(X) =g’'(X) —h"'(X) vxe |
or f”(X) =0, vxe | by hypothesis,

i.e., the rate of change bWith respect to is zero on | and hendes constant.

In view of the above remark, it is justified to infer that the family {F + €, B}
provides all possible anti derivativesfof

We introduce a new symbol, nam,eﬁ/f (X) dx which will represent the entire
class of anti derivatives read as the indefinite integrainath respect tx.
Symbolically we write | f (x) dx=F () + C.

d
Notation Given thatai= f (X), we writey = jf (x) dx.

For the sake of convenience, we mention below the following symbols/terms/phrases

with their meanings as given in the Table (7.1).

Table 7.1
Symbols/Terms/Phrases Meaning
[ £(x) dx Integral off with respect to
f(x) in jf(x) dx Integrand
xin jf(X) dx Variable of integration
Integrate Find the integral
An integral off A function F such that
F¥ =fX
Integration The process of finding the integrgl
Constant of Integration Any real number C, considered gs
constant function
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290 MATHEMATICS

We already know the formulae for the derivatives of many important functions.
From these formulae, we can write down immediately the corresponding formulae
(referred to as standard formulae) for the integrals of these functions, as listed below
which will be used to find integrals of other functions.

Derivatives
d [ x"+1 .
Particularly, we note that

S (=1

(ii) %((sin X) = COSX ;

(i) %((— cosX) = Sinx :

(iv) %((tanx): seéx

(v) %( (- cotx) = cosetx :

(vi) i(secx)z sex tarx -
dx '

(vii) di(— cOSexx)= COSeE Cot ;
X

i(sin‘lx)z .
(Vi) gx \/1_7 ,

d
(X) &(tan X)—

d _
(i) d— (— cot'! X) =

Integrals (Anti derivatives)

n+1
X

n+1

jx”dx: +C,nz-1

Idx: x+C

jcosx dx= sinx+ C

jsin X dx= —cosx+ C

Ise(? x dx= tanx+ C
jcoseé X dx= — cotx+ (
Isecx tarx dx= seoc+ |
jcosecx cok dx= — cosex+

=sinlx+C

jdx
e

jdx
e

j dX2 =tan !x+ C
1+ X

=—cosix+ C

I dX2 =—cot'x+ C
1+ X

2019-20
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(xii) %((Seclx):ﬁ ; I%aeclwf C
(i %((— C03651X)=X ;_1 : j%=—coseélx+ C
(xiv) %((ex)=é(; jexdx=é‘+C

(xv) %((lomxl):%(; j%dX=Iog|x|+C

(xvi) %[Ioag aJ=aX : [a*ax= IOZXaJrc

|« Note|In practice, we normally do not mention the interval over which the various
functions are defined. Howevyéan any specific problem one has to keep it in mind.

7.2.1 Geometrical interpretation of indefinite integral

Let f(x) = 2x. Thenjf(X) dx= ¥ + C. For different values of C, we get different
integrals. But these integrals are very similar geometrically.

Thus,y=x2+ C, where C is arbitrary constant, represents a family of integrals. By
assigning diierent values to C, we get fiifent members of the familjhese together
constitute the indefinite integral. In this case, each integral represents a parabola with
its axis along-axis.

Clearly, for C = 0, we obtaip= x?, a parabola with its vertex on the origithe
curvey = x? + 1 for C = 1 is obtained by shifting the parabpkx? one unit along
y-axis in positive direction. For C = —y1= x> — 1 is obtained by shifting the parabola
y=X2 one unit along-axis in the negative direction. Thus, for each positive value of C,
each parabola of the family has its vertex on the positive side gfdkis and for
negative values of C, each has its vertex along the negative sideg-@ixise Some of
these have been shown in the Fig 7.1.

Let us consider the intersection of all these parabolas byxadiaelin the Fig 7.1,
we have takem > 0. The same is true whax 0. If the linex = a intersects the
parabolay =x%,y=x+1y=xX+2,y=x¥-1y=x-2atB P,P, P, P_etc,

d
respectively, theﬁd—i at these points equalsa.Zl'his indicates that the tangents to the

curves at these points are parallel. Thj.@g dx= ¥ + C=R. (X (say), implies that
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Yl

Fig 7.1
the tangents to all the curvgs= F_(x), Ce R, at the points of intersection of the
curves by the line = a, (ae R), are parallel.
Further the following equation (statemerftj (X) dx=F (X + C= y(say),

represents a family of curves. The different values of C will correspond to different
members of this family and these members can be obtained by shifting any one of the
curves parallel to itself. This is the geometrical interpretation of indefinite integral.

7.2.2 Some properties of indefinite integral
In this sub section, we shall derive some properties of indefinite integrals.
(I) The process of differentiation and integration are inverses of each other in the
sense of the following results :

d
&jf(x)dx=f(x)

and j f’(x) dx =f(x) + C, where C is any arbitrary constant.
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Proof Let F be any anti derivative @fi.e.,

SR =19

Then If(x) dx=FKx) +C
Therefore d I f(x)dx = d (F(x)+C)
dx ~dx
d —
= - F00=1(

Similarly, we note that
d
’ = — f(x
f’(x) dx )

and hence jf'(X) dx =f(x) + C

where C is arbitrary constant called constant of integration.

Two indefinite integrals with the same derivative lead to the same family of
curves and so they are equivalent.
Proof Letf andg be two functions such that

d d
8(jf(x)olx: &jg(x)dx

or %(Uf(x)dx—jg(g d%:o

Hence If(X) dx —j g(® d= C, where C is any real number (Why?)
or If(x)dx:jg(x) dx+C

So the families of curveﬁj f (x) dx+C,, C e R}

and {[o(9 dx+C,,Ce R} are identical.

Hence, in this sensg,f (x) dxandj g(x) dxare equivalent.
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294 MATHEMATICS

@ Note| The equivalence of the familier(X) dx+C,,Ce R} and
”g(x) dx+C,,C,e R} is customarily expressed by writirfg‘ (x) dx:j o(® d,

without mentioning the parameter
(i  [F69+ 9] dx=[ f(3 de [ ¢ ¥ dx
Proof By Property (I), we have
%(U[ f09+ 941 dx] =1(x) + g (¥ Q)
On the otherhand, we find that
d d d
&Uf(x) dx [ o3 d% :&jf(x) dx+&J. 9N o

=f(x) +9(®) - (2)
Thus, in view of Property (ll), it follows by (1) and (2) that

J(F69+9(9) dx= [ 69 dx+ [ o d.

(IV)  For any real numbéy, Ik f(X) dx= kj f(3 d

Proof By the Property (I),dijk f(x) dx=k f( 3.
X

Also %([kjf(x) dx} = k%(jf(x) dx= k (3

Therefore, using the Property (Il), we haJ(/Ie f(x) dx= kj f(y ab.
(V) Properties (lll) and (IV) can be generalised to a finite number of functions
f,f, ... f and the real numberk, k,, ...,k giving

_[[klfl(x)+k2 N+ ..+ Kk (¥ o
= k[ ) dxr k[ £ () d .+ k[ f X d.

To find an anti derivative of a given function, we search intuitively for a function
whose derivative is the given function. The search for the requisite function for finding
an anti derivative is known as integration by the method of inspection. We illustrate it

through some examples.
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Example 1 Write an anti derivative for each of the following functions using the
method of inspection:

() cos X (i) 3%+ 4¢ (i) % X # 0

Solution
(i) We look for a function whose derivative is cos Recall that

d
— Sin 2x=2 cos X
dx

_1d —i 1sin2x
or COS 2x= > dx (sin ) = ax| 2

1.
Therefore, an anti derivative of cos i ESIn X,

(i) We look for a function whose derivative 5?3 4x°. Note that
d 3 4
— X"+ X ) =3 + 4¢.
i )=3¢ + 4

Therefore, an anti derivative ok%3+ 4x% is X2 + x4

(i) We know that

D tog=2 x> 0anaS flog Cx)F = (<12 x< €
dX X dX — X X

- d 1
Combining above, we gef (log|x)) = x#0

1 : T |
Therefore,j; dx=log | is one of the anti derivatives ?(f

Example 2Find the following integrals:

° - 2 3 1
() fxxz Lax (i) [(x2+1) dx iy [0 +2€ )
Solution
() We have
jxs 2_1 dx= j x dx —j x? dy  (by Property V)

X
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+1 X—2+1
= [ + ClJ—[ +G, J; C,, C, are constants of integration

1+1 -2+1

2 ~1 2

X X X 1
:7+C1—__1_Cz :7+;+C1—CZ

X2

1 , , ,
= 7+; +C, where C = C- C, is another constant of integration.

From now onwards, we shall write only one constant of integration in the
final answer.
(i) We have
2

j(x5 +1) dx= j xg dx+ j d>

—+1 5
+X+C ==2x3 4 x+C

glw

—+1
3

(i) We havej(x§+2ex ——i)dx:j; de [2 & dx](% C

§+1
2

+2€ —log|¥ +C
—+1

N

N
a1

=<x2+2€& —log|% +C

(631

Example 3Find the following integrals:
(i) j(Sin X+ cosx )dx (ii)jcosecx (coseg+ cot Jx
1-sinx
(i) j cos x

Solution
(i) We have

j(sin X+ COSX )dx=j sinx dx+ j cosx d:
= —cosx+ sinx+ C
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@) We have

j(cosecx (cosex +cat dx:j co§ercd>erj cosgc cod

= —cotx — cosecx+ (

(i) We have

Fote oo o @

- jsec?x dx —j tanx secx d

= tanx —secx+ (

Example 4Find the anti derivative F of defined byf (x) = 4 — 6, where F (0) = 3

Solution One anti derivative off (x) is x* — 6x since

i(x4 —6X) =4 — 6
dx

Therefore, the anti derivative F is given by

F(X) =x*— & + C, where C is constant.

Given that F(0) =3, which gives,

3=0-6x0+C or C=3

Hence, the required anti derivative is the unique function F defined by

F(X) = x4 — & + 3.

Remarks

(i)

(i

We see that if F is an anti derivative fothen so is F + C, where C is any
constant. Thus, if we know one anti derivative F of a fundtiove can write
down an infinite number of anti derivatives foby adding any constant to F
expressed by K] + C, Ce R. In applications, it is often necessary to satisfy an
additional condition which then determines a specific value of C giving unique
anti derivative of the given function.

Sometimes, F is not expressible in terms of elementary functions viz., polynomial,
logarithmic, exponential, trigonometric functions and their inverses etaré/

therefore blocked for findind f (x) dx. For example, it is not possible to find

je‘ < dx by inspection since we can not find a function whose derivatigieis
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When the variable of integration is denoted by a variable othex tti@integral
formulae are modified accordinglyor instance
4+1

1
‘dy=Y _4c=2y5+C
Jytdy=ggre=gy

7.2.3 Comparison between differentiation and integration

1.
2.

Both are operations on functions.
Both satisfy the property of linearjtye.,

O Sl h®+k L= K L3+ kS L)
() [l f09+k (3] de k[ f(x de k[ (X d

Herek andk, are constants.

We have already seen that all functions are not differentiable. Similarly, all functions
are not integrable. We will learn more about ndedéntiable functions and
nonintegrable functions in higher classes.

The derivative of a function, when it exists, is a unique function. The integral of
a function is not so. However, they are unique upto an additive constant, i.e., any
two integrals of a function differ by a constant.

When a polynomial function P is differentiated, the result is a polynomial whose
degree is 1 less than the degree.dWIen a polynomial functioniB integrated,

the result is a polynomial whose degree is 1 more than that of P.

We can speak of the derivative at a poWle never speak of the integral at a
point, we speak of the integral of a function over an interval on which the integral
is defined as will be seen in Section 7.7.

The derivative of a function has a geometrical meaning, nathelglope of the
tangent to the corresponding curve at a point. Similarly, the indefinite integral of
a function represents geometrically, a family of curves placed parallel to each
other having parallel tangents at the points of intersection of the curves of the
family with the lines orthogonal (perpendicular) to the axis representing the variable
of integration.

The derivative is used for finding some physical quantities like the velocity of a
moving particle, when the distance traversed at anyttimkenown. Similarly,

the integral is used in calculating the distance traversed when the velocity at time
tis known.

Differentiation is a process involving limitSo is integration, as will be seenin
Section 7.7.
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10. The process of differentiation and integration are inverses of each other as

discussed in Section 7.2.2 ().

Find an anti derivative (or integral) of the following functions by the method of inspection.

1.
4.

| EXERCISE 7.1
sin X 2. cos X 3.
(ax + b)? 5. sin X — 4¢e*

Find the following integrals in Exercises 6 to 20:

6.

12.

15.
17.

19.

21.

22.

[ae+nax 7. sz(l——)dx 8.
1 2

2 +€)dx 10, —— | dx 11.
[+ &) j[& &j N
J‘X +3X+4dX 13 J~ 24 x 1d >
j\/;(3x2 + 2x+ 3) dx 16.
[ (23 =3sinx+ 5/x) dx 18.

se€ x 2-— Ssmx

d

Jcoseéx X 2 I 02 X

Choose the correct answer in Exercises 21

The anti derivative o \/§+i equals
\/; q

1 2
§x3+2x2+C (B)

3 1 3
§x2+2x2+C (D)

(A)

(©)

3e+leic
2 2

eZX

[ @<+ bx+ 9 d

3 2
jx +5;( —4dX
X
I(l—x)\/; dx

_[(ZX —3cosx+ € )dx

jsecx (sex+ tarx x

and 22.

2eiieic
3 2

1

If %(f(x) =4x3—34 such thaf (2) = 0. Therf () is
X

s, 1 129 1 129
B T ® Xty
(©) X'+ g+ (D) X+ 7=
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7.3 Methods of Integration

In previous section, we discussed integrals of those functions which were readily
obtainable from derivatives of some functions. It was based on inspection, i.e., on the
search of a function F whose derivativévghich led us to the integral 6fHowever

this method, which depends on inspection, is not very suitable for many functions.
Hence, we need to develop additional techniques or methods for finding the integrals
by reducing them into standard forms. Prominent among them are methods based on:

1. Integration by Substitution
2. Integration using Partial Fractions
3. Integration by Parts

7.3.1Integration by substitution
In this section, we consider the method of integration by substitution.

The given integralj f () dx can be transformed into another form by changing
the independent variabkgo t by substituting« = g (t).
Consider | = ff(x) dx

dx
Putx = g(t) so thata =g().
We write dx =g'(t) dt

Thus 1= [ (9 dx=] f(o(D) d(Y dt

This change of variable formula is one of the important tools available to us in the
name of integration by substitution. It is often important to guess what will be the useful
substitution. Usually, we make a substitution for a function whose derivative also occurs
in the integrand as illustrated in the following examples.

Example 5 Integrate the following functions.mt. x:

(i) sinmx (i) 2xsin ¢+ 1)
_ tan® Jx seé/x ~ sin(tamtx)
(iit) Ix (iv) Tl
Solution

(i) We know that derivative omx is m. Thus, we make the substitution
mx=t so thatmdx= dt.

. 1. 1
Therefore, jsm mXx dx=—jsm tdi= —icost +C =—-—cosmx+ C
m m m
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(i) Derivative ofx?2 + 1 is X. Thus, we use the substitutich+ 1 =t so that
2x dx = dt.

Therefore, _[ZX sin (¢ + 1)dx=j sintdt= —cost+C =—cos¢+1)+C

1
(i) Derivative of \/x is % X 2 :—1 . Thus, we use the substitution

2/x
1 -
&:tso that— dx= dtgiving dx= 2t dt.
>Ix giving
A
Jx t

Again, we make another substitution tamu so that seétdt=du
5

Therefore, than“t sett dt= 4u4 du = zung C
2. 5 .
= 5 tam t + C (sinceu =tant)

- étan's\/;+ C (sinca=/x

Itan“\/?&seéﬁ 2 — %tan&?&Jr C

Alternatively , make the substitutiotany/x = t

Hence,

(iv) Derivative of tan *x= v ¢ Thus, we use the substitution
+ X

dx
tar! x =t so that—— =dt.
1+x

in (tan'!
Therefore, js'll(—zx)
+ X

Now, we discuss some important integrals involving trigonometric functions and
their standard integrals using substitution technique. These will be used later without
reference.

dx=jsin tdt= —cog + C = —cg(tanr’x) + C

(i) Itan x dx =log|secx| +C
We have

sinx

COSX

dx

Itan X dx= j
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Put cosx =t so that sirk dx = —dt
Then jtanx dx= —j%z —log| t+ C= —log|cos ¥+ ¢
or Itanx dx= log| seck+ (¢
(ii) jcot x dx =log| sinx| +C

COSX

Put sinx =t so that cox dx = dt
Then jcotx dx= j% = loglt| + C = log|sinx|+ C

(i) [secxdx =log sex +tar| +(

We have
secx (sex+ tarx &
X

secx + tanx
Put sex + tanx =t so that se& (tanx + secx) dx = dt

Isecx dx= I

Therefore jsecx dx= j% =log|t|+C=log| sexx+ tan{+ C

(iv) jcosecx dx =lod cosee —cod

We have

cosecx (cosex+ cot c}x
(cosecx+ cok )
Put cosex + cotx =t so that — cosex (cosecx + cotx) dx = dt

dt
So jcose(x dx= e —logtl # —log|cose&c oot |

Icosecx dx=j

|cose6 x— cot x|
| cosecx— CoiX |

log|cosecx — cot{+ (

Example 6Find the following integrals:

dx

. . . sin x
@) [sin®xcos xdx (ii) Imdx (iif) Il+ tanx
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Solution
(i) We have

Isin3 x cogx dx=j Sii x cosx (sinx Y

= I(l—co§x)co§x (sink Jix

Putt = cosx so thatdt = — sinx dx

Therefore, jsinzx cogx (sinx )dx = —j(l—t2 )t? dt
3 5
—[( —t*) dt= - Ve
3 5

. co§x+E codx+ (
3 5

(i) Putx +a=t. Thendx = dt. Therefore

sin x sinf—a)
Isin(x+a) _I sint a

dt

jsint cosa— cog sira
sint

cosajdt —sinaj cott dt
(cosa )t — (sina[ log sin{ + g;]
(cosa) k+ a)—(sin a[ qu sin a|}+ g;]

xcosa+ a cosa— (sina)log sing al)— C sir

sin x

Hence,j—Sin K+ a)

X =x cosa— sina log |sin (x+ a)| + C,

where, C = - Csina+ acosa, is another arbitrary constant.

I I cosx dx
(i) 1+ tanx COSX+ SInX

1I (cosx +sinx +cox —six §x
COSX+ Sinx
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_J‘ _J‘ COSX —SIﬂX dx
COSX+ Sinx
x C, COSX — smx
=57 —I dx . (1)
2 2 CG X+ SinX
COSX — SinXx
————dx
COSX+ SinX
Put cosx + sinx =t so that (cox — sinx) dx = dt

Now, considerl :j

Therefore |=j%=log [t|+C, = log|cosx+ sin{+ G
Putting it in (1), we get
j dx :l(+C1 Iog|cosx+ S|nx1+C—
1+tanx 2 2
_x,1 log|cosx + sinx1+&+&
2 2 2 2

:§+£Iog|cosx+ siny + c&,%
2 2 2 2

| EXERCISE 7.2
Integrate the functions in Exercises 1 to 37:
L 5 (log x)* 5 1
T 14 X2 | X "~ X+ xlog x
4. sinx sin (cosx 5. sin (@x+ b) cos @x+ b)
6. Jax+b 7. X x+2 8. Xy1+ 2%
1
X
9. (Ax+ 24X+ x+1 10. 11. ,X>0
(x+ N x—Vx xia
1 X2 1
12. G -13 % 13. 7o a3a 14, ————— x>0, mz1
WS (2+3¢) x (log x)™
15 X 16. g2x+3 17 .
X+ >
T 9-4x - € e

2019-20



INTEGRALS 305

etan‘lx 2x 1 e2x _e—2x
18. —— 19. = 20.
1+x e +1 e’ +e
.n_l
21. tar (2x — 3) 22. seé (7 — &) 23, M X
1-%
2c0SX — 3sinx 1 cosvx
24 6cosx+ 4sinx 25 co@x (1- tanx j 26. Jx
_ COSX '
27. \/sin 2 cos X 28. m 29. cotxlog sinx
sin x sin x 1
30- 11 cosx st (1+ cosx)’ 32 1+ cotx
33, — 34, —Y2X 55, (10gx)”
" 1-tanx " sinx cosx ' X
x+1) (x+ log x)? x3sin( tarr*x*
36 XHD(x+logx” ( )

X 1+
Choose the correct answer in Exercises 38 and 39.

9
38, jlox +10° log, 10dx

010 equals
(A) 10*—x°+C (B) 106 +x°+ C
(C) 10—yt + C (D) log (10¢+ x¥) + C
39. j sin” x cos x cquas
(A) tanx+cotx+ C (B) tanx—cotx+C
(C) tanxcotx+ C (D) tanx—cot X+ C

7.3.2 Integration using trigonometric identities
When the integrand involves some trigonometric functions, we use some known identities
to find the integral as illustrated through the following example.

Example 7 Find () [coSx dx (i) [sin 2x cosXdx (iii) [sin®x dx
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Solution
() Recall the identity cosx2= 2 cogx — 1, which gives

1+ cos X

cosx = 2

2 21 1 1
Therefore  Jeos’xdx = EI(1+ Cos X )dx= Ej.dx+—2.|.cos 2 dx
= §+Esin X+ C
2 4
(i) Recall the identity sixt cosy = E[sm (x+y) +sin k—y)] (Why?)

Then fsin 2xcos3xdx = %Usin 5x dx —jsin x dx:|

:E[—ECOS5(+ cosx}+ C
2| 5

= —icos5(+—l cox+ C
10 2

(i) From the identity sinx3= 3 sinx — 4 sirix, we find that
3sinx — sin X

infx =
SINFX 4

. 3 3¢ . 1, .
Therefore, jsm xdx = Zj.smxdx —Zj.sm 3x dx

E% cosx+i cosS &+ (

Alternatively, Isin3x dx= j sirf x sin x d» = I(l— cogx ) sinx dx

Put cosx =t so that — six dx = dt

Therefore, jsin3x dx = —j(l—tz) dt = —jdt+jt2 dt= —t+§+c

= —cosx+% codx+ (

Remarklt can be shown using trigonometric identities that both answers are equivalent.
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EXERCISE 7.3
Find the integrals of the functions in Exercises 1 to 22:
1. sirf(2x+5) 2. sin X cos &« 3. cos X cos 4« cos &
4. st (2x +1) 5. sin® x cos x 6. sinxsin 2xsin 3x
) ) 1-cosx COSX
7. sin 4x sin & 8. 9.
1+ cosx 1+ cosx
)
10. sintx 11. cos 2 12, 20 X
1+ cosx
- COSX — SinX
13. M 14, ——— 15. tar® 2x sec X
COSX — CO¥ 1+ sin
sin® x+ co$ x
16. tanx 17. =5 ——>= 18, £05 X4+ 25
sin? x cog x cog X
1 COoS X .
19. ——— 20, ————— = 21. sin~*(cosx)
sinx cosx (cosx+ sinx)
1

cosk—a)cosk—b’
Choose the correct answer in Exercises 23 and 24.

- Jsmx cog x

dxis equal tc
sin? x co$ x
(A) tanx + cotx + C (B) tanx + cosecx + C
(C) —tanx + cotx + C (D) tanx + secx + C
24. jceoéh X dxequals
(A) — cot (eX) € (B) tan &e) + C
(C) tan ) + C (D) cot @) +C

7.4 Integrals of Some Particular Functions
In this section, we mention below some important formulae of integrals and apply them
for integrating many other related standard integrals:

1 J‘ dx :ilog X—-a
W [=-= o

+C
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+C

(6) jLz Iog‘x +x% +a’

We now prove the above results:

1 1
(1) We have xz—az_(x—a)(x+ 3

_iw__la[_l__ll
T 2a] x-a(x 39 | 24 x-a x*

Therefore, j_xzd_xaz :i[j o _j & }

2al! x—a X+ a

1

= 2—[Iog|(x—a)|—log|(x+ aJ+ C
a

= iIog X_:‘+C
2a X+

(2) In view of (1) above, we have

;_i{w} 1[1 1}

2_x 2a| (@+x(a% | 2a

a-—x- 2a

a-X at X
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dx 1 dx dx
Therefore, _[ 2 x2 %a + 2t x

= i[—Iog |a—x|+log|a+ x|k C
2a

The technique used in (1) will be explained in Section 7.5.
(3) Putx =atane. Thendx=a seé 6 de.

dx B J» asec’ 0.do
x2+a2  Jdtan’0+d®

Therefore, I

- 1.|.d6=£e+C 1tan‘lx+ C
a a a a

(4) Letx=ase6. Thendx =a sec6 tano dé.
Therefore J- dx 4 J- ased tard dd
’ X2 —a? \Ja? sedd — a?

Isece do =log|se® + tarp| + C,

X |X

=log|—+,—-1|+
92"\ 2 G

= log| x+VxX —&|-log| 4+ C

= log| x++ X —&|+C, whereC = G - log|a|
(5) Letx=asim. Thendx=aco® do.

dx acod
Therefore, _f\/m = _[\/m

= [do=0+C=sint X+ C
a
(6) Letx =atan6. Thendx = a seé6 do.

~ .[ aseco d

J- dx _
X+ a? Ja2 tan’0 + a2

jsecﬁ do =log|(se® + tan |+ €

Therefore,
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+G

_ log §+‘/ﬁz+1
a \a

= log|x++/x*+ &|-log|a} C,

= log|x+VX*+a|+C where C = C—log

Applying these standard formulae, we now obtain some more formulae which
are useful from applications point of view and can be applied directly to evaluate
other integrals.

dx
(7) To find the integral Im we write

b b )2 N
a+bx+c= a{xz +g X+§J= a{( x+2—aJ +(_§_4_a2j]

b o o' 2 ,
Now, put x+— =tso thatdx = dt and writing———— =% k. We find the
2a a 4a

: 1, dt , . c b
integral reduced to the forrg Im depending upon the sign E _EJ

and hence can be evaluated.

(8) To find the integral of the type _[ , proceeding as in (7), we

dx
Vax? +bx+c¢
obtain the integral using the standard formulae.
, , px+q
(9) To find the integral of the type Imdx, wherep, g, &, b, c are
constants, we are to find real numbgy$ such that
pX + q=Adi(ax°'+ bx- §+B=A(2 ax p+B
X

To determinéA and B, we equate from both sides the coefficientsaofd the
constant terms. A and B are thus obtained and hence the integral is reduced to
one of the known forms.
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. , (px+ g dx
(10) For the evaluation of the integral of the typej \/7 we proceed
ax“+ bx+ ¢

as in (9) and transform the integral into known standard forms.
Let us illustrate the above methods by some examples.

Example 8Find the following integrals:

; dx
) '[\/Zx— N

Solution

X j +C [by 7.4 (1)]

(i) We have.[ 16_-[x2 = Iog

.. dx dx
(ll) j\/ZX—xz _J\/l—(x—l)z

Putx — 1 =t. Thendx = dt.

dx dt . N
Therefore, '[\/Zx— = = j\/l—tz =sin )+ C [by 7.4 (5)]

=sint x -1+ C
Example 9 Find the following integrals :
dx dx
U I “oxr1z W J 3 +1x—10 W j NEYIPY

Solution
() Wehavex*—-ex +13=x*-&x+3F-F+13=(x—3F+4

dx 1
so, L S (R S—
J‘x2—6x+13 I(x—3)2+22
Let X —3 =t. Thendx = dt
dx d 1 1t
= Ztant =+ C
Therefore, [ — ——= [5 =5t o+ [by 7.4 (3)
Ll X3¢
2 2
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(i) The given integral is of the form 7.4 (We write the denominator of the integrand,

13x 10
2 _ =3 X2+——_
3x°+13x-10 [ 3 3j
13 (17Y
= 3[(X+€) —(Ej } (completing the square)
dx 1 dx

Thus [—————— ==
st2+13x—1o 3 13Y (17Y
X+=— | —-| =
6 6
13
Put X+E=t' Thendx = dt.

dx 1 dt
3x*+13x—10 3 tz—[l?)z

Therefore, j

+C [by 7.4 ()]

1 6x— 4
-—lo +
179 6x+3(l G

BE 3X_Z+Cl+—llo—l
T 17 g X+5 17 93

1. |3x-2 1. 1
-—lo +C =C,+— log=
17 095 5| where C =Gy +o- 100
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> (completing the square)

i) We have| —=—=
V52 — 2x \/5 «
1
5

1
Put X —z =t. Thendx = dt.

dx _i dt
Therefore, Im = \/g_[—z Y
t | =
s
1 , (1Y
- —log|t+,/t"—| =
B9 [5]

= —log xety | &
5 5

+C by 7.4(4)]

+C

Example 10 Find the following integrals:

X+ 2 X+3
) j2x + 6X+ SdX () I\/5 4x —
Solution
(i) Using the formula 7.4 (9), we express

X+2= A(;j(ZX +6x+5)+ B = A(4x+6)+B

Equating the coefficients ofand the constant terms from both sides, we get

1 1
AA=1and 6A+B =2 or A:ZandB:E.

Therefore j X+ 2 =lj X+ 6 X+—j—
’ 2x* +6x+5 492x*+6x+5 2 2¢ + 6x+ 5
:1I1+—|2 (say) .. (1)
4 2
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Inl, put Z*+ 6x + 5 =t, so that (% + 6) dx =dt

Therefore, |, = j?zlog|t|+cl
=log| 2 + 6x+ 5+ G .. (2)
j dx 1 dx
and L= o ex+5 2 W2 134>
2
1 dx

LG

Put x+g= t, so thatdx = dt, we get

1 d 1
|2=§jz t12 :zlltan-z+g [by 7.4 (3)]
[ d5
2] *
= tan™ 2[x+§j+(‘2 =tan ' (x+ 3 +G .. (3)

Using (2) and (3) in (1), we get

jz)(;zdx:ilog‘zﬁ+6x+ E}+1 tan*( X+ 3+ ¢
2X°+6X+ 5 4 2
C
where, C=&+—2
4 2

(i) This integral is of the form given in 7.4 (10). Let us express

d
x+3=A&(5—4x—x")+B:A(_4_2<)+B

Equating the coefficients ofand the constant terms from both sides, we get

1
—2A=1land-4A+B=3, i.e.,A—E andB=1
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Th f J- X+3 J- —4 - 2X dX J-
erefore, -5
J5— ax— ¥ J5— ax— @ \/5—4x R
3 1
=5 L+ - (1)
nl,put5—4&—x*=t, sothat (-4 -3 dx=dt
—-4-2 d
Therefore, = j X) dx j = 2Jt+C
\5—4x— X
= 25-4x-¥ + G .. (2)

Now consider

dx B dx
2" jJ5—4x—x2 _I\/g—(x+ o¥

Putx + 2 =t, so thatdx = dt.

. t
Therefore, l, = | =sin" = +G, [by 7.4 (5)]

= sin +C2 .. (3)

Substituting (2) and (3) in (1), we obtain

ngz—«/5—4x—x2 +sin LZ+ C, whereC=C, S
\V5—4x— ¥ 3 2

|EXERCISE 7.4
Integrate the functions in Exercises 1 to 23.
3x? 1 1
1. —5— 2. T 3. T——
X" +1 V1+ 4x (2—-x)"+1
. 1 . 3x . X2
C J9-25¢ S+ 2¢* S 1-x8
: x—1 ; NG . seéx
S U1 X+ a° - Jtar’x+ 4
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1 1 1
10. ———— 11, ————— 12. /——
S +2x4 2 9x* +6x+5 V7 —6x— X
13 L 14 ; 15 ;
- J(x=1)(x-2) B+ 3x-¥% - J(x=a)(x-b
5 4x+1 X+2 g 5X—2
o 2+ x-3 L V2 -1 Y s 3
9 L HT L XH2 by X¥2
- J(x=5)(x-4) Nax—¥% X +2x+3
X+3 5x+3

22, X2 -2x-5 23 VX2 +4x+10°

Choose the correct answer in Exercises 24 and 25.

24 jiequalc
X2 2x+2 )

(A) xtam*(x+1)+C (B) tam*(x+1)+C
(C) (x+1)tanx+C (D) tan’x + C
25 IL equals
C T \Ox— 42
(A) }sin‘l[—gx_s}c (B) 1sin‘l[gx_gj+c
9 8 2 9
[ { 1 . 4/ 9%-8
© %sin‘l[gxg 8)+c (D) sin 1[—9 j+C

7.5 Integration by Partial Fractions
Recall that a rational function is defined as the ratio of two polynomials in the form

%, where PX) andQ(x) are polynomials ix andQ (x) # O. If the degree of R)
X

is less than the degree ofXQ (then the rational function is called propaherwise, it
is called impropeiThe improper rational functions can be reduced to the proper rational
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functions by long division procesgaus, if —— P&) iS improper, thelt\Im =T(X) +w

QKX) QK) Q)

whereT(X) is a polynomial ik and —— R
Q)
how to integrate polynomials, the integration of any rational function is reduced to the
integration of a proper rational function. The rational functions which we shall consider
here for integration purposes will be those whose denominators can be factorised into

PX)
QX)

is proper rational function. It is always possible to write the integrand as a sum of

simpler rational functions by a method called partial fraction decompogifienthis,

the integration can be carried out easily using the already known methods. The following
Table 7.2 indicates the types of simpler partial fractions that are to be associated with
various kind of rational functions.

is a proper rational function. As we know

linear and quadratic factors. Assume that we want to evajtg%e; dx, where——=

Table 7.2
S.No.| Form of the rational function Form of the partial fraction
1. M ,a % b L.Fi
(x—a) (x-h) x—a x-b
, | Pxtg A B
" | (x-a)? X-a (x-a)
3 PXe + gX+ 1 A ,B C
i x—a)(x=b(x-2¢ X—a X-b Xx-—¢
4 PXC + QX+ T A B _C
| k-2 (x-b x—a (x-a° x-b
5 PXC + X+ T A , Bx+C
(x—a) (¢ + bx+ 9 Xx—a x°+bx+c
wherex® + bx + ¢ cannot be factorised further

In the above table, A, B and C are real numbers to be determined suitably.
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dx

Example 11 Find Im

Solution The integrand is a proper rational function. Therefore, by using the form of
partial fraction [Table 7.2 (i)], we write

1 _A LB 1
(X+1) (x+2)  X+1 X+2 - @)

where, real numbers A and B are to be determined suitdii/gives
1=A(x+2)+B (xt+1).
Equating the coefficients afand the constant term, we get
A+B=0
and 2A+B =1
Solving these equations, we getl and B = — 1.
Thus, the integrand is given by

11 -1
(X+1) (x+2) x+1 x+2
dx dx dx
Therefore, j(x+1) (x+2) jx+1_Jﬁx+ 2

= log|x+1- log|x+ 3+ C

X+1

——+C
X+ 2

= log

RemarkThe equation (1) above is an identity, i.e. a statement true for all (permissible)
values ofx. Some authors use the symbal to indicate that the statement is an
identity and use the symbol ‘=’ to indicate that the statement is an equation, i.e., to
indicate that the statement is true only for certain valugs of

X2 +1

Example 12Find J.m dx

2

xX“+1
Solution Here the integram;l(TXJr6 is not proper rational function, so we divide

X2+ 1 byx? — 5 + 6 and find that
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2 — —
X°+1 1+ 5x -5 —14 5x-5

¥ —5x+6 X -5x+6  (x—2)(x-3)
» 5x-5 A B
(x-2)(x-3) x-2 x-3
So that 5x—5=A(x—-3) +B (x= 2)

Equating the coefficients afand constant terms on both sides, we get8\= 5
and 3A+ 2B = 5.Solving these equations, we getA=—-5 and B =10

2
41 _, 5 10

= +
Thus, % _5x+ 6 x—2 x-3
Therefore, I X' +1 jdX 5j— dx+10 _dx
NG —5x+6 X-=3
=Xx—-5log k—2|+10logx-3| + C.
2
Example 13Find j—l)z x+3)

Solution The integrand is of the type as given in Table 7.2 (4)wte

3x =2 A B C
= + +
(x+1)2(x+3) ~ x+1 (x+1)?* x+3
So that X—2=A(X+1)(x+3)+Bk+3)+Ck+1y

SARC+4X+3)+BKk+3)+C(R+2x+1)
Comparing coefficient ok?, x and constant term on both sides, we get
A+C=0,4A+B+2C=3and 3A + 3B + C =- 2. Solving these equations, we get

A _11 B _5 and C= 11 Thus the integrand is given by
4

4
3x—2 11 5 11
x+1D2(x+3) - 4(x+1) 2(x+1? 4(x+3)
3X—2 11, dx 5 dx 11, dx
Therefore, jm =213 (x+1)2 7 3

—l—llog| x+3|+C

11
= —log| x+1|+
4 2x+1) 4

4

5
+
2K +1)

X+1
+
X+3

2019-20



320 MATHEMATICS

2
Example 14 Find j

+1) (x + 4)
2
Solution Consider(x2 +l;((x2 T4 and pute =y.
Then X = y
P+ (C+4)  (Y+1) (y+4)

Wit y A N B

e (y+1) (y+4) y+1 y+4
So that y=A({y+4)+B(y+1)

Comparing codicients ofy and constant terms on both sides, we getB\= 1
and 4A + B = 0, which give

1 4
A= — and B=-—
3 3

Thus X = + 4
us, =
¢ +1) P+ 4) 30¢¢+1) 3(0C+ 4)
x2dx 1
Theref N
eretore, J(x2+1) (x2+4) 3IX +1 ?)Ix2

— —:—Ltan‘lx+il><—1 tamt X+ ¢
3 3 2 2

- —}tan‘1x+2 taml X+ ¢
3 3 2

In the above example, the substitution was made only for the partial fraction part
and not for the integration part. Npwe consider an example, where the integration
involves a combination of the substitution method and the partial fraction method.

(3sing — 2) cosp
Example 15Find JS— 0020 4sino do
Solution Lety = sing
Then dy =cosh do
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Therefore, I(Bsmj) CO$ do = I (By = 2)dy

cosd — 4sing 5—(1-Vy*) -4y
J‘ 3y-2
v —4y+4
j 3y=2 5 =1 (say)
=1y 2y
Now, we write y-2 __ A, B [y Table 7.2 (2)]
’ (y-2°  y-2 (y-2) '
Therefore, y-2=A(y-2)+B

Comparing the coé€ients ofy and constant term, we gt 3 and B — 2A= — 2,
which givesA = 3 and B = 4.
Therefore, the required integral is given by

| = z1dy =3
y- 2" (v 2) I I(y 2)?
1
= 3log| y- 2|+ {——)+ C
y—-2
= 3log| sing— 2|+ 4 _ic
2—sing
= 3log (2—- sind 1 — + C(since, 2 — sith is always positive)
2-sind
Example 16 FindjM
P (x+2) 6C+1)

Solution The integrand is a proper rational function. Decompose the rational function
into partial fraction [Table 2.2(5)]. We

X+x+1 A L Bx+C
0C+D) (x+2) x+2 (x3+1)
Therefore, X¥+x+1=A(x+1)+((Bx+C)K+2)
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Equating the coefficients o€, x and of constant term of both sides, we get
A+B=1 2B+ C =1and + 2C = 1. Solving these equations, we get

A=§, Bzgand C=—1
5 5 5

Thus, the integrand is given by

2.1
X+x+1 3 +§X+§_ 3 Ifx+1
0C+1) (x+2) 5x+2) x*+1 5(x+2) 5(x*+1
X2+ x+1
Therefore, j—(x2+1) x+2) jx+2 SIx +1 Ix2+
= §Iog| X+ 2|+1Iog‘ x2+1‘+} tan'x+ C
5 5 5
EXERCISE 7.5|
Integrate the rational functions in Exercises 1 to 21.
X 1 3x-1
1. V7 2. 55— 3.
(x+1) (x+2) x* =9 (x-1) (x=2) (x=3)
X 2X 1- %
4. 5. = 6. ———
(x-1) (x=2) (x=3) X° +3x+ 2 X (1—2x)
X X 3x+5
7. 5 NN — 9 B2l
(x°+1) (x—1) (X =1)° (x+2) X=X = x+1
r 2x—-3 \ 5x . X+ x+1
T (¥ -1) (2x+ 3) T (x+1) (¢ -4) CoxA-1
2 3x-1 1
13. 15.

Q-x)@+¢) 1 (x+2) 1
1 . - .
16. m [Hint: multiply numerator and denominator b§~*and putx" =t ]

COSX _ _
17. (1—sinx) 2 —sinx | [Hint : Put sinx =t]
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¢ +1) (G +2) 2X 1
By s P @enee+3 2V xpd-n
1
21. m[Hint:Putex:t]

Choose the correct answer in each of the Exercises 22 and 23.

22, [ cqual
N2 equals

(A) log ())((__12)2 +C (B) log ﬂ +C

(C) log (:%;jz +C (D) log| (x—1) (x-2)+ C
jm equals

(&) logld-Z1og (€ +1)+C  (B) loghd+2l0g (€+1)+C

(C) —log |x|+%log 6é+1)+C (D) %Iog|x|+ log (¢ +1) +C

7.6 Integration by Parts

In this section, we describe one more method of integration, that is found quite useful in
integrating products of functions.

If uandv are any two differentiable functions of a single varialfay). Then, by
the product rule of differentiation, we have

Integrating both sides, we get

uv = Iu% dx+jv%i dx

dv du
—dx = — d
or judxdx uv IE X (@D)
dv
Let u=f(x) and &z g(x). Then
du

=100 andv = [a(x) dx
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Therefore, expression (1) can be rewritten as
[ 109909 dx= ([ g9 dx[[] d X dk { X d
ie., [ 909 dx= [ a( dx—[ f(¥] ¢ X dx dx

If we takef as the first function angd as the second function, then this formula
may be stated as follows:

“The integral of the product of two functions = (first function) x (integral
of the second function) — Integral of [(differential coefficient of the first function)
x (integral of the second function)]”

Example 17Find jxcosx dx

Solution Putf (x) = x (first function) andy (x) = cosx (second function).
Then, integration by parts gives

Ixcosx dx = xjcosx dx —I [(;j—x (x)j cos x dx] d:

= XSin x—jsinxdx:xsinx+ cosx+ C

Suppose, we take f(x) =cosx andg(x) =x. Then

d
Ixcosx dx = cosxjx dx —j [d_x (cos x)j x dx dx
X2 X
= (cosx)—+ | sinx— dx
(cosx)= | 5
Thus, it shows that the integrﬁk cosx dx is reduced to the comparatively more

complicated integral having more powexoT herefore, the proper choice of the first
function and the second function is significant.

Remarks
() It is worth mentioning that integration by parts is not applicable to product of
functions in all cases. For instance, the method does not wofk/ﬁ_osin X dx.
The reason is that there does not exist any function whose derivative is

Jx sinx.

(i) Observe that while finding the integral of the second function, we did not add
any constant of integration. If we write the integral of the second function cos
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as sinx + k, wherek is any constant, then

[xcosx dx = x(sin x+ k)- [ (sin x+ k) dx

X (sin x+ k)= [ (sin x dx- [ k o

X (Sin x+ K)— cosx — kx- C = Xxsin x+ cosx+ C

This shows that adding a constant to the integral of the second function is
superfluous so far as the final result is concerned while applying the method of
integration by parts.

(i) Usually if any function is a power ofor a polynomial irx, then we take it as the
first function. Howeverin cases where other function is inverse trigonometric
function or logarithmic function, then we take them as first function.

Example 18 Findjlog x dx

Solution To start with, we are unable to guess a function whose derivativexisity
take logx as the first function and the constant function 1 as the second function. Then,
the integral of the second functiorxis

Hence, I(Iogx.l) dx = log ledx—j[%( (log x)jldx] dx
1
= (log x)- x—j; X dx= Xog x—x C.
Example 19 Findjx g dx

Solution Take first function ag and second function &s The integral of the second
function isex.

Therefore, Ixexdx: xex—j1~ & d>r=xe—e + C.

xsin~'x
Example 20 Findjﬁ dx

X
Solution Let first function be sin*x and second function b\%:z
—X

First we find the integral of the second function, |Ie\/&7x2
1-x

Putt =1 —x2 Thendt = — 2 dx
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X dx __lﬂ__ 1
Therefore, Iﬂ— Zjﬁ_ \ﬁ V1-X

-1
Hence, Ixsm X dx = (sin‘lx)(—\ll— xz)—j ! (V1= %) dx
V1-x 1-%
= —V1-5 sin Ix+ x+ C= x—v1- ¥ sin 'x+ C
Alternatively , this integral can also be worked out by making substitutiotxsi#® and
then integrating by parts.

Example 21 Find Iex sin x dx

Solution Takee*as the first function and siassecond functionThen, integrating
by parts, we have

Izjexsin x dx= &( —cos x)+f €cos xd

=—ecosx + 1 (say) . (1)
Takinge*and cos »as the first and second functions, respectj\ialyl, we get

I, = e*sin x—j &sin x d

Substituting the value of In (1), we get
= —e‘cosx +esinx—1 or 2| =e*(sinX — Ccosx)

X
Hence, | = jex sin x dx:% (sin x—cosx) + C

Alternatively , above integral can also be determined by takingasrthe first function
ande* the second function.

7.6.1Integral of the typejex[ f( + ' (X] dx
We have 1= [€[ f(9+ F(R] dx= e f() dxr [ & f(x o

- |1+jex (%) dxwheregzjex f () dx . (1)
Taking f(X) ande* as the first function and second function, respectively,and
integrating it by parts, we havef (x) e— j f'(x) € dx+C
Substituting Jin (1), we get
= f()-[ () &dx| & f( x dxC =ef()+C
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Thus, [T 10 + (] dx = e f(x)+C
Example 22 Find (i)jex(tan‘1x+ )dx (ii) j(x 1))ex dx
Solution

. X 1 1

(i) We have | :je (tan™"x+ e ) dx

Considerf (x) = tarm *x, then f’(x) = 1232

Thus, the given integrand is of the foat| f (x) +f ’(X)].

Therefore, | :jex(tan‘1x+1 1 ydx =e‘tamx + C
+

=
(i) We havel = % ~[e (1++1)1+1)]
Consider f (x) :;‘_:, then 0= fl)z

Thus, the given integrand is of the foaff (x) +f "(X)].

2 J—
Therefore, jx—ﬂ e* dx=X—1 &+C

(x+1) x+1
| EXERCISE 7.6
Integrate the functions in Exercises 1 to 22.
1. xsinx 2. xsin X 3. X e 4. xlogx
5. xlog 2 6. x?logx 7. xsimx 8. x tam?! x
-1
X COS "X
9. x cos?t x 10. (sinx)? 11. 12. x seéx
V1-x?
13. tamx 14. x (log x)? 15. (% + 1) logx
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_ x € o 1+sinx
16. e (sink+ cox) 17. L+ x)? 18. 1+ cosx
e (x-3)¢ o
19. X 32 20. (x—1)° 21. sinx

22 Sin_l[ 2X2 j
1+ X

Choose the correct answer in Exercises 23 and 24.

23. sze"3 dx equals

3 1 2

A) %ex e (B) 3¢ +C
1 3 2

©) Eex +C (D) %ex +C

24. jex secx (& tanx )dx equals
(A) e<cosx+ C (B) e“secx+ C
(C) esinx+C (D) ectanx+ C

7.6.2 Integrals of some more types

Here, we discuss some special types of standard integrals based on the technique of
integration by parts :

(i) j\/ x? —a? dx (ii) j\/ X% + a2 dx (iil) j\/az —x2 dx
() Letl=[Vx*~a® dx

Taking constant function 1 as the second function and integrating by parts, we
have

= xVxX¥—a2—|=——— xdx

x—a

= xYX-d - [——dx = XV - & jx “aed
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dx
= x - —[J¥- @ dx &[—2=_
-[ J‘[XZ_aZ
:x\/xz—az—l—azj dx
X% —a?
or 2= X\ X% — Z—azji
x? —a?

2

or | = .[\/xz—az dx= %xlxz—az —% Iog‘ X +y X2 —a?

Similarly, integrating other two integrals by parts, taking constant function 1 as the
second function, we get

2
@) [Eraax=x Vi a +2tog| x +xF +a?
2
@) [V —tae = e at it T c
a

Alternatively, integrals (i), (i) and (iii) can also be found by making trigonometric
substitutionx = ase& in (i), x=atan® in (i) andx = asin® in (iii) respectively.

Example 23 Findj\/ X* +2x+5 dx

Solution Note that

J\/ X2 +2x+5 dx = J‘\/(x+1)2 +4dx

Put x+ 1 =y, so thatdx = dy. Then

j\/xz +2x+5dx = .[w/yz +22 dy

1 4
=35V y2+4+§log‘y+ y2+4‘+C [using 7.6.2 (ii)]

+C

+C

=%(X+1)\/ﬁx+S+ 2Iog‘ X+ B X+ X+ #+ C

Example 24 Findj 3—2x— % dx

Solution Note thatJ\/B— 2x— ¥ dx:J‘ 4— (x+1)* dx
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Putx + 1 =y so thatdx = dy.
Thus J\/S— 2x— X dx = J.\/4— y? dy
1

4 .
=2 y4- Yy +-sin 1—32/+ C [using 7.6.2 (iii)]

_ % (Xx+1)+/3— 2x— 2 + Zsin‘l[x—;lj+ C

|EXERCISE 7.7|
Integrate the functions in Exercises 1 to 9.
1. Ja-x? 2. \1-4x2 3. IX*+4x+6
A0 P +4x+1 5. \J1-4x- ¥ 6. Jx*+4x-5
X2
7o 1+ 3x- % 8. \x*+3x 9. 1+3

Choose the correct answer in Exercises 10Lto 1

10. [v1+x* dxis equal to
v

(A) 2\/1+x2 +‘1;_Iog(x+\/1+ ><2)‘+C
2 3 2 3
(B) g(1+x2)2+c (C) gx(1+ X)2+C

(D) X—zz l+x2+12leog‘x+\/1+>8‘+c

11. j x> —8x+ 7 dx is equal to
(A) %(X—4)\/ﬁx+7+ 9qu X— 4 X — 8t 4+ C
(B) %(X+4)\/ﬁx+7+ 9Iog‘ X+ 4+ X — 8xt 7‘+ C
(©) %(X—4)\/ﬁx+7—3«/_2loq X— 4 X — 8t 4+ (

(D) %(x—4) x2—8x+7—§ Iog‘x—4+ 2 — &+ 7‘+ C
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7.7 Definite Integral

In the previous sections, we have studied about the indefinite integrals and discussed
few methods of finding them including integrals of some special functions. In this
section, we shall study what is called definite integral of a function. The definite integral

has a unique value. A definite integral is denoteq By (x) dx, wherea is called the
a

lower limit of the integral and is called the upper limit of the integral. The definite
integral is introduced either as the limit of a sum or if it has an anti derivative F in the
interval [a,b], then its value is the difference between the values of F at the end
points, i.e., HY) — F@). Here, we shall consider these two cases separately as discussed
below:

7.7.1 Definite integral as the limit of a sum

Let f be a continuous function defined on close intervabJaAssume that all the
values taken by the function are non negative, so the graph of the function is a curve
above thex-axis.

The definite integralj: f (x) dx is the area bounded by the cugve f(x), the

ordinatex = a, x =b and thex-axis.To evaluate this area, consider the region PRSQP
between this curves-axis and the ordinates= a andx = b (Fig 7.2).

Y
1 S
M D
C
) Sl
Q Yy
P A B R
"< >X
X O\ a=X, X; X, X, X X,=b
Y' )
Fig 7.2

Divide the interval &, b] into n equal subintervals denoted by, x|, [x, X] ...,
[xr_l, xr], [xn_l, xn], wherex0 =a,x =a+ h, X,=a+ 2h, ... X =a+ rh and

a
X =b=a+nhor n=T- We note that aB — «, h — 0.
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The region PRSQP under consideration is the sumsobregions, where each
subregion is defined on subintervats [, x],r=1, 2, 3, ...n.

From Fig 7.2, we have

area of the rectangle (ABLC) < area of the region (ABDCA) < area of the rectangle
(ABDM) (1)

Evidently asx —x_, — O, i.e.,h — 0 all the three areas shown in (1) become
nearly equal to each other. Now we form the following sums.

n-1

s =h[fx) + ... +f(x )] = hz_; f(x) - (2)
and S, = hITOQ+ F0) +...+ [ = B (%) e
r=1

Here,s and Sdenote the sum of areas of all lower rectangles and upper rectangles
raised over subintervalg [, x] forr = 1, 2, 3, ... n, respectively.

In view of the inequality (1) for an arbitrary subinterval [ x], we have

s, < area of the region PRSQP < S .. (4)

Asn — oo Strips become narrower and narroweis assumed that the limiting
values of (2) and (3) are the same in both cases and the common limiting value is the
required area under the curve.

Symbolically we write
. . b
imS, = lim §, = area of the region PRSQPJ-=a f (x)dx ... (5)

n—eo

It follows that this area is also the limiting value of any area which is between that
of the rectangles below the curve and that of the rectangles above the curve. For
the sake of convenience, we shall take rectangles with height equal to that of the
curve at the left hand edge of each subinterval. Thus, we rewrite (5) as

[Pt eodx = im h[ (3 + f(a+ h+..+ f(a+(n-1)

or j:f(x)dx N (b—a)r!m%[ f(a+ fla+r N+..+ f(ar(n-2) § ... (6)

b—a
where h=———0asn—w
n

The above expression (6) is known as the definition of definite integral lasithe
of sum

RemarkThe value of the definite integral of a function over any particular interval
depends on the function and the interval, but not on the variable of integration that we
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choose to represent the independent variable. If the independent variable is denoted by

t oruinstead ok, we simply write the integral %Eb f (t) dt or j: f (u) duinstead of
a

b
_fa f (x) dX. Hence, the variable of integration is calledusmmy variable

2
Example 25Find jo (x* +1) dx as the limit of a sum.

Solution By definition
j:f(x) dx = (b—a) Iinl%[ f(+ f(a+r H+...+ f(ar(n-1) K,

b-a
where, h=——
n

, 2-0
In this examplea=0,b=2,f (X) =x2 + 1, h:T:

=N E )

Therefore,

[Z0e4ndx= 20m2(f©+ 1D+ 1)+t 1 L=
0 n—e N n n n
.1 e iz on—2
= Zr!mﬁ[1+(?+1)+(?+1)+_“+[( nn2 )2+1J]

.1 1
= 2lim—[(+1+..+D)+— 2*+4 +..+(2n-2)"]
n—e j —————— 1
n-terms

=2 Iim%[n+§(12+22+...+ h—1F]

N—0c0

= 20im Ly 2 OZDn (0 -Y)
N—e N n 6

= 2Iim£[n+2—(n_1) (2 _11
n—eo N 3 n

_ 2l 20 oty 4,14
= Zn'ﬂl [1+3(1 n) (2 n)]_2[1+3]_ 3
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2
Example 26 Evaluatej0 € dxas the limit of a sum.

Solution By definition

2 4 2n -2
2 5 -1 0 n ™
joe dx=(2-0)lIim=|e+e+&+..+ en

n—e N

2
Using the sum ta terms of a G.Pwherea=1,r=e", we have

2n

n__ 2_
[ e ax= 21im 281 = 21im 1| &2
0 n—e N el n—e N <
e"-1 e"-1
o 2€ -1y e (€'-1)
=T 1. 1 =e-1 [uslnng_rpo - =1]
. en—1
mita |2
n
|EXERCISE 7.8|
Evaluate the following definite integrals as limit of sums.
1. j:x dx 2. jj(x+1) dx 3. j;xz dx
4 j4(x2—x) dx 5 Ilex dx 6 j4(x+ ) dx
’ 1 | et “Jo
Y _
7.8 Fundamental Theorem of Calculus YT

7.8.1 Area function /

We have defined| "£(x) dx as the area of
a

the region bounded by the curye= f(x),

the ordinates = a andx = b andx-axis. Letx AG)

. . . X
be a given point ind, b]. Then ja F0) dx et 1 L >X
represents the area of the light shaded regiony’ Fig 7.3
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in Fig 7.3 [Here it is assumed tH&k) > 0 forx € [a, b], the assertion made below is
equally true for other functions as well]. The area of this shaded region depends upon
the value ok.

In other words, the area of this shaded region is a functien\Wwé denote this
function ofx by A(x). We call the functio\(x) asArea function and is given by

A() = [ f(x)dx . (1)

Based on this definition, the two basic fundamental theorems have been given.
However, we only state them as their proofs are beyond the scope of this text book.
7.8.2 First fundamental theorem of integral calculus
Theorem 1Letf be a continuous function on the closed interagb] and letA (x) be
the area functionThenA’(x) =f (x), for all x e [a, b].

7.8.3 Second fundamental theorem of integral calculus

We state below an important theorem which enables us to evaluate definite integrals
by making use of anti derivative.

Theorem 2Letf be continuous function defined on the closed inteeydl][and F be
b
an anti derivative of. Thenja f(x)dx = [F(x)] 2= F (b) - F@).

Remarks

b
() Inwords, the Theorem 2 tells us t}j‘aatf (x) dx= (value of the anti derivative F
of f at the upper limib — value of the same anti derivative at the lower lajit

(i) This theorem is very useful, because it gives us a method of calculating the
definite integral more easily, without calculating the limit of a sum.

(ify The crucial operation in evaluating a definite integral is that of finding a function
whose derivative is equal to the integrand. This strengthens the relationship
between differentiation and integration.

(iv) In I: f (X) dx, the functiorf needs to be well defined and continuousairb].

1
. , . N 3 I
For instance, the consideration of definite mtegjres;lx(x2 —1)? dx s erroneous

1
since the functiori expressed bf(x) = X(xX* —=1)? is not defined in a portion

— 1 <x< 1 of the closed interval [- 2, 3].
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Steps for calculating j: f(x) dx.

() Find the indefinite integrg{lf (x) dx. Let this be F(x There is no need to keep
integration constant C because if we considgy #(C instead of B, we get
b
Ia f(X) dx=[F (¥ +CI3 =[F(B + C]-[F(9+ C]= F(h - F(8).

Thus, the arbitrary constant disappears in evaluating the value of the definite
integral.

(i) Evaluate F(p— F@) = [F (X)]2, which is the value ofj: f(x) dx.
We now consider some examples

Example 27 Evaluate the following integrals:

Q) [ dx O i Lo
(30—x2 ¥

x dx . .
(iil) jl D) (5 D) (iv) jo4sm3 2t cos 2 dt

Solution

(i) Letl—j x* dXx. Slncejx dx——_F(x)

Therefore, by the second fundamental theorem, we get
_27 8_19

N

(i) Letl :jj—g dx. We first find the anti derivative of the integrand.
(30-x2 ¥

3

. 2
Put30—x2 =t.Then —2& dx= dt or VX dx= -5 dt

Jx 2,dt _2[1] 2| 1 |
Thus, [ &=—3[z =5ld) 75| 3 |7F®

(30 —x2 } (30—x2)
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Therefore, by the second fundamental theorem of calculus, we have

9

| = F(9)—F(4):§ S

(30-x2)],

21 1 _z[_l__l}_g
"3/ (80-27) 30-8 3|3 22| 99

2 x dx
(i) Let | :J.1 m

: . . -1 2
Using partial fraction, we get(x+1) (Xt 2): v 1+ "y

j X dx = —log| x+ 1|+ 2log x+ 2= Fk)

S0 (x+1) (x+2)

Therefore, by the second fundamental theorem of calculus, we have
I=F(2)-F@1)=[-log3+2log4]—-[-log2+2log 3]

32
=—3Iog3+logz+2Iog4iﬂg[Ej
(iv) Let | =Io7‘sin3 2t cos dt. Considerjsin3 2 cos2 dt

1
Put sin 2 = u so that 2 costat =du or cos 2dt = E du

1
i3 _ =3
So jsm 2 cos2 dt = Zju du

1 4 1. 4
= —[u’]==sin"2t=F (t) sa
Sul=3 (1) say

Therefore, by the second fundamental theorem of integral calculus
1

| = F(%)—F(())=?3 [sin“E2 —sirt oa:%
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|EXERCISE 7.9)|
Evaluate the definite integrals in Exercises 1 to 20.
2
1 jll(x+1)dx 2 jjldx 3. [ (@ -5¢ + 6x+ 9)dx
- X
% . g 5 g
4. josm2xdx 5. IOmSZde 6. Le dx 7. jotanxdx
7 1 dx 1 odx 3 dx
8. | fcosecxxdx 9. 10. [ —2
Ig J‘(’\ll—xz '[°1+ X '[sz—l
z 3 xdx 12X+ 3 1 e
2 dx X € dx
12. Ioco§xdx 13. -[2x2+1 -[05x2+1 15. _fo

2 Bx° " T, X X
= . 2seé x+ X+ 2)dx , sin®= —cog = Yx
1o j1x2+4x+3 L jo( ) R Io( 2 2)OI

26X+ 3

19.
-[0 X +4
Choose the correct answer in Exercises 21 and 22.

1 X
dx 20. J.O(xex+sm7)dx

21. J‘f dx equals

1+%°
® 3 ® 5 © % ©) 1
22. 1543)9()(2 equals
A ¢ ® 7 © 5, ©) 5

7.9 Evaluation of Definite Integrals by Substitution

In the previous sections, we have discussed several methods for finding the indefinite
integral. One of the important methods for finding the indefinite integral is the method
of substitution.
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b
To evaluateja f (x) dx, by substitution, the steps could be as follows:

1. Consider the integral without limits and substityte f (x) or x
the given integral to a known form.

2.
the constant of integration.

variable.

the difference of the values at the upper and lower limits.

=g(y) to reduce

Integrate the new integrand with respect to the new variable without mentioning
Resubstitute for the new variable and write the answer in terms of the original

Find the values of answers obtained in (3) at the given limits of integral and find

so that we can perform the last step.

|@= NoteIn order to quicken this method, we can proceed as foll@iter

performing steps 1, and 2, there is no need of step 3. Here, the integral will |
in the new variable itself, and the limits of the integral will accordingly be char

ve kept
ged,

Let us illustrate this by examples.
Example 28 EvaluateJ._llsx“\/ X +1 dx.

Solution Put t = x® + 1, thendt = 5x* dx

3 3

Therefore, ij“\/ XC+1dx = I\/fdt = §t2 = %( x° +1)2
2] 2
1 -
Hence, I_15x4\/ X+1dx = 3 S +1)2}
L -1

:% @ +1)2 —((—1f+1)2}
o[ 2 2] 2 42
:5_2 —o}:g(zﬁ)_T

Alternatively , first we transform the integral and then evaluate the transformed integral

with new limits.
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Let t=x>+ 1. Thendt = 5x* dx

Note that, when x=—1,t=0and whex=1,t=2
Thus, axvaries from — 1 to 1t varies from O to 2

1 2
Therefore j_15x4\/ XC+1dx= IO Jt dt
2
2120 2.2 2| 2 42
=—|t?2]| =222 02| = =(2.2)=—=

tan 1x
dx

Example 29 Evaluatej
1+ X

Solution Lett = tan %, thendt=

Y dx. The new limits are, when= 0,t = 0 and
+ X

whenx = 1, tzg . Thus, ax varies from 0 to 1f varies from 0 to:—fr.

ttantx a4 1] n°
Therefore jo T2 dx_j tdt[z}0 5[1_6_0 =5

|EXERCISE 7.10)
Evaluate the integrals in Exercises 1 to 8 using substitution.

10X T 1. 4 2x
2 d
j0X2+1dx 2. [2\sing cogodo 3. [ sin [1+ij X
2 Z  sinx
4, XVX+2 (Putx + 2 =t2 5 | 2—/—=_dx
IO ( ) jo 1+ co¥ x
2 dx 1 dx 2( 1
—_— 7. | ———— 8. Z——— |e™dx
IO X+ 4 — X J.—1x2+2x+5 I [x 2%° j
Choose the correct answer in Exercises 9 and 10.
1
_ 33
9. The value of the integraﬁ% dx is
S X
3
(A) 6 (B) O (C) 3 (D) 4
10. Iff(x) = [, tsintdt, thenf’(x) is
(A) cox +xsinx (B) xsinx
(C) x cox (D) sinx + x cosx
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7.10 Some Properties of Definite Integrals

We list below some important properties of definite integrals. These will be useful in
evaluating the definite integrals more easily.

IR ICT S I CR
P, j:f(x) dx= —j: f(X) dx. In particulayI:f(x) dx=0
P [Tfgd=["f(y x|’ (3

P,: [ fogdx=]" f(a+ b- y dx

P, : j:f(x)dx=j0a f(a— ¥ d>
(Note that Pis a particular case of P

Pr [ fgdx=["f(yox [* f22 ¥ d

P [ f(dx=2[ " f(ydxif 2a ¥= X and
0if(2a—x) = —f(x)
P, (i) I_aaf(x) dx= 2]; f(x) dx, if fis an even function, i.e.,fif—x) =f (x).

(i) J-fa f(x)dx=0, if f is an odd function, i.e., fi(—x) = —f(X).

We give the proofs of these properties one by one.
Proof of P, It follows directly by making the substitutior-t.
Proof of P, Let F be anti derivative df Then, by the second fundamental theorem of

b a
calculus, we have ja f(X)dx=F (b)—F (8= —[F (a)- F(b)]:—jb f(x a

Here, we observe that,af= b, thenj:1 f(x) dx=0,
Proof of P, Let F be anti derivative df Then

[7 £ dx = Fp) - Fey ()
[7109 dx = F) - F@) - @)
and jb f(x) dx = F(b) — FE) .. (3)
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Adding (2) and (3), we gef *f (x) dx+ [ * (3 dx= F(B—F(a= [ (3} dx

This proves the property,.P

Proof of P, Lett=a+b—x Thendt=-dx Whenx=a,t=band whex=Db,t=a.
Therefore

[7f(9 dx=~[ "f(a+b-1)dt
= [*f(a+b-t)dt (by B)

b
= Ia f(a+b—x)dx by P,

Proof of P, Putt =a—x. Thendt = —dx Whenx = 0,t =a and wherx=a, t = 0.Now
proceed as in P

i 2a a 2a
Proof of P, Using B, we havejo f(X) dx:jo f(® dx+J'a f( ¥ dx
Let t = 2a — xin the second integral on the right hand side. Then
dt =—dx Whenx=a,t =aand wherx = 23, t = 0.Also x = 2a —t.
Therefore, the second integral becomes

[Pt dx=—[°f@a—t)dt = [ f(2a-t)dt = [ *f(2a—x) dx
2a a a
Hence [, FO9dx= [ T0)dx+[ f(2a- § dx

Proof of P, Using R, we havej.o2a f(x) dx:J.;1 f(% dx+J.;1 fa- ¥y dx ...(2)

Now, if f(2a —x) =f(x), then (1) becomes
[ r0gdx= [ 100 dr[ " F(9 dx=2f * (3 dx
and if f(2a —x) =-1f(x), then (1) becomes

2a a a
jo f(x) dx = jo f(x)olx—j0 f(®) dx=0
Proof of P, Using F, we have
a 0 a
I_af(x) dx = j_af(x) dx+J-0 f(X dXx Then

Let t =—xin the first integral on the right hand side.
dt=—dx. Whenx = —a, t =a and when
x=0,t=0.Alsox =-t.
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a 0 a
Therefore j_af(x) dx = —ja f(—t)dt+jo f (x) dx
= jo f(=x) o|x+j0 f(Qdx  (byR) .. (1)
(i) Now, if f is an even function, ther—x) = f(x) and so (1) becomes
j_af(x)olx=j0 (%) o|x+j0 f( 3 dX=2_|-O {xd
(i) If fis an odd function, thei{—x) = —f(x) and so (1) becomes

Iif(x)dx:—j: f(%) dx+j§ f(y de0

Example 30 Evaluatej_zl‘ X3 —x‘ dx

Solution We note thaté —x > 0 on [- 1, 0] and@ —x < 0 on [0, 1] and that
x¥—x=0on [1, 2]. So by Pwe write

[ 5] x| dx= [°0¢—xyder [T~ (€ = axe [ (k- 3 d

= [T0¢=x dxt [ (x= %) de [ (%~ ¥ d

RESE Y A N

4 2 o 2 4 0 4 21
11 1 1 1 1

- ‘[z ‘5}*[‘2“4}(4‘3 {‘4 -)

Example 31 Evaluatej isin2 x dx
=
Solution We observe that six is an even function. Therefore, by(B, we get

T

j_zn sin? x dx = ij‘sin2 x dx

4
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_ zjz(l—COSZ()dX
0

> =.|'§(1—c032<ﬁx

= [x—i sin 2x}4 = (E—l sinEj —O=E —1
2 0 4 2 2 4 2
T Xsin
Example 32 Evaluatej‘o%dx
+ COS X

. m XSinX
Solution Let | =I dx. Then, by P we have

01+ cog X

J- (t—x) sin (T — x) dx
1+cog t—x)

J- (m—x) sinxdx _ Insinxdx_l
" 1+cogx 01+ co€ x
= Sin X dx

or ZI:RIO 1+ cos? x

J-n sinx dx

01+ cos X
Put cosx =t so that — sirx dx=dt. Whenx=0,t=1 and whex=mx, t = — 1.
Therefore, (by B we get

or

IZ—_TC -1 dt 71:.[1 dt

2 911412 2041442

A since LI i
= n.[01 2 (by P, 112 iseven function)

n[tan‘lt]t):n[tan‘l 1—tam ﬁ):n[% —}bﬂ—:

1
Example 33 Evaluatej ) sin® x cod x dx

1
Solution Let | = j_ls|n5 x co$ x dx. Let f(x) = sirf x cos x. Then

f(—X) = sirt (- x) cos (—x) = —sirt x cos x = —f(x), i.e.,f is an odd function.
Therefore, by P(ii), 1 = 0
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sin® x
Example 34 Evaluatej —————dx
o sin® x+ cas” x
> sin*x
Solution Let | -j ——— 5 dx . (1)
o sin® x+ cas” x
Then, by P
.4 T
n sin® (=—x) n 4
2 5 cos’ X
1= |2 dx = [2————==___dx ..(2
IO cos' x+ sn* x @

° sin® (* o
sin (2 X)+cos g X)
Adding (1) and (2), we get

T .
ol = Jg sin* x+ co¢ x
0 sin® x+ co¢ x

dx=j;2dx=[ gg =«

Hence

N

dx
Example 35 Evaluatej 1 \/t—
++/tanx

T

I31+\/H I

f T T
T cos| —+——x |dx
J'§ [3 6 )
g T T NE
COS| =+ ==X |+ [sin| =+=—x
oo 5+ x| Jsn( T+ 2]

Jsinx
I \/S|nx+ cosX ToinxsJoos -2

Adding (1) and (2), we get

cosx dx

. (1)

Solution Let | =
COSX +

@A wla

Then, by P =

= [Bax=[x2=2-Z- -
21 Ig []g 2 6 6 Hencel B
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T

Example 36 Evaluatejflog sinx dx

T

Solution Let 1= IOE log sinx dx

Then, by P

I = IOE log sin[g— xjdx:jozlog cosx dx

Adding the two values of |, we get

T

2l = IOE(Iog sinx + log co) dx

= IOE(Iog sinx cosx+ log 2 log Pdx (by adding and subtractingya)

= jOEIog sin2x dx—joE log 2dx  (Why?)

Put Z =t in the first integral. Then @ = dt, whenx = 0,t = 0 and whenng ,
t=m.

1¢x . o -
Therefore 2l = EJO log sint dt_E log 2

25 , i _ _
= E-|.02 log sint dt—E log 2 [by P6 as sin f —t) = sint)

T

= .I.OEIOg sinx dx_g log 2 (by changing variableto x)

i
| ——log2
5 g

T

Hence Iflog sinx dx = %’t log2.
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By using the properties of definite integrals, evaluate the integrals in Exercises 1 to 19.

10.

12.

15.

18.

19.

T

5 § q 5 J' sm 3
.[o CoS X dx 0 /sinx +~/cx

> cos xdx 5

- 5. X+ 2 |dx 6.
JO sin® X+ cos X j—5| |

j:x (1— x)" dx

IOE(ZIog sinx— log sin X Yx 11.
[r 13. [ 2 sin’ x dx 14,
0 1+ sinx T

2

T .
j; SiNX— COSX
0 1+ sinx MSX

j;|x—:lj dx

8. Iozlog I+ tanx )dx 9.

dx 16. j:Iog(1+cos<)dx 17.

3
T .
5> sin? xdx
I 3 3
sin2 x+ co< X

j28| x—5] dx

J-OZX\/Z—XdX

T

j_znsin2 x dx

2

joznco§ x dx

N

a
—————dX
I0\/§+ a- X

Showthat joa f(X)g(X) dx=2 Ij f(® dx if f andg are defined afx) =f(a—Xx)

andg(x) +gla—x) =4

Choose the correct answer in Exercises 20 and 21.

20.

21.

T

The value ofj _En(x3 + XCcosx+ tan x+ 1)dxis
2

(A) O (B) 2 (C) =
The value ofj EIog (dex S
0 4+ 3 cox
3
(A) 2 ®) 3 (© 0
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Miscellaneous Examples

Example 37Find jcosf‘x B sin & dx

Solution Putt = 1 + sin &, so thatdt = 6 cos & dx

Therefore jcos

Example 38Find I(X—

1
6/ B sin & dx:lj' £ dt

1 2

= 5%3 (t)2+C- (l+sin6<¥+ C

1

4
X dx

1
1 1.5
2 Q-=)*

Solution We havej(x4 —5x)4 dx=j X" dx
X

X4

Put 1—i3=1—x‘3=t,s) that%dx: dt
X X

1

4 1.2 1.4° 4(, 1V
Therefore u ==t dt = =x=t4+C=—| 1-—=
| dx 3jt dt = 2xg T
_ j x* dx
Example 39Find —(x—l) 1)
Solution We have
4
X
——— = (X+)+———F——
(x-1) (¢ +1) (x+1) X=X+ x-1
= (x+1)+;2
(x-1D) (x*+1)
1 A Bx+C

Now express

= +
x=D(C+1) (x-1) (X*+1)
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So 1=A(+1)+(Bx+C)Kx—-1)
=(A+B)¥*+(C-B)x+A-C
Equating codicients on both sides, we getA+B=0,C-B=0andA-C=1,
which give A :%, B=C= __; Substituting values of A, B and C in (2), we get
1 B 1 1 x 1
(x-1)(%+1)  2(x-1) 2(x*+1) 2(¢+1)
Again, substituting (3) in (1), we have
x* 1 1 x 1
= (x+D+ -~ -
(x=1) (¢ + x+1) 2(x=1) 2(x*+1) 20¢+1)

. (3)

Therefore

4

2
dx=>_+ x+‘l;_log| x—1|—%1 log (x2+1)—; tan'x+ C

j(x—l) O+ x+1) 2

1
Example 40Find | {'09 (logx)+ (log )2 } i

Solution Let I=I[Iog (logx)+ ( ! )Z}dx
0g X

1
= Ilog (logx) dx+ Im

In the first integral, let us take 1 as the second function. Then integrating it by
parts, we get

dx
x| .
(logx)
= xlog (logx)— I I dx 1
logx 7 (logx)® - @)
Again, conS|derj— take 1 as the second function and integrate it by parts,

log x

X 1 1
we havejlogx [Iogx_jx{ (logx)? (;)} dx} .. (2)
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Putting (2) in (1), we get

dx +J‘ dx

| = xlog (log x)— I 0g x I (log X)2 (log X)2

= xlog (log x)—i+ C
log x

Example 41Find j[ cotx + tanx} dx
Solution We have

= j[ cotx + tanx] dx:j\/tanx 1+ cotx )dx
Puttanx = t3, so that séx dx= 2t dt

2t dt
or dx = 7
1+t
= |t dt
Then | = I ( j(1+t )

1 1
_ ZJ_ (t2+1) dt:z-l_(1+t2jdt:2-|_ [1+t2jdt

t*+1

1= 2[— —ZanrtLsc=y2tnl
jy+(\/_) A+ an \E +

2_ p—
-2 tan‘l[tTZtl]+C =2 tan‘l[ tanx 1J+C

sin 2x cos X dx
\J9-coé (x)

sin 2x cos 2(

J9-coé X

Example 42Find j

Solution Let | =I
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Put co$ (2x) =t so that 4 sin2cos X dx= —dt

__ 1 sin‘l(l) C:—1 sin‘lF co$ 2}+ (
4 3

_EJL
4 /g _t2 4 3

Example 43 Evaluatej 51| xsin (m x)| dx

Therefore | =

xsinmt Xxfor—1< x<1

Solution Heref (x) = |x sinmx | = —xsint x for 1< x<§
2

3 3
3 _ T 3 _
Therefore .[ 21 [ X sinmt x |dx = j Xsinm x dx+j12— xsinmt x d»

3
1 . - .
= .[ 1xsmn xdx—.[12 xsint x d>

Integrating both integrals on righthand side, we get

3

3 . 1 . =

2 . —XCOSTTX SINTTX —XCOSTTXx SINT X |2
.[1|x3|nnx|dx= +— = +—

B -1

T T T Rl
2 1 1 3 1
e e B
|l ] o=
Example 44 Evaluate.[ i y O
P 0 a?cos’ x+ b? sirf x
SolutionLetl = [ A [, (=) & sing P
olutionLet! = = i
0 a?cos x+b?sifx 70 & co§t— x} B sihn— x (Using &)

n.[n dx _,[n X dx
0 a%cod x+ b?sif x 70 a2 coé x+ b siff x

J‘n dx

-1
0 a?cos x+ b? sirf x

_ J‘n dx
Thus 20=7], a’cod x+ b? sirf x
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T

dx o 5 dx
_ J 2

== == ing P
or ZJO a’codx+b’sifx 2 J0 £cod x+ B sirf )‘(usmg )

TCJZ dx +J‘; dx
= 1o a®cog x+b’sifx 'x & coé x+ B sih

4

T

B T
7 secéxdx > coseéxdx

- +
i jo a’ + b?tan® x jg & cof x+ tf}
4

1 dt 0  du
=T — uttan x= tandcot x=
I j a’u?+ bz}(p )

| Jpa? + b2
2
= l[tan'lm} _lb[ taﬁlﬂ} = —[tan b tan‘lé}_ T
ab aj, a bl = ab a bl 2ab
Miscellaneous Exercise on Chapter 7
Integrate the functions in Exercises 1 to 24.
1 L 2 = 3. 1 [Hint: Putx-g]
S ox=X " Ix+a+Vx+b  xJax— ¥ ' St
1 1 .
4. — 3 5.1 1 [Hint: T1- 1 1 putx =19
X2 (x* +1)* X2 + x3 X2 +x3 X3 [1+ XGJ
5X sinx eS logx e4 logx
o (x+1) (¢ +9) " sin (x—a) 8. g3logx _ 2logx
COSX sin® — co$ x 1
—— 10. _ 11. .
Ja—sintx 1- 2sir? x co$ x cos (x+a)cos k+ b
12, =X 3, —% g, L
C1-58 L (1+e) (2+ €) O+ (P +4)
15. cosx g9 si 16. e¥loox (x* + 1)? 17. f’ (ax+ b) [f(ax + b)]"
1 sin"tJ/x - cos/x

18 |Jsin® x sin (x+a) 19 G /X + cosidx <€ [0, 1]
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- 1-+/x L, 2Esin2, - X2+ x+1
©\V1+4/x " 1+ cosX C O (X+1)? (x+2)
2 2
- x“+1| log(x*+1- 2lo
23. tan‘ﬂ/u 24. o9 ¢+ d
1+ X x4

Evaluate the definite integrals in Exercises 25 to 33.

© ( 1-sinx 2 s z
e jnex[ jdx 6 j4 sinx cosx .- _[2 cos’ x dx
2

1-cosx 0 cog x+ sh*x 0 cog x+ 4sirf x
sinx+ cosx | 1 dx 7 sinx+ cosx
28. E 29. | -——+  30. |t dx
I S Jsinx o on/l+x—\/§ IO 9+16 sh 2x
z n  Xtanx
2 qi 1 (qi - 7
31. jo sin 2 tan™ (sinx )dx 32. jo e\ o dx
4
33, [ [Ix=1 [x= 2} p= 3[ldx
Prove the following (Exercises 34 to 39)
3 dx 2 1
4 ] 3% 3. [preact
1X17 4 _ L 2
36. | X7 cos’ x dx= 0 37. [ 2sin®x dx==
ki 1
38. [ *2tarf xdx= 1 log: 39. [ sintxdx="-1
0 0 2
40. Evaluatej:ez‘gx dx as a limit of a sum.
Choose the correct answers in Exercises 41 to 44.
41. j dx _ is equal to
e +e
(A) tamt () + C (B) tan* (e + C
(C) log (- +C (D) log ec+e)+C
42. cos X ——  dx isequal to
(sinx+ cosxf
-1
(A) erC (B) log|sinx+ cox + (
(C) log|sinx— cos< ¢ o) —
(sinx+ cosx ¥
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43. If f(@a+b—-x) =f(x), thenj:x f(x) dx is equal to

a+bob a+bob

(A) 222[7 10 dx ®) 2221+ ox
©) ? " (%) dx (D) a—;b " () dx

44. The value ofjjtan‘{%}dx is
+X—

(A) 1 ®) 0 © -1 ©)

Summary

¢ Integrationis the inverse process of differentiation. In the differential calculus,
we are given a function and we have to find the derivative or differential of
this function, but in the integral calculus, we are to find a function whose
differential is given. Thus, integration is a process which is the inverse of
differentiation.

d
Let F(x)= f(X). Then we write[  (x) dx=F ()+ C. These integrals

are called indefinite integrals or general integrals, C is called constant of
integrationAll these integrals diér by a constant.

¢ From the geometric point of view, an indefinite integral is collection of family
of curves, each of which is obtained by translating one of the curves parallel
to itself upwards or downwards along thaxis.

€ Some properties of indefinite integrals are as follows:

L[[f(y+g(R) dx=| (¥ dw | ¢ x d

2. For any real numbek, jk f(X) dx= kj f(y &

More generallyif f, f,, f,, ... ,f are functions and, k,, ... .,k are real
numbers. Then

J-[kl L)+ ke TR +..+ K £(3] &
=k [ (9 dx+ k [ £(3 dw..t k| f( X d
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€ Some standard integrals

n+1

X
) | x"dx= +C — 1. Particularly | dx= x+C

(0 I 1 , N+ articu aryj

(i) jcosx dx= sinx+ C (iii) jsinx dx= —cosx+ C

(v) [seéxdx= tanx+ C (v) [coseéxdx= —cok+

(vi) jsecx tarx dx= sec+ |

(vii) jcosecx cok dx= —coses+ (i) f% =sin"'x+C
(%) led_LXz =—cos*x+C (x) jlf);z —tantx+C
(i) f 13);2 =—cot 'x+C (xii) jex dx= & +C

(xiii) Iaxdxz Ioaga+C (xiv) Ix i;(_l=sec‘1x+ C

dx .l
(xv) =-cosec'x+ C (xvi) [=dx=log|x|+ C
jx X -1 jx

€ Integration by partial fractions

Recall that a rational function is ratio of two polynomials of the feg%% ,
X

whereP (x) andQ (x) are polynomials ik andQ (x) # O. If degree of the
polynomialP (x) is greater than the degree of the polynomiat)Qxfien we
N P(x) B (x)

may divideP (x) by Q (X) so that——==T (X) +
Q(x) Q(x)

polynomial inx and degree of RX) is less than the degree of XQ.(T (x)

being polynomial can be easily integrate%.(%()) can be integrated by

, WhereT(x) is a
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P
expressing(% as the sum of partial fractions of the following type:
1. —PX*4 = L+—,a;tb
(x—a) (x- b @ wb
px+ q A B
2 2 = v 2
(x—a) X—a (x—a)
pXC + gX+ r A B C
3. = + +
(x=a) (x=bB (% 9 Xx—a x-b xc
PX + X+ T A B C
4. T I A = i 2t
" (x—=a“°(x-b Xx—a (x—a° x-b
. X’ + gx+ 1 _ A, BxsC
C o (x=a)(¥+bx9 T x—a x+bxtc

wherex? + bx + ¢ can not be factorised further

Integration by substitution

A change in the variable of integration often reduces an integral to one of the
fundamental integrals. The method in which we change the variable to some
other variable is called the method of substitution. When the integrand involves
some trigonometric functions, we use some well known identities to find the
integrals. Using substitution technique, we obtain the following standard
integrals.

() [tanx dx= log| sec{+ ¢ (i) [cotx dx=log| sinx+ C
(i) jsecx dx= log seot+ tan+

(iv) jcoseo< dx= log cosec— caf+

€ Integrals of some special functions

ax 1 X—a
i =—Ilog|——|+C
) sz—az 2a d X+ a
dx 1 a+ X dx 1, 1 X
i =—Ilog|—|+C =—tan "—+ C
) Jz—z=5:100] i) o, =gt
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=sin” —+C

(iv) I — Iog‘x+ X —a|+C (V) J‘\/i
(vi) Im log |[x+vx*+ & |+ C

€ |Integration by parts
For given function$l and g, we have

[ /G- 1) dx = fi(x) jfz(x)dx—j[%ﬁ(x)-jfz(x)dx]dx, i.e., the

integral of the product of two functions = first function x integral of the
second function — integral of {differential coefficient of the first function x
integral of the second function}. Care must be taken in choosing the first
function and the second function. Obviously, we must take that function as
the second function whose integral is well known to us.

[eTf(R+ F(3] de=[ & ¢ x dxC

€ Some special types of integrals

@) .[\/xz—az dx:gxbg— a?—a?zlog‘ X X— é‘+C
(ii) j\/x2+a2 dx=§\/>3+ a?+a7zlog‘ X X+ §‘+C
i) [va?-x? dx=§\/ & )@+a7zsin‘1§+c

*

: dx dx
(iv) Integrals of the types_faszrbXJr CorJ‘\/m:can be
X

transformed into standard form by expressing

, b ¢ bY (c B
a¢+bx+c=a|X+=—X+t—|=a| X*t_—| +|-———
a a 2a a 4a

px+ g dx px q dx
(v) Integrals of the types-[ax2+bx+ Cor,[mcan be
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transformed into standard form by expressing
PX+ qu%(( aX + bx F+B=A(2 ax p+B,whereAand B are
determined by comparing coefficients on both sides.
¢ We have definecj: f (x) dx as the area of the region bounded by the curve
y =f(X), a< x < b, thex-axis and the ordinates=a andx =b. Letx be a

given point in [ab]. Then I: f (X) dx represents thar ea function A (x).

This concept of area function leads to the Fundamental Theorems of Integral
Calculus.
€ First fundamental theorem of integral calculus

Let the area function be defined Agx) = j: f (X) dx for all x> a, where

the functiorf is assumed to be continuous onlga ThenA’ (x) =f (x) for all
X € [a, b].

€ Second fundamental theorem of integral calculus
Letf be a continuous function &fdefined on the closed interval, p] and

d
let F be another function such thg)f( F(x)= f(X) for all xin the domain of
b b
f, thenja f (x) dx=[F(X+C[. = F (b)- F (a).
This is called the definite integral bbver the range [&], wherea andb

are called the limits of integratiom being the lower limit and the
upper limit.

—_— % —
%®
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Chapter

12080CHO8

(APPLICATION OF INTEGRALS )

+» One should study Mathematics because it is only through Mathematics that
nature can be conceived in harmonious form.BIRKHOFF <

8.1 Introduction

In geometrywe have learnt formulae to calculate art
of various geometrical figures including triangle
rectangles, trapezias and circles. Such formulae
fundamental in the applications of mathematics to m
real life problems. The formulae of elementary geom:
allow us to calculate areas of many simple figur
However they are inadequate for calculating the ar
enclosed by curves. For that we shall need some con
of Integral Calculus.

In the previous chaptewe have studied to find th
area bounded by the curye=f (), the ordinates = a,
X = b andx-axis, while calculating definite integral as tl
limit of a sum. Here, in this chaptere shall study a specifi ¥&
application of integrals to find the area under simple curves, A cauchy
area between lines and arcs of circles, parabolas and (17g89.1857)
ellipses (standard forms onlyye shall also deal with finding
the area bounded by the above said curves.

8.2 Area under Simple Curves

In the previous chapter, we have studied
definite integral as the limit of a sum and ¥
how to evaluate definite integral using = F ()
Fundamentalheorem of Calculus. Now |
we consider the easy and intuitive way of /

finding the area bounded by the curve S

y =f(x), x-axis and the ordinates= a and
x =b. From Fig 8.1, we can think of area y
under the curve as composed of large |[x=a
number of very thin vertical strips. Consider
an arbitrary strip of heightand widthdx,
thendA (area of the elementary styipydx, X<g P dx Q >X

where,y = f(X). Y’ Fig 8.1

/=

x=b
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This area is called theementary area which is located at an arbitrary position
within the region which is specified by some valug bétweera andb. We can think
of the total area A of the region betweeaxis, ordinates = a, x = b and the curve
y =f(X) as the result of adding up the elementary areas of thin strips across the region
PQRSPSymbolicaly, we express Y

y=d
A= IbdAzjbydx=Ibf(x) dx
The areaA of the region bounded by g4, = \
thecurvex = g (y), y-axis and the lineg = c, x=gW)
y=dis given by 8
d d y=c
A= xdy=]"g(y)dy X'<5 >X
Here, we consider horizontal strips as shownin Y’
the Fig 8.2 Fig 8.2

Remark If the position of the curve under consideration is belowes, then since
f(x) <0 fromx=atox=Db, as shown in Fig 8.3, the area bounded by the cxaes

and the ordinates = a, X = b come out to be negative. But, it is only the numerical
value of the area whicis taken into consideration. Thus, if the area is negative, we

take its absolute value, |<+H: f(x) dx‘ .

A
9/5

v

Y’ Fig 8.3

Generally it may happen that some portion of the curve is akeads and some is
below thex-axis as shown in the Fig 8.4. Herg,sA0 and A > 0. Therefore, the area
A bounded by the curve =f (x), x-axis and the ordinates= a andx = b is given
byA=|A|+A,
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S
7

v A,
Fig 8.4

Example 1Find the area enclosed by the cirgler y>= &%

Solution From Fig 8.5, the whole area enclosed Y

by the given circle B|(0, ¢)
= 4 (area of the regiohOBA bounded by

the curvex-axis and the ordinates= 0 and

X = @) [as the circle is symmetrical about both

x-axis andy-axis] X A@0)

= 4_[: ydx (taking vertical strips)

= 4j:\/a2 —x2 dx

Yl
Sincex? +y2 = a2 gives y = ++/a?—x? Fig 8.5

As the regioiAOBA lies in the first quadrany,is taken as positive. Integrating, we get
the whole area enclosed by the given circle

2 a
4{%/ a’—x"+ a7sin‘1§}
a

0

2 2
4 (£x0+a—sinll)—0 S| )
2 2 2 2
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Alternatively, considering horizontal strips as shown in Fig 8.6, the whole area of the

region enclosed by circle Y
a a B|(0, a)
=4 xdy =4[ Ja-y’dy  (Why?)
X
a dy
y -1y
= a’— +—sm
{2 Y 2 al X A@0)
o
2
= 4[(3x0+ 2 sin™ 1)—0}
2 2
a’n )
4__ =Ta ’
22 Y
5 , Fig8.6

Example 2Find the area enclosed by the eIIip)é§+ %:1
a

Solution From Fig 8.7, the area of the reg®BA’B’A bounded by the ellipse

_ 4 area of theregion AOBAIn the first quadrant bounded
B bythecurve, x — axisand theordinatesx=0,x= a

(as the ellipse is symmetrical about brthxis andy-axis)
= 4j:ydx (taking verticalstrips

2 2
b 73—
Now ¥+§ =1 givesy=ir;1 a’-x*  butas the regiohOBA lies in the first

guadrant, ys taken as positive. So, the required area is

—4.|. \/a —x%dx X

B|(0, b)

4—{ a?—x? +—sm —} (Why?) /?1\
? 0 X Asx
—( ><0+—SI 1j O}
a
B

= Y
a 2 2 Fig 8.7
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shown in the Fig 8.8, the area of the ellipse is
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0, b)

B
b
b a X
4| xdy = 4= [b% - y?dy (Why? dy
J-o y b-£ y y( y) A/;\A
X~ 5 X
(_ax 0) (a’o)
4_(1 Z ’bz_yz +£Sin712 K/
b |2 2 B’[(0,- b)
_ , Y’
201042 it 1)~ 0 Fig 8.8
b|l2 2
2
= @b—ﬁznab
b 22

8.2.1 The area of the region bounded by a curve and a line

In this subsection, we will find the area of the region bounded by a line and a circle,
aline and a parabola, a line and an ellipse. Equations of above mentioned curves will be
in their standard forms only as the cases in other forms go beyond the scope of this

textbook. v
Example 3 Find the area of the region boundeg=, 1
by the curvey = x2 and the ling/ = 4. ; N é y=4
Solution Since the given curve represented by dy X
the equatiory = x? is a parabola symmetrical
abouty-axis only therefore, from Fig 8.9, the
required area of the regi®fOBA is given by 0 >X
4
2.I.O Xdy = \Y,/
Fig 8.9

|

area of theregion BONB bounded by curye, )
andtheliney= Oangd =4

4
4 2| 31 4, 32
= 2[ Jydy = ng{yz} =3x8=73 (Why?)
0

Here, we have taken horizontal strips as indicated in the Fig 8.9.
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Alternatively , we may consider the vertical: Y
strips like PQ as shown in the Fig 8.10 to Q
obtain the area of the regi&®BA. To this A N B
end, we solve the equatiox’s= y andy = 4

which givesx = -2 andx = 2. x=-2
Thus, the region AOBA may be stated as
the region bounded by the culye X, y=4 y
and the ordinates= —2 andx = 2. O

v

Therefore, the area of the region AOBA Y’
2 Fig 8.10
j_z ydx

[y = (y-coordinate of Q) — ¢goordinate of P) = 4 »?]

Zjoz( 4- xz)dx (Why?)

3 2
=2l ax_ X :2[4x2—§:| _32
3 0 3 3

RemarkFrom the above examples, it is inferred that we can consider either vertical
strips or horizontal strips for calculating the area of the region. Henceforth, we shall
consider either of these two, most preferably vertical strips.

Example 4 Find the area of the region in the first quadrant enclosed Ixyatkis,
the liney = x, and the circle¢ + y? = 32. v

Solution The given equations are N
y=X (D) Y= X

and X +y*= 32 .. (2 B(4 2
Solving (1) and (2), we find that the line ’
and the circle meet at B(4, 4) in the first
quadrant (Fig 81). Draw perpendicular A X
BM to thex-axis. X M 4ﬁ6x
Therefore, the required area = area of ( 0)
the region OBMO + area of the region

BMAB.
Now, the area of the region OBMO
4 4
= jo ydx_joxdx - (3) M
_ %[er) _g Fig 8.11
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Again, the area of the region BMAB

= I:ﬁ ydx = j:ﬁ\/32— x2dx

1 > 1 .
= | =x\32—- %"+ =x 32x sint——
{2 2 f

:|4\/§

:(%4\/5><0+%><32><sin11) ( 32—16+2><32><sm1%)
=8n-(8+4)=4n-8 .. (4)
Adding (3) and (4), we get, the required arear= 4

2 2
X
Example 5 Find the area bounded by the elli%geJr%ﬂ and the ordinates= 0

andx = ae, where,b*> = & (1 —¢?) ande < 1.

Solution The required area (Fig 8.12) of the region BRIESB is enclosed by the
ellipse and the lines= 0 andx = ae. %

Note that the area of the region BBBSB

4
o B § XxX=ae
= ZIO de = Z_I:e«[az_xzdx /W
a
* K F(ae,O) )

2b| x a’ x| ) o
- = ZVa?-x2+=—sint=
a2 2 aj,
R

2b .
= —[ae«/az -a’%’ +a25|n‘1e} /)
2a Y
Fig 8.12

- ab[e\ll— e’ +sin'1e}

|EXERCISE 8.1
1. Find the area of the region bounded by the cyfve x and the linex = 1,
X = 4 and thec-axis in the first quadrant.

2. Find the area of the region boundedyby 9, x = 2,x = 4 and thex-axis in the
first quadrant.
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3. Find the area of the region boundedkby 4y, y = 2,y = 4 and thg-axis in the
first quadrant.

2 2

4. Find the area of the region bounded by the ellifge y

2 -1
9

2 2
5. Find the area of the region bounded by the elli)ése%:l.

6. Find the area of the region in the first quadrant encloseeblis, linex=./3y
and the circle¢+ y? = 4.

7. Find the area of the smaller part of the ciréle y? = a2 cut off by the Iinex:% .
8. The area between=y? andx = 4 is divided into two equal parts by the line
X = q, find the value of.

9. Find the area of the region bounded by the parapsla?andy = | .

10. Find the area bounded by the cur¢exy and the linex = 4y — 2.
11. Find the area of the region bounded by the cytwe4x and the linex = 3.

Choose the correct answer in the following Exercises 12 and 13.

12. Arealying in the first quadrant and bounded by the cifcte/? = 4 and the lines
x=0andx=2is

T T T
(A) = ®) 5 © 3 ()

13. Area of the region bounded by the cuye 4x, y-axis and the ling = 3 is
A) 2 B 2 C o D 9
(A ®) 5 ©) 3 ) 3

8.3 Ar ea betweernTwo Curves

Intuitively, true in the sense of Leibnitz, integration is the act of calculating the area by
cutting the region into a large number of small strips of elementary area and then
adding up these elementary areas. Suppose we are given two curves represented by
y =1 (x),y=g (X), wheref (x) > g(x) in [a, b] as shown in Fig 8.13. Here the points of
intersection of these two curves are givenxby a andx = b obtained by taking
common values of from the given equation of two curves.

For setting up a formula for the integral, it is convenient to take elementary area in
the form of vertical strips. As indicated in the Fig 8.13, elementary strip has height
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f(xX) —g(x) and widthdx so that the elementary area

Y y=f®
dx | _y=f(x)-g®

X =a y=g®

X\O >X

v
Y’ Fig 8.13
dA = [f(X) —g(x)] dx, and the total area #an be taken as

b
A= [ IF(0-g(]dx

Alternatively,
A = [area bounded by =f (x), x-axis and the lines = a, X = b]
— [area bounded by = g (x), x-axis and the lines =a, x = b]

b b b
- j f(x)dx—jag(x)dx =[ [t ()-g(9]dx wheref (x) > g (x) in [a, b]

If f(X)>g(X) in[a c] andf (x) <g (X) in [c, b], wherea <c < b as shown in the
Fig 8.14, then the area of the regions bounded by curves can be written as

Total Area= Area of the regioMCBDA + Area of the region BPRQB
c b
- ja[f(x)—g(x)]dx+jc[g(x)-f(x)]dx

y=gx
P

X<
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Example 6Find the area of the region bounded by the two parapeiasandy? = x.

Solution The point of intersection of these two Y ,
parabolas are O (0, 0) and A (1, 1) as shown in y=x
the Fig 8.15. x=y

Here, we can sgf =x ory =./x = f(x) andy = x?
=g(x), wheref (x) > g (x) in [0, 1].

Therefore, the required area of the shaded reé‘lbn )

= [ Tf(0-g(0]ex

Fig 8.15

Example 7 Find the area lying above-axis and included between the circle
X2+ y? = & and inside of the paraboja= 4x.
Solution The given equation of the cirché + y?2 = 8x can be expressed as
(x — 4 + y* = 16. Thus, the centre of the v
circleis (4, 0) and radius is 4. Its intersection |
with the parabolg® = 4x gives
X2 + 4x = 8X
or X —4=0
or x(x—4)=0
j— = X‘ ,X

or x=0,x=4 @) C(4,0) Q(8,0)

Thus, the points of intersection of these
two curves are O(0, 0) and P(4,4) above the
X-axis.

From the Fig 8.16, the required area of

the region OPQCO included between these v :
L Fig 8.16
two curves above-axis is Y

= (area of the region OCPO) + (area of the region PCQP)
4 8
= jo ydx+.|‘4 yax

= 2[ "xdx+ [ 4~ (x-4Fdx  (Why?)

P4,4)
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3 4
:2X§|:x2:| +J‘\/42—t2dt, where, x—4=t (Why?)
o O

4

= % + [%\/42 —£* + %x 4% x sin”"! i]

0

3

4
= 2+[i><0+l><42><sin'1:|:—32+ 0+8x L :_32+411; = —(8+3m)
2 2 3 2 3 3

Example 8 In Fig 8.17,AO0BA is the part of the ellipsexd+ y? = 36 in the first
guadrant such that OA 2 and OB = 6. Find the area between the arc AB and the

chordAB.
X2 y2
Solution Given equation of the ellips&®9+y* = 36can be expressed af + 36 lor
X2 y? X
— +-— =1and hence, its shape is as given in Fig 8.17.
s + e [ pei given in Fig B0, 6)
Accordingly, the equation of the choh is
6-0
-0=—-—=(x-2
X 0—2( ) X< 8 AG 0)>x
or y=-3x-2)
or y=—3x+6
Area of the shaded region as shown in the Fig 8.17.
2 2
= 3[ N4-xdr—[ (6-3x)dx (Why?) !
Yl
2P Fig 8.17
= 3|:£\/4—x2 + isin’1 —:| - x—3i
2 2 0 2

3B><o+2sin1 (1)]—[12—%]=3>< 2><%— 6=31-6
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Example 9 Using integration find the area of region bounded by the triangle whose
vertices are (1, 0), (2, 2) and (3, 1). Y

SolutionLet A(1, 0),B(2, 2) andC (3, 1) be
the vertices of a triangleBC (Fig 8.18).
Area of AABC
= Area of AABD +Area of trapezium
BDEC -Area of AAEC : E
Now equation of the sidesB, BC and X o ALOD E
CA are given by

B(2,2)

1 Y Fig 8.18
y=2x-1),y=4-x,y= 2 (x— 1), respectively.

Hence, area ofA ABC = j122 (X—l)dX+j;(4—X)dX—ijT_1dx
o e 45
2 i 21, 2L 2 1
:2[[33—2j—(3— ﬂ+{£4x3—§ij—£4x2—3ij]_1[£§3—3j—[3— i
2 2 2 2 21\ 2 2

_3

2
Example 10Find the area of the region enclosed between the two cixéles? =4

and (x— 2¢ +y?> = 4.
Solution Equations of the given circles are

X +y2=4 .. (1) Y
and (x—2f+y?=4 .. (2)

Equaton (1) is a circle with centre O at the A(1N3)
origin and radius 2. Equation (2) is a circle with ;
centre C (2, 0) and radius 2. Solving equations

(1) and (2), we have . f D C2,0
X : X

(X—2F + ¥ =% + ¥ \\f :

or Ny s ,
A'(1,:3)
or x = 1 which givey = ++/3
Thus, the points of intersection of the given v

ircl A(l dA’(1, — h [
circles aréA(1, /3) andA’(1, J3) as shown in Fig 8.19

the Fig 8.19.
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Required area of the enclosed regioACA'O between circles
= 2 [area of the region ODCAOQO] (Why?)
= 2 [area of the region ODAO + area of the region DCAD]

=2 _j:ydx+ jlzydx}

=2 _j :\ [4— (x— 2Fdx + Lz\/ 4-x? dx} (Why?)

1
=2 % (x— 24— (x— 2} +%x 4siﬁ1[x;22ﬂ
0

2

+ 2[% X 4— X2 +%>< 4sin‘1—):j

_ 1
= | (X=2)yJ4- (x—2F + 4sin‘1[%2ﬂ +[x\/4—x2 + 4sin‘1ﬂ
L 0

_ _(_@+4sin‘1(_71))— 4sin® ¢ 1*[ 4siit 1 3 4sfﬁﬂ

2

1

6

= :(—\/5—4x%)+ 4x%}+[ 4><£2—\/_3— &E}

= —\@—2—:+ 21t)+(2n—\ﬁ3_2_:)

8n
= —-2J3
3 V3

|EXERCISE 8.2|

1. Find the area of the circle®+ 4y? = 9 which is interior to the parabotz= 4y.

2. Find the area bounded by curves{ 1 +y> =1 andx? +y? = 1.

3. Find the area of the region bounded by the cupves® + 2, y =x, x = 0 and
x=3.

4. Using integration find the area of region bounded by the triangle whose vertices
are (-1, 0), (1, 3) and (3, 2).

5. Using integration find the area of the triangular region whose sides have the
equationyy = &+ 1,y =3+ 1 andx = 4.
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Choose the correct answer in the following exercises 6 and 7.

6. Smaller area enclosed by the cirgler y? = 4 and the link+y =2 is
A) 2 (@-2) B) m—-2 C) 2n-1 (D) 2 (n+2)
7. Area lying between the curvgs= 4x andy = 2x is

2 1 1 3
A 5 ® 3 © (©) 5

Miscellaneous Examples
Example 11 Find the area of the parabgfa= 4ax bounded by its latus rectum.

Solution From Fig 8.20, the vertex of the parabola ){ )
y? = 4ax is at origin (0, 0). The equation of the -
latus rectum LSLis x = a. Also, parabola is

symmetrical about theaxis.
The required area of the region OCL
= 2 (area of the region OLSO) (a, 0)

:Zjoaydx :Zjoa\/@ dx 0 S

= 2X 2\/5 J'Oa\/;dx

o[ 2T 2 L
- - 2
= 4\/5><3{x } Fig 8.20

0

8\/—§ 8 ,
= —+ala?| = —-a
s <

Example 12Find the area of the region bounded x=1
by the liney = 3x + 2, thex-axis and the ordinates
x=-1andx = 1.

Solution As shown in the Fig 8.21, the lin¥

x=-1

-2
y = X + 2 meetx-axis atx = 3 and its graph

. ) -2
lies belowx-axis forxe(—l, ?) and above

) Fig 8.21
x-axis for xe(?, 1) .
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The required area Area of the regioMCBA + Area of the regioMDEA

= IE(SX+ 2)dx|

1
+I;2(3x+ 2)Yix
3

-2
. Je| [3¢ . ] 1. 25 13

= || —/—+2X| |+|—*+2X| =+ —=—
2 2 2 6 6

-1

Example 13Find the area bounded by Y
the curvey = cosx betweenx = 0 and
A E

X = 2. \
Solution From the Fig 8.22, the requireg,, B D, 2n

>X
area = area of the region OABO + area X %\\’i/%” K
of the region BCDB + area of the region
C
DEFD. NG e a
Thus, we have the required area 'ge.
n 3n
P 2n
= jzcosxdx+ j % coscdx +I cosdx
0 n 3r
2 2
n 3n 5
- [sinx]§+ [sinx]; +[sinx]3; v
2 2
R
=1+2+1=4

Example 13Prove that the curveg = 4x andx® = 4y
divide the area of the square boundedkby 0O, x = 4, X'<g
y = 4 andy = 0 into three equal parts.

Solution Note that the point of intersection of the {
parabolasy? = 4x andx? = 4y are (0, 0) and (4, 4) as Fig 8.23
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shown in the Fig 8.23.
Now, the area of the region OAQBO bounded by cukfesdx andx?= 4y.

. 2 P ER 4
= J. 2Wx =" ldx = [2xZx2-2
0 4 3 12 .
_32_16_16 .
=37 3 3 . (1)
Again, the area of the region OPQAO bounded by the cufvedy, x=0,x=4
andx-axis

_ j“ﬁdxzi[xs ::? - (2)

Similarly, the area of the region OBQRO bounded by the cyfrwedx, y-axis,
y=0andy=4

2
LR T

From (1), (2) and (3), it is concluded that the area of the region OAQBO = area of
the region OPQAO = area of the region OBQRO, i.e., area bounded by parabolas

y? = 4x andx? = 4y divides the area of the square in three equal parts.

Example 14Find the area of the region
{(x,y):0sy<x*+1,0sy<x+1,0<x< 2}

4

Solution Let us first sketch the region whose area is to
be found out. This region is the intersection of the
following regions.

A ={(xy):0<y<x*+1}, X S

A, ={(xy):0<y<x+1} v
and A, ={(xy):0<x<2} o 5.20

The points of intersection §f=x2 + 1 andy =x + 1 are points P(0, 1) and Q(1, 2).
From the Fig 8.24the required region is the shaded region OPQRSTO whose area

= area of the region OTQPO + area of the region TSRQT

= 0@ +Dydx+ [ (xr Dol (Why?)
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(5L [ ]

g ied)-2

Miscellaneous Exercise on Chapter 8

Find the area under the given curves and given lines:
() y=x3x=1,x=2 andx-axis
(i) y=x*x=1,x=5 andx-axis

Find the area between the curyes x andy = x2.

Find the area of the region lying in the first quadrant and boundgd-B4¢,
x=0,y=1andy = 4.

Sketch the graph of = [x+3 and evaluatej'_oé|x+3|dx :

Find the area bounded by the cuye sin x between x= 0 andx = 2r.
Find the area enclosed between the parajjotadax and the lingy = mx.

Find the area enclosed by the parabgla 8x* and the line 2= 3x + 12.

2 2
Find the area of the smaller region bounded by the elh%s%:l and the

. X Yy
_+_— .
line 3 2—1

X2 2
Find the area of the smaller region bounded by the eHQ;sé%zl and the

Xy
—+==1.
line 29

Find the area of the region enclosed by the paraBelg, the liney = x+ 2 and
the x-axis.

Using the method of integration find the area bounded by the tXjmjg|=1.

[Hint: The required region is bounded by linesy = 1,x-y=1, x+y=1 and
—x-y=1].
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12.
13.

14.

15.

MATHEMATICS

Find the area bounded by curveg, {f) : y > x? andy = |x|}.

Using the method of integration find the area of the triangle ABC, coordinates of
whose vertices are A(2, 0), B (4, 5) and C (6, 3).

Using the method of integration find the area of the region bounded by lines:
X+y=4,X-2y=6andx—3y+5=0
Find the area of the region¥{(y) : y? < 4x, 4x* + 4y*> < 9}

Choose the correct answer in the following Exercises from 16 to 20.

16.

17.

18.

19.

Area bounded by the curye= X3, thex-axis and the ordinates= — 2 anck =1 is

-15 15 17
(A) -9 ® — © 7 ()

The area bounded by the cugyve x |x|, x-axis and the ordinates= — 1 and
x = 1is given by

() 0 ®) © 2 © =

3 3 3
[Hint:y=x2if x>0 andy = —x? if x < Q].
The area of the circle® + y?> = 16 exterior to the paraboja= 6x is

(A) g(4n—\/§) (B) g(4n+\/§) (©) %(871:—\/5) (D) §(8n+\/§)

T
The area bounded by tlgeaxis,y = cosx andy = sinx when 0< XSE is

(A) 22-1) (B) V2-1 (©) V2+1 (D) V2

Summary

@ The area of the region bounded by the cyrwef (x), x-axis and the lines

x=aandx =b (b > a) is given by the formulaArea= j: ydx = j: f (X)dx.

@ The area of the region bounded by the cuwed (y), y-axis and the lines

y =c¢,y=dis given by the formulaArea= j: xdy = j:¢ (y)dy.
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@ The area of the region enclosed between two cuyrwek(x), y =g (X) and
the linesx = a, x=b is given by the formula,

Area:I:[f (X )-g &)]dx, wheref (x) > g (x) in [a, b]
¢Iff(X) >2g (X)in[a, c] andf (x) < g (X) in [c, b], a < c < b, then
Area= [ [ (<)-g ()]ax+ [ g 6)- f ).

Historical Note

The origin of the Integral Calculus goes back to the early period of development
of Mathematics and it is related to the method of exhaustion developed by the
mathematicians of ancient Greece. This method arose in the solution of problems
on calculating areas of plane figures, surface areas and volumes of solid bodies
etc. In this sense, the method of exhaustion can be regarded as an early method
of integration. The greatest development of method of exhaustion in the early
period was obtained in the works of Eudoxus (440 B.C.) and Archimedes
(300 B.C))

Systematic approach to the theory of Calculus began in the 17th century
In 1665, Newton began his work on the Calculus described by him as the theory
of fluxions and used his theory in finding the tangent and radius of curvature at
any point on a curve. Newton introduced the basic notion of inverse function
called the anti derivative (indefinite integral) or the inverse method of tangents.

During 1684-86, Leibnitz published an article in futa Eruditorum
which he callecCalculas summatorius, since it was connected with the summation
of a number of infinitely small areas, whose sum, he indicated by the syimbol *
In 1696, he followed a suggestion made by J. Bernoulli and changed this article to
Calculus integrali. This corresponded to Newton’s inverse method of tangents.

Both Newton and Leibnitz adopted quite independent lines of approach which
was radically diferent. However, respective theories accomplished results that
were practically identical. Leibnitz used the notion of definite integral and what is
quite certain is that he first clearly appreciated tie up between the antiderivative
and the definite integral.

Conclusively, the fundamental concepts and thednmytegralCalculus
and primarily its relationships with Differential Calculus were developed in the
work of Pde Fermat, I. Newton and G. Leibnitz at the end of 17th century
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However, this justification by the concept of limit was only developed in the
works of A.L. Cauchy in the early 19th centurgstly it is worth mentioning the
following quotation by Lie Sophis?

“It may be said that the conceptions of differential quotient and integral which
in their origin certainly go back to Archimedes were introduced in Science by the
investigations of Kepler, Descartes, Cavalieri, FermaV¥¢ailis .... The discovery
that differentiation and integration are inverse operations belongs to Newton
and Leibnitz”.

4

> —

o,
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12080CHOS

DIFFERENTIAL EQUATIONS

+» He who seeks for methods without having a definite problem in mind
seeks for the most part in vain. — D. HILBER%»

9.1 Introduction

In Class XI and in Chapter 5 of the present book, ¥ icuit
discussed how to differentiate a given funcfiasth respect Gt
to an independent variable, i.e., how to fif{d) for a given
function fat eachx in its domain of definition. Furthgin

the chapter on Integral Calculus, we discussed how to
a functionf whose derivative is the functi@awhich may
also be formulated as follows:

For a given functiom, find a functiorf such that

dy
- = , Wh =f .1
S = 909, wherey =f(4 (1) .
An equation of the form (1) is known aslifferential Henri Poincare

equationA formal definition will be given later. (1854-1912)

These equations arise in a variety of applications, may it be in Physics, Chemistry,
Biology, Anthropology Geology Economics etc. Hence, an indepth study édidihtial
equations has assumed prime importance in all modern scientific investigations.

In this chapter, we will study some basic concepts related to differential equation,
general and particular solutions of a differential equation, formation of differential
equations, some methods to solve a first order - first degree differential equation and
some applications of differential equations in different areas.

9.2 Basic Concepts
We are already familiar with the equations of the type:

xX*—X+3=0 . (1)
sinx + cosx =0 .. (2)
X+y:7 (3)
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Let us consider the equation:

xﬂ+y =0 .. (4)
dx

We see that equations (1), (2) and (3) involve independent and/or dependent variable
(variables) only but equation (4) involves variables as well as derivative of the dependent
variabley with respect to the independent variakleéSuch an equation is called a
differential equation

In general, an equation involving derivative (derivatives) of the dependent variable
with respect to independent variable (variables) is called a differential equation.

A differential equation involving derivatives of the dependent variable with respect
to only one independent variable is called an ordinary differential equation, e.g.,

d?y (dyY _ .. : . . .
2—+| — | =0 isanordinary differential equation ... (5)
dx dx

Of course, there are differential equations involving derivatives with respect to
more than one independent variables, called partial differential equations but at this
stage we shall confine ourselves to the study of ordinary differential equations only.
Now onward, we will use the term ‘differential equation’ for ‘ordinary differential
equation’.

1. We shall prefer to use the following notations for derivatives:

dy , o o ¢
_y = y ] y: y'! y: y
dx dx? dx

2. For derivatives of higher order, it will be inconvenient to use so many dashes

n
as supersuffix therefore, we use the notayidor nth order derivative((jj 2/
X

9.2.1. Order of a differential equation

Order of a differential equation is defined as the order of the highest order derivative of
the dependent variable with respect to the independent variable involved in the given
differential equation.

Consider the following differential equations:

dy _

vl ... (6)
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%@y =0 .. (7)
&y +Xx° &y 3=0 (8)
o ¥

The equations (6), (7) and (8) involve the highest derivative of first, second and
third order respectivelyherefore, the order of these equations are 1, 2 and 3 respectively

9.2.2 Degree of a differential equation

To study the degree of a differential equation, the key point is that fieeediial
equation must be a polynomial equation in derivativesyi,g,, y” etc. Consider the
following differertial equations:

dy d’y : dy
+2 +v =0 ... (9
e [dxz ax Y ©
dy 2+ W) sy =0 (10)
dx dx 4
dy . (dy
—2tsin 2 | =
o). o

We observe that equation (9) is a polynomial equatigfi,iy” andy’, equation (10)
is a polynomial equation ¥ (not a polynomial ity though). Degree of such differential
equations can be defined. But equation (11) is not a polynomial equatjoand
degree of such a differential equation can not be defined.

By the degree of a differential equation, when it is a polynomial equation in
derivatives, we mean the highest power (positive integral index) of the highest order
derivative involved in the given differential equation.

In view of the above definition, one may observe that differential equations (6), (7),
(8) and (9) each are of degree one, equation (10) is of degree two while the degree of
differential equation (@) is not defined.

Order and degree (if defined) of a differential equation are always
positive integers.
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Example 1Find the order and degree, if defined, of each of the following differential
equations:

_dy o d?y . (dyY _dy
——cosx= 0 Xy—+ X — | — y—=0
O G O ( dx dx

(i) y"+y*+e =0
Solution

d
(i) The highest order derivative present in the differential equatiﬁisso its

order is one. Itis a polynomial equatioryimnd the highest power raisedéé

is one, so its degree is one.
2

(i) The highest order derivative present in the given differential equaﬁgl(%isso

2
d
its order is two. It is a polynomial equation%lx—g/ andai and the highest

2
power raised toﬁ iS one, so its degree is one.

(i) The highest order derivative present in the differential equatioff jsso its
order is three. The given differential equation is not a polynomial equation in its
derivatives and so its degree is not defined.

|[EXERCISE 9.1

Determine order and degree (if defined) of differential equations given in Exercises
1to 10.

dy ., dsY s

—+sin =0 = — | +3s—=0
1. dX4 ()/,) 2. Y+5y 0 3. [dtj dt2

2

d?y dy d?y .
. |—=| +cos|—= |=0 . ——=—=Cc0SX+ sinX
‘ (dXZJ (dxj % e
6. (Y)Y +y)yP+y)+y=0 7.y +Y +y =0
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8. y+y=¢ 9.V +(¥)2+2y=010. Y+ 2y +siny=0
11. The degree of the differential equation

2\ 2
d7y +$/ +sinﬂ/+1:0is
dx® dx dx

(A) 3 (B) 2 © 1 (D) notdefined
12. The order of the differential equation

d?y _dy :

2x*—2-3—2+y=0is

o Cax

(A) 2 B) 1 (W) (D) notdefined

9.3. General and Patrticular Solutions of a Differential Equation
In earlier Classes, we have solved the equations of the type:
x*+1=0 - (1)
Sirt x — cosx =0 .. (2)
Solution of equations (1) and (2) are numbers, real or complex, that will satisfy the

given equation i.e., when that number is substituted for the unkramwthe given

equation, L.H.S. becomes equal to the R.H.S..
. . . _d?y
Now consider the differential equatieri>-+y=0 .. (3)

ax?

In contrast to the first two equations, the solution of this differential equation is a
function¢ that will satisfy it i.e., when the functignis substituted for the unknown
(dependent variable) in the given differential equation, L.H.S. becomes equal to R.H.S..

The curvey = ¢ (x) is called the solution curve (integral curve) of the given
differential equation. Consider the function given by

y=6¢ (X) =asin K +b), .. (4)
wherea, b € R. When this function and its derivative are substituted in equation (3),
L.H.S. =R.H.S.. So itis a solution of the differential equation (3).

Let a andb be given some particular values say 2 andbzg , then we get a

function y=0,) = Zsin(x+%) ... (5)

When this function and its derivative are substituted in equation (3) again
L.H.S. = R.H.S.. Therefore, is also a solution of equation (3).
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Functiond consists of two arbitrary constants (parametarg)and it is called
general solution of the given differential equation. Whereas fung¢timontains no
arbitrary constants but only the particular values of the paranzetexdb and hence
is called gparticular solutionof the given differential equation.

The solution which contains arbitrary constants is calledyémeral solution
(primitive) of the differential equation.

The solution free from arbitrary constants i.e., the solution obtained from the general
solution by giving particular values to the arbitrary constants is calpsdteular
solutionof the differential equation.

Example 2Verify that the functiory = e* is a solution of the differential equation

d’y dy

—+—-6y=0

ae dax )

Solution Given function isy = e*. Differentiating both sides of equation with respect
to x, we get

Y __gex .. (1)
dx
Now, differentiating (1) with respect tqg we have
d?y
—2 =9e ¥
dx?

- gzy dy /. . .
Substituting the values "2 dx andy in the given differential equation, we get

LHS. =9 e*+ (-3&*) -6e*=9e*-9e*=0=R.H.S..
Therefore, the given function is a solution of the given differential equation.

Example 3Verify that the functioty = a cosx + bsinx, wherea, be R is a solution

2
of the differential equatiorﬁj7y+ y=0
d

Solution The given function is
y =acosx + b sinx . (1)

Differentiating both sides of equation (1) with respeet guccessively, we get
d

y .
— =—asinx + b cosx
dx

d_2y_ a cosx —b sinx
d®
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d2
Substituting the values eé?y andy in the given differential equation, we get

L.H.S. = (—acosx—bsinx) + (acosx+ bsinx) =0 =R.H.S.
Therefore, the given function is a solution of the given differential equation.

|EXERCISE 9.2

In each of the Exercises 1 to 10 verify that the given functions (explicit or implicit) is a
solution of the corresponding differential equation:

1. y=e+1 Yy -y=0

2. y=x+2%+C Dy —-X%-2=0

3. y=cosx+C © y+sinx=0
Xy

= 2 : =

4. Y= 1+x Ly 142

5. y=Ax Xy =y (x#0)

6. y=xsinx DXy Sy +X X2 —y? (x£0andx>yorx<-y)
y2

7. xy=logy+C : yzl_xy (xy=# 1)

8. y—cosy =X : (ysiny+cosy+xy =y

9. x+y=tanly DYy +y+1=0

10. y=a2_x*xe (-, a): x+y:—i =0{=0)

11. The number of arbitrary constants in the general solution of a differential equation
of fourth order are:
(A) O (B) 2 (€) 3 (D) 4

12. The number of arbitrary constants in the particular solution of a differential equation
of third order are:

(A) 3 (B) 2 ©) 1 (D) 0

9.4 Formation of a Differential Equation whose General Solution is given
We know that the equation

X+ +X—-4+4=0 .. (1)
represents a circle having centre at (-1, 2) and radius 1 unit.
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Differentiating equation (1) with respectitowe get

dy = Xx+1

dx 2-y
which is a differential equation. You will find later on [See (example 9 section 9.5.1.)]
that this equation represents the family of circles and one member of the family is the
circle given in equation (1).
Let us consider the equation

X2 +y2=r2 .. (3
By giving different values ta, we get diferent members of the family e.qg.
X+y?=1x+y*=4,x2+y?=9 etc. (see Fig 9.1).
Thus, equation (3) represents a family of concentric
circles centered at the origin and having different radii.
We are interested in finding a differential equation /

that is satisfied by each member of the faniilye
differential equation must be free frarhecause is X< %

(v #2) .. (2)

different for different members of the familyhis
equation is obtained by differentiating equatiorw(si
respect to i.e.,

d d
2x+2yd—2/(=0 or X+yd_2/(=0 .. (4) Fig 9.1

which represents the family of concentric circles given by equation (3).
Again, let us consider the equation
y=mx+c .. (5)
By giving different values to the parametarandc, we get different members of
the family e.g.,

y =X (m=1, c=0)
y = +/3x (m= 43, ¢=0)
y=x+1 (m=1,c=1)
=—X (m=-=1,¢c=0)
y=-x-1 (m=-1,c=-1) etc. ( see Fig 9.2).

Thus, equation (5) represents the family of straight lines, whetere parameters.

We are now interested in finding afdifential equation that is satisfied by each
member of the familyFurther, the equation must be free frorandc becausenand

2019-20



DIFFERENTIAL EQUATIONS 387

c are diferent for different members of the family.
This is obtained by differentiating equation (5) with .2
respect tok, successively we get

dy d?y
—=m —=0 "
™ , and N .. (6)x¢

The equation (6) represents the family of straight
lines given byequation5).

Note thatequations (3) and (5) are the general
solutions of equations (4) and (6) respectively.

Fig 9.2

9.4.1 Procedure to form a differential equation that will represent a given
family of curves

(a) If the given family F of curves depends on only one parameter then it is

represented by an equation of the form
F,xy a=0 . (1)
For example, the family of parabolgs= axcan be represented by an equation
of the formf (x, y, a) : y* = ax.
Differentiating equation (1) with respect xp we get an equation involving
Y.V, X anda, i.e.,
g(xyVy,a=0 .. (2)
The required differential equation is then obtained by eliminatirgm equations
(1) and (2) as
Fx,y,Y) =0 .. (3)
(b) If the given family F of curves depends on the parametels(say) then it is
represented by an equation of the from

F,xyabh)=0 o (4
Differentiating equation (4) with respect xp we get an equation involving
Y. %Y, ab,ie,
g(xvyy,ab)=0 ... (5)

But it is not possible to eliminate two parameteasidb from the two equations

and so, we need a third equation. This equation is obtained by differentiating

equation (5), with respect ig to obtain a relation of the form
hxyY,y,ab=0 ... (6)
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The required differential equation is then obtained by eliminatagdb from
equations (4), (5) and (6) as

FXyY,y)=0 .. (7)

|@—Note| The order of a differential equation representing a family of curves is

same as the number of arbitrary constants present in the equation corresponding to
the family of curves.

Example 4Form the differential equation representing the family of cuypvesnx
where,mis arbitrary constant.

Solution We have

y = mx (D)
Differentiating both sides of equation (1) with respect, twe get
dy
ax "
d
Substituting the value @hin equation (1) we gey = d_il( X
dy
or X— —-y=0
dx y

which is free from the parametaand hence this is the required differential equation.

Example 5 Form the differential equation representing the family of curves
y =asin & + b), wherea, b are arbitrary constants.

Solution We have

y=asin(x +b) . (1)
Differentiating both sides of equation (1) with respect, teuccessively we get
—yzacos(x+b) .. (2)
dx
d?y ,
o2 =—asin(x + b) .. (3)

Eliminatinga andb from equations (1), (2) and (3), we get
9y =0 @
dX2 - e

which is free from the arbitrary constaa@ndb and hence this the required differential
equation.
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Example 6 Form the differential equation Y
representing the family of ellipses having foci on

x-axis and centre at the origin. /’\
. . S e SN
N
N

Solution We know that the equation of said famik/<
of ellipses (see Fig 9.3) is

Xy

I\)|I\)

+= =1 .. (1) Y’
a® b’ Fig 9.3
Differentiating equation (1) with respectxtowe get2—+ ? :y: 0
X
y dy) —b?
== |=— . (2
o X (dx a’ o)

Differentiating both sides of equation (2) with respect, twe get

d2 {Xdy—dey
y y dx _
(;)(dx2)+ X2 ) dx =0

dzy (dy)z dy
x|l =] —y= =
or xy I e y 0 .. (3)

which is the required differential equation.

Example 7Form the differential equation of the family
of circles touching thg-axis at origin.

S e
]

Solution Let C denote the family of circles touching
x-axis at origin. Let (0a) be the coordinates of the
centre of any member of the family (see Fig 9.4).
Therefore, equation of family C is

X2+ (y—a)2=a2 orx? +y? = 2ay (1)X
where ais an arbitrary constant. Differentiating both
sides of equation (1) with respectdave get

dy _,_dy Y
2X+ Zy& = Za& Fig 9.4
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X+ yﬂ
y y dx
X+ty—=a— = —
or ydx ax ora dy .. (2)
dx
Substituting the value @ffrom equation (2) in equation (1), we get
[Hyjy}
X
X4y = ZyT
dx
or g/(x2+ y?) = 2xy+2y2$/
dx dx
dy  2xy
or dx  x2-y?

This is the required differential equation of the given family of circles.

Example 8Form the differential equation representing the family of parabolas having
vertex at origin and axis along positive directiox-aixis.

Solution Let P denote the family of above said parabolas (see Fig 9.5) amd)dbé the
focus of a member of the given familyhereais an arbitrary constaritherefore equation
of family P is

y? = dax .. (@)
Differentiating both sides of equation (1) with respect, twe get
d
2y—y =4a .. (2
dx v
Substituting the value ofedrom equation (2) 4
in equation (1), we get
dy
y2: (Zy—) (X) X'¢ F S
dx o (@) x
d
or y2 — 2xy—y =0
dx
which is the differential equation of the given family &
of parabolas. Fig 9.5
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| EXERCISE 9.3

In each of the Exercises 1 to 5, form a differential equation representing the given
family of curves by eliminating arbitrary constaatandb.

1.

4.
6.

10.

11.

12.

§+_y :1
a b
y =€* (a+bx 5. y=€e“(acosx +bsinx)
Form the differential equation of the family of circles touchingWais at
origin.
Form the differential equation of the family of parabolas having vertex at origin
and axis along positiyeaxis.
Form the differential equation of the family of ellipses having fogi-axis and
centre at origin.
Form the differential equation of the family of hyperbolas having fogiaxis
and centre at origin.
Form the differential equation of the family of circles having centrg-axis
and radius 3 units.
Which of the following differential equations hgas ¢, e +c, e*as the general
solution?

d2y d2y d2y d2y
B g YT B g YR (O gatitD (B) e 0
Which of the following differential equations hgs x as one of its particular
solution?

2.y =a ([ -x 3.y=zae*+be¥

2 2

(A) ZX! x2%+xy X (B) 3)(2y+x$/+xy X
2 2

(C) %—x2%+xy=0 (D) szy+x$/+xy 0

9.5. Methaods of Solving FirsOrder, First Degree Differential Equations

In this section we shall discuss three methods of solving first order first degree differential
equations.

9.5.1 Differential equations with variables separable
A first order-first degree differential equation is of the form

dy
ax F(Xy) . (1)
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If F(x, y) can be expressed as a product)dify), where,g(x) is a function o
andh(y) is a function ofy, then the differential equation (1) is said to be of variable
separable type. The differential equation (1) then has the form

dy_
o N0 -9k - (2)

If h(y) # 0, separating the variables, (2) can be rewritten as

1
hy) dy = g(x) dx .. (3)

Integrating both sides of (3), we get

h%EW:jm@dx .. (&)

Thus, (4) provides the solutions of given differential equation in the form
H(y) =G(x) + C
. +» N 1 :
Here, H (y and G X) are the anti derivatives q{m andg(x) respectively and

C is the arbitrary constant.

Example 9Find the general solution of the differential equan?ﬁzzx—ﬂ, y=2)
X =Yy

Solution We have

ﬂ/_ x+1

ix " 2-y -
Separating the variables in equation (1), we get
(2-y)dy=(x+ 1)dx .. (2)

Integrating both sides of equation (2), we get
[@-y)dy= [(x+1)dx

2 2

y X
or 2y—— = —+x+C
y > > 1
or X+y +X-4+2C=0
or X +y*+ 2X—4 + C =0, where C = 2C

which is the general solution of equation (1).
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1+

1+x%

Example 10Find the general solution of the differential equa%}fn:
X

Solution Since 1 +y? # 0, therefore separating the variables, the given differential
eguation can be written as

dy  dx
1+y*  1+%
Integrating both sides of equation (1), we get
J- dy _ I dx
1+y?  J1+%
or tamty =tan’x + C
which is the general solution of equation (1).

. (1)

Example 11 Find the particular solution of the differential equat%¥1= —4xy? given
X

thaty = 1, whenx = 0.

Solution If y# 0, the given diférential equation can be written as

d
—Z =— 4x dx . (1)
Integrating both sides of equation (1), we get
d—Z = —4Ix dx
y
or <= 2+ C
y
or - (2)
Y=2¢-c g

Substitutingy = 1 andx = 0 in equation (2), we geC = — 1.

Now substituting the value of C in equation (2), we get the particular solution of the

given differential equation ag=———.
2x°+1

Example 12Find the equation of the curve passing through the point (1, 1) whose
differential equation ix dy= (2% + 1)dx (x # 0).
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Solution The given differential equation can be expressed as
2
oy = (Zx +1)dx*
X

1
or dy = (ZX+;)dx .. (1)

Integrating both sides of equation (1), we get

.[dy = j(2x+§) dx

or y=x2+log|x| +C .. (2)
Equation (2) represents the family of solution curves of the given differential equation
but we are interested in finding the equation of a particular member of the family which
passes through the point (1, 1). Therefore substituting,y = 1 in equation (2), we
getC =0.
Now substituting the value of i@ equation (2) we get the equation of the required
curve asy = X% + log|x|.

Example 13Find the equation of a curve passing through the point (-2, 3), given that

the slope of the tangent to the curve at any painf (s 2—;(
y

Solution We know that the slope of the tangent to a curve is givegl/by
X

INC

SO, . (1

dX y2 ( )
Separating the variables, equation (1) can be written as

y? dy = 2x dx .. (2

Integrating both sides of equation (2), we get

Iyzdy = .[Zx dx

3

or y? =x+C .. (3)

dy
* The notation— due to Leibnitz is extremely flexible and useful in many calculation and formal

X
transformations, where, we can deal with symbgBnddx exactly as if they were ordinary numbers. By
treatingdx anddy like separate entities, we can give neater expressions to many calculations.

Refer: Introduction to Calculus and Analysis, volume-l page 172, By Richard Courant,
Fritz John Spinger —&flog NewYork.
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Substitutingk = -2,y = 3 in equation (3), we get C = 5.

Substituting the value of C in equation (3), we get the equation of the required curve as

3 1
y?:x2+5 or y=(3x*+15)

Example 14In a bank, principal increases continuously at the rate of 5% peiiyear
how many years Rs 1000 double itself?

Solution Let P be the principal at any timheAccording to the given problem,

@ = i x P
dt 100

d _ P .
of dt ~ 20 - ()
separating the variables in equation (1), we get

dp dt

P =20 - (2
Integrating both sides of equation (2), we get
t
=—+
log P 20 C,
t
or p=e®.¢&
o
or P=Ce? (wheree“ =C) .. (3)
Now P =1000, whent=0

Substituting the values of P anih (3), we get C = 1000. Therefore, equation (3),
gives
t
P = 1000e*°
Lett years be the time required to double the principal. Then

t
2000 = 100@° = t =20 log2

EXERCISE 9.4
For each of the differential equations in Exercises 1 to 10, find the general solution:
dy 1-cosx dy P
— = — =./4- —2<y< 2
= dx 1+ cosx 2 dx v y<2)
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dy

&+y=1(y¢1) 4. seéxtany dx + sety tanx dy = 0

d
(e+e9)dy— (Ee—-e)dx=0 6. d—i’(=(1+x2)(l+ y?)

d
ylogy dx -x dy =0 8. X5—y=—y5

dx
Y _ gt -
dx_sm X 10. e‘tany dx+ (1 —e) seéy dy=0

For each of the di¢érential equations in Exercise$ t 14, find a particular solution
satisfying the given condition:

11.

12.

13.

14.

15.

16.

17.

18.

19.

d
(X3+X2+ X+1)d_)y( 22(2+X,y:1WhenX:O
dy
X(Xz—l)&=l;y:OWhenx: 2

cos(%/):a (@e R);y=1whenx=0
X

ﬂz ytanx;y=1whenx=0

dx

Find the equation of a curve passing through the point (0, 0) and whose differential
equation i/ = e sinx.

For the differential equatiorxy%:(x+ 2) (y+ 2), find the solution curve
X

passing through the point (1, -1).

Find the equation of a curve passing through the point (0, —2) given that at any
point , y) on the curve, the product of the slope of its tangeny@odrdinate

of the point is equal to thecoordinate of the point.

At any point §, y) of a curve, the slope of the tangent is twice the slope of the
line segment joining the point of contact to the point (— 4, —3). Find the equation
of the curve given that it passes through (-2, 1).

The volume of spherical balloon being inflated changes at a constant rate. If
initially its radius is 3 units and after 3 seconds it is 6 units. Find the radius of
balloon afteit seconds.
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20. In a bank, principal increases continuously at the rat&ogber year. Find the
value ofr if Rs 100 double itself in 10 years (|@g= 0.6931).

21. Inabank, principal increases continuously at the rate of 5% peApesmount
of Rs 1000 is deposited with this bank, how much will it worth after 10 years
(e"5=1.648).

22. Inaculture, the bacteria countis 1,00,000. The number is increased by 10% in 2
hours. In how many hours will the count reach 2,00,000, if the rate of growth of
bacteria is proportional to the number present?

23. The general solution of the differential equati%z eV is

dx
(A) ee+ev=C (B) e+e=C
(C) ex+e=C (D) ex+e¥=C
9.5.2 Homogeneous differential equations
Consider the following functions mandy
Fl (X1 y) = y2 + 2Xy1 Fz (X1 y) = 2X— 3/1
_ y _ o
F, Xy = COS(;), F, (x,y) = sinx + cosy

If we replace<andy by Ax and\y respectively in the above functions, for any nonzero
constanfA, we get

Fy O, Ay) = A2 (0 + 209) = A7 F (x, )

F, O, 2y) =% (2~ 3) = F,(x.Y)

F, (Ax )»y)=COSM = co$ L | =20 F.(xy)

s AX X 3

F, (Ax, Ay) = sinAx + cosAy # A" F, (X, y), for anyne N

Here, we observe that the functiong F,, F, can be written in the form
F(AX, Ay) = A" F(x, y) but F, can not be written in this form. This leads to the following
definition:

A function F(xy) is said to bénomogeneous function of degmn if

F(x, Ay) = A" F(x, y) for any nonzero constaht

We note that in the above examples, I, F, are homogeneous functions of
degree 2, 1, 0 respectively byti& not a homogeneous function.
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We also observe that

X
or Foy) =Y [1+2—;( =y2hz[l;/j
F(x ) = x1(2—ﬂj= x1h3(1)
X X
or R0 Y) = yl[z —3): ylm[ﬂ

x
y
) = Ceod L=

7~ N\

x <

)

) , foranyne N

|<

Fxy) # X' h-,(

x X

or Fooy) =Y h7[ j for anyne N

y
Therefore, a function F(y) is a homogeneous function of degrei¢

G np X
F(x,y)—Xg(Xj or yh[yj

d
A differential equation of the formlz F (X, y) Iis said to bbomogenousf

dx
F (X, y) is a homogenous function of degree zero.
To solve a homogeneous differential equation of the type

%=F(X,y) = g(%)

We make the substitution Yy=V.X
Differentiating equation (2) with respectxtpwe get

d
Substituting the value o(fj—i from equation (3) in equation (1), we get
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v+ xy =
dX - g(V)
L9V s
or dx—g(v)—v e (4
Separating the variables in equation (4), we get
dv. _ dx 5
g(-v  x - )
Integrating both sides of equation (5), we get
[ v _ J'ldx+C ... (6)
g(v)—v X
Equation (6) gives general solution (primitive) of the differential equation (1) when
we replacer by %

If the homogeneous differential equation is in the fegfmz F(X,y)
y

where,F (X, y) is homogenous function of degree zero, then we make substitution

X . , . .
—=v i.e.,,x=vyand we proceed further to find the general solution as discussed
y

above by writing®X = F(x, y) = h(ZJ.
dy y

d
Example 15 Show that the differential equatiox-y) d—i =X+ 2y is homogeneous

and solve it.
Solution The given differential equation can be expressed as

dy x+2y
ix _—x—y - (1)
X+2y
Let Fixy) =
e xy) Xy

A(X+2y) 20 f(x.y)

Now F@AX, Ay) = A= y)
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ThereforeF (x, y) is a homogenous function of degree zero. So, the given differential
equation is a homogenous differential equation.

Alternatively,

1+Q

a| |l -

X

R.H.S. of differential equation (2) is of the forg{%) and so itis a homogeneous

function of degree zero. Therefore, equation (1) is a homogeneous differential equation.
To solve it we make the substitution

y = VX .. (3)
Differentiating equation (3) with respect towe get

dy _ v+ xﬁl 4
dx dx - (4)
o dy . .
Substituting the value gf and& in equation (1) we get
dv 1+2
V+ X— =
dx 1-v
dv  1+2v
or X— = —
dx 1-v
dv VvV +v+l
or _— =
dx 1-v
v-1 —dx
dv =
or V2 +v+1 X

Integrating both sides of equation (5), we get

-1
j 2V dv = — ﬂ
vi+v+1 X
1¢2v+1-3
— | ==—7dv =_ +
or ZJv2+v+1 log x| + G
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U2 3 g,

or 292 +v+1 +v+1
1, 3 1 ~
or Elog|v +v+1|—EJ‘ N (5 2dv——log|x|+C1
v | +|——
(3%
1 2 3 2 1 2V+1
—log|v +v+1|—=.—tan =—log|x|+C
or 2 g| | PRNE] (\/g) g| | 1
or %log|v2+v+1|+%logx2:\/§tan1(2EIJ+C1 (Why?)

Replacing \by % , we get

2

or %log i}—2+£+1 +%logx2=\/§tanl(%)+cl
I VA I 1 2y+x
Zlog|| & +2+1|x?|=+/3tan +
or 5109 (XZ . J e G
or log|(y? + xy+ X)) = 2\/§taﬁ1(2y+ Xj+2(§l
/3x
or log| (@ + xy+ y2)|=2\/§tan‘1(x+2yj+c
/3x
which is the general solution of the differential equation (1)
Example 16 Show that the differential equationcos(%)%:: y co{—i’)+ X is
homogeneous and solve it.
Solution The given differential equation can be written as
yco Vi x
dy X
vl —y - (1)
cood ¥
X
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It is a differential equation of the for%¥=F(x, y) .
X

yco Y x
Here Fx,y) = X
X
Replacingx by Ax andy by Ay, we get
l[ycos[y )+ X]
X

F(x, Ay) = j =A°[F(x )]

k(xcos
X

Thus,F(x, y) is a homogeneous function of degree zero.

Thereforethe given differential equation is a homogeneous differential equation.
To solve it we make the substitution

y = VX .. (2)
Differentiating equation (2) with respectxtpwe get

dy dv
— = V+ X—
dx dx - 3
- dy . :
Substituting the value qfand& in equation (1), we get

dv  vcosv+1

Vd X— = ————
dx cosv

dv  vcosv+ 1
or X— = ———v

dx cosv
dv 1
or X— = ——
dx cosv
dx
or cosv dv= —
X
1
Therefore jcosv dv = j— dx
X
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or sinv=log |x| + log|C|
or sinv =log | Cx|

Replacingv by lx/ , we get

(Y
sm(x) log | Cx|

which is the general solution of the differential equation (1).

X X
Example 17 Show that the differential equatioRy e’ dx+( y-2 xé j dy Ois
homogeneous and find its particular solution, given &) wheny = 1.

Solution The given differential equation can be written as

X

2(: 2xe9—y

.1
& ; M
2y e’
Yy _
Let F(X, y) = 2xe_xy
2ye’
Al 2xe’ — y
Then F(Ax, Ay) = —~=1[F(x, Y)]
l[Zyey ]

Thus, F(x, y) is a homogeneous function of degree zero. Therefore, the given
differential equation is a homogeneous differential equation.

To solve it, we make the substitution
X =Vy .. (2)
Differentiating equation (2) with respectytove get

— = V+ Vy—
dy ydy
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Substituting the value ot and :—;(/ in equation (1), we get

dv. 2ve'-1
V+y— =
d 2e’
or dv _ 2ve"—1_v
ydy -2
or av_ 1
dy  2¢
—d
or 2e' dv= -
y
or IZe"~ dv = —Iﬂ
y
or 2e¢'=—logly| + C

X
andreplacingv by ; , we get

X
2e’ +logly| =C

Substitutingx = 0 andy = 1 in equation (3), we get
2l +log|l=C=C=2

Substituting the value of C in equation (3), we get

X

2€’ +logly| =2

which is the particular solution of the given differential equation.

. (3)

Example 18Show that the family of curves for which the slope of the tangent at any

X2+ y?

point (x, y) on it is
2xy

, Is given byx? —y? = cx

d
Solution We know that the slope of the tangent at any point on a curg%.is

d_y_X2+y2

Therefore, =
dx 2xy
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2

y
1+ =
dy X2
-2 = (1
or ix 2y Q)
X

Clearly, (1) is a homogenous differential equation. To solve it we make substitution
y = VX
Differentiatingy = vx with respect tx, we get

y dv
—Z = V+ X—
dx dx
or v+ xﬂ = 1+v°
dx  2v
dv 1-v?
or X—=
dx 2V
2v dx
dv = —
1-V2 X
or 2v dv = —2(
V-1 X
2v 1
dv = — —dx
Therefore jvz—l \Y Ix
or log [v* —1| =—log|x| + log| C |
or log |(*-1) )| =log |C|
or (V-1)x=£C,

Replacingv by % , we get

2
y _
(?—l]x =+ Cl

or (Y =x3) =£ C xorxt —y*= X
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EXERCISE 9.5

In ead of the Exercises 1 to 10, show that the given differential equation is homogeneous
and solve each of them.

X+
1. (@ +xy) dy=(+y? dx 2. )/=Ty
3. X-y)dy—(x+y)dx=0 4. ®-y)dx+ Xydy=0
20y 2
5. xazx—2y+xy 6. x dy =y dx =/x*+y? dx
7. {xcos(zj+ ysir{lj} ydx={ ysin(zj— x:os{l/)} X
X X X X
8. xﬂ— y+ xsin(zjz 0 9. ydx+ xlog(lj dy-2 xdy=0
dx X X
10 (1+ey]dx+ey(1—f]dy:0
’ y

For each of the differential equations in Exercises from 11 to 15, find the particular
solution satisfying the given condition:

11. (x+y)dy+ (x—y)dx=0;y=1whenx=1
12. xdy+ (xy+y) dx=0;y =1 whenx =1

: T
13. |:xs1n2(£)—y:|dx+xdy=0;yzz whenx = 1

d
14. Y
X

—+COSEC{—y)= (; y= O whenx=1
X X

d
15. 2xy+ y2—2x2${= 0; y=2whemx=1
dx X
16. A homogeneous differential equation of the fr(aan= h _y can be solved by

making the substitution.
(A) y=vx (B) v=yx (C) x=vy (D) x=v
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17. Which of the following is a homogeneous differential equation?
(A) (4x+6y+5)dy— (Sy+ 2 +4)dx=0
(B) (xy) dx— (¢ +y3) dy=0
(C) (¢ + 2 dx+Xxydy=0
(D) y?dx+ (x* —xy—y?) dy=10
9.5.3 Linear differential equations
A differential equation of the from

dy
— 4 -
Ix Py =Q
where, Pand Q are constants or functionsxainly, is known as a first order linear

differential equation. Some examples of the first order linear differential equation are

dy .
_+ —_
Ix Y =sinx

dy [y J_1
dx | xlog x| x

Another form of first order linear differential equation is

2(+Plx =Q
dy

1

where, Pand Q are constants or functionsybnly. Some examples of this type of
differential equation are

9(+ X=CO0S
dy y

dx -2x
+_

dy
To solve the first order linear differential equation of the type

= yze—y

dy

—+ =

Y =Q (1)
Multiply both sides of the equation by a functiorxafayg (x) to get

d
900 5 +P.(O() ¥ =Q.9(X) e
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Chooseg(x) in such a way that R.H.S. becomes a derivative.d@ (X).

) dy d
le. g Vi P.gXy = ax [y-g (¥)]
dy dy ,
or g ax P.gx)y=9() FVRRA® )
= P.g() =g (x)
_9(
or P= a()

Integrating both sides with respecttove get

dex:jmdx

9(x)
or [P-dx = log (g (x))
or g = e[ P dx

On multiplying the equation (1) lmx) = ejpdx, the L.H.S. becomes the derivative

of some function ok andy. This functiong(x) = eIPdX is calledintegrating Factor
(I.LF.) of the given dierential equation.

Substituting the value @f () in equation (2), we get

ejpdx d_y+PeJdey _ Q.eIde
X

i e[PdX) — Jde
or dx(y = Qe

Integrating both sides with respectdave get

el = J(ae™ o

or y= e_jpdx._[(Q.ejpdxj dx+C

which is the general solution of the differential equation.
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Seps involved to solve first orderlinear differential equation:

() Write the given differential equation in the for%(+ Py=Q where P, Q are
constants or functions afonly.
(i) Find the Integrating Factor (I.F) slre
(ify Write the solution of the given differential equation as
y (LF) = [(Q<LF)dx+C

dx
In case, the first order linear differential equation is in the fg;/rﬁ Px=Q

where, P and Q are constants or functions pfonly. Then I.F =¢ %% and the
solution of the differential equation is given by

x. (1LF)= [(Q x1.F)dy+C

Example 19Find the general solution of the differential equatéﬁﬁ_y = COSX-
X

Solution Given differential equation is of the form

dy

Ix + Py = Q, where P =-BndQ = cosx
J-rax_
Therefore I.F=¢ =e

Multiplying both sides of equation by | we get

)
e ——e )y =e*cosx

dx
or ﬂ/(ye‘x)=<.rXcosx

dx
On integrating both sides with respecktove get

yex = Ie‘x cosx dx+ C .. Q)

Let | = je‘x cosx dx

= cosx(e_n—.[ € sink ) (e )dx
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= —cosx e~ —I sinxe* d»

—cosx e~ —[ sinx (-~ )—I cosx A e* )dﬂ(

= —Cosx € * + sinx &* —I cosx & d
or = —e*CcosX + sinxe* — |
or 2] = (sinx — cosx) e*
_ (sinx— cosx e~
2
Substituting the value of | in equation (1), we get

S (slnx—zcos.x)e_X ‘e

or |

sinX— cosx

or = | —==_ 8 -
B

which is the general solution of the given differential equation.

)+ ce*

: : : :  dy
Example 20 Find the general solution of the differential equatiorr + 2y= ¥ (x0).

Solution The given differential equation is
dy

X—+2y =x2
dx Yy =x . (1)
Dividing both sides of equation (1) Bywe get
dy
—_— 4 — -
dx xy

L . . . dy 2
which is a linear differential equation of the tygx;+ Py=Q, whereF’=; and Q =.

So LF = Jio= @lox= €9 = x8[as &= f(y]
Therefore, solution of the given equation is given by
y.x2= j(x) (%) dx+C = jx3dx+C

2
or y:XZ+Cx‘2

which is the general solution of the given differential equation.
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Example 21 Find the general solution of the differential equayiax— (x + 2/?) dy= 0.
Solution The given differential equation can be written as
dx X

— =2
dy vy Y

This is a linear differential equation of the ty§é+ Px= Q,, whereR :—% and
y

1
—=dy B
Q, = 2. Thereforel.F = eJ v _ ooy = ooyt 21

y

Hence, the solution of the given differential equation is

N () H dy+C
y y

or % = [(ady)+C
y
X L C

or B
y 2y

or X=2y?+ Cy

which is a general solution of the given differential equation.
Example 22Find the particular solution of the differential equation

%@ ycotx = 2x + x? cotx (x # 0)
X

given thaty =0 whenx:%.

d
Solution The given equation is a linear differential equation of the tgéé Py=Q,
where P = cok and Q = 2x+ X2 cotx. Therefore
LE = o) OO gloasinmx_ gy

Hence, the solution of the differential equation is given by
y.sinx=[(2x +x2 cotx) sinxdx + C
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or y sinx =[2x sinx dx+ [x2 cosx dx+ C
2 2
or y sinx = sinx 2x —Icos< 2x dx+jx°'cosxd>e|r C
2 2
or ysinx = xzsinx—jx2 COSX dx+j % cosx dx (
or ysinx=x?sinx + C .. Q)

T
Substitutingy =0 andX=§ in equation (1), we get

o<[3) (i)

2
or C= .
4
Substituting the value of C in equation (1), we get

2
: . oom
ysinx = xzsmx—T

2

or y=x*— (sinx# 0)

4 sinx
which is the particular solution of the given differential equation.

Example 23Find the equation of a curve passing through the point (0, 1). If the slope
of the tangent to the curve at any poty) is equal to the sum of thecoordinate
(abscissa) and the product of #heoordinate any coordinate (ordinate) of that point.

d
Solution We know that the slope of the tangent to the curvgil—(is

Theref L +
erefore, o XN
dy
——Xy =
or ™ y =X . (1)

d
This is a linear differential equation of the tyge}/(+ Py=Q, where P =xand Q =.

—x dx —

Therefore I.F = =e?2
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Hence, the solution of equation is given by

y.e;zxz = j(x) (e;f)dx+C .. (2)

_X2

Let 1= [(x)e2 dx

2
Let 7X:t , then —x dx=dtor x dx= —dt.

=X
Therefore, I=Iet dt=—d=—g 2

Substituting the value of | in equation (2), we get

—x? 2

ye2 = _eT+C

XZ

or y=-1+Ce? .. (3)
Now (3) represents the equation of family of curves. But we are interested in
finding a particular member of the family passing through (0, 1). Substituti@gand
y =1 in equation (3) we get
=—1+C¢ or C=2
Substituting the value of C in equation (3), we get

XZ

= —1+2e?
which is the equation of the required curve.

EXERCISE 9.6
For each of the differential equations given in Exercises 1 to 12, find the general solution:
1. ﬂ+2y=sinx 2. ﬂ+3y=e‘2" 3. ﬂ+—y=x2
dx dx dx x

dy T dy T
2 +(secxx )y= tan{ & x<— Sx—2+y=t 0<x<=
4. = (secx)y "D{ <2) 5. COSX - +Y anx( <2)

6. xﬂ+2y=leogx 7. ongxﬂ+ yzglogx
dx dx X

8. (1 +x? dy + Xy dx= cotx dx(x # 0)
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9. xﬂ+y—x+ xycot x=0 (» 0) 10. (x+y)ﬂ=1
dx dx
dy
11, ydx+ (x—y) dy=0 12. (X+3y2)&=y(y>0).

For each of the differential equations given in Exercises 13 to 15, find a particular
solution satisfying the given condition:

13. %+2ytanx= sinx;y= 0 Whenx=g

14, (1+ xz)ﬂ+ 2xy:i2; y=0 whenx= :
dx 1+x

15. ﬂ/—3ycotx= sin2;y= 2 whenx=E
dx 2

16. Find the equation of a curve passing through the origin given that the slope of the
tangent to the curve at any poirty) is equal to the sum of the coordinates of
the point.

17. Find the equation of a curve passing through the point (0, 2) given that the sum of
the coordinates of any point on the curve exceeds the magnitude of the slope of
the tangent to the curve at that point by 5.

d
18. The Integrating Factor of the differential equatxrg)—{— y=2%X is
1
(A) e~ (B) e ©) % (D) x
19. The Integrating Factor of the differential equation
(1-vy? )2(+ yx = ay(-1< y<1) is
dy
1 1

1 1
Wy B g ©Tg O g

Miscellaneous Examples

Example 24 \érify that the functiory = C, &~ cosbx + C, &~ sinbx, wherecl, c,are
arbitrary constants is a solution of the differential equation

d’y dy (.2

—2_2a=2+(a%+ 1) y=0

dx dx y
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Solution The given function is
y =e* [c, cosbx + ¢, sinbx] . (1)
Differentiating both sides of equation (1) with respect, twe get

dy — AaX H H a
ax ¢ [-bgsinbx+ bg cosbf+| ccosbx c sinhx*e
dy .
or ax - e™[(bc + ag)cos bx (ag— bgsin bj .. (2)

Differentiating both sides of equation (2) with respect, twe get

2

d
d—xg/ = e¥”[(bg + ag) (- Isin b¥+ ( ag— bg( bos by

+ [(bc, + ag) cosbx+ (ag— bg)sin b %.
= e®[(& g —-2abg— B g)sin bx ( &,c-2 abe “bfcos H

d?y d
Substituting the values 0373/53(/ andy in the given differential equation, we get

LH.S. =e*[a&¢—2abg- B ¢)sin bx ( &,e-2 ahe b ycos L
—2ae™[(bg+ ag)cos bx (ac— hosin bj

+(a?+ b?) €[ gcos bx- ¢ sin by

— X

(a’c,—2abg- B -2 4 ¢+2 abgr & g Db gsin bx
+(a’q+2abg- B g-2abg-2 A g ae bgcos b

= e®[0xsinbx+ Ocosbx]=€*x0=0 =R.H.S.
Hence, the given function is a solution of the given differential equation.

Example 25 Form the differential equation of the family of circles in the second
guadrant and touching the coordinate axes.

Solution Let C denote the family of circles in the second quadrant and touching the
coordinate axes. Let (+&) be the coordinate of the centre of any member of
this family (see Fig 9.6).
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Equation representing the family C is

x+a?+y-aP=a .. (1) A
or X+y +2ax—2ay+a=0 .. (2)
Differentiating equation (2) with respecttowe get (~a, a)
2X+ 2yﬂ+ 2a— ZaQ =0 X' ¢} >X
dx dx
dy dy
X+y—= =al—=>-1
or de (dX ) v
7 Y,
or = X+, yy Fig 9.6
y -1
Substituting the value @fin equation (1), we get
x+yy T xt+ y YT x+yy]
s XEYY T T ey YT [x+yy
y-1 y-1 y-1
or Xy —x+x+yyP+yy-y-x-yyP=[x+yy]
or (x+y)?y?+[x+y]?=[x+yy]?
or (x+y)?[(y)y +1] =k+yy]?

which is the differential equation representing the given family of circles.

Example 26Find the particular solution of the differential equatlog(%/): 33X+ 4y
X

given thaty = 0 whenx = 0.

Solution The given differential equation can be written as

dy

—2 = alBx + 4y)
dx ¢
dy
or — e, &Y .1
ix 1)
Separating the variables, we get
dy _ .
e4—y— e dx
Therefore je“‘y dy= je3" dx
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e_4y e3X
or _4 =?+C
or 4e>*+3e¥%+12C=0 .. (2)

Substitutingc = 0 andy = 0 in (2), we get

—7
4+3+12C=00rC=—
or 12

Substituting the value of C in equation (2), we get
4e* + 3e¥ -7 =0,
which is a particular solution of the given differential equation.

Example 27Solve the differential equation

X |<

(x dy—y dX vy sin (%) = (ydx+xdy)xcos(

Solution The given differential equation can be written as
{x ysin[zj— X co{lﬂ dy= x;co{lj+ y sir[lﬂ d:
X X i X X
Y in Y
dy xyco{xj+ Y sn’[ .

or v
x xysin[y j— X co{y
X X

Dividing numerator and denominator on RHS&ywe get

dy zcos[i}r(;jsm(ﬁ ()

dx ysinl - Cco Yy
X X X

d
Clearly, equation (1) is a homogeneous differential equation of the—é%mg (—i)

To solve it, we make the substitution

Yy = VX .. (2)
dy dv
or =~ = V+X—
dx dx
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dv _ Vcosv+V sinv o (1) and (2
or v+ x& = TVSinv— cosy (using (1) and (2))

dv 2V cosv
or X—=—————
dx vsinv-cosv

(vsinv— cosv) 2dx
or ——— |dv = —

VCOoSsVv X

VSinv— cosv 1
Therefore I(—)dv = Zj ; dx

VCOoSsV
1 1
t — | = = 2| =dx
or j anv dv jvd\/ jx
or loglsea/— log = 2log|x |+ log | G

or log

sew - C
VX2 _Ogl ll

seo/

Ve *

or C, .. (3)

Replacingv by % in equation (3), we get

sez

X
(4o

X
or se({%) =Cxy

which is the general solution of the given differential equation.

=Cwhere,C=+C

Example 28Solve the differential equation
(tarrly —x) dy = (1 +y? dx.

Solution The given differential equation can be written as

dx X tany
dy 1+y l+y

. (1)
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Now (1) is a linear differential equation of the fo%+ R x=Q,
y

1 tany
where, P, = andQ, = :
J'id
Therefore,  I.F= Juy ¥ _ gany

Thus, the solution of the given differential equation is

tan_ly tan 'y
xean'y = I[WJG dy+C .. (2)

—1
Let I - -I. [tf.n—zJetanly dy
+y

1
Substituting tarty =t so that(lJr ¥ ]dy: dt, we get

I= [tedi=te-[L.edti=te—e=¢ (-1

or | = gy (tamly —1)
Substituting the value of | in equation (2), we get

x. €4 = @ Y(tan ty- 1)+ C

or X = (tan’y— 1)+ Ce®"Y

which is the general solution of the given differential equation.

Miscellaneous Exercise on Chapter 9

1. For each of the di¢érential equations given below, indicate its order and degree
(if defined).

2

i u+5x$/2—6 =logx i ﬂ3—4 ﬂ/2+7 = sinx
0 52 ax,) Y= ()| 4 ax) YT

dy . (d®
(iii) d—}’—sm(d—ﬁy):o
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2. For each of the exercises given belwerify that the given function (implicit or
explicit) is a solution of the corresponding differential equation.

d? d
i) xy=ae+be+x xd—xg’+2d—)3(’—xy+x2—z=o
d’y ,dy
i) y= i - =Y 2 oy=0
(i) y=e‘(acosx+bsinx) : o dx y
d?y
(i) y=xsin 3x : E+9y—60053(= (
d
(V) ¥ =22logy L+ yz)g{—xy=0

3. Form the differential equation representing the family of curves given by
(x—a)? + 2y? = &, wherea is an arbitrary constant.

4. Prove that® —y? = ¢ (X + y?)? is the general solution of differential equation
(@ =X y) dx = (y* — %) dy, wherec is a parameter

5. Form the differential equation of the family of circles in the first quadrant which
touch the coordinate axes.
: : : : dy 1=y
6. Find the general solution of the differential equaﬁ# 132 =0,

. . . dy y+y+l
7. Show that the general solution of the differential equag)tzﬁrm =0is

given by K +y + 1) =A (1 —x -y — Xy), whereA is parameter

T
8. Find the equation of the curve passing through the éai,rz) whose differential
eqguation issin x cosy dx + cosx siny dy= 0.
9. Find the particular solution of the differential equation

(1 +e*) dy+ (1 +y?) e dx= 0, given thay = 1 whenx = 0.
10. Solve the differential equatiop e’ dX:( xé 1+ §j dy ¥0).

11. Find a particular solution of the differential equatior-g) (dx + dy) =dx—dy,
given thaty = -1, wherx = 0. (Hint: putx —y =t)
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. . ey ldx
Solve the differential equatign———-—= |—=1(x# 0).
Ix x| dy

d
Find a particular solution of the differential equatig)%+ yCotX = 4x cosecx

T
(x= 0), given thay =0 whenX=E-

d
Find a particular solution of the differential equativs (1) d—i =2eY-1, given

thaty = 0 whenx = 0.

The population of a village increases continuously at the rate proportional to the
number of its inhabitants present at any time. If the population of the village was
20, 000 in 1999 and 25000 in the year 2004, what will be the population of the
village in 2009?

The general solution of the differential equath Ois
y

(A) xy=C (B) x=Cy? (C) y=& (D) y=0C¢

. . f . dx )
The general solution of a differential equation of the tgge“ Bx=Q is
@ yd*¥=[(qd"¥) apc
® y.d""=[lqd"") auc
© xd?¥=[(q,d**) ay-c

(D) xe[Pldxzj(Qle[Pldx) dxC

The general solution of the differential equat&idy + (y &+ 2x) dx=0 is
(A) xe+x*=C (B) xeg+y?=C
C)ye+xt=C (D) yeg+x=C
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Summary
¢ An equation involving derivatives of the dependent variable with respect to
independent variable (variables) is known as a differential equation.

¢ Order of a differential equation is the order of the highest order derivative
occurring in the differential equation.

¢ Degree of a differential equation is defined if it is a polynomial equation in its
derivatives.

¢ Degree (when defined) of a differential equation is the highest power (positive
integer only) of the highest order derivative in it.

4 Afunction which satisfies the given differential equation is called its solution.
The solution which contains as many arbitrary constants as the order of the
differential equation is called a general solution and the solution free from
arbitrary constants is called particular solution.

4 To form a differential equation from a given function wdetgntiate the
function successively as many times as the number of arbitrary constants in
the given function and then eliminate the arbitrary constants.

¢ Variable separable method is used to solve such an equation in which variables
can be separated completely i.e. terms contamisigould remain witldy
and terms containingshould remain with dx

& A differential equation which can be expressed in the form

j—i: f(xy) or j—;(/: g(x, y)where,f (x, y) andg(x, y) are homogenous

functions of degree zero is called a homogeneous differential equation.

¢ Adifferential equation of the forng%z+ Py = Q, where P and Q are constants

or functions ok only is called a first order linear differential equation.

Historical Note

One of the principal languages of Science is that of differential equations.
Interestingly the date of birth of differential equations is taken to be November,
11,1675, when Gottfriedilthelm Freiherr Leibnitz (1646 - 1716) first put in black

and white the identity y dy:% y? , thereby introducing both the symbbésiady.
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Leibnitz was actually interested in the problem of finding a curve whose tangents
were prescribed. This led him to discover timethod of separation of variables
1691.A year later he formulated thenethod of solving the homogeneous
differential equations of the first der. He went further in a very short time

to the discovery of themethod of solving a linear diffential equation of the
first-order. How surprising is it that all these methods came from a single man
and that too within 25 years of the birth of differential equations!

In the old days, what we now call the ‘solution’ of a differential equation,
was used to be referred to as ‘integral’ of the differential equation, the word
being coined by James Bernoulli (1654 - 1705) in 1690. The word ‘solution was
first used by Joseph Louis Lagrange (1736 - 1813) in 1774, which was almost
hundred years since the birth of differential equations. It was Jules Henri Poincare
(1854 - 1912) who strongly advocated the use of the word ‘solution’ and thus the
word ‘solution’has found its deserved place in modern terminoldgyname of
the ‘method of separation of variablas due to John Bernoulli (1667 - 1748),

a younger brother of James Bernoulli.

Application to geometric problems were also considered. It was again John
Bernoulli who first brought into light the intricate nature of differential equations.
In a letter to Leibnitz, dated May 20, 1715, he revealed the solutions of the
differential equation

Xy =2,

which led to three types of curves, viz., parabolas, hyperbolas and a class of
cubic curves. This shows how varied the solutions of such innocent looking
differential equation can be. From the second half of the twentieth century attention
has been drawn to the investigation of this complicated nature of the solutions of
differential equations, under the headingédlitative analysis of diffential
equations Now-a-days, this has acquired prime importance being absolutely
necessary in almost all investigations.

—_— e —
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Chapter 10

12080CH10

VECTOR ALGEBRA

+» In most sciences one generation tears down what another has built and what
one has established another undoes. In Mathematics alone each generation
builds a new story to the old structure. HERMAN HANKEL

10.1 Introduction

In our day to day life, we come across many queries ‘fiisii
as — What is your height? How should a football playel
the ball to give a pass to another player of his team? Ob:
that a possible answer to the first query may be 1.6 me
a quantity that involves only one value (magnitude) wk
is a real numberSuch quantities are callestalars.
Howeveran answer to the second query is a quantity (ce
force) which involves muscular strength (magnitude)
direction (in which another player is positioned). St
quantities are callegectors. In mathematics, physics ar |
engineering, we frequently come across with both types u
guantities, namelyscalar quantities such as length, mass,
time, distance, speed, area, volume, temperature, work,

money, voltage, density, resistance etc. and vector quantities like displacement, velocity
acceleration, force, weight, momentum, electric field intensity etc.

W.R. Hamilton
(1805-1865)

In this chapterwe will study some of the basic concepts about vectors, various
operations on vectors, and their algebraic and geometric properties. These two type of
properties, when considered together give a full realisation to the concept of vectors,
and lead to their vital applicability in various areas as mentioned above.

10.2 Some Basic Concepts

Let ‘I’ be any straight line in plane or three dimensional space. This line can be given
two directions by means of arrowheads. A line with one of these directions prescribed
is called adirected line (Fig 101 (i), (ii)).
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B
A
A

) (ii) (iii)
Fig 10.1
Now observe that if we restrict the liht the line segment AB, then a magnitude
is prescribed on the lirlewith one of the two directions, so that we obtadiracted

line segment (Fig 10.1(iii)). Thus, a directed line segment has magnitude as well as
direction.

Definition 1 A quantity that has magnitude as well as direction is called a vector.
Notice that a directed line segment is a vector (Fig 10.1(iii)), denotad as
simply asd, and read as ‘vectatB’ or ‘vectora’.
The point A from where the vectB starts is called itinitial point, and the

point B where it ends is called iterminal point. The distance between initial and
terminal pants of a vector is called thmagnitude (or length) of the vectpdenoted as

|AB|, or|d|, ora. The arrow indicates the direction of the vector.

Since the length is never negative, the notafipr  has no meaning.

Position Vector
From Class XI, recall the three dimensional right handed rectangular coordinate
system (Fig 10.2(i)). Consider a poinirPspace, having coordinates ¥, z) with

respect to the origin O (0, 0, 0). Then, the veCiBrhaving O and P as its initial and
terminal points, @spectively, is called thaosition vector of the point Rwvith respect

to O. Using distance formula (from Class XI), the magnitud@pfor 7) is given by

|OP|= \|x?+ y?+ 22
In practice, the position vectors of points A, B, C, etc., with respect to the origin O
are denoted by, b, c, etc., respectively (Fig 10.2 (ii)).
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z z
A B
P(x,3,2) 7 7
> 27
0(0,0,0) Y 0 Y
X @) X (i)
Fig 10.2

Direction Cosines

Consider the position vect®P (or 7 ) of a point PX, y, 2) as in Fig 10.3The angles:,
B, Yy made by the vector with the positive directions of y andz-axes respectively,
are called itglirection angles. The cosine values of these angles, i.e.p¢assp and
cosy are calleddirection cosines of the vector?, and usually denoted Bym andn,
respectively Z

C.,\;[ _________________________
R R < :
: [t
: e} A
Cox T
N4
X
Fig 10.3 “x

From Fig 10.3, one may note that the triangle OAP is right angled, and in it, we
havecoso = > (r stands for |7|). Similarly, from the right angled triangles OB#d
r

OCP we may writecosp =?y and C0$=?Z . Thus, the coordinates of the pointay

also be expressed &s (nr,nr). The numbesir, mr andnr, proportional to the direction
cosines are called dsection ratios of vector7, and denoted as b andc, respectively
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One may note that + n? + n*> = 1 buta? + b? + & # 1, in general.

10.3 Types of \kectors

ZeroVector Avector whose initial and terminal points coincide, is called a zero vector
(or null vector), and denoted @sZero vector can not be assigned a definite direction
as it has zero magnitude. Or, alternatively otherwise, it may be regarded as having any
direction.The vectorsAA, BB represent the zero vector,

Unit Vector A vector whose magnitude is unity (i.e., 1 unit) is called a unit vddter

unit vector in the direction of a given vectors denoted bya.

Coinitial VectorsTwo or more vectors having the same initial point are called coinitial
vectors.

Collinear Vectors Two or more vectors are said to be collinear if they are parallel to
the same line, irrespective of their magnitudes and directions.

Equal Vectors Two vectorsa and b are said to be equal, if they have the same
magnitude and direction regardless of the positions of their initial points, and written
asd =bh.

Negative of a \éctor A vector whose magnitude is the same as that of a given vector
(say AB), but direction is opposite to that of it, is callesative of the given vector.

For example, vectdBA is negative of the vectatB, and written aBA = —AB.
RemarkThe vectors defined above are such that any of them may be subject to its
parallel displacement without changing its magnitude and direction. Such vectors are
calledfree vectors. Throughout this chapter, we will be dealing with fre(?\I vectors only.

N
Example 1Represent graphically a displacement o
of 40 km, 30° west of south. W< >E
Solution The vectorOP represents the requiredcale
. . — o
displacement (Fig 10.4). 10 km $ 30
Example 2 Classify the following measures as 3
scalars and vectors.
(i) 5 seconds v
. P S
(i) 1000 crm Fig 10.4
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(ify 10 Newton (iv) 30 km/hr (v) 10 g/cnt
(vi) 20 m/s towards north
Solution
(i) Time-scalar (i) Volume-scalar (i) Force-vector

(iv) Speed-scalar (v) Density-scalar  (vi) Velocity-vector

Example 3In Fig 10.5, which of the vectors are:
(i) Collinear (i) Equal (i) Coinitial

Solution

(i) Collinear vectors 7, ¢ and d .

(i) Equal vectors @ and ¢

o
[
=
=
=

(i) Coinitial vectors :b, ¢ and d.

Fig 10.5

| EXERCISE 10.1]

1. Represent graphically a displacement of 40 km, 30° east of north.
2. Classify the following measures as scalars and vectors.

(i) 10kg (i) 2 meters north-west (i) 40°
(iv) 40 watt (v) 10*coulomb (vi) 20 m/$

3. Classify the following as scalar and vector quantities.
(i) time period (i) distance -

(i) force 2

(iv) velocity (v) work done

4. InFig 10.6 (a square), identify the following vector _§ N
(i) Coinitial (i) Equal b
(i) Collinear but not equal

5. Answer the following as true or false.

(i) a@and -4 are collinear e
(i) Two collinear vectors are always equal in Fig 10.6
magnitude.

(ify Two vectors having same magnitude are collinear.
(iv) Two collinear vectors having the same magnitude are equal.
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10.4 Addition of Vectors C

A vectorAB simply means the displacement from a point
A to the point B. Now consider a situation that a girl
moves fromA to B and then from B to C
(Fig 10.7). The net displacement made by the girl fro
point A to the point C, is given by the vectac and A

expressed as Fig 10.7

AC = AB+BC
This is known as thé&iangle law of vector addition.
In general, if we have two vectairsainds (Fig 10.8 (i), then to add them, they are

positioned so that the initial point of one coincides with the terminal point of the other
(Fig 10.8(ii)).

N
XéN
2

)
)

@) (ii)

Fig 10.8

For example, in Fig 10.8 (i), we have shifted vestaithout changing its magnitude
and direction, so that it’s initial point coincides with the terminal poiat ®hen, the

vectora + b, represented by the third side AC of the triadd®€, gives ughe sum (or
resultant) of the vectorsandb i.e., in triangle ABC (Fig 10.8 (ii)), we have
AB+BC = AC
Now again, sincaC = —CA, from the above equation, we have
AB+BC+CA=AA=0
This meanghat when the sides of a triangle are taken in order, it leads to zero
resultant as the initial and terminal points get coincided (Fig 10.8(iii)).
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Now, construct a vect@C’ so that its magnitude is same as the veB©or, but
the direction opposite to that of it (Fig 10.8 (iii)), i.e.,

BC = -BC
Then, on applying triangle law from the Fig 10.8 (iii), we have
AC =AB+BC = AB+(-BC) =a-b

The vectorAC’ is said to represethe difference of a2 and b .

Now, consider a boat in a river going from one bank of the river to the other in a
direction perpendicular to the flow of the river. Then, it is acted upon by two velocity
vectors—one is the velocity imparted to the boat by its engine and other one is the
velocity of the flow of river water. Under the simultaneous influence of these two
velocities, the boat in actual starts travelling with a different veld@tiiave a precise
idea about the effective speed and direction -
(i.e., the resultant velocity) of the boat, we have ~ a---"----rmmmmmmooee >
the following law of vector addition.

If we have two vectorg andb represented N

by the two adjacent sides of a parallelogram iy
magnitude and direction (Fig 10.9), then their

sum a+b is represented in magnitude a

direction by the diagonal of the parallelogram .
through their common point. This is known as Fig 10.9
the parallelogram law of vector addition.

From Fig 10.9, using the triangle la@ne may note that
OA+AC = 0OC

=

or OA+0B = OC (sinceC = OB)

which is parallelogram law. Thus, we may say that the two laws of vector
addition are equivalent to each other

Properties of vector addition

Property 1 For any two vectors and b,

a+b =b+a (Commutative property)
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Proof Consider the parallelograABCD b 't
(Fig 10.10). LetAB = d and BC = b, then using
the triangle law, from triangle ABC, we have X;{)

AC=d+b Z‘Oz ’;ﬁ“
Now, since the opposite sides of a ¢
parallelogram are equal and parallel, froA
Fig10.10, we have, AD=BC=bh and I
DC = AB =d. Again using triangle law, from Fig 10.10
triangleADC, we have
AC =AD+DC=b+a
Hence i+b=b+a
Property 2 For any three vectors, b andg
(G+b)+=d+(b+7) (Associative property)

Proof Let the vectorsi,b and ¢ be represented IBQ, QR and RS, respectivelyas
shown in Fig 10.1(i) and (ii).

Then d+b =PQ+QR =PR
and b+¢=QR +RS=0QS
So (G+b)+¢ =PR+RS=PS
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and d+(b+¢)=PQ+QS=PS
Hence (d+b)+c=d+(b+7)
RemarkThe associative property of vector addition enables us to write the sum of
three vectors. b, ¢ as @ + b + ¢ without using brackets.
Note that for any vectos, we have
) i+0=0+a=a
Here, the zero vectdr is called theadditive identity for the vector addition.
10.5 Multiplication of a Vector by a Scalar
Leta be a given vector arida scalarThen the product of the vecteby the scalar
A, denoted a&ad, is called the multiplication of vectarby the scalak. Note thatAa
is also a vector, collinear to the vectorThe vectorAd has the direction same (or
opposite) to that of vectaraccording as the value bis positive (or negative). Also,
the magnitude of vectdra is |[A| times the magnitude of the vectori.e.,
|Aa| =|A]la]
A geometric visualisation of multiplication of a vector by a scalar is given
in Fig 10.12.

&
! / o/ )
Fig 10.12
WhenA = -1, thenAd= —a, which is a vector having magnitude equal to the
magnitude ofi and direction opposite to that of the directioniofrhe vector 4 is
called thenegative (or additive inverse) of vector @ and we always have
i+ (-d)=(—d)+da=0

2
\2}

Also, if A= %l providedi = 0 i.e.a is not a null vector, then
a

~ ~ | S
nal =[Alla] = —lal=1

|a]
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So, A a represents the unit vector in the direction of a. We write it as

|-

a-= a

For any scalak, k0= 0.

10.5.1 Components of a vector

Let us take the points A(1, 0, 0), B(0, 1, 0) and C(0, 0, 1) on-thés, y-axis and
z-axis, respectivelyThen, clearly

|OA|=1,|0OB |=1 and|OC|= 1

The vector®A, OB and OC, each having magnitude 1,
are calledunit vectors along the axes OX, OY and OZ,

Q)

respectively and denoted by, ] andk, respectively
(Fig 10.13). X

Now, consider the position vectoP of a point P, y, 2)
as in Fig 10.14. Let Foe the foot of the perpendicular from P on the plane XOY.

Fig 10.13

Z
N

P (x,,2)
A ’
zk A

P,

X Fig 10.14

We, thus, see that Pis parallel ta-axis.As 1, | andk are the unit vectors along the
X, Yy andz-axes, respectively, and by the definition of the coordinates wéMave
PP = OR = zk. Similarly, QP, = OS = yj andOQ = x7.
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Therefore, it follows that OP, =0Q+QP, =xi +y]
and OP =OP, + PP =xi + yj + zk
Hence, the position vector of P with reference to O is given by
OP (or 7) = Xxi + yj + zk

This form of any vector is called itemponent form. Here,x, y andz are called
as thescalar components of 7, and X, y] and Zk are called theector components
of I along the respective axes. Sometimggandz are also termed asctangular
components.

The length of any vector=X + Y] + ﬂz, is readily determined by applying the
Pythagoras theorem twice. We note that in the right angle triangle (B@@RL0.14)

10P, | =/|OQ*+|QP|" = /x> + »*»
and in the right angle triangle (F?we have
OP =/|OP P +|PP[ =2 +)")+ 2’

Hence, the length of any vectr X + yf+ﬂ2 IS given by
7] =lx+ 3+ k=2 + 37 + 22
If @ and b are any two vectors given in the component faim+ a2f+a3I2 and
byi +b,] +bk , respectivelythen
(i) the sum (or resultant) of the vectarsnd bis given by
a+b = (a1+b1)f+(a2+b2)f+(a3+b3)lz
(i) the difference of the vecta andb is given by
i-b= (ai—bl)f+(a2—b2)f+(a3—b3)lz
(iiy the vectorsi and b are equal if and only if

8, =b,a=b, and a=b,
(iv) the multiplication of vecto& by any scalak is given by

A = (ha)i +(hay) ]+ (Aag)k
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The addition of vectors and the multiplication of a vector by a scalar together give
the following distributive laws:

Leta and b be any two vectors, arkdandm be any scalars. Then
() kd+md =(k+m)d
() k(ma) = (km)a
(i) k(d@+b)=ka+kb
Remarks
(i) One may observe that whatever be the valug, dhe vectorid is always
collinear to the vectai. In fact, two vectorg and b are collinear if and only if
there exists a nonzero scalasuch thab = Aa. If the vectorsi and b are given
in the component form, i.é.= &i + a,] +ak andi =bi +b,] +bsk, then the
two vectors are collinear if and only if

bl +b,j +bk = Mal +a,] +ak)
bi +b,j +bk = (Aa)i +(ra,)] +(hay)k

s
= b, =Aa,, b, =ka,, b;=2\a,
a4 & g

@ Ifa= 61f+ a2f+a3lz, thena,, a,, a, are also called direction ratios af
(i) Incaseifitis given that, m, nare direction cosines of a vector, then mf +nk
= (cosatJ + (co$ J+ (cog K is the unit vector in the direction of that vector,

whereaq, B andy are the angles which the vector makes wijtih andz axes
respectively

Example 4 Find the values of, y andz so that the vectord=xi +2] + zk and

b=2i+yj+k are equal.

Solution Note that two vectors are equal if and only if their corresponding components

are equal. Thus, the given vectarsnd » will be equal if and only if
x=2,y=2,z=1
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Example 5Leta=i+2j andb =2 + j. Is|@|=| b|? Are the vectorsi and b equal?
Solution We have@|=+1>+22 =+/5 and|b|=v2* +1* =+/5

So,|@|=| b|. But, the two vectors are not equal since their corresponding components
are distinct.

Example 6Find unit vector in the direction of vectoe 2i +37 + &

| =

Solution The unit vector in the direction of a vecdois given byd = —a.

Now la|= 22 4y 24+12=14

Ql

e 35, L
Therefore a= 20 +3]+Kk) =
NGRS ROR NriRvrikavert

Example 7 Find a vector in the direction of vectar=; -2 that has magnitude
7 units.

Solution The unit vector in the direction of the given vectas

azﬁ( -2])= f \f

Therefore, the vector having magnitude equal to 7 and in the direct@®is of

\ L2\ 7. 14
7a:7(ii_£-J:—|——J

B BT B

Example 8Find the unit vector in the direction of the sum of the veciori +2 — S5k
andb =2i + j +3k.
Solution The sum of the given vectors is

G+b (=3, say)=4i +3] -2k

and €] = 42+ 3+ (2P =29
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Thus, the required unit vector is
1 1 Il 2 » 4 o 3 2 2 -
(=—7~c¢=—7—={i+3]—X)= i+ - k
Il \/29( : ) V29 \/29J N 29

Example 9 Write the direction rati of the vectodi =i + j - 2k and hence calculate
its direction cosines.

Solution Note that the direction rati®a, b, ¢ of a vector? = xi + yj + zk are just
the respective componentsy andz of the vectarSo, for the given vector, we have
a=1,b=1 andc = -2. Furtherif |, mandn are the direction cosines of the given
vector then

a 1 b 1 c )
1:—:—’ —_ = =—— g5 7; :\/8
R TR TR
Thus, the direction cosines {el— — ZJ

10.5.2 \ector joining two points

If P,(x,y,, z) and B(X, y,, z) are any two y/
points, then the vector joining Bnd B 'is the

vectorP,P, (Fig 10.15).
Joining the points fand B with the origin

K P, (3,55, 25)

O, and applying triangle Iavirom the triangle k A
OPP,, we have 1(X121521)
e /.\ i \.A —_ Y
OP, + PP, = OP, Q/H/ 0
Using the properties of vector addition, th
above equation becomes Fig 10.15
PP, =OP, - OP,
ie. PP, = (61 +Y,] +2K) = (i +y.] +2K)

= (% =) + (2= V) [+ (2, 2)K
The magnitude of vect®P, is given by

PP, 1 = /(% — %)+ (Y, - V)2 +(2,— 2)°
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Example 10Find the vector joining the points P(2, 3, 0) and Q(- 1, — 2, — 4) directed
from P to Q.

Solution Since the vector is to be directed from P to Q, clearly P is the initial point

and Q is the terminal point. So, the required vector joining P and Q is the Pegtor
given by

PO = (-1-2) + (2- 3) + € 4 0K

-3 -5]- k.

3l dl

i.e.

10.5.3 Section formula

Let P and Q be two points represented by the position veéxtoisd 0Q, respectively
with respect to the origin O. Then the line segment

joining the points P and Q may be divided by a third

point, say R, in two ways — internally (Fig 10.16) 7> n

and externally (Fig 10.17). Here, we intend to find

the position vecto®R for the point R with respect o N\ "
to the origin O. W take the two cases one byon Y
a
Case IWhen R divides PQ internally (Fig 10.16). P
Fig 10.16

If R dividesPQ such that: RQ =n PR,

wherem andn are positive scalars, we say that the point R divideisiternally in the
ratio ofm: n. Now from triangles ORQ and OPR, we have

RQ=0Q-OR=b-r
and PR =OR-OP=r-gq,

Therefore, we have m(b-F)=n(F-d) (Why?)
mb + nd

or r= (on simplification)

m+n
Hence, the position vector of the point R which divides P and Q internally in the

ratio ofm: nis given by

. mb+nd
OR =

m+n

2019-20



VECTOR ALGEBRA 439

Case IIWhen R divides PQ externally (Fig 10.17). R
We leave it to the reader as an exercise to verify :
that the position vector of the point R which divides
the line segment PQ externally in the ratio

: PR m .
m:n i.e. _:F is given by

QR

—— mb-nd .
OR = Fig 10.17

m-—-n
RemarklIf R is the midpoint of PQ , them = n. And therefore, from Case I, the

midpoint R of PQ, will have its position vector as

i+b

2

Example 11 Consider two points P and Q with position vectors=3i —-25 and

0Q = a +b. Find the position vector of a point R which divides the line joining P and Q
in the ratio 2:1, (i) internally, and (ii) externally

OR =

Solution
(i) The position vector of the point R dividing the join of P and Q internally in the
ratio 2:1is
oR = Aa+b)+@Ba-2) _sa
2+1 3
(i) The position vector of the point R dividing the join of P and Q externally in the
ratio 2:1is
OR = 2(a+b)—Ba-2b) _4f -G

2-1
Example 12 Show that the poin&(2i — j +K), B(i —3j—5k), C(3 - 4 — & are
the vertices of a right angled triangle.

Solution We have
AB=(1-2) + -3+ 1)+ €5 1k =—i — 2] — 6k
BC = 3-1) + (-4+ 3)j+ 4+ 5K =2 — [ +K
and CA= (2-3) + (- 1+ 4)j + (4 4k =—i +3]+5k
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Further note that
|AB|* =41=6+35=|BC|* +|CA[
Hence, the triangle is a right angled triangle.

| EXERCISE 10.2)

1. Compute the magnitude of the following vectors:

R ST T
a=i+j+k; b=2-7]-%; c:ﬁl+ﬁ]—fgk

2. Write two different vectors having same magnitude.

3. Write two different vectors having same direction.

4. Find the values af andy so that the vector& +3] andxi +yj are equal.

5. Find the scalar and vector components of the vector with initial point (2, 1) and
terminal point (- 5, 7).

6. Find the sum of the vectais= | —2] +K, b=—2{ + 4] + &kand¢ =f - 6] — 7.

7. Find the unit vector in the direction of the vedtori + j + 2k .
8. Find the unit vector in the direction of vect®), where P and Q are the points
(1, 2, 3) and (4, 5, 6), respectively.
9. For given vectorsi = 2 — ] + 2k andb =—i + | —Kk , find the unit vector in the
direction of the vectot +b.
10. Find avector in the direction of vectsir— j + 2k which has magnitude 8 units.

11. Show that the vectorgi —3j+ 4 and- #+ ¢— B are collinear

12. Find the direction cosines of the vecior 2§ + 3« .

13. Find the direction cosines of the vector joining the poMt&, 2, —3) and
B(-1, -2, 1), directed from A to B.

14. Show that the vectar+ j +k is equally inclined to the axes OX, OY and OZ.
15. Find the position vector of a point R which divides the line joining two points P
and Q whose position vectors dre 2] —k and + + | + k respectivelyin the

ratio2:1
() internally (i) externally
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16. Find the position vector of the mid point of the vector joining the points P(2, 3, 4)
and Q(4, 1, -2).

17. Show that the points A, B and C with position vectars; 3 — 4] — 4,

b=2{ - | +k and¢ ={ — 3] — 5k, respectively form the vertices of a right angled
triangle.
18. IntriangleABC (Fig 10.18), which of the following is not true:

(A) AB+BC+CA=0 £
(B) AB+BC-AC=0
(C) AB+BC-AC=0

A B
(D) AB-CB+CA =0 Fig 10.18
19. If @ and b are two collinear vectors, then which of the following are incorrect:

(C) the respective componentsadnd b are not proportional
(D) both the vectorg and b have same direction, but different magnitudes.

10.6 Pioduct of Two Vectors

Sofar we have studied about addition and subtraction of vectors. An other algebraic
operation which we intend to discuss regarding vectors is their protfaanay

recall that product of two numbers is a number, product of two matrices is again a
matrix. But in case of functions, we may multiply them in two ways, namely
multiplication of two functions pointwise and composition of two functions. Simjlarly
multiplication of two vectors is also defined in two ways, namely, scalar (or dot)
product where the result is a scalar, and vector (or cross) product where the
result is a vector. Based upon these two types of products for vectors, they have
found various applications in geometry, mechanics and engineering. In this section,
we will discuss these two types of products.

10.6.1 Scalar (or dot) product of two vectors
Definition 2 The scalar product of two nonzero vectoimd 5, denoted byi . b, is
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defined as G.b=|d||b]|cos8, <

where,0 is the angle betweed and 5,0<6<n (Fig 10.19). 0

N
a

If either =0orb=0 then® is not defined, and in this case, we Fig 10.19
define @-b =0

Observations
1. a-bis areal number
2. Let @ and b be two nonzero vectors, then- 5 =0 if and only if @ and b are
perpendicular to each othee.

i-b=0e dalb
3. If8=0,thena-b=|d||b|

In particular a@-a=|al>, as® in this case is 0.
4. If @=mn,thena-b=—|a||b |

In particular @ -5=—-|a||b|, asb in this case ig.
5. In view of the Observations 2 and 3, for mutually perpendicular unit vectors

i, ] andk.we have

>

—

I
~>

=]

>

=1,
=0

-

> =
I
~>

j-

-

—

6. The angle between two nonzero vectarand bis given by

0= illi , ore =cosl( qa.ba J
lallb| |allb|

7. The scalar product is commutative. i.e.

i-b=b-i (Why?)
Two important properties of scalarproduct

Property 1 (Distributivity of scalar product over addition) Let, 5 and ¢ be
any three vectors, then
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Property 2 Letd and b be any two vectors, ancdk any scalafhen

(A@)-b=(\d)-b=Ma-b)=a-(\b)

If two vectorsd and b are given in component form asi +a,j +ak and

byi +b,] +bk , then their scalar product is given as

Thus

a-b= (a +a,] +ak) (b +b,j +bk)
aif-(blf+b2i+b3lZ)+aj-(bj+bj+b§2) +a3l2'(blr+b2i+b3i2)
by (1) +ab,( 1) +aby( k) +ab (1) +a,b,(J - ) +abs(j-K)

+ aghy (K1) +agh, (k- )+ agby(K - k) (Using the above Properties 1 and 2)

= ab, +ab, +ap,

i.b= ab+ab,+ap,

10.6.2 Projection of a vector on a line

(Using Observation 5)

Suppose a vectoAB makes an anglé with a given directed ling (say), in the
anticlockwise direction (Fig 10.20). Then the projection @f onl is a vector P
(say) with magnitud@ | |cosB], and the direction g5 being the same (or opposite)
to that of the lind, depending upon whethersgbis positive or negative. The vectpr

B
A
o . J
(0°<08 <90
(@
>0
C. P —~ l
A
g
B
(180°< 8 < 270"

(iii)

B

C

-
p

(90'< 6 < 180")

(i)

C /

B

(270'< 8 < 360")

@iv)
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is called theprojection vector, and its magnitude| is simply called as tharojection

of the vectorAB on the directed link
For example, in each of the following figures (Fig Dqipto (iv)), projection vector

of AB along the line Is vectorAC.
Observations
1. If P is the unit vector along a lingthen the projection of a vectoon the line
lis given bya-p.
2. Projection of a vectaf on other vectob , is given by
a-b, or a{i) Cor ——(@@-b)
b b
3. If 8=0, then the projection vector AB will be AB itself and if6 =7, then the
projection vector ofAB will be BA.

T 3n . — N
4. If © :E or 6 =7, then the projection vector &B will be zero vector.

Remarklf o, B andy are the direction angles of vectoe a,i +a,] +ak, then its
direction cosines may be given as

1 a a a
cosoL = —=—L cosBp=—2, and cosy=—-
lalli] |al |al la|

Also, note that/ a |cosa, |d|cosP and |d|cosy are respectively the projections of
a along OX, OY and OZ. i.e., the scalar componants, anda, of the vectori, are
precisely the projections afalongx-axis,y-axis andz-axis, respectivelyFurther if a
is a unit vector, then it may be expressed in terms of its direction cosines as

QU

Q)

d=cosoi + Coffj + COg
Example 13Find the angle between two vectarsnd b with magnitudes 1 and 2

respectively and whefi-b =1.

Solution Given @-b =1,|d|=1and|b |=2 . We have
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Example 14Find angle ' between the vector§ =i+ j—k and b=i—j+k .

Solution The angled between two vectorgand 4 is given by

ab
CoOP = ——=
lallb]
Now a.b=(+]-K-(-]+k=1-1-1=—1.
-1
Therefore, we have co® = 3

- 1
hence the required angle is 6 = cos 1(—3)
Example 151f G=5i — j—3k and b=1+3j—5k , then show that the vectors
d+band a-b are perpendicular

Solution We know that two nonzero vectors are perpendicular if their scalar product
is zero.

Here G+b=(5-]-3K)+(+3-K)=6+F— &
and a-b=(5-]-FK)-(+3-K)=4- 4+ &
So G+B) . (G—b)=(61+2]—&K) (- 4+ X )= 24 & 16 (

Hence d+b and @-b are perpendicular vectors.
Example 16 Find the projection of the vectér= 2i + 3] + 2k on the vector
b=i+2j+k.
Solution The projection of vectod on the vectob is given by

N (2x1+3x 2+ % 1) 105

b JoP+@F+af V6 3
Example 17Find |a—5|, if two vectors G and 5 are such thata|=2, |b|=3
and a-b=4.

Solution We have

1]
Q
Qy
|
Qi
>
|
S
Q)
+
Sy
>~
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|@|> —2(@-b)+|b |
(2)° — 2(4)+ (3F
Therefore li-b| = 5

Example 18 Ifa is a unit vector andx —a)- (¥ +d) =28 , then find x|.

Solution Sinced is a unit vectqr|d|=1 . Also,

(x—a) (i+ad)=38

or X-X+X-d—d-X—da-a =8
or |XP-1=8 ie|X[ =9
Therefore | X| =3 (as magnitude of a vector is non negative).

Example 19For any two vectors and b, we always haved-b |<|a||5| (Cauchy-
Schwartz inequality).

Solution The inequality holds trivially when eithé=0 or b = C.Actually, in such a
situation we havea-b|=0=|a||b|. So, let us assume that|= 0 =5 |.
Then, we have

ERA
als| = 1B k-
Therefore |a-b|<|al|b]|
— e C
Example 20For any two vectors and b, we always Z x 0
have|d+b |<|a|+|b | (triangle inequality). g
Solution The inequality holds trivially in case eithe;A El B
a=0orb=0 (How?).So, letid|=0=|5|. Then,
|@+b [ =(@@+b) =(G+b)-(a+b) Fg 10.21
—G-a+da-b+b-a+b-b
= |a[ +2d-b+|b | (scalar product is commutative)
< |aP+2la-b|+|b) (since x<|x|Vxe R)
< |af+2lalb|+|bF (from Example 19)

(|a@l+]b1)
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Hence |d+b|<|a|+|b|
Remarklf the equality holds in triangle inequality (in the above Example 20), i.e.
[@+b| = |al+|b],
then |AC| = |AB|+|BC]|
showing that the points A, B and C are collinear.
Example 21Show that the point&\(-2i +3] +5k), B(i + 2] + & ) and C(7 —k)
are collinear.
Solution We have
AB =(1+2) + (2- 3)j+ (3 5k= 8- - R,
BC = (7-1)i + (0- 2)j+ ¢ - 3k= 6- - &,
AC=(7+2)i +(0-3)j+ 1- 5k= 9- 3- &

|AB| = V14, |BC|=214 and |AC|=314

>

Therefore | AC|=|AB|+|BC|
Hence the points A, B and C are collinear

In Example 21, one may note that althou§h + BC+CA =0 but the
pointsA, B and C do not form the vertices of a triangle.

|EXERCISE 10.3|

1. Find the angle between two vectarsnd 5 with magnitudes+/3 and Z,
respectively having;.p = /6 -

Find the angle between the vect5r52j+32 and f3— i+k

Find the projection of the vectdr— | on the vector + j .

Find the projection of the vect@r 3] + 7k on the vectorz] — j + 8k .
Show that each of the given three vectors is a unit vector:

ok~ O N

1.'\ ~ " 1'\ > o 1'\ A -~
—(2+3j+6&), =3~ k) - b+ 2-8B
(@43 @), S @- g+ K), - B+ 2

Also, show that they are mutually perpendicular to each other.
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6. Find|d| and |b] if (G+b)-(G—b)=8 and|d|=8|b|
7. Evaluate the product3a —5b)-(2d +7b) .

8. Find the magnitude of two vectogsind 4 , having the same magnitude and

such that the angle between them is&td their scalar product%.

9. Find| x|, if for a unit vector, (x—a)-(¥x+a)=12.

10. If a=2i+2j+3k, b=—i+2j+k and ¢=3{ + ] are such thai+xb is
perpendicular t@, then find the value dX.

11. Show that|d|b+|b|a is perpendicular tqa|b—|b|a , for any two nonzero
vectorsa and b

12. If @-@=0 and @-b =0, then what can be concluded about the vegtor

13. If a,b,¢ are unit vectors such thati+s+¢=0, find the value of

+c-a.

S

ol

G-b+

14. If either vectorg=0 or b=0, then a-b=0. But the converse need not be

true. Justify your answer with an example.

15. If the vertices A, B, C of a triangle ABC are (1, 2, 3), (-1, 0, 0), (0, 1, 2),
respectivelythen findZABC. [£ABC is the angle between the vectsrs and
BC].

16. Show that the points A(1, 2, 7), B(2, 6, 3) and C(3, 10, —1) are collinear.

17. Show thatthe vectorg — j+k, i —3]— % and 8- 4— # form the vertices
of aright angled triangle.

18. If a is a nonzero vector of magnitude andA a nonzero scalathenia is unit
vector if

(A) A=1 (B) A=—1 (C)a=[A| (D) a=1/7|

10.6.3 Vector (or cross) product of two vectors

In Section 10.2, we have discussed on the three dimensional right handed rectangular
coordinate system. In this system, when the posttaes is rotated counterclockwise
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into the positive/-axis, a right handed (standard) screw would advance in the direction
of the positivez-axis (Fig 10.22(i)).

In a right handed coordinate system, the thumb of the right hand points in the
direction of the positive-axis when the fingers are curled in the direction away from
the positivex-axis toward the positivigaxis (Fig 10.22(ii)).

Z

(i)
Fig 10.22 (i), (ii)
Definition 3 The vector product of two nonzero vectarsnd b, is denoted byi x b
and defined as
axb=|dl|b|sin®h, N
n

where,0 is the angle betweehand 5, 0<8<x and i is a

unit vector perpendicular to bothand b, such that
d,b and 7 form a right handed system (Fig 10.23). i.e., tﬂl\b
right handed system rotated framo 5 moves in the direction
of n.
If either =0 orb =0 , thend is not defined and in this case, we defines =0 .
Observations
1. axb is a vector.

Fig 10.23

2. Let aandb be two nonzero vectors. Thenxs =0 if and only if @ and b are
parallel (or collinear) to each othee.,

ixb=0salb
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In particulara xa =0 andax(—a)zﬁ, since in the first situatio®, = 0 and
in the second one, 6 = making the value of 8B to be 0.
i - -
If 6=— thendaxb=|a|b]. A
2 k
In view of the Observations 2 and 3, for mutually perpendicylar \S

unit vectorsi , j and k (Fig 10.24), we have X .
W = ixjekxi=i '
ixj=k jxk=f - Fig 10.24
In terms of vector product, the angle between two vecﬁandﬁmay be
given as

It is always true that the vector product is not commutativeé xds= —b xa .
Indeed, @ xb =|d||b |sin6# , where @, b and 7 form a right handed system,

i.e.,0 is traversed from to 5 , Fig 10.25 (i). While,b x a =la|| b |sin6#, , where
b,aand 72, form a right handed system i.@.is traversed froms to a ,
Fig 10.25(ii).

A
n

) (ii)
Fig 10.25 (i), (ii)

Thus, if we assum@andb to lie in the plane of the papéhen fi andn, both

will be perpendicular to the plane of the paj@art, i being directed above the
paper whilef, directed below the papére. i, =—f.
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Hence Gxb=|adlb|sin®n
= —|d||b|sin6i, =—b xd
In view of the Observations 4 and 6, we have

jxi=—k, kxj=—i and i xk=—]

If @ and Erepresent the adjacent sides of a triangle then its area is given as

1 -

—|laxb].

5 1axb] C
By definition of the area of a triangle, we have frors
Fig 10.26, ®

1 o C B
Area of triangleABC = EAB -CD. D 7
Fig 10.26

But AB=|5| (as given), and CD K| sin6.
. 1 - - . 1 . -
Thus, Area of triangle ABC =2-|b||a|51n9=5|a><b|-

If dandb represent the adjacent sides of a parallelogram, then its area is given
D C

by [axb|.
From Fig 10.27, we have
Area of parallelogram@BCD = AB. DE.

But AB=|5| (as given), and

DE =|d|sin® . I[; e
Thus, Fig 10.27
Area of parallelogralABCD = IE |[a@|sinO=|a xb |.

We now state two important properties of vector product.

Property 3 (Distributivity of vector product over addition): I, b and ¢
are any three vectors aidbe a scalar, then

() ax(b+3)=axb+axc

(i) A(a@xb)=(Aa)xb=ax(\b)
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Let @and 5 be two vectors given in component form ag+a,] +ak and

bi +b,] +bxk , respectivelyThen their cross product may be given by

Explanation We have
axb = (ai +a,] +ak)x(bj +b,j +bk)
= aly (I xT) +ab, (I x J) + aoy (I x k) + al, (jx1)
+ 3,0, (1% ]) +a,ly(] xK)
+ a (kxi)+agb,(kx ])+ aby(kx k) (by Property 1)
= aby (i x J) —ajby(kxi) — alo, (i x )
+ ayby(xK) +agb, (kxT) = agh, (j x k)

(as ixi=]x]=kxk=0 andixk=-kxi, jxi =—i x| andkx j=-]xK)
= abk-ap,j—apk+api+abj-abi
(asixj=k,jxk=i andkxi=]

= (ab,—ap,)i —(abs—ap)j+(abab)k
Pk
=& a8, ag
bl bZ b3
Example 22Find |axb |, if a=2i+ j+3k and b=3i +5] -2k
Solution We have

k
3

I\

X

Sy

1]
w N T
g1 = =

={(-2-15)- 4- 9 + (10-F =17 +13 + K

Hence |axb| = \/(-177+ (13F+ (7} =</ 507
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Example 23Find a unit vector perpendicular to each of the vectarsh) and

(@-b), where =i+ j+k, b=i+2j+3k .
Solution We have a+b =2i +3j+4k and a—b=—j -2k

A vector which is perpendicular to boghwb anda—-b is given by

A

i j k
(G+b)x(a-b) =2 3 4 =—2f+4j'—2/€ (=¢, say)
0 -1 -2
Now 1¢]= Ja+16+ 4=+/24= 2/ €
Therefore, the required unit vector is
c -1~ 2 19
RGNS

~

be a consequence @i —b)x(d+b) .

vector perpendicular téi+5 and a—5 will be AN 2 j+ 1 ¢ But that il
and a — —ir—j+—=k
NCRRNRNT

There are two perpendicular directions to any plane. Thus, another unit

Example 24Find the area of a triangle having the points A(1, 1, 1), B(1, 2, 3)

and C(2, 3, 1) as its vertices.

Solution We have AB= j+2k and AC=/+2j . The area of the given triangle

is ~|ABXAC| .
2
P] ok
Now, ABXAC =[0 1 2=—-4+ 2k
1 2
Therefore |ABXAC| = 16+ 4+ 1=~/ 21

1
Thus, the required areai~25\/?1
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Example 25Find the area of a parallelogram whose adjacent sides are given
by the vectorsa=3i+ j+4k andb=i—j+k

Solution The area of a parallelogram wighand bas its adjacent sides is given

by [axb]|.
]k

Now ixb=13 1 4=8+]-&
1 -1

Therefore |axb| = 25+ 1+ 16=~/ 42

and hence, the required area/i2.

EXERCISE10.4

Find |Gxb|, if a=i—7)+7k and b =3i =2+ 2k,
Find a unit vector perpendicular to each of the veatets and d —b, where
G=3i+2j+2kand b=i+2]—-2k .

3. If a unit vectora makes anglesg- with 1, % with ] and an acute angBewith

k , then find® and hence, the componentsiof
4. Show that

(G—-b)x(a+b)=2(dxb)
5. FindA and if (27 +67+27k)x (i + A +pk)=0 .
6. Giventhatd-b=0 and @xb =0 . What can you conclude about the vectors
dandb?
7. Let the vectors 4,5, ¢ be given asai+a,j+ak, bj +b,j +bk,
Ci +Cy] +C5k . Then show thati x (5 +¢)=a xb +adx¢ .

8. If either @=0 or 5=0, then @xb=0. Is the converse true? Justify your
answer with an example.
9. Find the area of the triangle with vertices A(1, 1, 2), B(2, 3, 5) and C(1, 5, 5).
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10. Find the area of the parallelogram whose adjacent sides are determined by the

vectors G=i—j+3k and b=2i -7 +k.

V2

11. Let the vectorsi and b be such thatd|=3 and |5 =5 thend xb is a unit

vector if the angle betweed and bis

(A) m/6 (B) m/4 (C) n/3 (D) n/2
12. Area of a rectangle having verticds B, C and D with position vectors
~ 1 ~ S l - S ~ ~ ~ ~ ~
—i+=j+A i+ =+ K, —1j+4k and —i —lj + 4k, respectively is
2 2 2 2
1
A) 3 (B) 1
(C) 2 (D) 4

Miscellaneous Examples

Example 26Write all the unit vectors in XY-plane.

Solution Let 7 =xi+yJ be a unit vector in XY-plane (Fig 10.28hen, from the
figure, we havex = cosd andy = sin® (since | = 1). So, we may write the vectpras

7(=0P) = codBi + sib | .. (1)

Clearly 7] = Vcof 6+ sirfo = 1

Y
A
N P(cos6, sin0)
' —>
<"\ H OP’ = cosO?
: (I PP = sin6
X ) X P X =sin0J
V’
Fig¥0.28

Also, asf varies from 0 to 2nthe point P (Fig 10.28) traces the cindde y> = 1

counterclockwise, and this covers all possible directions. So, (1) gives every unit vector

in the XY-plane.
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Example 271f {+j+k, 20+5], 3+ 2— X andi— p-k are the position

vectors of pointé, B, C and D respectivelyhen find the angle betweam andCD.

Deduce thahB andCD are collinear.

Solution Note that if6 is the angle between AB and CD, thems also the angle

betweenaB andCD.

Now AB = Position vector of B — Position vector of A
= (2+5])-(+]+k)=i+4]-k

Therefore |AB| = \J1)? + (4)° + (17 = 3/2

Similarly CD=-2(-8]+% and |[CDH{ ¢
AB-CD

Thus cos6 = —\EHCTM

4 1-2)+ 48+ 1)(2): — 36:_
T @/2)e/2) 36

Since 0< 6 < 7, it follows that® = &. This shows thahB andCD are collinear.

1

. — l — b, - . A — .
Alternatively, AB= - CD which implies thai\B andCD are collinear vectors.

Example 28Let @b and ¢ be three vectors such thai|=3,|5|=4,|¢|=5 and
each one of them being perpendicular to the sum of the other twd dind + ¢ .
Solution Given G- (b +¢)=0, b-(¢+a)=0, ¢-(a+b)=0.
Now |d+b+cP=(G+b+¢)’ =(G+b+¢)-(G+b+7)

= G-d+a-(b+38)+b-b+b-(a+7)

+ c(a+b)+éc

= |af +|b[ +|ef

=9+ 16 +25=50
Therefore la+b+¢| = /50=5/2
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Example 29Three vectorsd, 5 and ¢ satisfy the conditiori+b +¢=0 . Evaluate
the quantityu=a-b +b-é¢+¢-a, if |dal=3, |b|=4 and |¢|=2 .

Solution Since @+b+¢=0, we have

|

i+b+¢=0 =0
or G-di+a-b+a-c =
Therefore i-b+a-c=-|al’=-9 (1)
Again, b-(G+b+c) =0
or d-b+b-c=—|b[ =-16 (2
Similarly Q-c+b-é =_ 4, .. (3)

Adding (1), (2) and (3), we have
2(d-b+b-¢+a-¢) =—29

or Zu:—29,i.e.u=7

Example 30If with reference to the right handed system of mutually perpendicular

unit vectors i, j and k, G.=3i — j, P=2i+j-3k , then expres$§ in the form

B =B, +B,, where B, is parallel toé and B, is perpendicular té.-

SolutionLet B, =Aa, A is a scalar, i.e.p, =3Ai — .

Now B,=B-B = (-3 + @+1)] - K.

Now, sinceﬁ2 is to be perpendicular tg,, we should haves.-p, =0 . i.e.,
32-3Q)-(1+A1)=0

1
or A= =
2

= 3~ 1- — _],: 34 ~

Therefore Bl—EI —21 ande_El_'_E]_?’k
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11.

12.

13.

14.
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Miscellaneous Exercise on Chapter 10

. Write down a unit vector in XY-plane, making an angle of 30° with the positive

direction ofx-axis.

Find the scalar components and magnitude of the vector joining the points
P, ¥, z) andQ(x,, y,, Z,).

A girl walks 4 km towards west, then she walks 3 km in a direction 30° east of
north and stops. Determine the girl's displacement from her initial point of
departure.

If @=b+¢, then is it true thaéi| =15 |+| ¢ | 2 Justify your answer.

Find the value ok for which x(i + j +k) is a unit vector.

Find a vector of magnitude 5 units, and parallel to the resultant of the vectors

ﬁ=2§+3}—l€ and I;=f—2}+l€ .
If G=i+j+k, b=2i—j+3k and ¢=i-2j+k ,find a unit vector parallel

to the vectoRd — b + 3¢.
Show that the points A (1, — 2, —8)(18 0,—2) andC(11, 3, 7) are collineaand
find the ratio in which B divide&C.

Find the position vector of a point R which divides the line joining two points

P and Q whose position vectors @&+ b) and (d — 36 ) externally in the ratio
1: 2.Also, show that P is the mid point of the line segment RQ.

The two adjacent sides of a parallelogram aire- 4j + 5 andi — 3- B.

Find the unit vector parallel to its diagonal. Also, find its area.
Show that the direction cosines of a vector equally inclined to the axes OX, OY

and OZ arei(%,%,%).

Leta=i+4j+2k b=3i—2j+7k and ¢ =2i — j+4k.Find avectod which
is perpendicular to bothands, and ¢.d =15 .
The scalar product of the vectps J°+IZ with a unit vector along the sum of

vectors2 + 4] — 5 and A + 2] + 3k is equal to one. Find the valuelof
If @, b, ¢ are mutually perpendicular vectors of equal magnitudes, show that the

vector é.d =15 is equally inclined tai, b and ¢ |
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15. Provethafd+b)-(@+b)=|al’ +|b [’ ifand onlyifa, 5 are perpendicular, given
a#0,b#0.
Choose the correct answer in Exercises 16 to 19.

16. If 0 is the angle between two vectodsand b,thenz.5 >0 only when

(A) 0<9<% (B) Oses%
(C) 0<0 < (D) 0<6<n

17. Let d@and b be two unit vectors arlis the angle between them. Thenb is
a unit vector if

21

T T
© o=2 (@ =7

(A) e=% (B) 0=

w |

18. The value ofi.(j xK)+ j-(f xK)+ K- (i x ) is

(A) O (B) -1 €)1 (D) 3
19. If 0 is the angle between any two vectaiand b, then @b |=|@ x5 | when®
is equal to
A) O B . C 2 D
(A) B®) % ©) 3 (D) =
Summary

# Position vector of a point P(x 2) is given asOP(= 7) = xi + yj + zk ,and its

magnitude by/x2 + y? + z2.

& The scalar components of a vector are its direction ratios, and represent its
projections along the respective axes.

¢ The magnitude {t direction ratiosd, b, c) and direction cosineg, (m n) of
any vector are related as:

a b c
I:—, m:—’ n=—
r r r
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& The vector sum of the three sides of a triangle taken in order is

¢ The vector sum of two coinitial vectors is given by the diagonal of the
parallelogram whose adjacent sides are the given vectors.

¢ The multiplication of a given vector by a scalachanges the magnitude of

the vector by the multiplgr|, and keeps the direction same (or makes it
opposite) according as the valué\ds positive (or negative).

B

¢ For a given vectat, the vectora = — gives the unit vector in the direction

Ql

of a.
¢ The position vector of a point R dividing a line segment joining the points

P and Q whose position vectors arand b respectivelyin the ratiom: n

(i) internally is given by na+mb
m+n

(i) externallyis given by mb —na
m—n

& The scalar product of two given vectarand b having angled between
them is defined as

a-b=|d|b|cosh .

Also, whena-b is given, the angled' between the vectors and » may be
determined by

Ql
S

cosO =

S

Q)

¢ If 6 is the angle between two vectarand b, then their cross product is
given as

dxb=|d|b|sinOA
wheref is a unit vector perpendicular to the plane containingd 5. Such
thata, b, n form right handed system of coordinate axes.

¢ If we have two vectorsaand », given in component form as

d=ai+a,j+akandb=bi+b,]+bk and\ any scalar
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then a+b = (a+b) +(@,+b,) ] +(as+byk:
2 = (Aa) +(Aay) |+ (Aag)k:

i-b=ab+ab,+ap,

(
(

Historical Note

The wordvector has been derived from a Latin wosmttus, which means
“to carry”. The germinal ideas of modern vector theory date from around 1800
when Caspanessel (1745-1818) and Jean RoBegand (1768-1822) described
that how a complex number ib could be given a geometric interpretation with
the help of a directed line segment in a coordinate plsitlam Rowen Hamilton
(1805-1865) an Irish mathematician was the first to use the term vector for a
directed line segment in his bobkctures on Quaternions (1853). Hamilton’s
method of quaternions (an ordered set of four real numbers given as:

a+hi +c+dk,i, |,k following certain algebraic rules) was a solution to the

problem of multiplying vectors in three dimensional space. Though, we must
mention here that in practice, the idea of vector concept and their addition was
known much earlier ever since the time of Aristotle (384-322 B.C.), a Greek
philosopherand pupil of Plato (427-348 B.C.). That time it was supposed to be
known that the combined action of two or more forces could be seen by adding
them according to parallelogram lawhe correct law for the composition of
forces, that forces add vectorialhad been discovered in the case of perpendicular
forces by $vin-Simon (1548-1620). In 1586 A.D., he analysed the principle of
geometric addition of forces in his treatiBeBeghinselen der Weeghconst
(“Principles of theArt of Weighing”), which caused a major breakthrough in the
development of mechanics. But it took another 200 years for the general concept
of vectors to form.

In the 1880, Josaih Willard Gibbs (1839-1903), an American physicist and
mathematician, and Oliver Heaviside (1850-1925), an English engineated
what we now know agector analysis, essentially by separating the resab{ar)
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part of quaternion from its imaginaryettor) part. In 1881 and 1884, Gibbs
printed a treatise entitldelement of Vector Analysis. This book gave a systematic
and concise account of vectors. Howeweuch of the credit for demonstrating
the applications of vectors is due to the D. Heaviside aad&t (1831-1901)

who contributed significantly to this subject.

4
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Chapter 11

(THREE DIMENSIONAL GEOMETRY )

+«» The moving power of mathematical invention is not
reasoning but imagination. — ADEMORGAN «¢

11.1 Introduction

In Class Xl, while studying Analytical Geometry in tw ]
dimensions, and the introduction to three dimensic
geometry, we confined to the Cartesian methods ¢ml
the previous chapter of this book, we have studied s
basic concepts of vectors. We will now use vector alge
to three dimensional geometryhe purpose of this
approach to 3-dimensional geometry is that it makes
study simple and elegant*.

In this chapterwe shall study the direction cosin
and direction ratios of a line joining two points and a

discuss about the equations of lines and planes in < §

PR SR i A A

under different conditions, angle between two lines, wvo

planes, a line and a plane, shortest distance between
skew lines and distance of a point from a plane. Most

the above results are obtained in vector form. Nevertheless, we shall also translate
these results in the Cartesian form which, at times, presents a more clear geometric

and analytic picture of the situation.

Leonhard Euler
(1707-1783)

two
of

11.2 Direction Cosines and Direction Ratios of a Line

From Chapter 10, recall that if a directed line L passing through the origin makes
direction angles, then cosine
of these angles, namelgosa, cosp and cosy are called direction cosines of the

anglesu, B andy with x, y andz-axes, respectively, called

directed line L.
If we reverse the direction of L, then the direction angles

e, 7—a, m— B and 7 —y. Thus, the signs of the direction cosines are reversed.

are replaced by their supplements,

* For various activities in three dimensional geometoyme may refer to the Book
“A Hand Book for designing Mathematics Laboratory in School&XICERT, 2005
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Fig 11.1

Note that a given line in space can be extended in two opposite directions and so it
has two sets of direction cosines. In order to have a unique set of direction cosines for
a given line in space, we must take the given line as a directed line. These unique
direction cosines are denotedIbyn andn.

Remarklf the given line in space does not pass through the origin, then, in order to find
its direction cosines, we draw a line through the origin and parallel to the given line.
Now take one of the directed lines from the origin and find its direction cosines as two
parallel line have same set of direction cosines.

Any three numbers which are proportional to the direction cosines of a line are
called thedirection ratiosof the line. Ifl, m, n are direction cosines amlb, ¢ are
direction ratios of a line, theam= Al, b=Am andc = An, for any nonzera € R.

Some authors also call direction ratios as direction numbers.

Let a, b, ¢ be direction ratios of a line and letn andn be the direction cosines
(d.c’s) of the line. Then

Lom_n_ K (say),k being a constant

a b ¢ ' '
Therefore | =ak, m=Dbk n=ck . (1)
But P+m+n?=1
Therefore K@+b+c3)=1

1

or K= t——mm
JaZ+b?+c?
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Hence, from (1), the.c.’s of the line are

=t & mes D =+ C

’ b 1n I e e—
Jai+b?+ Jai+ b+ & J &+ B+ 8
where, depending on the desired sigk,dither a positive or a negative sign is to be
taken forl, mandn.

For any line, ifa, b, c are direction ratios of a line, th&s, kb, kc, k= 0 is also a
set of direction ratios. So, any two sets of direction ratios of a line are also proportional.
Also, for any line there are infinitely many sets of direction ratios.

11.2.1 Relation between the direction cosines of a line

Consider a line RS with direction cosithgs, n. Through Z
the origin draw a line parallel to the given line and take a
point P(x Y, 2) on this line. From P draw a perpendicular
PA on thex-axis (Fig. 11.2). P(XY,2)

Let OP=r. Thencosa:% =?X. This givesx =Ir.

Similarly, y =mrandz =nr r i
Thus X+y2+22=r2(2+n?+n? X oé ;]A
But X +y2+ 2 =r2 X
Hence P+m?+n2=1 Fig 11.2

11.2.2 Direction cosines of a line passing through two points

Since one and only one line passes through two given points, we can determine the
direction cosines of a line passing through the given poirsyB(z,) and Q(%, Y,, 2))

as follows (Fig 1.3 (a)).

N
>N

N

X (@) X (b)
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Letl, m, nbe the direction cosines of the line PQ and let it makes amgffesnd y
with thex, y andz-axis, respectively.

Draw perpendiculars from P and Q to XY-plane to meet at R and S. Draw a
perpendicular from P to QS to meet at N. Now, in right angle triangle PIRQN=
v (Fig 11.3 (b).

_NQ_2-37
Therefore, cosy = PO o
Similarly coso = 278 and cog=Y2 N
P PQ

Hence, the direction cosines of the line segment joining the poty Pt ) and
QX Y, Z) are

X = X Yo = W L — 4
PQ ' PQ ' PQ

where PQ =0 — %) + (%~ W2+ (32— 2

The direction ratios of the line segment joining, B(, z) and QK, y,, z,)
may be taken as

=X Yo=Yy =4 0N X =X, Y=Yy 4, - %

Example 1If aline makes angle 90°, 60° and 30° with the positive directigyyaind
z-axis respectively, find its direction cosines.

1
Solution Let thed.c.'sof the lines bé, m, n. Thenl = cos 90=0,m= cos 60= PE

3
n=cos 30= g

Example 2If a line has direction ratios 2, — 1, — 2, determine its direction cosines.
Solution Direction cosines are

2 _1 -2

JZ2 + 2+ 27 2+ P+ 27 2+ + (2)?
2-1-2
o 37373

Example 3 Find the direction cosines of the line passing through the two points
(—2,4,-5)and (12, 3).
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Solution We know the direction cosines of the line passing through two points
P, Y, z) and Q(x, y,, z) are given by
XZ_Xl, Y, — yl, Z,— Z
PQ PQ PQ

where PQ=(x- ¥° + (%- W'+ (z-2f
Here Pis (—2,4,-5)and Qs (1, 2, 3).
So PQ =~ (-2)f + (2- 4F + (3 €5 =77
Thus the direction cosines of the line joining two points is
3 -2 8
V77 NTT T

Example 4Find the direction cosines rfy andz-axis.

Solution The x-axis makes angles 0°, 90° and 90° respectively xyiyhandz-axis.
Therefore, the direction cosinesxéxis are cos 0°, cos 90°, cos 90° i.e., 1,0,0.
Similarly, direction cosines gf-axis andz-axis are 0, 1, 0 and 0, O, 1 respectively.

Example 5 Show that the points A (2, 3, — 4), B (1, - 2, 3) and C (3, &) ar&
collinear
Solution Direction ratios of line joining A and B are
1-2,-2-3,3+4ie,-1,-57.
The direction ratios of line joining B and C are
3-1,8+2,-11-3,i.e, 2,10, - 14.

Itis clear that direction ratios of AB and BC are proportional, hé&igés parallel
to BC. But point B is common to bothB and BC.Therefore, A, B, C are
collinear points.

EXERCISE 11.1]
1. Ifaline makes angles 90°, 135°, 45° with xhgandz-axes respectivelyind its
direction cosines.

2. Find the direction cosines of a line which makes equal angles with the coordinate
axes.

3. Ifaline has the direction ratied 8, 12, — 4, then what are its direction cosines ?
4. Show that the points (2, 3, 4), (- 1, -2, 1), (5, 8, 7) are collinear.

5. Find the direction cosines of the sides of the triangle whose vertices are
(3,5,-4),(-1,1,2)and (- 5,-5,-2).
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11.3 Equation of a Line in Space

We have studied equation of lines in two dimensions in Class XI, we shall now study
the vector and cartesian equations of a line in space.

Aline is uniquely determined if
(i) it passes through a given point and has given direairon,
(i) it passes through two given points.

11.3.1Equation of a line through a given point and parallel to a given vector
Let & be the position vector of the given point 7

A with respect to the origin O of the A /”,/

rectangular coordinate system. lLdie the
line which passes through the point A and is A

parallel to a given vectob. Let 7 be the «— ]
position vector of an arbitrary point P on the
line (Fig 11..4). SY

ThenAP is parallel to the vectdi, i.e.,

]y
=y

AP=Ab, where\ is some real number. X Fig 11.4
OP —OA
ie. Ab =7 -4a

Converselyfor each value of the parameferthis equation gives the position
vector of a point P on the line. Hence, the vector equation of the line is given by

F=a+ib . (1)

But AP

Remarklf b = ai + b]+ cR, thena, b, c are direction ratios of the line and conversely,
if a, b, c are direction ratios of a line, them= ai + bj+ ckwill be the parallel to

the line. Hereb should not be confused wit5||
Derivation of cartesian form from vector form

Let the coordinates of the given point A big ¢,, ) and the direction ratios of
the line bea, b, c. Consider the coordinates of any point P be,(%). Then

~

T=xXi+vyj+ &K a= x i+ )/l]+21I2

and b=ai+bj+ck
Substituting these values in (1) and equating the coefficients joand k , we get
X=X +Aa, y=y, +Ab; z=z+Ac .. (2)
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These are parametric equations of the line. Eliminating the parakfeden (2),
we get

= e .. (3)

This is the Cartesian equation of the line.

If I, m, n are the direction cosines of the line, the equation of the line is

X=% _ Yy-%_2-2

| m n

Example 6Find the vector and the Cartesian equations of the line through the point
(5, 2, — 4) and which is parallel to the vecsir + 2] — & .
Solution We have

a=5+2]-4& andb= 3+ §- B
Therefore, the vector equation of the line is

F=5i+2]—4k+ A (37 + 2] — &
Now, I is the position vector of any point®y, z) on the line.
Therefore, Xi+y j+zk=5+2]-&+A (3 + 2] — & )

G+3)i+ 2+ A)j+ € 4 8K

EliminatingA , we get
X=5 y-2 z+4
3~ 2 -8
which is the equation of the line in Cartesian form.

11.3.2 Equation of a line passing through two given points

Let a andb be the position vectors of two Z 2)
points A(x,, y,, z,) and B(x,, Y,, 2,), 1 (xvyﬁ’ ’
respectively that are lying on a line (Fig 11.5). *x Yy ?)

P

Let r be the position vector of an (x, Yy w
arbitrary point PX, y, 2), then As a point on A/
the line if and only ifAP=F -4 and

AB =b- a are collinear vectors. Therefore,
P is on the line if and only if

F—a=\(b-3) X Fig 11.5
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or Fr=a+A(b-3), A e R. . (1)
This is the vector equation of the line.
Derivation of cartesian form from vector form
We have

F=xi+y]+zk, a=xi+y j+z kandb=xi+ vy, j+ 2, k
Substituting these values in (1), we get

Xi+yj+zk=xit g i+ 2 ked( 5= Y H(y— Y #( 2 3 K
Equating the like coefficients of ] K, we get

X=X +AX,=X); Y=y, +A,-Y);2=2 +A (z,-2)
On eliminatingA, we obtain

X=Xy _ Y=Y _ 723

Xo=Xy Yo= Y1 Z— 4
which is the equation of the line in Cartesian form.

Example 7Find the vector equation for the line passing through the peiht, 2)
and (3, 4, 6).

Solution Let & and b be the position vectors of the point A(- 1, 0, 2) ai(d, &, 6).

Then a=—1+ 2k
and b=3i+ 4]+ 6k
Therefore b—a=41+ 4]+4k

Let r be the position vector of any point on the line. Then the vector equation of
the line is

F=—i+2K+A (4 + 4] + & )
Example 8The Cartesian equation of a line is
X+3 y-5 z+6

2 4 2
Find the vector equation for the line.

Solution Comparing the given equation with the standard form

X=X_Y-"¥_# 1%
a b c
We observe that xl=—3,yl=5,21=—6;a=2,b=4,c=2.
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Thus, the required line passes through the point (— 3, 5, — 6) and is parallel to the

vector 2 + 4j + X . Let 7 be the position vector of any point on the line, then the
vector equation of the line is given by

F= (=31 +5/ —& )+ A (2 + 4] + X)

11.4 Angle between woLines Z
Let L, and L, be two lines passing through the origin
and with direction ratios, b,, ¢, anda,, b, c,,
respectivelyLet P be a point on,land Q be a point

on L,. Consider the directed lines OP and OQ as Q 1,
given in Fig 1..6. Letd be the acute angle between 5 L,
OP and OQ. Now recall that the directed line O P v

segments OP and OQ are vectors with compon
a, b, ¢, anda,, b, c,, respectivelyTherefore, the

angled betweén i,hezr,n is given by X Fig 11.6
_ a2, +0bb+G606
s = Jaf+bf+cwa§+b§+cs‘ -
The angle between the lines in terms oftsia given by
sin® = \/1- co$ O
:Jl_ (a3 + hb+ go)°
(af +0°+7)( &+ B+ &)
_ a4+ ) (& B+ @)-(aar Bbr 69
Y@z 0t + ) a2+ B+ &)
_J@b-ab’+(ho-ba'+(sa 69

Ja++d Ja+B+¢

In case the lines land L, do not pass through the origin, we may take

lines L} and L', which are parallel to Land L, respectively and pass through
the origin.
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If instead of direction ratios for the lines &nd L, direction cosines, namely
|, m,n forL andl,m,n, forL,are given, then (1) and (2) takes the following form:

coso =l I, +mm +nn| (aslZ+m?+n?=1=17+mZ+n3) .. (3)
and i = J(I,m,—1,m)’ —(mn—m ?+( QL n,)> - (4)
1My =lmy) —(m n,— m nL-n
Two lines with direction ratioa,, b;, ¢, anda,, b,, c, are

(i) perpendiculari.e. ® =90° by (1)

aa, +bp, +cc, =0
(i) paralleli.e.ifo =0 by (2)

& _

a,

b _&
b, G

Now, we find the angle between two lines when their equations are giveis. If 6
acute the angle between the lines

then cosO =

In Cartesian form, i6 is the angle between the lines

X-% _y-%_2-3
= = .. (1
a ~ b o @)

X=% _Y-Y_2-32
and = = . (2
& b, G @
wherea, b, ¢,anda, b,, c,are the direction ratios of the lines (1) and (2), respectively,

then

a3, +bb+ ¢,
Ja+i+ &+ B+ &

Example 9Find the angle between the pair of lines given by
=3 +2] - K+A({+ 2+ X))

cosO =

!

and =5 -2/ +p@ + 2 + & )

!
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Solution Herep, =i +2]+ 2k andb, = 3i +2] + 6k
The angle® between the two lines is given by

(|+2]+2k) (3+2]+6()

cos6 = Y ||b2|‘ ‘ J1+4+ 49+ 4+ 36
3+4+ 12‘ 19
Tl 3x7 21

19
= 1| ==
Hence 0 =cos (21)

Example 10Find the angle between the pair of lines
Xx+3 y-1 z+3

3 5 4
q X+l y-4 z-5
an 1 1 2

Solution The direction ratios of the first line are 3, 5, 4 and the direction ratios of the
second line are 1, 1, 2. dfis the angle between them, then

3.1+ 5.1+ 4.2 16 16 _8/3
VR + 524 2P+ P+ 2| V5046 5/2V6 15

Ccos0 =

. (843
Hence, the required angle is SE .

11.5 Shortest Distance betweenvilo Lines

If two lines in space intersect at a point, then the shortest distance between them is
zero. Also, if two lines in space are parallel, Z
then the shortest distance between them 1
will be the perpendicular distance, i.e. the
length of the perpendicular drawn from a
point on one line onto the other line.

\D

Furtherin a space, there are lines which E
are neither intersecting nor parallel. In fact,
such pair of lines araon coplanarand C
are callecskew linesFor example, let us A B
consider a room of size 1, 3, 2 units alo
X, y and zaxes respectively Figl17. Fig 1.7
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The line GE that goes diagonally across the ceiling and the line DB passes through
one corner of the ceiling directly above A and goes diagonally down the wall. These
lines are skew because they are not parallel and also never meet.

By the shortest distance between two lines we mean the join of a point in one line
with one point on the other line so that the length of the segment so obtained is the
smallest.

For skew lines, the line of the shortest distance will be perpendicular to both
the lines.

11.5.1 Distance between two skew lines

We nav determine the shortest distance between two skew lines in the following way:
Letl andl, betwo skew lines with equations (Figl.B)

F=a+Aih .. (1)
and F=a+unb . (2)

Take any point S oly with position vectord andT onl,, with position vectora,.
Thenthe magnitude of the shortest distance vector
will be equal to that of the projection of ST along the T Q
direction of the line of shortest distance (See 10.6.2). I,

If PQ is the shortest distance vector between

|, andl,, then it being perpendicular to boﬁ] and

|
b, the unit vectori along PQ would therefore be S P '
— = Fig 11.8
a2l g G
| b x b, |
Then PQ=dn

where,d is the magnitude of the shortest distance vecto® lbet the angle between
ST and PQ. Then

PQ =ST|cos6|
| Fost
But Ccos0 = |P—Q. | |€T |
dn(a —
= % (since ST = 4, - &)
SR ?%)‘ [From (3)]
ST |6, xb,|
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Hence, the required shortest distance is
d = PQ = ST]|cos9|
B (b, x b,) . (&2 X &1)
|b, x b,l

or

Cartesian form
The shortest distance between the lines

I_X_Xl_y_ylzz_zi

g by Q
and I:X—Xz:y—Yz:Z—Zz
2 & b, )
Xo=X1 Yo=¥Y1 45— 4
a b, G
a, b, G
is J(bie, —b,c))? + (2, — Cpay ) +(ayh, —aghy)?

11.5.2 Distance between parallel lines

If two linesl, and I, are parallel, then they are coplanar. Let the lines be given by

F=a, + \b .. (1)
and F=d, + U b .. (2)
where, 3, is the position vector of a point S grand . (D)
a, is the position vector of a pointanl, Fig 11.9. [ L

Asl., |, are coplanar, if the foot of the perpendicular
fromT on the Iinell is P then the distance between the

linesl,andl,= |TP]|. B ) S(2) 1
Let 6 be the angle between the vectgrsandb . Fig 11.9
Then
b x ST = (|b]||ST|sin©)ii ... ©)

where i is the unit vector perpendicular to the plane of the lipersd|,

But ST=&-3§
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Therefore, from (3), we get
bx(a-3) = |b|PThA (since PT = ST si)

ie., Ibx(&-a)l=|b|PT-1 (asfi|=1)
Hence, the distance between the given parallel lines is

5|

Ex(az-al)‘

Example 11 Find the shortest distance between the lipeandl, whose vector
equations are

F=i+]+A Q-] +K) .. (D)
and F=20+j—k+up @i -5 +%) )

SolutionComparing (1) and (2) with = & + A Bl and ¥ =& +u 62 respectively

we get & =i+j,b =2 -j+k
& =2 +]—k andb, = 31 —5] + 2k

Therefore a-3=i-k
and by xb,= (20 —j+Kk)x (3 -5]+ 2k )

P oK

=2 -1 1]|=3-]-%

3 -5 2

So Io, x b,| = /9+1+ 49 = /59

Hence, the shortest distance between the given lines is given by

\ (5><Ea).(ég—él)| _13-0+7] _ 10

| B xb, | NCRNG

Example 12Find the distance between the lingandl, given by
F=i+2]—4k+A (20 +3] + & )
and F=3+3]-5K+pn (21 +3] + & )
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Solution The two lines are parallel (Why? )éMave
4 =1+2]-4, & =3 +3] - andb = 2i + 3] + &
Therefore, the distance between the lines is given by

K
go|Bx@E-a)| _| |23 6
a b a 2 1 -1
4+ 9+ 36

o -9 +14] - & | 293 V29
- J49 Jao 7

|EXERCISE 11.2

1. Show that the three lines with direction cosines

1_2 __3 _—4 —4 i2_3 N2 ‘aremt lly perpendicular
13 13 13 13 13 13 13 13 1 L™y perpendicutar.

2. Show that the line through the points (1, — 1, 2), (3, 4, — 2) is perpendicular to the
line through the points (0, 3, 2) and (3, 5, 6).

3. Show that the line through the points (4, 7, 8), (2, 3, 4) is parallel to the line
through the points (- 1, - 2, 1), (1, 2, 5).

4. Find the equation of the line which passes through the point (1, 2, 3) and is
parallel to the vectoBi +2 | — 2K .

5. Find the equation of the line in vector and in cartesian form that passes through
the point with position vecto2i — j + 4k and is in the directiof + 2 j —k .

6. Find the cartesian equation of the line which passes through the point (- 2, 4, — 5)

and parallel to the line given by+—3 y5 4_ zg 8.

7. The cartesian equation of a |inez(|8;—5 :#:Z—ZG Write its vector form.

8. Find the vector and the cartesian equations of the lines that passes through the
origin and (5, — 2, 3).
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10.

11.

12.

13.

14.

15.

16.

17.

MATHEMATICS

Find the vector and the cartesian equations of the line that passes through the
points (3, — 2, —5), (3, - 2, 6).

Find the angle between the following pairs of lines:
() F=2i -5/ +k+A (3 + 2/ + & )and
F=7i 6K+ +2f + X)
(i) r=3+j-K+r( -] -%)and
F=2i - -5&K+n (@ -5 - & )
Find the angle between the following pair of lines:
0 x—2: y—lz zZ+ Sand + 2: V- 4: z5
2 5 -3 -1 8 4

X Z x5 2 z3
2 2 1 4 1 8

Find the values gf so that the lined=> = 7y2— 13 2_2 3
p

7-7x _y-5 6-12
3p 1

and

are at right angles.

Show that the lines—2=Y*?2_2
7 5 1

are perpendicular to

Yy
2

. £
1 3

each other.
Find the shortest distance between the lines
F=@ +2] +K) + A (i — ] +k) and
F=2i -] —K +p (2 +] + )
Find the shortest distance between the lines
-3 y-5 z-7
x+1= y+1= z+1 and X-3_Yy-5_2z2
7 -6 1 1 -2 1
Find the shortest distance between the lines whose vector equations are
F=@+2]+3K) + A( -3 + %)
and F=4{+5] +6k +n (2 + 3 +K )
Find the shortest distance between the lines whose vector equations are
F=(1-t)i +¢t-2)] + (3 2 X and
F=(s+1)i+ (2s—1)j- (2s+ )k
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11.6 Plane
A plane is determined uniquely if any one of the following is known:

(i) the normal to the plane and its distance from the origin is given, i.e., equation of
a plane in normal form.

(i) it passes through a point and is perpendicular to a given direction.
(i) it passes through three given non collinear points.
Now we shall find vector and Cartesian equations of the planes.
11.6.1 Equation of a plane in normal form
Consider a plane whose perpendicular distance from the or@{d s0). Fig 1..10.
If ON is the normal from the origin to the plane, @hdés the unit normal vector

along ON. ThenON=d i . Let P be any z
point on the plane. ThereforeyPis
perpendicular toON .
Therefore, NP- ON = 0 .. (2) P(x,9,2)
Let ' be the position vector of the poit I
then NP= ¥ — d i (as ON+ NP= OF) d_ N
Therefore, (1) becomes 0 >Y
(fr-dn)-dn=0 X
2) . Fig 11.10
or (r=dn)-n=0 (d=0)
or F-n—dn-n=0
ie., r-f=d (ash-n= 1) .. (2

This is the vector form of the equation of the plane.
Cartesian form

Equation (2) gives the vector equation of a plane, whegethe unit vector normal to
the plane. Let B(y, 2) be any point on the plan&hen

OP=F=xi+yj+zk
Letl, m, n be the direction cosines @f. Then

A=1i+mj+nk
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Therefore, (2) gives

(Xi+yj+zk-(IT+mj+nk=d
ie., IXx +my +nz=d .. (3)
This is the cartesian equation of the plane in the normal form.

Equation (3) shows thatif-(a i +b | + ¢ k) =d s the vector equatio

of a plane, theax + by + cz=d is the Cartesian equation of the plane, wizete
andc are the direction ratios of the normal to the plane.

-

6

Example 13Find the vector equation of the plane which is at a distancTZ%f
from the origin and its normal vector from the origingis— 3j + & . Also find its
cartesian form.
Solution Let fi= 27 —3 ]+ 4k . Then

A 20i-3j+4k 21 -3+«
||~ J4+9+16 V29
Hence, the required equation of the plane is

F( I I 4kAJ— 6
V29 V290 29 ) J2¢

Example 14Find the direction cosines of the unit vector perpendicular to the plane

n=

F-(6i —3] — & )+ 1= 0 passing through the origin.
Solution The given equation can be written as
F-(—60 +3j+2k)=1 . (1)

Now |I-6f +3]+2K |= /36+ O+ 4= 7
Therefore, dividing both sides of (1) by 7, we get
= 6~ 3~ 2- 1
r{—-—=1 +=j+=k|==
7 7 7 7
which is the equation of the plane in the form =d .

This shows thati = — $f+$ i+ 7£I2 is a unit vector perpendicular to the
plane through the origin. Hence, the direction cosings afe 6 , 3 E
7T 77

2019-20



THREE DIMENSIONAL GEOMETRY 481

Example 15 Find the distance of the plane2 3y + 4z— 6 = 0 from the origin.

Solution Since the direction ratios of the normal to the plane are 2, —3, 4; the direction
cosines of it are

2 -3 4 2 -3 4

22+ (3 + 2 [P+ 3+ & 2+ ¢ 3p+ £ 29 V29 V29
Hence dividing the equation?- 3y + 42— 6 =0 i.e., 2— 3y + 4z= 6 throughout by

J29, we get

2 -3 4 6
— X+t = Y+ ——=2=—
V25 29 T J20 " Ve
This is of the fornix + my+ nz=d, whered is the distance of the plane from the

origin. So, the distance of the plane from the origifr%.

Example 16Find the coordinates of the foot of the perpendicular drawn from the
origin to the plane2—- 3y + 42— 6 = 0.

Solution Let the coordinates of the foot of the perpendicular P from the origin to the
plane is (x y,, z) (Fig 11.11).

Z
Then, the direction ratios of the line OP are A
X Yy 2
Writing the equation of the plane in the normal POuY.2)
form, we have
2 " 3 v+ 4 n 6 o
V297 297 J29 V29 VAR
2 -3 4
where, ) , are the directiony
_ /29 29 V29
cosines of the QP Fig 1.11

Sinced.c.sand direction ratios of a line are proportional, we have

X Y 4

> T3 T 4 7Kk

V29 29 29
- L2 Bk
e., 1__@13/1__@’ —@
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6
Substituting these in the equation of the plane, wé& ge\/t=.

29
Hence, the foot of the perpendicula(i%g, _—18, 34)
29 29 29

If dis the distance from the origin ahah, n are the direction cosines of

the normal to the plane through the origin, then the foot of the perpendicular is
(Id, md, nd).

V4

11.6.2 Equation of a plane perpendicular to a
given vector and passing through a given point
In the space, there can be many planes that are
perpendicular to the given vector, but through a given
point Pk, y,, z,), only one such plane exists (see
Fig 11.12).
Let a plane pass through a pdiwith position X
vectora and perpendicular to the vectir.

P(x, y, z,)
Y

Fig 11.12

Let i be the position vector of any poind®, 2) in the plane. (Fig 11.13).
Then the point P lies in the plane if and only if 4

AP is perpendicular toN . i.e., AP.N = 0. But 1

AP=r—4a . Therefore,(F -a)-N=0 .. Q)

This is the vector equation of the plane. <

Cartesian form o) Sy

Let the given point Ae ,,y,, 2), Pbe .y, 2) X

Fig 11.13

and direction ratios ofN areA, B and C.Then,

a=xi+y, j+z k T=Xi+yj+zkand N=Ai+B j+Ck

Now (F-a)-N=0
So [ (=) T+(y- %) T+(z- 3) K-(A"#B +C B=0
i.e. A(x-x)+B(y-y)+C(z-2)=0

Example 17Find the vector and cartesian equations of the plane which passes through
the point (5, 2, — 4) and perpendicular to the line with direction ratios 2, 3, — 1.
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Solution We have the position vector of point (5, 2, — 4)aas6i+2]— & and the
normal vectorN perpendicular to the plane 8= 2i +3] —k
Therefore, the vector equation of the plane is given(bya).N =0
or [F—5i+2]-&K)]- (2 +3 -K )=0 . (D)
Transforming (1) into Cartesian form, we have

[(x=5)i+(y—2) ]+ (z+ 4)k] (27+ 3]-k)= C
or 2(X=5)+3(y— 2 1(z+ 4> C

i.e. 2Xx+3y—2z=20
which is the cartesian equation of the plane.

11.6.3 Equation of a plane passing through three non collinear points

LetR, S and T be three non collinear points on the plane with position va¢toend
crespectively (Fig 1.14).

Fig 11.14

The vectorsRS and RT are in the given plane. Therefore, the ve®@x RT

is perpendicular to the plane containing points R, STahet i be the position vector
of any point P in the plane. Therefore, the equation of the plane passing through R and

perpendicular to the vect®Sx RT is
(fF-a)-(RSx RT)=0

or (F-a).[(b-3x(t-3] =0 (D
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This is the equation of the plane in vector form passing through three noncollinear
points.

Why was it necessary to say that the three ppints
had to be non collinear? If the three points were on the |sapae

line, then there will be many planes that will contain the
(Fig 11.15).

These planes will resemble the pages of a book where
line containing the points R, S and T are members in the bindir
of the book.
Cartesian form Fig 11.15
Let (X, ¥, 2), X, ¥,y 2) and &, Y,, Z,) be the coordinates of the points R, Sand T
respectively. Letx,y, z) be the coordinates of any point P on the plane with position
vectorr . Then

RP=(X=X){ +(y-y)] +@@-2) k
RS=(%-X)i +(,-Y)] +@-2) k

RT =06=x){+ 0=y +&-2) k
Substituting these values in equation (1) of the vector form and expressing it in the
form of a determinant, we have

X=X, Y-y, z-%
Xo=X; Yo=VY1 Z,—2z=0
X3=Xy Ya=Y1 23—
which is the equation of the plane in Cartesian form passing through three non collinear
points &, ¥;, 2), (%, ¥z, Z) and &, s, Z)-
Example 18Find the vector equations of the plane passing through the points
R(2,5,-3),S(-2,-3,5)and T(5, 3,— 3).
Solution Let a=21+5]- %, b=—21-3]+5k , c=5i+3]- X
Then the vector equation of the plane passing throsighy and cand is
given by
(f-a)- (RXRT)=0 (Why?)
or (F-a)-[(b-a)x(c-38] =0
ie. [F—(2 +5] - )] [(-4 -8 +& x (3 -3 ) C
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11.6.4 Intercept form of the equation of a plane

In this section, we shall deduce the equation of a plane in terms of the intercepts made
by the plane on the coordinate axes. Let the equation of the plane be

Ax+By+C+D=0 (D+0) . (1)
Let the plane make intercesh, c onx, y andz axes, respectively (Figl116).
Hence, the plane meetsy andz-axes at4, 0O, 0), Z

(0,b, 0), (0, 0¢), respectively

-D R (0,0,0)
Therefore Aa+D=0orA= Y
+ = :_— Y
Bb+D=0orB b SN
- P (a,0,0)
Cc+D=0o0orC=—"
¢ X .
Substituting these values in the equation (1) of the RoWlL.16
plane and simplifying, we get
X y z
PRI (1
a b c 1)

which is the required equation of the plane in the intercept form.

Example 19Find the equation of the plane with intercepts 2, 3 and 4 ox thand
z-axis respectively.

Solution Let the equation of the plane be

i 1 ~
a b c
Here a=2,b=3,c=4.
Substituting the values @ b andc in (1), we get the required equation of the

plane as§+l+—2=1 orex+4y+3=12.
2 3 4

of two given planes

Let 7, andn, be two planes with equatio
r-n, =d andr -n, =d, respectively The position ,
vector of any point on the line of intersection must
satisfy both the equations (Fig 11.17). Fig 11.17

7
|
11.6.5 Plane passing through the intersection 1 (,' "7
| I
L
I
|
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If t isthe position vector of a point on the line, then
t-fA =d and t-A, =d,
Therefore, for all real values af we have
t-(A+AN,) =d +Ad,
Sincet is arbitrary it satisfies for any point on the line.
Hence, the equatiom - (1, +Af,)=d,+Ad,represents a plarve, which is such

that if any vectorr satisfies both the equationsandr,, it also satisfies the equation
T, i.e., any plane passing through the intersection of the planes

F-f, = dyandr-fi,=d,
has the equation F-(A,+AT,)=d, +Ad, .. (1)
Cartesian form
In Cartesian system, let

=
|

= A;i+B,]+Ck
= A,i+B,j+Ck

le

and Xi+yj+zk

!
I

Then (1) becomes
X(A,+ AA) +y (B, + AB) +z(C + AC) =d, + Ad,
or (Ax+By+Cz-d)+ AAX+B,y+C,z-d)=0 .. (2)
which is the required Cartesian form of the equation of the plane passing through the
intersection of the given planes for each valug. of

Example 20Find the vector equation of the plane passing through the intersection of
the planes - (7 +j +k)=6and™- (B+ §+ K ¥— 5and the point (1, 1, 1).
Solution Here, i, =i+ j+k andn, = 2/ +3]+ & ;
and d, =6 andd, =-5
Hence, using the relation- (i, +An,)=d,+Ad,, we get
o[l +] +K +A (20 +3] +4& )] = 6-51

or F[@+20)i +(14+ 3 ) + (& Ak ] = 654 . (D)

where, A is some real number
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Taking F=xi+yj+zk, we get
(Xi+y ]+ZK-[1+20) 1+ @+ Q) ]+ (+ A X E 6- 5
or QL+20)x+(1+3)y+(1+4)z=6-5
or (x+y+z—6)+A (X+3y+4z+5)=0 .. (2)
Given that the plane passes through the point (1,1,1), it must satisfy (2), i.e.
1+1+1-6)AA(2+3+4+5)=0

-
or T 14

Putting the values ok in (1), we get

F (l+§JiA+(1+2)jA+(l+§)kA _ -1
7 14 7 14

or P 10,28, 1) 2
7 71 T ) T 1a
or F- (200 + 23] + 26 )= 69

which is the required vector equation of the plane.

11.7 Coplanarity of TwoLines
Let the given lines be

F=a+Ab - @)

and F = a,+ub, .. (2)
The line (1) passes through the point, say A, with position vegtond is parallel
to 61 The line (2) passes through the point, say B with position végsord is parallel

to b, .

Thus, AB = &,-3

The given lines are coplanar if and onlyAB is perpendicular tdileZ.
ie. AB.(Bx b,) =0o0r(&-a)-(bxb) =0

Cartesian form
Let (X, Y,,z) and &, ¥,, z) be the coordinates of the points A and B respectively.
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Leta, b, c, anda, b,, c, be the direction ratios df and b, , respectively Then

AB=(%~%) T+(y,~¥) +(2- 2 k
b,=ai+b, j+c kand b=ai+ b, } ¢, k
The given lines are coplanar if and onlyB - (Elx 52) =0. In the cartesian form,
it can be expressed as

X=X Yo% %—
a b q |=0 .. (4)
& b, G

Example 21Show that the lines
x+3_y-1_2z-5 and x+1_y-2_ z-5
-3 1 5 -1 2
Solution Herex, =-3,y,=1,z =5, =-3,b,=1,¢c, =5
X, =-1y,=2,z,=5,a,=-1,b,=2,¢c,=5
Now, consider the determinant
XN=% Yom % 5L 210
a b ¢ [=|-3 1 5=0
& b, G -1 2
Therefore, lines are coplanar
11.8 Angle between Two Planes

Definition 2 The angle between two planes is defined as the angle between their
normals (Fig 11.18 (a)). Observe tha it an angle between the two planes, then so

is 180— 6 (Fig 11.18 (b)). We shall take the acute angle as the angles between
two planes.

angle between the normals
Planel & =[90 - (90 -6)] ,
n,

LGS D,

Plane 2 180 -6

17

are coplanar

the angle between
the planes
(b)
(@ _
Fig 11.18
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If i, andn, are normals to the planes ahbe the angle between the planes

r-n,=dandr.n,=d,.
Theno is the angle between the normals to the planes drawn from some common
point.
n. n,
We have, cosO =

|7 | | n. |

|@—Note | The planes are perpendicular to each othey.ifi, = 0 and parallel if

f, is parallel to i, .

Cartesian form Let 6 be the angle between the planes,
A x+By+Cz+D =0and Ax+B,y+C,z+D,=0
The direction ratios of the normal to the planes areBA C, andA,, B, C,
respectively

AA,+B;B,+C, C,
Therefore, co® = \/Af ¥ Bf +Cf \/A§+B§+C§

1. If the planes are at right angles, thér= 9C° and so co® = 0.
Hence, co® = AA,+ BB, + CC, = 0.

2. If the planes are parallel, theﬁl = 5 = &
A2 BZ CZ

Example 22 Find the angle between the two planes§—-2z=5and -6y—22=7
using vector method.

Solution The angle between two planes is the angle between their normals. From the
equation of the planes, the normal vectors are

Ni=2i+]-2k and N2 =37 -6 - 2k

Ni- N, Qi+ j-28)-Gi-6]-2k 4
Therefore cosO =|———|= ==
| Ni | N2 | Ja+1+4 Jo+36+4 21

U el

Hence 0 =cos 21
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Example 23Find the angle between the two planes-3y + 2z = 7 and 2x 2y —2z =5.
Solution Comparing the given equations of the planes with the equations
A x+By+Cz+D =0 adA x+By+Cz+D,=0
We get A =3B=-6G=2
A,=2,B,=2,C=-2
3x2+ (-6) (2)+ (2) €2

Ccos0 =
‘ J@+cop+ c2p) ([ 2+ 2+ € 29)

| 10 | 5 5/3
Tl7x2/3] w3 21
3
Therefore, 06 = cost (%J

11.9 Distance of a 8int from a Plane

Vector form

Consider a point P with position vectgr and a planet, whose equation is
r-n =d(Fig 11.19).

z
N
Ty
U
Q
P
g N’ N
O o _d_ ------ >\
----" 7 [
X -
@ Fig 11.19

Consider a plang, through P parallel to the plarg. The unit vector normal to
m,is A. Hence, its equation i6F —a)-N=0
ie., r-n=a-n

Thus the distance OMf this plane from the origin ig - n|. Therefore, the distance
PQ from the plane, is (Fig. 1..21 (a))

ie., ON - ON'=|d- &
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which is the length of the perpendicular from a point to the given plane.
We may establish the similar results for (Fig1B (b)).

[ Note]

1. Ifthe equation of the plang is in the formf-N=d , whereN is normal

to the plane, then the perpendicular distanécﬁi‘sl.'\lN_liC” .

2. The length of the perpendicular from origin O to the plang = d is @

| N

(sincea = 0).

Cartesian form

Let P(x,y,, ) be the given point with position vectand
Ax+By+Cz=D

be the Cartesian equation of the given plane. Then

a

xi+yj+zk

N=Ai+Bj+Ck
Hence, from Note 1, the perpendicular from P to the plane is

(xliA+y1]+21R)~(AAi+B]+CI2)—D|
JA?+B*+C? \
Ax+By+C 21—D|
JA? +B? +C?

Example 24Find the distance of a point (2, 5, — 3) from the plane
F(6i -3 +2k )=4

Solution Here, a=27+5]— 3k , N= 6i — 3] + X andd = 4.
Therefore, the distance of the point (2, 5, — 3) from the given plane is

|27 +5] - 3 ) (67— 3+ X ) 4 |12-15- 6~ 4| 1

|61 —3] + 2K | T [36+ 9+ 4 7
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11.10 Angle between a line and aPlane

Definition 3 The angle between a line and a plane isNormal—> )
the complement of the angle between the line and Line

normal to the plane (Fig 11.20). ) /
Vector form If the equation of the line is/ 20-6 —
T =a+Ab and the equation of the plane is )
r-n =d. Then the anglé between the line and the Flane
normal to the plane is Fig 11.20
b-n
e [EIAEY

and so the anglé between the line and the plane is given by 90i-e.,
sin (90 -6) = cosH

Example 25Find the angle between the line
x+1 'y z-3
2 "3 6
and the plane 10+ 2y — 11 z= 3.

Solution Let6 be the angle between the line and the normal to the @aneerting the
given equations into vector form, we have

F= (=i +3K)+A (27 + 3]+ 6k )

=l

and (10i + 2] — 1K )=3

Here b=2i +3]+6Kk andfi=10{+2]-11k

(27 +3] + 6K)- (10 + 2 — 1k
\/22+ P+ 6 \/ 10+ 2+ 1%

sing =

& oot
“|7x1s| T |21 T 21 OF07 21
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| EXERCISE 11.3]
In each of the following cases, determine the direction cosines of the normal to
the plane and the distance from the origin.
(@ z=2 (b) x+y+z=1
(c) 2x+3y—-z=5 (d) 5y+8=0
Find the vector equation of a plane which is at a distance of 7 units from the

origin and normal to the vectagi +5 j — 6 K.

Find the Cartesian equation of the following planes:
@ F-(+]-k)=2 (b) F-(27 +3] - &)=1

(€ F-[(s-2t)i+(3-t)]+(2s+t)k]=15

In the following cases, find the coordinates of the foot of the perpendicular

drawn from the origin.

(a) 2x+3y+4-12=0 (b) 3y+4-6=0

(c) x+y+z=1 (d) 5y+8=0

Find the vector and cartesian equations of the planes

(a) that passes through the point (1, 0, — 2) and the normal to the plane is
P+ -k,

(b) that passes through the point (1,4, 6) and the normal vector to the plane is
F—2j +k .

Find the equations of the planes that passes through three points.

(@ (1,1,-1), (6,4,-5),(-4,-2,3)

(b) (1,1,0),(1,2,1),(-2,2,-1)

Find the intercepts cut off by the plane®y —z=5.

Find the equation of the plane with intercept 3 onythgis and parallel to ZOX
plane.

Find the equation of the plane through the intersection of the planes
X-y+2Z-4=0ank+y+z—-2 =0 and the point (2, 2, 1).

Find the vector equation of the plane passing through the intersection of the
planesr .(2i + 2§ - % )= 7,7 .(2( + 5] + 3 )= gand through the point
(2,1, 3).

Find the equation of the plane through the line of intersection of the
planesx +y+z=1 and % + 3y + 4z = 5 which is perpendicular to the plane
X—-y+z=0.
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12. Find the angle between the planes whose vector equations are
F-(2i +2] -3k )=5and 7-(3( —3] + 5K )= &
13. In the following cases, determine whether the given planes are parallel or
perpendicular and in case they are neithénd the angles between them.
(@) 7x+5+6z+30=0and3x-y—-10z+4=0
(b) 2x+y+3X—-2=0 andx—-2+5=0
(c) 2x—2+4+5=0 and3x-3+6z2-1=0
(d 2x-y+3X-1=0 and2x-y+3X+3=0
(e) 4x+8+z—-8=0 andy+z-4=0
14. In the following cases, find the distance of each of the given points from the
corresponding given plane.

Point Plane
(a) (0,0,0) X—4y+12z=3
b) 3,-2,1) 2X-y+2Z2+3=0
(c) (2,3,-5) X+2y—2=9
(d) (-6,0,0) 2X—-3y+6z-2=0

Miscellaneous Examples

Example 26A line makes anglee, [, yand & with the diagonals of a cube, prove that

4
cosa+co$p +cosy+cosd= 3

Solution A cube is a rectangular parallelopiped having equal length, breadth and height.
Let OADBFEGC be the cube with each side of leraythnits. (Fig 1.21)

The four diagonals are OEF, BG and CD. Z
The direction cosines of the diagonal OE which Cio. 0
is the line joining two points O and E are @ ’a)F(ﬂ, a, a)
(a,0,a) G
a-0 a-0 a-0 E(a,a,a)
Ja2+al+a? Jai+ a+ & @+ &+ &

>Y
0 B(0, a, 0)
A(a, 0,0) D(a, a, 0)

1
ie., =, =, =
V3 Fig 11.21

w
w
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-1 1 1 1
Similarly, the direction cosines &F, BG and CD are=, —, —; —,
g J3' 3’33
21 el L2 respectively
\/é il \/§ \/§ 1 \/§ il \/g il .
Letl, m, n be the direction cosines of the given line which makes anglBsy, o
with OE,AF, BG CD, respectivelyThen

cosa =% (I + m+ n); cosB=%(4+m+n);

cosy = %(I —m+n); coSd = %(I +m-n) (Why?)

Squaring and adding, we get
cosa + cog  + cogy + cos o

=3 L0FmenR s (Cemeng] £ Q=me s+ mon

1 4
:5[4(|2+mz+n2)]=§ (ad® +n? +? = 1)

Example 27Find the equation of the plane that contains the point (1, — 1, 2) and is
perpendicular to each of the planest23y — 2z2=5 andx + 2y — 3 = 8.

Solution The equation of the plane containing the given point is
Ax-1)+Bfy+1)+C(z2)=0 .. (1)
Applying the condition of perpendicularly to the plane given in (1) with the planes
2X+3y—2Z=5andx+ 2y — X =8, we have
2A+3B-2C=0and A+2B-3C=0
Solving these equations, we find A = — 5C and B = 4C. Hence, the required
equationis
-5Ck-1)+4Cy+1)+C(z=2)=0
i.e. X —dy—-z=7
Example 28 Find the distance between the point P(6, 5, 9) and the plane determined
by the point (3, -1, 2), B (5, 2, 4) and C(- 1, — 1, 6).

SolutionLetA, B, C be the three points in the plane. D is the foot of the perpendicular
drawn from a point P to the plane. PD is the required distance to be determined, which

is the projection ofAP on AB x AC .
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Hence, PD = the dot product 8P with the unit vector along\B x AC .

So AP =37 +6]+7K
P K
and ABxAC = |2 3 2=14-14+ 1R
4 0
Unit vector along AB x AC = m
g X = J3a
Hence PD= (37 +6]+7k). Sl —41+3K
Ner
_ 3434
17

Alternatively, find the equation of the plane passing through A, B and C and then
compute the distance of the point P from the plane.

Example 29Show that the lines
x-—a+d y-a_ z-a-d

a-86 o o+8

X-b+c y-b _ z-b-c

and = = are coplanar.
B—v B Bty P
Solution
Here x=a-d X,=b-c
y,=a y, = b
z=a+d z=b+c
& =035 a,=p-v
b, = o b,=p
C,= a+3d c,=PB+y
Now consider the determinant
X=X Yoo ¥, Z— b-c-a+d b-a b+tc a
a b G | = o-90 o o+9d
3, b, C B—v p B+
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Adding third column to the first column, we get
b-a b-a b+tc-a d
2| o o o +9 =0
§ § B+v

Since the first and second columns are identical. Hence, the given two lines are
coplanar

Example 3 Find the coordinates of the point where the line through the points
A (3,4, 1)and B(5, 1, 6) crosses the XY-plane.

Solution The vector equation of the line through the points A and B is
F =3 +4]+k +A[(5-3) + (1- 4)] + (6- 1K
ie. F=3+4]+k+1 (21 -3 +% ) (1)
Let P be the point where the lifeB crosses the XYlane. Then the position
vector of the point P is of the formi +y | .
This point must satisfy the equation (1).  (Why ?)

i.e. Xi+y] = (3+2A)F + (4 31)]+ (1+ 51 )k
Equating the like coefficients @f | andk , we have
X=3+2A
y=4-3\
0=1+5A
Solving the above equations, we get
13 23
x=—andy=—
5 5
_ , (13 23
Hence, the coordinates of the required pomt( 5 ,Oj.

Miscellaneous Exercise on Chapter 11

1. Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the
line determined by the points (3, 5, — 1), (4, 3, - 1).

2. 1fl,m,n andl,, m,n,are the direction cosines of two mutually perpendicular
lines, show that the direction cosines of the line perpendicular to both of these

are M ,-mn, g b-nk hm-lm
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12.

13.

14.

15.

16.

17.
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Find the angle between the lines whose direction ratios,abe ¢ and
b-c,c—a a-h.

Find the equation of a line paralleX@xis and passing through the origin.

If the coordinates of the points A, B, C, D be (1, 2, 3), (4,5, 7), (- 4, 3,—6) and
(2,9, 2) respectively, then find the angle between the lines AB and CD.

x-1_y-2_ z3 and x-1_y-1 z 6., perpendicular
-3 Vi 4 2 X 1 -5

find the value ok.

Find the vector equation of the line passing through (1, 2, 3) and perpendicular to
the planer . (i +2 ] -5k)+ 9=0.

Find the equation of the plane passing throagh, () and parallel to the plane

P+ +k)=2.

If the lines

Find the shortest distance between lifessi +2] + 2k + A { - 2] + X )

andi =—4i — K +p (3 — 2 — ).
Find the coordinates of the point where the line through (5, 1, 6) and (3, 4,1)
crosses th&Z-plane.

Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1)
crosses the ZX-plane.

Find the coordinates of the point where the line through (3, — 4, — 5) and
(2, — 3, 1) crosses the plane2y+z=7.

Find the equation of the plane passing through the point (— 1, 3, 2) and perpendicular
to each of the planes+ 2y + Z=5and 8 + 3y +z=0.

If the points (1, 1p) and (- 3, 0, 1) be equidistant from the plane
(31 + 4] — 1 )+ 13= Othen find the value gf.

Find the equation of the plane passing through the line of intersection of the
planesF (i +j +k)=1and - (2i + 3] -k )+ 4= 0 and parallel tx-axis.

If O be the origin and the coordinates of P be (1, 2, — 3), then find the equation of
the plane passing throughraRd perpendicular to OP.

Find the equation of the plane which contains the line of intersectionpiaties
F-("+2] +3K)- 4= 0,7-(2i +j —k )+ 5= 0and which is perpendicultw the
planer - (5i + 3] — & )+ 8= C.
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18. Find the distance of the point (- 1, — 5, — 10) from the point of intersection of the
line F=2i — + 2k + A (3 + 4 + X )and the plane - (i — | +k) =5

19. Find the vector equation of the line passing through (1, 2, 3) and parallel to the
planesr-( - +2k)=5 andr-(3i +] +k)=6.

20. Find the vector equation of the line passing through the point (1, 2, — 4) and
perpendicular to the two lines:

x-8 y+19 z-10 Xx-15_y-29 z-5

3 -16 7 3 8 -5
21. Prove that if a plane has the interceptb, c and is at a distance piunits from
the origin, then—l2 + —12 + —i = iz .
a b c p

Choose the correct answer in Exercises 22 and 23.
22. Distance between the two planeg: 23y + 4z=4and &4+ 6y + & =12 s

. . . 2 .
A) 2units B) 4 units C) 8units D) —— units
(A) (B) (©) (D) 729
23. The planes:2-y+ 4z=5 and % — 2.5y+ 1z = 6 are
(A) Perpendicular (B) Parallel
(C) intersecty-axis (D) passes througG0,0,gj
Summary

4 Direction cosines of a lineare the cosines of the angles made by the line
with the positive directions of the coordinate axes.

¢ |If I, m, n are the direction cosines of a line, them n? + n? = 1.
¢ Direction cosines of a line joining two points<R§,, z) and Q(x, y,, z,) are
=X Yoo L 4
PQ ' PQ ' PQ
where PQ = \/( x— 02 +(y- Y)?+(z-2)

4 Direction ratios of a line are the numbers which are proportional to the
direction cosines of a line.

¢ If I, m, nare the direction cosines aad, c are the direction ratios of a line
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then
b _ C

= ym= n=

Ve P \/a2+b2+c2 \/m
Skew linesare lines in space which are neither parallel nor intersecting.
They lie in different planes.

Angle between skew liness the angle between two intersecting lines
drawn from any point (preferably through the origin) parallel to each of the
skew lines.

If 1., m, n andl,, m, n, are the direction cosines of two lines; ahds the
acute angle between the two lines; then

cos = [L], +mm, +nn
If a, b, c, anda,, b, c, are the direction ratios of two lines aéds the
acute angle between the two lines; then

a8,+hb+qg
JE+ B+ Ja+ B+ &

Vector equation of a line that passes through the given point whose position

Coso =

vector isd and parallel to a given vectoris r = a+ A b .
Equation of a line through a poirt,(y,, z) and having direction cosingsn, nis
X=X_Y-¥_2- ¢
I m n
The vector equation of a line which passes through two points whose position

vectors ared andb is F=a+ A (b — a).
Cartesian equation of a line that passes through two pajnts, ) and

ic X=X Y- ¥ _2- ¢

(X, ¥ 2) IS = = :

e T e A S
If @ is the acuteangle betweenr =4 +Ab, and r =4, +Ab,, then

s

|by | b, |

f XX YW _zma X=X Y-Y, | 2-7

|1 my n l, m, n,

are the equations of two lines, then the acute angle between the two lines is
given by co® =]l |, +mm, +nn,|.
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Shortest distance between two skew lines is the line segment perpendicular
to both the lines.
Shortest distance between=, + b, andr =4, + ub, is
‘ (leﬁzy(éz—*ai)‘
| xb, |

Shortest distance between the linds: 2 = Y~ X _ 2= £ 54

a, b, C,

Shat B Gl B
a, b, Cs

is

X=X Yo- N 5%-—
3 by G
3, b, )

Jiboe,-bo)’+(ga- ¢8> +(ab-

Distance between parallel lings=a, + A\bandfr = &, +u b is

‘Bx( —a)‘

o N

In the vector form, equation of a plane which is at a distdnitem the
origin, and N is the unit vector normal to the plane through the origin is
r-n=d.

Equation of a plane which is at a distancé fobm the origin and the direction
cosines of the normal to the pland as, nisix + my+nz=d.

The equation of a plane through a point whose position vectar asd
perpendicular to the vectdd is (F —a). N =0.

Equation of a plane perpendicular to a given line with direction ratiBsC
and passing through a given poirt §,, z) is

A(x=x)+B(y-y)+C(z-2)=0
Equation of a plane passing through three non collinear peints,(z,),
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(% ¥,y Z) and &, Yy, Z)) is

o><|x><><

X Y-y -z
- % %= Y% 2-27|_g
%X %~ ¥ z-2

Vector equation of a plane that contains three non collinear points having
position vectorsa, b andc is (F—a) .[(b-a x(t-1a)]=0

Equation of a plane that cuts the coordinates axes @t ), (0, b, 0) and
(0,0,0) is

Z+X+E:1
a b c

Vector equation of a plane that passes through the intersection of
planes -n, =d,andr-f, =d, is F- (A, + Af,)=d,+2Ad,, where Ais any
nonzero constant.

Cartesian equation of a plane that passes through the intersection of two
givenplanesA, x+ B, y+C z+D,=0and A,x+B,y+C,z+D,=0
is(A,x+By+Cz+D)+AA,x+B,y+Cz+D)=0.

Two linest = & + Ab, andr = &, +u b, are coplanar if
(8, =) (BxB)=0

X=X _y-%_2-7__ X-X%
b o 3,

In the cartesian form two lines=

y—y, Y =% %- X% %%
:TZZTare coplanarif 3 B @ | =o.
2 % b, C,

In the vector form, if6 is the angle between the two planesj, =d, and
| A1y |
In;

The anglep between the ling =& + Ab and the plane -A = d is

’\?1

r-n,=d,, thend = cos?

5
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sing = b- n
[oIn]
The angled between the planes A+ By + Cz+ D, = 0 and
A,x+B,y+C,z+D,=0is given by

A A, +B;B,+C,C,
JAZ+BZ2+C? JAZ+B2+C}

coso =

The distance of a point whose position vecta isom the planeg -n=d is
|[d—a |

The distance from a poirnt(y,, z) to the plane Ax By + Cz+ D =0 is
Ax, +By,+Cz+D

J A2 +B?+C?2
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Chapter 12

(LINEAR PROGRAMMING )

+» The mathematical experience of the student is incomplete if he never had
the opportunity to solve a problem invented by himself. -R®LYA «

12080CH12

12.1 Introduction

In earlier classes, we have discussed systems of |i fidil il
equations and their applications in day to day problem |
Class XI, we have studied linear inequalities and syst
of linear inequalities in two variables and their solutions
graphical method. Many applications in mathema
involve systems of inequalities/equations. In this chag
we shall apply the systems of linear inequalities/equat
to solve some real life problems of the type as given be

A furniture dealer deals in only two items—tables ¢
chairs. He has Rs 50,000 to invest and has storage :
of at most 60 pieces. A table costs Rs 2500 and a « s
Rs 500. He estimates that from the sale of one table¢?
can make a profit of Rs 250 and that from the sale of one L. Kantorovich
chair a profit of Rs 75. He wants to know how many tables and chairs he should buy
from the available money so as to maximise his total profit, assuming that he can sell all
the items which he buys.

Such type of problems which seek to maximise (or, minimise) profit (or, cost) form
a general class of problems calleptimisation problems. Thus, an optimisation
problem may involve finding maximum profit, minimum cost, or minimum use of
resources etc.

A special but a very important class of optimisation problelimear programming
problem. The above stated optimisation problem is an example of linear programming
problem. Linear programming problems are of much interest because of their wide
applicability in industry, commerce, management science etc.

In this chaptewe shall study some linear programming problems and their solutions
by graphical method only, though there are many other methods also to solve such
problems.
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12.2 Linear Programming Problem and its Mathematical Formulation

We begin our discussion with the above example of furniture dealer which will further
lead to a mathematical formulation of the problem in two variables. In this example, we
observe

(i) The dealer caninvest his money in buying tables or chairs or combination thereof.
Further he would earn different profits by following different investment
strategies.

(i) There are certaiaverriding conditions or constraints viz., his investment is
limited to amaximum of Rs 50,000 and so is his storage space which is for a
maximum of 60 pieces.

Suppose he decides to buy tables only and no chairs, so he can buy 50000 + 2500,
i.e., 20 tables. His profit in this case will be Rs (250 x 20), i.e5R§.

Suppose he chooses to buy chairs only and no t&ibshis capital oRs 50,000,
he can buy 50000 + 500, i.e. 100 chairs. But he can store only 60 pieces. Therefore, he
is forced to buy only 60 chairs which will give him a total profit of Rs (60 x 75), i.e.,
Rs 4500

There are many other possibilities, for instance, he may choose to buy 10 tables
and 50 chairs, as he can store only 60 piebel profit in this case would be
Rs (10 x 250 + 50 x 75), i.Rs 6250and so on.

We, thus, find that the dealer can invest his money in different ways and he would
earn different profits by following different investment strategies.

Now the problem is : How should he invest his money in order to get maximum
profit? To answer this question, let us try to formulate the problem mathematically.

12.2.1 Mathematical formulation of the problem
Let x be the number of tables agdbe the number of chairs that the dealer buys.
Obviously x andy must be non-negative, i.e.,

x>0 i _ @
(Non-negative constraints)
y>0 -(2)

The dealer is constrained by the maximum amount he can invest (Here it is
Rs 50,000) and by the maximum number of items he can store (Here it is 60).
Stated mathematically

2500 + 500/ < 50000(investment constraint)
or 5x +y <100 .. (3)

and X +y <60 (storage constraint) o (4
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The dealer wants to invest in such a way so as to maximise his profé vshich
stated as a function afandy is given by

Z = 25 + 75y (called objective function) .. (5)
Mathematicallythe given problems now reduces to:
Maximise Z = 258 + 75/
subject to the constraints:
5x +y <100

X+y<60
x20,y>0

So, we have to maximise the linear function Z subject to certain conditions determined
by a set of linear inequalities with variables as non-negative. There are also some other
problems where we have to minimise a linear function subject to certain conditions
determined by a set of linear inequalities with variables as non-negative. Such problems
are calledLinear Programming Problems.

Thus, a Linear Programming Problem is one that is concerned with finding the
optimal value (maximum or minimum value) of a linear function (caltggective
function) of several variables (sayandy), subject to the conditions that the variables
are non-negativeand satisfy a set of linear inequalities (calie@ar constraints).

The termlinear implies that all the mathematical relations used in the problem are
linear relations while the term programming refers to the method of determining a
particularprogramme or plan of action.

Before we proceed further, we now formally define some terms (which have been
used above) which we shall be using in the linear programming problems:

Objective function Linear function Z =ax + by, wherea, b are constants, which has
to be maximised or minimized is called a linehjective function.

In the above example, Z = 268 75/ is a linear objective functioWariablesx and
y are calleddecision variables

Constraints The linear inequalities or equations or restrictions on the variables of a
linear programming problem are calleonstraints. The conditionx > 0,y > 0 are

called non-negative restrictions. In the above example, the set of inequalities (1) to (4)
are constraints.

Optimisation problem A problem which seeks to maximise or minimise a linear
function (say of two variablesandy) subject to certain constraints as determined by

a set of linear inequalities is called eptimisation problem. Linear programming
problems are special type of optimisation problems. The above problem of investing a
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given sum by the dealer in purchasing chairs and tables is an example of an optimisation
problem as well as of a linear programming problem.

We will now discuss how to find solutions to a linear programming problem. In this
chapterwe will be concerned only with the graphical method.

12.2.2 Graphical method of solving linear programming problems

In Class XI, we have learnt how to graph a system of linear inequalities involving two
variablesx andy and to find its solutions graphically. Let us refer to the problem of
investment in tables and chairs discussed in Section¥2 &ill now solve this problem
graphically. Let us graph the constraints stated as linear inequalities:

5x +y <100 (1)
X+y<60 .. (2)
x>0 .. (3)
y=>0 o (4

The graph of this system (shaded region) consists of the points common to all half
planes determined by the inequalities (1) to (4) (Fig 12.1). Each point in this region
represents a feasible choiopen to the dealer for investing in tables and chairs. The
region, therefore, is called ttieasible regionfor the problem. Every point of this
region is called &asible solutionto the problem. Thus, we have,

Feasible regionThe common region determined by all the constraints including
non-negative constraimtsy > 0 of a linear programming problem is calledféesible

region (or solution region) for the problem. In Fig 12.1, the region OABC (shaded) is
the feasible region for the problem. The region other than feasible region is called an
infeasible region Y

Feasible solutiondPoints within and on the
boundary of the feasible region represent
feasible solutions of the constraints. In g
Fig 12.1, every point within and on the
boundary of the feasible region OABC
represents feasible solution to the problem.
For example, the point (10, 50) is a feasible 40
solution of the problem and so are the points 30
(0, 60), (20, 0) etc.

Any point outside the feasible region is,
. . . X
called aninfeasible solution.For example,
the point (25, 40) is an infeasible solution of
the problem.

(0,60)

Y 5Sx+y=100 x+y=60
Fig 12.1
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Optimal (feasible) solution Any point in the feasible region that gives the optimal
value (maximum or minimum) of the objective function is called@timal solution.

Now, we see that every point in the feasible region OABC satisfies all the constraints
as given in (1) to (4), and since thereiafmitely many points, it is not evident how
we should go about finding a point that gives a maximum value of the objective function
Z = 25 + 75/. To handle this situation, we use the following theorems which are
fundamental in solving linear programming problems. The proofs of these theorems
are beyond the scope of the book.

Theorem 1Let R be the feasible region (convex polygon) for a linear programming
problem and let Z ax + by be the objective function. When Z has an optimal value
(maximum or minimum), where the variableandy are subject to constraints described
by linear inequalities, this optimal value must occur at a corner point* (vertex) of the
feasible region.

Theorem 2 Let R be the feasible region for a linear programming problem, and let
Z = ax + by be the objective functiont R is bounded**, then the objective function

Z has both anaximum and aminimum value on R and each of these occurs at a
corner point (vertex) of R.

RemarklIf R is unbounded, then a maximum or a minimum value of the objective
function may not exist. However, if it exists, it must occur at a corner point of R.
(By Theorem 1).

In the above example, the corner points (vertices) of the bounded (feasible) region
are: OA, B and C and it is easy to find their coordinates as (0, 0), (20, 0), (10, 50) and
(0, 60) respectivelyLet us now compute the values of Z at these points.

We have
Vertex of the Corresponding value
Feasible Region of Z (in Rs)
0 (0,0) 0
C (0,60) 4500 .
B (10,50) 6250 <— | Maximum
A (20,0) 5000

*  Acorrer point of a feasible region is a point in the region which is the intersection of two boundary lines.

**  Afeasible region of a system of linear inequalities is said to be bounded if it can be enclosed within a
circle. Otherwise, it is called unbounded. Unbounded means that the feasible region does extend
indefinitely in any direction.

2019-20



LINEAR PROGRAMMING 509

We observe that the maximum profit to the dealer results from the investment
strategy (10, 50), i.e. buying 10 tables and 50 chairs.

This method of solving linear programming problem is referredcaiser Point
Method. The method comprises of the following steps:

1. Find the feasible region of the linear programming problem and determine its
corner points (vertices) either by inspection or by solving the two equations of
the lines intersecting at that point.

2. Evaluate the objective function Zax + by at each corner point. Let M ang
respectively denote the largest and smallest values of these points.
3. () When the feasible region ounded, M andm are the maximum and
minimum values of Z.
(i) In case, the feasible regionusbounded, we have:
4. (a) M is the maximum value of Z, if the open half plane determined by
ax + by > M has no point in common with the feasible region. Otherwise, Z
has no maximum value.

(b) Similarly, mis the minimum value of Z, if the open half plane determined by
ax + by <mhas no point in common with the feasible region. Otherwise, Z
has no minimum value.
We will now illustrate these steps of Corner Point Method by considering some
examples:

Example 1 Solve the following linear programming problem graphically:

Maximise Z = & +y . (D)
subject to the constraints:

X+y < 50 .. (2)

3X+y< 90 .. (3)

Xx=20,y=0 .. (4)

Solution The shaded region in Fig 12.2 is the feasible region determined by the system
of constraints (2) to (4). We observe that the feasible region OABGuisded. So,
we now use Corner Point Method to determine the maximum value of Z.

The coordinates of the corner points O, A, B and C are (0, 0), (30, 0), (20, 30) and
(0, 50) respectively. Now we evaluate Z at each corner point.
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D

Maximum

O 10 20

\40
Y A(30,0)

Nm

x+y=50

Corner Poing Corresponding valu
of Z
(0,0) 0
(30,0) 120 <
(20, 30) 110
(0, 50) 50
X
Fig 12.2

Hence, maximum value of Z is 120 at the point (30, 0).

Example 2 Solve the following linear programming problem graphically:
Minimise Z = 200x + 500y
subject to the constraints:

X+ 2y>10
X+ 4y <24
x>0,y=>0

. (1)

. (2)
.. (3)
. (4)

Solution The shaded region in Fig 12.3 is the feasible region ABC determined by the
system of constraints (2) to (4), whichbisunded. The coordinates of corner points

Corner Point Corresponding valug
of Z
(0,5) 2500
A (4, 3) 2300 €<— [Minimum
4 (0, 6) 3000
3
2
1 (10,0
X’ O T T T : : T T T { X
1 2 3 4 5 6 7 9 X +2y =10
Y 3x+4y=24
Fig 12.3
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A, B and C are (0,5), (4,3) and (0,6) respectively. Now we evaluate Z =t28003/
at these pois.
Hence, minimum value of Z is 2300 attained at the point (4, 3)

Example 3Solve the following problem graphically:

Minimise and Maximise Z =3+ 9 . (1)
subject to the constraints: x + 3y < 60 .. (2)
Xx+y>10 .. (3)

X<y o (4

x=20,y=0 ... (5)

Solution First of all, let us graph the feasible region of the system of linear inequalities
(2) to (5).The feasible regioABCD is shown in the Fig 12.4. Note that the region is
bounded. The coordinates of the corner points A, B, C and D are (0, 10), (5, 5), (15,15)

and (0, 20) respectively.

Corner Corresponding value pf
Y Point Z=%+9

A (0, 10) 90

B (5, 5) 60 <&— Minimum
C (15, 15 180 — Maximum
D (0, 20) 18 (Multiple

optimal
—v .
0,105 X solutions)

x+3y=60

Fig 12.4

We now find the minimum and maximum value of Z. From the table, we find that
the minimum value of Z is 60 at the point B (5, 5) of the feasible region.

The maximum value of Z on the feasible region occurs at the two corner points
C (15, 15) and D (0, 20) and it is 180 in each case.

RemarkObserve that in the above example, the problem has multiple optimal solutions
at the corner points C and D, i.e. the both points produce same maximum value 180. In
such cases, you can see that every point on the line segment CD joining the two corner
points C and D also give the same maximum value. Same is also true in the case if the
two points produce same minimum value.
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Example 4Determine graphically the minimum value of the objective function

Z=-5K+ 20y - (1)
subject to the constraints:
2X-y=>-5 .. (2)
3X+y>3 .. (3)
2x-3y<12 .. (4)
x>0,y=>0 .. (5)

Solution First of all, let us graph the feasible region of the system of inequalities (2) to
(5). The feasible region (shaded) is shown in the Fig 12.5. Observe that the feasible
region isunbounded

We now evaluate Z at the corner points.

Corner Point Z = — 5k + 20y

(0, 5) 100

/\"' (0, 3) 60
(1, 0) -50
(6,0) —300 ¢<— [smallest

Y -
."7 8910 X
Y (6,0)
3x+y=3
Fig 12.5

From this table, we find that — 300 is the smallest value of Z at the corner point
(6, 0). Can we say that minimum value of Z is — 300? Note that if the region would
have been bounded, this smallest value of Z is the minimum value of Z (Theorem 2).
But here we see that the feasible region is unbounded. Therefore, — 300 may or may
not be the minimum value of Z. To decide this issue, we graph the inequality

— 5 + 20y < — 300 (see Step 3(ii) of corner Pduhethod.)
ie., -X+2y<-30
and check whether the resulting open half plane has points in common with feasible

region or not. If it has common points, then —300 will not be the minimum vaHie of
Otherwise, —300 will be the minimum value of Z.
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As shown in the Fig 12.5, it has common points. Therefore, Z =x-5Q0y
has no minimum value subject to the given constraints.

In the above example, can you say whettrer— 50x + 20y has the maximum
value 100 at (0,5)? For this, check whether the graph ok=+3Dy > 100 has points
in common with the feasible region. (Why?)

Example 5Minimise Z = X + 2
subject to the constraints:

X+y>8 - (1)
X+ 5<15 . (2)
x>0,y>0 . (3)

SolutionLet us graph the inequalities (1) to (3) (Fig 12.6). Is there any feasible region?
Why is so?

From Fig 12.6, you can see that
there is no point satisfying all the
constraints simultaneouslyhus, the
problem is having no feasible region and
hence no feasible solution.

. 3x+5y=15
RemarksFrom the examples which we

have discussed so fave notice some
general features of linear programming
problems:

() The feasible region is always a N (5,0)

convex region.

(i) The maximum (or minimum) Fig 12.6

solution of the objective function occurs at the vertex (corner) of the feasible
region. If twocorner points produce the same maximum (or minimum) value
of the objective functionthen every point on the line segment joining these
points will also give the same maximum (or minimum) value.

| EXERCISE 12.1)

Solve the following Linear Programming Problems graphically:
1. Maximise Z= X+ 4y
subject to the constraintx +y<4,x > 0,y>0.
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Minimise Z = - X + 4y

subjecttax + 2y < 8, 3x+ y< 12, x > 0,y>0.
Maximise Z = % + 3y

subject to 3% 5y <15, bx+ 2y<10,x >0,y > 0.
Minimise Z = X + by

such thak + 3y >23,x+y >2,x,y>0.
Maximise Z = X + 2

subject tax + 2y < 10, 3x+y < 15,%x,y> 0.
Minimise Z =x + 2y

subjectto 2xy>3,x+ 2y>6,x,y>0.

Show that the minimum of Z occurs at more than two points.

7.

10.

Minimise and Maximise Z =6+ 10y

subject tax + 2y <120,x+y>60,x— 2> 0,x,y>0.
Minimise andVlaximise Z =x + 2y

subject tax + 2y > 100, 2x-y < 0, X +y < 200;x, y = 0.
Maximise Z = x + 2y, subject to the constraints:
X23,Xx+y>25x+2y>6,y>0.

Maximise Z =x +y, subject tx—y< -1, x+y< 0, X,y >0.

12.3 Different Types of LinearProgramming Problems
A few important linear programming problems are listed below:

1.

Manufacturing problems In these problems, we determine the number of units
of different products which should be produced and sold by a firm
when each product requires a fixed manpower, machine hours, labour hour per
unit of product, warehouse space per unit of the output etc., in order to make
maximum profit.

Diet problems|In these problems, we determine the amount of different kinds
of constituents/nutrients which should be included in a diet so as to minimise the
cost of the desired diet such that it contains a certain minimum amount of each
constituent/nutrients.

. Transportation problems In these problems, we determine a transportation

schedule in order to find the cheapest way of transporting a product from
plants/factories situated at different locations to different markets.
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Let us now solve some of these types of linear programming problems:

Example 6 (Diet problem): A dietician wishes to mix two types of foods in such a
way that vitamin contents of the mixture contain atleast 8 units of vitaraimdALO

units of vitamin C. Food ‘Itontains 2 units/kg of vitam&and 1 unit/kg of vitamin C.
Food ‘II' contains 1 unit/kg of vitamiA and 2 units/kg of vitamin C. It costs

Rs 50 per kg to purchase Food ‘I' and Rs 70 per kg to purchase Food ‘II'. Formulate
this problem as a linear programming problem to minimise the cost of such a mixture.

Solution Let the mixture contair kg of Food ‘I'andy kg of Food ‘II'. Clearlyx> 0,
y > 0.We make the following table from the given data:

Resources Food Requiremen
I Il

G
VitaminA 2 1 8
(units/kg)
Vitamin C 1 2 10
(units/kg)
Cost (Rs/kg) 50 70

Since the mixture must contain at least 8 units of vitamin A and 10 units of
vitamin C, we have the constraints:

2X+y=>8
X+ 2y>10
Total cost Z of purchasingkg of food ‘I’ andy kg of Food ‘II'is
Z =5+ 70y
Hence, the mathematical formulation of the problem is:
Minimise Z =5+ 70y . (1)
subject to the constraints:
2x+y>8 .. (2)
X+ 2y>10 .. (3)
X,y >0 .. (4)

Let us graph the inequalities (2) to (4). The feasible region determined by the
system is shown in the Fig 12.7. Here again, observe that the feasible region is
unbounded
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Let us evaluate Z at the corner points A(0,8), B(2,4) and C(10,0).

Corner Point | Z =50+ 70y
(0,8) 560
(2,4) 380 &— |Minimum
(10,0) 500
YI L ‘.\‘ 1 C +
O 2\ 6 ™y X2
X' 40 (10,0)
2x+y=28
Fig 12.7

In the table, we find that smallest value of Z is 380 at the point (2,4). Can we say
that the minimum value of Z is 3807 Remember that the feasible region is unbounded.
Therefore, we have to draw the graph of the inequality

50x+ 70y <380 i.e., 5x+ 7y<38

to check whether the resulting open half plane has any point common with the feasible
region. From the Fig 12.7, we see that it has no points in common.

Thus, the minimum value of Z is 380 attained at the point (2, 4). Hence, the optimal
mixing strategy for the dietician would be to mix 2 kg of Food ‘I' and 4 kg of Food ‘II’,
and with this strategy, the minimum cost of the mixture will be Rs 380.

Example 7 (Allocation problem) A cooperative society of farmers has 50 hectare
of land to grow two crops X and Y. The profit from crops X angeY hectare are
estimated as Rs 10,500 and Rs 9,000 respectiwtpntrol weeds, a liquid herbicide

has to be used for crops X ariét rates of 20 litres and 10 litres per hectare. Further,
no more than 800 litres of herbicide should be used in order to protect fish and wild life
using a pond which collects drainage from this land. How much land should be allocated
to each crop so as to maximise the total profit of the society?

Solution Letx hectare of land be allocated to crop X ghectare to crol. Obviously
x=>0,y>0.

Profit per hectare on crof = Rs 10500

Profit per hectare on croly = Rs 9000

Therefore, total profit = Rs (10506x9000y
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Themathematical formulation of the problem is as follows:

Maximise Z =10500x + 9000y
subject to the constraints:
X +y <50 (constraint related to land) .
20x + 10y < 800 (constraint related to use of herbicide)
i.e. 2x+y<80 .. (2)
x>20,y=>0 (non negative constraint) ... (3)

Let us draw the graph of the system of inequalities (1) to (3). The feasible region
OABC is shown (shaded) in the Fig 12.8. Observe that the feasible relgonmided.

The coordinates of the corner points O, A, B and C are (0, 0), (40, 0), (30, 20) and
(0, 50) respectively. Let us evaluate the objective function Z = 1056®00¢ at
these vertices to find which one gives the maximum profit.

Corner Point Z = 10500+ 900§/
0(0, 0) 0
A( 40, 0) 420000
B (30, 20) 495000 <— [Maximum
C(0,50) 450000
A (40,0)
X o], 10 20 30 \SW X
Y x+y=50

Fig 12.8

Hence, the society will get the maximum profit of Rs 4,95,000 by allocating 30
hectares for crop X and 20 hectares for ¢rop

Example 8(Manufacturing pr oblem) Amanufacturing company makes two models

A and B of a product. Each piece of Model A requires 9 labour hours for fabricating
and 1 labour hour for finishing. Each piece of Model B requires 12 labour hours for
fabricating and 3 labour hours for finishing. For fabricating and finishing, the maximum
labour hours available are 180 and 30 respectiVélg company makes a profit of

Rs 8000 on each piece of moded®d Rs 12000 on each piece of Model B. How many
pieces of ModeA and Model B should be manufactured per week to realise a maximum
profit? What is the maximum profit per week?
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Solution Supposex is the number of pieces of Model A anis the number of pieces
of Model B. Then

Total profit (in Rs) =8000x + 12000y

Let Z =8000x + 12000y
We now have the following mathematical model for the given problem.
Maximise Z = 800& + 12000y . (1)

subject to the constraints:
9x + 12y< 180 (Fabricating constraint)

i.e. 3X + 4y <60 .. (2)
X+ 3y<30 (Finishing constraint) .. (3
x=>20,y>0 (non-negative constraint) .. (4)

The feasible region (shaded) OABC determined by the linear inequalities (2) to (4)
is shown in the Fig 12.9. Note that the feasible region is bounded.

3x +4dy = 6020

Fig 12.9
Let us evaluate the objective function Z at each corner point as shown below:

Corner Point Z = 8000x + 12000y

0 (0, 0) 0

A (20, 0) 160000

B (12, 6) 168000 €<— | Maximum
C (0, 10) 120000

We find that maximum value of Z is 1,68,000 at B (12, 6). Hence, the company
should produce 12 pieces of ModebAd 6 pieces of Model B to realise maximum
profit and maximum profit then will be Rs 1,68,000.
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EXERCISE 12.2|

Reshma wishes to mix two types of food P and Q in such a way that the vitamin
contents of the mixture contain at least 8 units of vitamin A and 11 units of
vitamin B. Food P costs Rs 60/kg and Food Q costs Rs 80/kg. Food P contains
3 units/kg of tamin A and 5 units / kg of Vitamin B while food Q contains

4 units/kg ofVitaminA and 2 units/kg of vitamin B. Determine the minimum cost

of the mixture.

One kind of cake requires 200g of flour and 259 of fat, and another kind of cake
requires 100g of flour and 50g of fat. Find the maximum number of cakes which
can be made from 5kg of flour and 1 kg of fat assuming that there is no shortage
of the other ingredients used in making the cakes.

. Afactory makes tennis rackets and cricket bats. A tennis racket takes 1.5 hours
of machine time and 3 hours of craftman’s time in its making while a cricket bat
takes 3 hour of machine time and 1 hour of craftstinie. In a dagythe factory

has the availability of not more than 42 hours of machine time and 24 hours of
craftsman’s time.

(i) What number of rackets and bats must be made if the factory is to work
at full capacity?

(i) If the profit on a racket and on a bat is Rs 20 and Rs 10 respediively
the maximum profit of the factory when it works at full capacity.

. A manufacturer produces nuts and bolts. It takes 1 hour of work on machine A
and 3 hours on machine B to produce a package of nuts. It takes 3 hours on
machineA and 1 hour on machine B to produce a package of bolts. He earns a
profit of Rs17.50 per package on nuts and Rs 7.00 per package on bolts. How
many packages of each should be produced each day so as to maximise his
profit, if he operates his machines for at the most 12 hours a day?

. A factory manufactures two types of scresand B. Each type of screw
requires the use of two machines, an automatic and a hand operated. It takes
4 minutes on the automatic and 6 minutes on hand operated machines to
manufacture a package of screws A, while it takes 6 minutes on automatic and
3 minutes on the hand operated machines to manufacture a package of screws
B. Each machine is available for at the most 4 hours on anyttagnanufacturer

can sell a package of screws A at a profit of Rs 7 and screws B at a profit of
Rs 10. Assuming that he can sell all the screws he manufactures, how many
packages of each type should the factory owner produce in a day in order to
maximise his profit? Determine the maximum profit.
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A cottage industry manufactures pedestal lamps and wooden shades, each
requiring the use of a grinding/cutting machine and a sprayer. It takes 2 hours on
grinding/cutting machine and 3 hours on the sprayer to manufacture a pedestal
lamp. It takes 1 hour on the grinding/cutting machine and 2 hours on the sprayer
to manufacture a shade. On any,dbg sprayer is available for at the most 20
hours and the grinding/cutting machine for at the most 12 hours. The profit from
the sale of a lamp is Rs 5 and that from a shade is RssBming that the
manufacturer can sell all the lamps and shades that he produces, how should he
schedule his daily production in order to maximise his profit?

. A company manufactures two types of novelty souvenirs made of plywood.

Souvenirs of type A require 5 minutes each for cutting and 10 minutes each for
assembling. Souvenirs of type B require 8 minutes each for cutting and 8 minutes
each for assembling. There are 3 hours 20 minutes available for cutting and 4
hours for assembling. The profit is Rs 5 each for typm@Rs 6 each for type

B souvenirs. How many souvenirs of each type should the company manufacture
in order to maximise the profit?

A merchant plans to sell two types of personal computers — a desktop model and
a portable model that will cost Rs 25000 and Rs 40000 respedtiesdgtimates

that the total monthly demand of computers will not exceed 250 units. Determine
the number of units of each type of computers which the merchant should stock
to get maximum profit if he does not want to invest more than Rs 70 lakhs and if
his profit on the desktop model is Rs 4500 and on portable model is Rs 5000.

Adiet is to contain at least 80 units of vitamin A and 100 units of minerals. Two
foods F and F, are available. Food Feosts Rs 4 per unit food ang €osts

Rs 6 per unit. One unit of food Eontains 3 units of vitamin A and 4 units of
minerals. One unit of food, Eontains 6 units of vitamiyand 3 units of minerals.
Formulate this as a linear programming problem. Find the minimum cost for diet
that consists of mixture of these two foods and also meets the minimal nutritional
requirements.

There are two types of fertilisersdnd F. F, consists of 10% nitrogen and 6%
phosphoric acid and, Eonsists of 5% nitrogen and 10% phosphoric @dier

testing the soil conditions, a farmer finds that she needs atleast 14 kg of nitrogen
and 14 kg of phosphoric acid for her crop. Jfdésts Rs 6/kg and,Feosts

Rs 5/kg, determine how much of each type of fertiliser should be used so that
nutrient requirements are met at a minimum cost. What is the minimum cost?

The corner points of the feasible region determined by the following system of
linear inequalities:

2x+y<10,x+ 3y <15,x, y= 0 are (0, 0), (5, 0), (3, 4) and (0, 5). Let

Z =px + qy, wherep, g > 0. Condition on p and so that the maximum &
occurs at both (3, 4) and (0, 5) is

(A) p=q (B) p=24 € p=3 (D) a=3p
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Miscellaneous Examples

Example 9 (Diet problem)A dietician has to develop a special diet using two foods

P and Q. Each packet (containing 30 g) of food P contains 12 units of calcium, 4 units
of iron, 6 units of cholesterol and 6 units of vitarirEach packet of the same quantity

of food Q contains 3 units of calcium, 20 units of iron, 4 units of cholesterol and 3 units
of vitaminA. The diet requires atleast 240 units of calcium, atleast 460 units of iron and
at most 300 units of cholesterol. How many packets of each food should be used to
minimise the amount of vitami in the diet®hat is the minimum amount of vitan#?

Solution Letx andy be the number of packets of fooditd Q respectivelDbviously
x>0,y > 0. Mathematical formulation of the given problem is as follows:
Minimise Z = 6x + 3y (vitamin A)

subject to the constraints

12x + 3y 2240 (constraint on calcium), i.e. x4y>80 . (1)
4x + 20y > 460 (constraint on iron), i.e. X+ 5y >115 .. (2)
6x + 4y <300 (constraint on cholesterol), i.ex 8 2y < 150 .. (3)
x=0,y>0 v (4

Let us graph the inequalities (1) to (4).
The feasible region (shaded) determined by the constraints (1) to (4) is shown in
Fig 12.10 and note that it is bounded.

x+5y=115

—+ =
dx+y =80 3x+2y=150

Fig 12.10
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The coordinates of the corner points L, M and N are (2, 72), (15, 20) and (40, 15)
respectivelylLet us evaluate Z at these points:

Corner Poinf  Z=6x+ 3y

2,72) 208

(15, 20) 150 < |Minimum
(40, 15) 285

From the table, we find that Z is minimum at the point (15, 20). Hence, the amount
of vitamin A under the constraints given in the problem will be minimum, if 15 packets
of food P and 20 packets of food Q are used in the special diet. The minimum amount
of vitaminA will be 150 units.

Example 10 (Manufacturing problem) A manufacturer has three machines I, Il
and 1l installed in his factory. Machines | and Il are capable of being operated for
at most 12 hours whereas machine Ill must be operated for atleast 5 hourStaeday
produces only two items M and N each requiring the use of all the three machines.

The number of hours required for producing 1 unit of each of M and N on the three
machines are given in the following table:

Items| Number of hours required on machine

I Il 1]
M 1 2 1
N 2 1 1.25
She makes a profit of Rs 600 and Rs 400 on items M and N respedtgalynany

of each item should she produce so as to maximise her profit assuming that she can sell
all the items that she produced? What will be the maximum profit?

U7

Solution Letx andy be the number of items M and N respectively.
Total profit on the production = Rs (6&G- 400y)

Mathematical formulation of the given problem is as follows:
Maximise Z = 60 + 400y

subject to the constraints:

X + 2y < 12 (constraint on Machine I) . (1)
2x +y <12 (constraint on Machine II) .. (2)

5
X + 1 y > 5 (constraint on Machine III) .. (3)
x=20,y=20 .. (4)
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Let us draw the graph of constraints (1) to (4). ABCDE is the feasible region
(shaded) as shown in Fig 12.11 determined by the constraints (1) to (4). Observe that
the feasible region is bounded, coordinates of the corner points A, B, C, D and E are

(5, 0) (6, 0), (4, 4), (0,)&and Q, 4) respectively

Fig 12.11

Let us evaluate Z = 600+ 400y at these corner points.

Corner point | Z = 600x + 400y
(5, 0) 3000
(6, 0) 3600
(4, 4) 4000 €— | Maximum
(0, 6) 2400
(0, 4) 1600

We see that the point (4, 4) is giving the maximum value of Z. Hence, the
manufacturer has to produce 4 units of each item to get the maximum profit of Rs 4000.

Example 11 (Transportation problem) There are two factories located one at
place P and the other at place Q. From these locations, a certain commaodity is to be
delivered to each of the three depots situatéd Btand C. The weekly requirements

of the depots are respectively 5, 5 and 4 units of the commodity while the production
capacity of the factories at P and Q are respectively 8 and 6 units. The cost of
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transportation per unit is given below:

From/To Cost (in Rs)
A B ©
P 160 100 150
Q 100 120 100

How many units should be transported from each factory to each depot in order that
the transportation cost is minimum. What will be the minimum transportation cost?
Solution The problem can be explained diagrammatically as follows (Fig 12.12):

Let x units andy units of the commodity be transported from the factory at P to
the depots at And B respectivelyihen (8 x —Y) units will be transported to depot

at C (Why?) Factory

Rs 100

y

B
Depot @9 Depot @ Depot
N\
S
Rs 100 ey

D
\\%/
Factory
Fig 12.12
Hence, we have x>20,y>20 and 8-x-y>0
i.e. Xx>0,y>0 and x+y<8

Now, the weekly requirement of the depot at A is 5 units of the comm&iiitye
X units are transported from the factory at P, the remainingxfurits need to be
transported from the factory at Q. Obvioydly-x> 0, i.e.x< 5.

Similarly, (5-y) and 6 — (5 %+ 5 —y) = x +y—4units are to be transported from
the factory at Q to the depots at B and C respectively.

Thus, 5-y>0, x+y—42>0
i.e. y<5 ,x+y> 4
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Total transportation cost Z is given by
Z =160x + 100y + 150 (8 x—y) + 100 (5 x) + 120 (5 ) + 100 (x+y—4)

=10 k— 7y + 190) Y
Therefore, the problem reduces to 1 x=5
Minimise Z = 10 k— 7% + 190) 8\ T
subject to the constraints: R \ 5)
x>0,y>0 L < \B(Os) >y=5
X+y<8 .. (2) AQA) /4' D(5,3)
x<5 @) A (5.,0)
e X
and X+y> 4 .. (5) X<5 \
The shaded regloABCDEF i{' F(4 0} x+y=8

represented by the constraints (1) to
(5) is the feasible region (Fig 12.13). Fig 12.13

Observe that the feasible region is bounded. The coordinates of the corner points
of the feasible region are (0, 4), (0, 5), (3, 5), (5, 3), (5, 0) and (4, 0).
Let us evaluate Z at these points.

Corner Point| Z =10 k— 7y + 190)
0, 4) 1620
(0, 5) 1550 <— Minimum
(3,5) 1580
(5, 3) 1740
(5,0) 1950
4,0) 1940

From the table, we see that the minimum value of Z is 1550 at the point (0, 5).

Hence, the optimal transportation strategy will be to deliver 0, 5 and 3 units from
the factory at P and 5, 0 and 1 units from the factory at Q to the depots at A, B and C
respectivelyCorresponding to this strategfye transportation cost would be minimum,

i.e., Rs 1550.

Miscellaneous Exercise on Chapter 12

1. Referto Example 9. How many packets of each food should be used to maximise
the amount of vitamin A in the diet? What is the maximum amount of vitamin A
in the diet?
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. Afarmer mixes two brands P and Q of cattle feed. Brand P, costing Rs 250 per

bag, contains 3 units of nutritional element A, 2.5 units of element B and 2 units
of element C. Brand Q costing Rs 200 per bag contains 1.5 units of nutritional
element;, 11.25 units of element B, and 3 units of elemenTi®e minimum
requirements of nutrients A, B and C are 18 units, 45 units and 24 units respectively
Determine the number of bags of each brand which should be mixed in order to
produce a mixture having a minimum cost per bag? What is the minimum cost of
the mixture per bag?

A dietician wishes to mix together two kinds of food X and Y in such a way that
the mixture contains at least 10 units of vitamin A, 12 units of vitamin B and
8 units of vitamin C. The vitamin contents of one kg food is given below:

Food Vitamin A |Vitamin B | Vitamin C
X 1 2 3
Y 2 2 1

One kg of food X costs Rs 16 and one kg of foartb¥ts Rs 20. Find the least
cost of the mixture which will produce the required diet?

A manufacturer makes two types of toys A and B. Three machines are needed
for this purpose and the time (in minutes) required for each toy on the machines
is given béow:

Types of Toys Machines
I Il I
A 12 18 6
B 6 0 9

Each machine is available for a maximum of 6 hours per day. If the profit on
each toy of typd is Rs 7.50 and that on each toy of type B is Rs 5, show that 15
toys of typeA and 30 of type B should be manufactured in a day to get maximum
profit.

An aeroplane can carry a maximum of 200 passengers. A profit of Rs 1000 is
made on each executive class ticket and a profit of Rs 600 is made on each
economy class ticket. The airline reserves at least 20 seats for executive class.
However, at least 4 times as many passengers prefer to travel by economy class
than by the executive class. Determine how many tickets of each type must be
sold in order to maximise the profit for the airline. What is the maximum profit?
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6. Two godownsA and B have grain capacity of 100 quintals and 50 quintals
respectivelyThey supply to 3 ration shops, D, E and F whose requirements are
60, 50 and 40 quintals respectivelye cost of transportation per quintal from
the godowns to the shops are given in thiewang table:

Transportation cost per quintal (in Rs)
From/To A B
D 6 4
E 8 2
F 2.50 3

How should the supplies be transported in order that the transportation cost is
minimum? What is the minimum cost?

7. An oil company has two depotsahd B with capacities of 7000 L and 4000 L
respectivelyThe company is to supply oil to three petrol pumps, D, E and F
whose requirements are 4500L, 3000L and 3500L respectiMatydistances
(in km) between the depots and the petrol pumps is given in the following table:

Distance in (km.)
From /To A B
D 7 3
E 6 4
F 3 2

Assuming that the transportation cost of 10 litres of oil is Re 1 per km, how
should the delivery be scheduled in order that the transportation cost is minimum?
What is the minimum cost?

8. Afruit grower can use two types of fertilizer in his garden, brand P and brand Q.
The amounts (in kg) of nitrogen, phosphoric acid, potash, and chlorine in a bag of
each brand are given in the table. Tests indicate that the garden needs at least
240 kg of phosphoric acid, at least 270 kg of potash and at most 310 kg of
chlorine.

If the grower wants to minimise the amount of nitrogen added to the garden,
how many bags of each brand should be used? What is the minimum amount of
nitrogen added in the garden?
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kg per bag
Brand P | Brand Q
Nitrogen 3 3.5
Phosphoric acid 1 2
Potash 3 15
Chlorine 15 2

Refer to Question 8. If the grower wants to maximise the amount of nitrogen
added to the garden, how many bags of each brand should be added? What is
the maximum amount of nitrogen added?

A toy company manufactures two types of déllgnd B. Market research and
available resources have indicated that the combined production level should not
exceed 1200 dolls per week and the demand for dolls of type B is at most half of that
for dolls of type A. Further, the production level of dolls of taman exceed three
times the production of dolls of other type by at most 600 units. If the company
makes profit of Rs 12 and Rs 16 per doll respectively onAlaltsl B, how many of

each should be produced weekly in order to maximise the profit?

Summary

Alinear programming problem is one that is concerned with finding the optimal
value (maximum or minimum) of a linear function of several variables (called
objective function) subject to the conditions that the variables are
non-negative and satisfy a set of linear inequalities (called oeatraints).
Variables are sometimes callddcision variablesand arenon-negative.

A few important linear programming problems are:
(i) Diet problems

(i) Manufacturing problems

(i) Transportation problems

The common region determined by all the constraints including the non-negative

constraintx > 0,y > 0 of a linear programming problem is calledfénsible
region (or solution region) for the problem.

Points within and on the boundary of the feasible region reprissesible
solutions of the constraints.
Any point outside the feasible region isiafeasible solution.
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Any point in the feasible region that gives the optimal value (maximum or
minimum) of the objective function is called aptimal solution.

The following Theorems are fundamental in solving linear programming
problems:

Theorem 1 Let R be the feasible region (convex polygon) for a linear
programming problem and let Zax + by be the objective function. When Z
has an optimal value (maximum or minimum), where the variatdesly

are subject to constraints described by linear inequalities, this optimal value
must occur at a corner point (vertex) of the feasible region.

Theorem 2Let R be the feasible region for a linear programming problem,
and let Z =ax + by be the objective functiorif R is bounded, then the
objective function Z has bothraaximum and aminimum value on R and
each of these occurs at a corner point (vertex) of R.

If the feasible region is unbounded, then a maximum or a minimum may not
exist. However, if it exists, it must occur at a corner point of R.

Corner point method for solving a linear programming problem. The method
comprises of the following steps:
(i) Findthe feasible region of the linear programming problem and determine
its corner points (vertices).
(i) Evaluate the objective function Zax + by at each corner point. Let M
andm respectively be the largest and smallest values at these points.
(i) If the feasible region is bounded, M andespectively are the maximum
and minimum values of the objective function.
If the feasible region is unbounded, then
(i) Misthe maximum value of the objective function, if the open half plane

determined byax + by > M has no point in common with the feasible
region. Otherwise, the objective function has no maximum value.

(i) mis the minimum value of the objective function, if the open half plane
determined byax + by < m has no point in common with the feasible
region. Otherwise, the objective function has no minimum value.

If two corner points of the feasible region are both optimal solutions of the

same type, i.e., both produce the same maximum or minimum, then any point
on the line segment joining these two points is also an optimal solution of the
same type.
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Historical Note

In the World War 11, when the war operations had to be planned to economise
expenditure, maximise damage to the enemy, linear programming problems
came to the forefront.

The first problem in linear programming was formulated in 1941 by the Russian
mathematician, L. Kantorovich and the American economist, F. L. Hitchcock,
both of whom worked at it independently of each otlikrs was the well
known transportation problem. In 1945, an English economist,SEgler,
described yet another linear programming problem — that of determining an
optimal diet.

In 1947, the American economist, G. B. Dantzig suggested an efficient method
known as the simplex method which is an iterative procedure to solve any
linear programming problem in a finite number of steps.

L. Katorovich and American mathematical economis€ TKoopmans were
awarded the nobel prize in the year 1975 in economics for their pioneering
work in linear programming. With the advent of computers and the necessary
softwares, it has become possible to apply linear programming model to
increasingly complex problems in many areas.

4

> —
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12080CH13

(PROBABILITY )

« The theory of probabilities is simply thecience of logic
quantitatively treated. -C.S. PEIRCE ¢

13.1 Introduction

In earlier Classes, we have studied the probability {4
measure of uncertainty of events in a random experin
We discussed the axiomatic approach formulatec
Russian Mathematician, A.N. Kolmogorov (1903-19¢
and treated probability as a function of outcomes of
experimentWe have also established equivalence betw
the axiomatic theory and the classical theory of probab
in case of equally likely outcomes. On the basis of
relationship, we obtained probabilities of events associ
with discrete sample spacede have also studied th
addition rule of probabilityin this chapteme shall discus:
the important concept of conditional probability of an ev
given that another event has occurred, which will be hel ¥ Fafmrmmmte
in understanding the Bayes' theorem, multiplication rule of pierre de Fermat
probability and independence of evelis.shall also learn (1601-1665)
an important concept of random variable and its probability
distribution and also the mean and variance of a probability distribution. In the last
section of the chapter, we shall study an important discrete probability distribution
called Binomial distributionfhroughout this chaptewe shall take up the experiments
having equally likely outcomes, unless stated otherwise.

13.2 Conditional Probability

Uptill now in probability we have discussed the methods of finding the probability of
events. If we have two events from the same sample space, does the information
about the occurrence of one of the events affect the probability of the other event? Let
us try to answer this question by taking up a random experiment in which the outcomes
are equally likely to occur.

Consider the experiment of tossing three fair coins. The sample space of the
experimentis

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
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1
Since the coins are faiwe can assign the probabilitg to each sample point. Let

E be the event ‘at least two heads appear’ and F be the event ‘first coin shows tail'.
Then
E ={HHH, HHT, HTH, THH}

and F ={THH, THT, TTH, TTT}
Therefore  P(E) =P ({HHH}) + P ({HHT}) + P ({HTH}) + P ({THH})
1,111 1 o
g g g g 2 Wy ?)
and P(F) = P ({THH)) + P ({THT}) + P ((TTH)) + P ({TTT})
11111
S i
888 8 2
Also E A F = {THH}

with P(EnF) =P{THH}) = %

Now, suppose we are given that the first coin shows tail, i.e. F occurs, then what is
the probability of occurrence of E? With the information of occurrence wkFare
sure that the cases in which first coin does not result into a tail should not be considered
while finding the probability of E. This information reduces our sample space from the
set S to its subset F for the event E. In other words, the additional information really
amounts to telling us that the situation may be considered as being that of a new
random experiment for which the sample space consists of all those outcomes only
which are favourable to the occurrence of the event F.

Now, the sample point of F which is favourable to event'BHHl.

- . ¥ 1
Thus, Probability of E considering F as the sample spafe =

1
or Probability of E given that the event F has occurref =

This probability of the event E is called tbenditional probability of E given
that F has already occued, and is denoted by (E|F).

1
Thus P(EIF) =,

Note that the elements of F which favour the event E are the common elements of
E and Fi.e. the sample points of EF
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Thus, we can also write the conditional probability of E given that F has occurred as

Number of elementary eventsfavourableto E |
Number of elementary events which are favolsab F

P(E|F) =

_Nn(ENF)
- n(F)
Dividing the numerator and the denominator by total number of elementary events
of the sample space, we see tRAd|F) can also be written as

n(ENF)
S| _PENF
PER =B = P e
n(s)

Note that (1) is valid only when P(E)O i.e., F= ¢ (Why?)
Thus, we can define the conditional probability as follows :

Definition 1 If E and F are two events associated with the same sample space of a
random experiment, the conditional probability of the event E given that F has occurred,
i.e. P (E|F) is given by

P(E|F) :P%;)F)

provided P(F} 0

13.2.1 Properties of conditional probability

Let E and F be events of a sample space S of an experiment, then we have
Property 1 P(S|F) = P(FIF) =1

We know that

P(S&n F)= P(F)_1

R TC RN
Also P(FIF) :P(%r;)ﬂzz—gzl
Thus P(S|F) =P(FIF) = 1

Property 2 If A andB are any two events of a sample sp&candF is an event
of S such thatP(F) = 0O, then

P((A U B)|F) = P(A|F) + P(BIF) — R(A n B)|F)
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In particular, if A andB are disjoint events, then
P((AUB)|F) =P(A|F) + P(BJIF)

We have

P[(AuB)NF]

AAUBIF) =50

P[(AnF) U (BN F)]
i P (F)
(by distributive law of union of sets over intersection)
P(AnF)+P(BN F)-P(A& Bn F)
P (F)

: P(AmF)+ P(BNF) P[(AnB)n F]
P(F) P(F) P(F)

= P(A|F) + P(B|F) =P((A nB)|F)

WhenA and B are disjoint events, then
P((ANnB)|F)=0

= P((A U B)|F) = RA|F) + P(BJ|F)
Property 3 P(E'|F) = 1- P(E|F)
From Property 1, we know that P(S|F) = 1

= P(EUE|F) =1 since S=RFE
= P(EIF) + P (HF) =1 sinceE and E are disjoint events
Thus, P(E|F) =1- P(E|F)

Let us now take up some examples.

7 9 4
Example 11f P(A) = 13’ P(B) = 13 andP(A N B) = 13’ evaluate PA|B).

4
Solution We haveP (A|B) :% =13 =_;‘
13

Example 2 Afamily has two children. What is the probability that both the children are
boys given that at least one of them is a boy ?
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Solution Let b stand for boy and for girl. The sample space of the experiment is
S={(b, b, @ b, (b, 9, (9, 9}

Let E and F denote the following events :

E :‘both the children are boys’

F :‘at least one of the child is a boy’

Then E ={(bb)} and F = {(bb), (g,b), (b,9)}
Now EF={(bb)}
Thus P(F) = % and P (B0 F )= %
1
Therefore P (E|F) :P(%rl;)':)zgz_;
4

Example 3 Ten cards numbered 1 to 10 are placed in a box, mixed up thoroughly and
then one card is drawn randomly. If it is known that the number on the drawn card is
more than 3, what is the probability that it is an even number?

Solution Let A be the event ‘the number on the card drawn is even’ and B be the
event ‘the number on the card drawn is greater than 3'. We have to find P(A|B).

Now, the sample space of the experimentis S={1, 2, 3, 4,5, 6, 7, 8, 9, 10}

Then A={2,4,6,8,10}, B={4,5,6,7,8,9,10}
and ANB={4,6,8,10}
5 7 4
=—,P(B)=—and P(&n Bx—
Also P(A) =15 (B) 0 ( >=10
4
B P(AmB)_E_il
Then P(A|B) _—P(B) _l_ -
10

Example 4 In aschool, there are 1000 students, out of which 430 are girls. It is known
that out of 430, 10% of the girls study in class XII. What is the probability that a student
chosen randomly studies in Class XII given that the chosen student is a girl?

Solution Let E denote the event that a student chosen randomly studies in Class XII
and F be the evetitat the randomly chosen student is a girl. We have to f(&gFy.
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430 43

N P(F) =2 _0.43 and P(En F)=> = 0.04: (Why?
ow ) =1000 and P(En P=555 (Why?)
P(ENF) 0.043
Th P(E|F) = = =0.1
en EP="5m 043

Example 5 A die is thrown three times. Events A and B are defined as below:
A : 4 on the third throw
B : 6 on the first and 5 on the second throw
Find the probability of A given that B has already occurred.

Solution The sample space has 216 outcomes.

(1,1,4) (1,2,4) ...(1,6,4) (2,1,4) (2,2.4. (2,6,4
Now A=1314) (324) ..(3,6/4) (4,1,4) (4,2,4)(4,6,4)
(5,1,4) (5,2,4) ... (5,6,4) (6,1,4) (6,2,4)(6,6,4)

B ={(6,5.1), (6,5,2), (6,5,3), (6,5,4), (6,5,5), (6,5,6)}

and A nB={6,54)}
N P(B) = 6 d P(AnB B
ow ()—216an ( )—216

1
P(ANB) 216 _ 1
PB 6 6
216
Example 6 Adie is thrown twice and the sum of the numbers appearing is observed

to be 6. What is the conditional probability that the number 4 has appeared at least
once?

Then P(AIB) =

Solution Let E be the event thattimber 4 appears at least oraxed F bethe event
that the sum of the numbers appearing is 6'.

Then, E ={4,1),4,2),4,.3),(4,4),4)5),(4,6),(1,4),(24),(3,4),(54), (6,4}
and F={(1,5),(2,4), (3,3), (4,2), (5,1)}

11 5
We have P(E) :%and P(F) = 36
Also EnF ={(2,4), (4,2)}
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2
Therefore PENF) = 36
Hence, the required probability
2
PENF) 36 2
PEIF) = ——=—=F"-=—
36

For the conditional probability discussed above, we have considered the elemen-
tary events of the experiment to be equally likely and the corresponding definition of
the probability of an event was used. However, the same definition can also be used in
the general case where the elementary events of the sample space are not equally
likely, the probabilities P (& F) andP (F) being calculated accordingly. Let us take up
the following example.

Example 7 Consider the experiment of tossing a coin. If the coin shows head, toss it

again but if it shows tail, then throw a die. Find the (H,H)
conditional probability of the event that ‘the die shows Head (H)<
a number greater than 4’ given that ‘there is at leas (H,T)
one tail'. <
(T,1)
Solution The outcomes of the experiment can be (T,2)
represented in following diagrammatic manner called Tail (T) (T.3)
the ‘tree diagram’. g:g
The sample space of the experiment may be (T,6)

described as Fig 13.1

S ={(H,H), (H,T), (T.1), (T.2), (T.3), (T.4), (T.5), (@)}

where (H, H) denotes that both the tosses result into
head and () denote the first toss result into a tail a

nd , Head (H)<
the number appeared on the die for 1,2,3,4,5,6. Y2
Thus, the probabilities assigned to the 8 elementdry

events &
(H,H), (H,T), (T, 1), (T, 2), (T3) (T. 4), (T, 5), (T6)

Tail (T)
111111 1 _ o
arez,:1 121219 19 13 1 respectively which is
clear from the Fig 13.2. Fig 13.2
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Let F be the event thathere is at least one tadind E be the evehthe die shows
a number greater than 4rhen
F={(HT),(T1),(T.2),(T.3), (T.4), (), (T.6)}
E ={(T.5), (T.6)} and En F ={(T.5), (1.6)}
Now P(F) =P{(H, T} + P {(T,1)}) + PAT.2)}) + P{(T,3)})
+ PAT.4) + PAT.5)) + PA(T.6)})
11 1 1 1 1 1 3

=S4+t —t+—+—F+—F—=
4 12 12 12 12 12 12 -

1 1 1
and PENF)=P{(T,5)} +P{(T,6)}) = E+T2=_6

PENF)
Hence PEIF) =— ==

_2
P (F) 9

N wlolk

| EXERCISE 13.1|
1. Given that E and F are events such that P(E) = 0.6, P(F) = 0.3 and
P(En F) = 0.2, find RE|F) andP(F|E)
2. Compute P(A|B), if P(B) = 0.5 and P (AB) =0.32
3. If P(A)=0.8, P(B)=0.5and PB|A) = 0.4, find
(i) P(ANnB) (i) P(AIB) (i) P(AuB)

5 2
4. Evaluate P(AU B), if 2P(A) = P(B) =73 and P(AIB) =5

6 5
5. If P(A) = 77 P(B) =37 and P(AUB) =111, find

() P(AnB) (i) P(AIB) (iiy P(BJA)
Determine P(E|F) in Exercises 6 to 9.
6. A coin is tossed three times, where
() E:headonthirdtoss , F: heads on first two tosses
(i) E: atleasttwo heads , F:at mosttwo heads
(i) E:atmosttwo tails , F: atleastone tail
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7. Two coins are tossed once, where

() E:tail appears on one coain, F : one coin shows head
@) E: no tail appears, F : no head appears

8. Adie is thrown three times,

E : 4 appears on the third toss, F:6 and 5 appears respectively
on first two tosses

9. Mother, father and son line up at random for a family picture
E : son on one end, F : father in middle
10. A black and a red dice are rolled.

(a) Find the conditional probability of obtaining a sum greater than 9, given
that the black die resulted in a 5.

(b) Find the conditional probability of obtaining the sum 8, given that the red die
resulted in a number less than 4.

11. Afair dieis rolled. Consider events E ={1,3,5}, F={2,3}and G ={2,3,4,5}

Find
(i) P(EIF) andP(F|E) (i) P(E|G) and BG|E)
@iy P((Ewv F)|G) and R(E n F)|G)

12. Assume that each born child is equally likely to be a boy or a girl. If a family has
two children, what is the conditional probability that both are girls given that
() the youngest is a girl, (ii) at least one is a girl?

13. Aninstructor has a question bank consisting of 300 easy True / False questions,
200 difficult True / False questions, 500 easy multiple choice questions and 400
difficult multiple choice questions. If a question is selected at random from the

guestion bank, what is the probability that it will be an easy question given that it
is a multiple choice question?

14. Given that the two numbers appearing on throwing two dice are different. Find
the probability of the eveithe sum of numbers on the dice is 4

15. Consider the experiment of throwing a die, if a multiple of 3 comes up, throw the
die again and if any other number comes, toss a coin. Find the conditional probability
of the event ‘the coin shows a tail’, given that ‘at least one die shows a 3'.

In each of the Exercises 16 and 17 choose the correct answer:

1
16. If P(A)= 3, P(B) = 0, therP(AB) is

1
(A) 0 ®) 3
(C) notdefined (D) 1
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17. If A and B are events such that P(A|B) = P(B|A), then
(A) AcBbutA+B (B) A=B
(C) AnB=0¢ (D) P(A) = P(B)

13.3 Multiplication Theorem on Probability

Let E and F be two events associated with a sample space S.,Gleadgt B0 F
denotes the event that both E and F have occurred. In other words denotes the
simultaneous occurrence of the events E aifth€& event k0 F is also written as EF.

Very often we need to find the probability of the event EF. For example, in the
experiment of drawing two cards one after the other, we may be interested in finding
the probability of the eveha king and a queériThe probability of event EF is obtained
by using the conditional probability as obtained below :

We know that the conditional probability of event E given that F has occurred is
denoted by P(E|F) and is given by

P(E|F) :P(F',E—((F”)F), P(F)% C

From this result, we can write
P(En F) =P(F) . P(EIF) .. (1)

Also, we know that

P (FIE) = 2.5) (PF(E)E), P(E) 0

PENF) .

or P (FIE) :W (since EnF=FnE)
Thus, P(En F) =P(E). P(FIE) e (2)

Combining (1) and (2), we find that
P(E nF) =P(E) P(F|E)
= P(F) P(E|F) provided P(B 0 and P(F} 0.
The above result is known as timiltiplication mle of pobability.
Let us now take up an example.
Example 8 An urn contains 10 black and 5 white balls. Two balls are drawn from the

urn one after the other without replacement. What is the probability that both drawn
balls are black?

Solution Let E and F denote respectively the events that first and second ball drawn
are blackWe have to find?(E n F) or P(EF).
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10
Now P(E) =P (black ball in first draw) 35

Also given that the first ball drawn is black, i.e., event E has occurred, now there
are 9 black balls and five white balls left in the urn. Therefore, the probability that the
second ball drawn is black, given that the ball in the first draw is black, is nothing but
the conditional probability of F given that E has occurred.

. 9
ie. P(FIE) =1,

By multiplication rule of probabilitywe have
P(En F) =P(E) P(F|E)
10 9 3
= —X—=—
15 14 7
Multiplication rule of probability for more than two eventf E, F and G are
three events of sample space, we have
P(En Fn G) =P(E) P(FIE)P(G|(En F)) =P(E) P(F|E) P(G|EF)
Similarly, the multiplication rule of probability can be extended for four or
more events.
The following example illustrates the extension of multiplication rule of probability
for three events.

Example 9Three cards are drawn successiyvelighout replacement from a pack of
52 well shuffled cards. What is the probability that first two cards are kings and the
third card drawn is an ace?

Solution Let K denote the event that the card drawn is king and A be the event that
the card drawn is an ace. Cleamye have to find PKKA)

4
Now P(K) = 5

Also, P(K]|K) is the probability of second king with the condition that one king has
already been drawn. Now there are three kings in{%2= 51 cards.

3
Therefore P(KIK) = —
51

Lastly, P(A|KK) is the probability of third drawn card to be an ace, with the condition
that two kings have already been drawn. Now there are four aces in left 50 cards.
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4
Therefore P(A|KK) = 50

By multiplication law of probabilitywe have
P(KKA) = P(K) RK|K) P(AIKK)
4 3 4 2
= —X—X—=—
52 51 50 552¢

13.4 Independent Events

Consider the experiment of drawing a card from a deck of 52 playing cards, in which
the elementary events are assumed to be equally likely. If E and F denote the events
'the card drawn is a spade' and 'the card drawn is an ace' respeitterely

13 1 4 1
=—=—and P(Fr—=—
PE) 52 4 (Fr 52 13
Also E and F is the event ' the card drawn is the ace of spades' so that
P(ENF L,
ENH =5
1
PENF) 5o 1
Hence PEIF) =—5=5=7 =,
13

1
Since P(E) Ay, = P (E|F), we can say that the occurrence of event F has not

affected the probability of occurrence of the event E.
We also have

1
==PF)

P(ENF)
P(F|E) =W=

-b\l—‘|%‘l—\

1
Again, RAF) = 13 = P (F|E) shows that occurrence of event E has not affected

the probability of occurrence of the event F.

Thus, E and F are two events such that the probability of occurrence of one of
them is not affected by occurrence of the other.

Such events are calleddependent events
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Definition 2 Two events E and F are said to be independent, if

and

P (F|IE) =P (F) provided P (E)= O
P(E|F) =P (E) provided P (F¢ 0

Thus, in this definition we need to have P &) and P(F}:0
Now, by the multiplication rule of probabilitye have

P(ENF) =P(E) . P (FIE) . (1)

If E and F are independent, then (1) becomes

P(ENF) =P(E) . P(F) .. (2)

Thus, using (2), the independence of two events is also defined as follows:

Definition 3 Let E and F be two events associated with the same random experiment,
then E and F are said to be independent if

PENF)=P(E).P (F)

Remarks

()

(i

(i)

(iv)

Two events E and F are said to be dependent if they are not independent, i.e. if
PENF)#PE).P(F)

Sometimes there is a confusion between independent events and mutually

exclusive event§erm‘independentis defined in terms dprobability of events

whereas mutually exclusive is defined in term of events (subset of sample space).

Moreover mutually exclusive events never have an outcome common, but

independent events, may have common outcome. Cléadgpendentand

‘mutually exclusivedo not have the same meaning.

In other words, two independent events having nonzero probabilities of occurrence

can not be mutually exclusive, and conversely, i.e. two mutually exclusive events
having nonzero probabilities of occurrence can not be independent.

Two experimentsire said to be independent if for every pair of events E and F,
where E is associated with the first experiment and F with the second experiment,
the probability of the simultaneous occurrence of the events E and F when the
two experiments are performed is the product of P(E) and P(F) calculated
separately on the basis of two experiments, i.e., R =P (E) . P(F)

Three events A, B and C are said to be mutually independent, if
P(A nB) =P(A) P(B)
P(A n C) =P(A) P(C)
P(B n C) =P(B) P(C)

and P(AnBnC)=P(A) P(B) P(C)
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If at least one of the above is not true for three given events, we say that the
events are not independent.

Example 10 A die is thrown. If E is the event ‘the number appearing is a multiple of
3’ and F be the event ‘the number appearing is even’ then find whether E and F are
independent ?

Solution We know that the sample space is S ={1, 2, 3, 4, 5, 6}

Now E={3,6},F={2,4,6}and B F = {6}
2 1 31 1
=—=—, P(F==== and P(E& —
Then PE =5=3 ()=6 5 ( F—)G
Clearly P(ENF) =P(E). P (F)
Hence E and F are independent events.

Example 11An unbiased die is thrown twice. Let the everiedodd number on the
first throw and B the evenbdd number on the second thfo®heck the independence
of the events A and B.

Solution|f all the 36 elementary events of the experiment are considered to be equally
likely, we have

18 1 18 1
P(A) = 3573 andPB)=55=7
Also P(A n B) = P (odd number on both throws)
9.1
36 4
N P(A) P(B) = 1><£——1
Clearly P(A nB) =P(A) x P(B)
Thus, A and B are independent events

Example 12 Three coins are tossed simultaneously. Consider the event E ‘three heads
or three tail§ F‘at least two headsnd G'at most two headsOf the pairs (E,F),
(E,G) and (F5), which are independent? which are dependent?
Solution The sample space of the experiment is given by
S ={HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
Clearly E ={HHH, TTT}, F= {HHH, HHT, HTH, THH}
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and G ={HHT, HTH, THH, HTT, THT, TTH, TTT}
Also ENF ={HHH}, E N G = {TTT}, F N G = { HHT, HTH, THH}
2 1 4 1 7
5= PP=1=2,PCr—
Therefore P(E) =4 F 8= (GF 8
1 1 3
and P(ENF) ==, P(EN G)==, P(fF" GE=
8 8 8
1 1 1 1.7 7
=3 x5=5PE) PG
Also P(E) .P(F) =7 %5 (E) P( )=4 P
d P(F) . P(G !
an (F) - P 2 8 16
Thus P(E N F) =P(E) . P(F)
P(EnG)#P(E) . P(G)
and PFNG)=P (F) . P(G)

Hence, the events (E and F) are independent, and the events (E and G) and
(F and G) are dependent.

Example 13 Prove that if E and F are independent events, then so are the events
E andF.

Solution Since E and F are independent, we have
P(EnF)=P(E) . P(F) (1)
From the venn diagram in Fig 13.3, it is clear

that E~ F and B~ F” are mutually exclusive evengs E (E'NF’) S
and also EENF)uU (EnF). N %

Therefore PE) =P(EnF) + PENF)
or P(ENF) =P(E)- P(ENF)
=pE)- PE).PFE) | E°F) (€®AF)  (ENF)
(by (1)) Fig 13.3
=P(E) (¥P(F))
=P(E). PE)

Hence, E an#’ are independent
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In a similar mannerit can be shown that if the events E and F|are
independent, then

(a) E’and F are independent,
(b) E”andF’ are independent

Example 14If A and B are two independent events, then the probability of occurrence

of at least one of And B is given by 1- P(AP(B)

Solution We have

P (at least one of A and B) = P(AB)

=P(A) + P(B)- P(AN B)
=P(A) + P(B)- P(A) P(B)
=P(A) + P(B) [EP(A)]
=P(A) + P(B). P(A
=1- P(A) + P(B) P(A)
=1- P(A) [1- P(B)]
=1- P(A) P (B)

|EXERCISE 13.2|

3 1
1. If P(A) =§ and P (B)=§, find P (A n B) if A and B are independent events.

2. Two cards are drawn at random and without replacement from a pack of 52
playing cards. Find the probability that both the cards are black.

3. A box of oranges is inspected by examining three randomly selected oranges
drawn without replacement. If all the three oranges are good, the box is approved
for sale, otherwise, it is rejected. Find the probability that a box containing 15
oranges out of which 12 are good and 3 are bad ones will be approved for sale.

4. Afair coin and an unbiased die are tossed. Let A be the g appears on
the coil and B be the everi8 on the dié. Check whether A and B are
independent events or not.

5. Adie marked 1, 2, 3inred and 4, 5, 6 in green is tossed. Let A be the event,
‘the number is evehand B be the eventthe number is réd Are A and B
independent?

3 3 1
6. Let E and F be events with([P) =§, P(F) :f) and P (En F) = 5 Are
E and F independent?
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1 3
. Given that the events A and B are such that P(A? ~P(AUB)= = and

P (B) =p. Findp if they are (i) mutually exclusive (ii) independent.

LetA and B be independent events with P (A) = 0.3 and P(B) = 0.4. Find
() P(ANB) () P(AuB)
(iiy P(A|B) (iv) P(BJA)

1 1 1
If Aand B are two events such thatAy = 7 P(B) = 5 and P(A n B) =§,

find P (notA and not B).
1 7 1

EventsA and B are such that(R) = > P(B) =12 and P(noA or not B) =7
State whether A and B are independent ?
Given two independent evemisand B such that P(A) = 0.3, P(B) = 0.6.
Find

(i) P(A and B) () P(A and not B)

(iy P(A or B) (iv) P(neitherA nor B)
A die is tossed thrice. Find the probability of getting an odd number at least once.

Two balls are drawn at random with replacement from a box containing 10 black
and 8 red balls. Find the probability that

(i) both balls are red.
(i) first ball is black and second is red.
(ify one of them is black and other is red.

1 1
Probability of solving specific problem independently by A and B—Zarar\d§
respectivelylf both try to solve the problem independently, find the probability
that
(i) the problem s solved (i) exactly one of them solves the problem.

One card is drawn at random from a well shuffled deck of 52 cards. In which of
the following cases are the events E and F independent ?

(i) E :‘the card drawn is a spade’
F : ‘the card drawn is an ace’

(i) E :‘the card drawn is black’
F :‘the card drawn is a kihg

(i) E:‘the card drawn is a king or queen’
F :‘the card drawn is a queen or jack'.
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16. In a hostel, 60% of the students read Hindi newspaper, 40% read English
newspaper and 20% read both Hindi and English newspapestaident is
selected at random.

(a) Find the probability that she reads neither Hindi nor English newspapers.

(b) If she reads Hindi newspapdind the probability that she reads English
newspaper
(c) If she reads English newspaper, find the probability that she reads Hindi
newspaper
Choose the correct answer in Exercises 17 and 18.

17. The probability of obtaining an even prime number on each die, when a pair of
dice isrolledis

A) 0 B 1 C 2 D 1
A ®) 3 © 3 (D) 35
18. Two events A and B will be independent, if

(A) A and B are mutually exclusive

(B) P(AB) = [1 - P(A)] [1 - P(B)]

(C) P(A) = P(B)

(D) P(A) + P(B) =1
13.5 Bayes' Theorem

Consider that there are two bags | and Il. Bag | contains 2 white and 3 red balls and
Bag Il contains 4 white and 5 red balls. One ball is drawn at random from one of the

1
bags. We can find the probability of selecting any of the bagg(j.er probability of

drawing a ball of a particular colour (say white) from a particular bag (say Bag I). In
other words, we can find the probability that the ball drawn is of a particular ciélour

we are given the bag from which the ball is drawn. But, can we find the probability that
the ball drawn is from a particular bag (say Bag Il), if the colour of the ball drawn is
given? Here, we have to find the reverse probability of Bag Il to be selected when an
event occurred after it is known. Famous mathematician, John Bayes' solved the problem
of finding reverse probability by using conditional probability. The formula developed
by him is known asBayes theam which was published posthumously in 1763.
Before stating and proving the Bayes' theorem, let us first take up a definition and
some preliminary results.

13.5.1 Partition of a sample space
A set of events EE,, ..., E is said to represent a partition of the sample space S if

(a) Elerqu),i;tj,i,j =1,2,3,..n
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(b) E,UE LU...UE=Sand
(c) P(E)>0Oforalli=1,2,..n.

In other words, the events,iE, ..., E represent a partition of the sample space
S ifthey are pairwise disjoint, exhaustive and have nonzero probabilities.

As an example, we see that any nonempty event E and its complenfamh &
partition of the sample space S since they satisfyEE=¢ and EUE = S.

From théVenn diagram in Fig 13.3, one can easily observe that if E and F are any
two events associated with a sample space S, then thesdt {ENF, E nF, E nF}
is a partition of the sample space S. It may be mentioned that the partition of a sample
space is not unique. There can be several partitions of the same sample space.

We shall now prove a theorem knownTd®oem of total probability.

13.5.2 Theorem of total probability

Let {E,E,....E} be a partition of the sample space S, and suppose that each of the
events £, E,,..., E has nonzero probability of occurrence. Adte any event associated
with S, then

P(A) =P(E) P(AIE) + P(E) P(AIE) + ... + P(B) P(AIE)
= Y P(E;)P(AE )
=1

Proof GiventhatE E,..., E is a partition of the sample space S (Fig 13.4). Therefore,
S=EEUEU..UE, S . (1)

and EimEqu),i;tj,i,jzl,Z, .oN
Now, we know that for any eveAt,
A=ANS
=An(E UEU..UE) E: E,
=ANE)UANE)U.UANE) Fig 13.4

Also AN E; andA N E are respectively the subsets obBd E. We know that
E and IJEare disjoint, fon # |, thereforeA NE and An EJ are also disjoint for all
i#j, 1,j=1,2,..n
Thus, P(A)=P[(AnE)UANE)U..0UANE)]
=P(AnE)+P(AnE)+..+P(ANE)
Now, by multiplication rule of probabilityve have
P(AnE)=P(E) P(AIE) as P (B =#0vi=1,2,.n
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Therefore, P(A)=P(E) P(AIE) + P (E) P (AIE) + ... + P (E)P(AIE)
or P(A) = Y. P(E, )P (AE )
j=1

Example 15A person has undertaken a construction job. The probabilities are 0.65
that there will be strike, 0.80 that the construction job will be completed on time if there
is no strike, and 0.32 that the construction job will be completed on time if there is a
strike. Determine the probability that the construction job will be completed on time.

Solution LetA be the event that the construction job will be completed on time, and B
be the event that there will be a strikée have to find P(A).
We have

P(B) =0.65, P(no strike) = P(B=1- P(B) = 1- 0.65 = 0.35
P(A|B) =0.32, P(A|BJ = 0.80
Since events B and Brm a partition of the sample space S, therefore, by theorem
on total probability, we have
P(A) =P(B) P(A|B) + P(B P(A|B)
=0.65 x 0.32 +0.35% 0.8
=0.208 + 0.28 = 0.488
Thus, the probability that the construction job will be completed in time is 0.488.
We shall now state and prove the Bayes' theorem.

Bayes’ Theoremif E_, E, ,..., E aren non empty events which constitute a partition
of sample space S, i.e,,E, ,..., E are pairwise disjointand& Eu ... E =S and
Ais any event of nonzero probabilithen
P(E )P(A|E
P(EI|A) = (E)PAIE ) foranyi=1, 2,3, ...n

Y PE)PAIE )
j=1

ProofBy formula of conditional probability, we know that
P(ANE)
P(A)

- %) (by multiplication rule of probability)

__PE)PAE)
Y P )P(AIE )
j=1

P(EIA) =

(by the result of theorem of total probability)
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Remark The following terminology is generally used when Bayes' theorem is applied.
The events EE,, ..., E are callechypotheses.
The probability P(E is called thepriori probability of the hypothesis,E

The conditional probability P(FA) is calleda posteriori pobability of the
hypothesis E

Bayes' theorem is also called the formula for the probability of "causes”. Since the
E's are a partition of the sample space S, one and only one of the evetisr&(i.e.
one of the events, Enust occur and only one can occur). Hence, the above formula
gives us the probability of a particular(Ee. a "Cause"), given that the evenhas
occurred.

The Bayes' theorem has its applications in variety of situations, few of which are
illustrated in following examples.

Example 16Bag | contains 3 red and 4 black balls while another Bag Il contains 5 red
and 6 black balls. One ball is drawn at random from one of the bags and it is found to
be red. Find the probability that it was drawn from Bag |lI.

Solution Let E, be the event of choosing the bag J{lte event of choosing the bag Il
and A be the event of drawing a redlba

1
Then P(E) =P(E) = 5

3
Also P(A|E) =P(drawing a red ball from Bag I) S

5
and P(A|E) = P(drawing a red ball from Bag II) 11

Now, the probability of drawing a ball from Bag Il, being given that it is red,
is P(EJA)

By using Bayes' theorem, we have

1 5
B P(E,)P(AIE ) 2" 35
PEIA) = B E ) P(AIE )+PE )P@AE ~ 1,3, 1 5 68
2 7 2 11

Example 17 Given three identical boxes I, Il and Ill, each containing two coins. In
box I, both coins are gold coins, in box I, both are silver coins and in the box Ill, there

is one gold and one silver coin. A person chooses a box at random and takes out a coin.
If the coin is of gold, what is the probability that the other coin in the box is also of gold?
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SolutionLet E, E, and E be the events that boxes |, Il and Il are chosen, respectively

1
Then P(E) =P(E) =P(E) = 3

Also, letA be the event thathe coin drawn is of gold

2
Then  P(AE) = P(agold coin from bag I) 5 =
P(AIE) =P(a gold coin from bag 1) = 0

_ 1
P(A|E) = P(a gold coin from bag IlI) 5
Now, the probability that the other coin in the box is of gold
= the probability that gold coin is drawn from the box I.
=P(EIA)

By Bayes' theorem, we know that

_ P(E, )P(AE )
PEA = 5 E ) PAE ) *PE )PAIE )+PE )P (AE
1
§><1 2

}><1+71><0+—1><—l 3
3 3 2

Example 18 Suppose that the reliability of a HIV test is specified as follows:

Of people having HIV, 90% of the test detect the disease but 10% go undetected. Of
people free of HIY99% of the test are judged HIV—ive but 1% are diagnosed as
showing HIV+ive. From a large population of which only 0.1% have HIV, one person
is selected at random, given the HIV test, and the pathologist reports him/her as
HIV+ive. What is the probability that the person actually has HIV?

Solution Let E denote the event that the person selected is actually havirenedy
the event that the person's HIV test is diagnosed as +ive. We need to find P(E|A).
Also E”denotes the event that the person selected is actually not having HIV.

Clearly, {E, E'} is a partition of the sample space of all people in the population.
We are given that

0.1
=0.1% =—=0.001
P(E) =0.1% = 7o
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P(E) =1 - P(E) = 0.999
P(A|E) = P(Person tested as HIV+ive given that he/she
is actually having HIV)

90
=90% =——->-=0.9
90% 100

and P(A|E) = P(Person tested as HIV +ive given that he/she
is actually not having HIV)

1
=1% =——=
1% 100 0.01

Now, by Bayes' theorem
P(E)P(A|E)
P(E)P(A|E)+P(E )P (AIE

P(EIA) =

B 0.00%k 0.9 90
~ 0.00k 0.9 0.999 0.01 10¢
=0.083 approx.

Thus, the probability that a person selected at random is actually having HIV
given that he/she is tested HIV+ive is 0.083.

Example 19In a factory which manufactures bolts, machines A, B and C manufacture
respectively 25%, 35% and 40% of the bolts. Of their outputs, 5, 4 and 2 percent are
respectively defective bolts. A bolt is drawn at random from the product and is found
to be defective. What is the probability that it is manufactured by the machine B?

Solution Let events B B,, B, be the following :
B, : the bolt is manufactured by machine A
B, : the bolt is manufactured by machine B
B, : the bolt is manufactured by machine C

Clearly B, B,, B, are mutually exclusive and exhaustive events and hence, they
represent a partition of the sample space.

Let the event E b&he bolt is defective
The event E occurs withlB>r with B, or with B.. Given that,
P(B,) =25% =0.25, P (B =0.35and P(B§ = 0.40

Again P(E[B) = Probability that the bolt drawn is defective given that it is manu-
factured by machine A 5% = 0.05

Similarly, P(E|B) =0.04, P(E|B = 0.02.
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Hence, by Bayes' Theorem, we have
P(B,)P(EB )
P(B,)P(EIR)+P(B )P(EIB )+P(B )P(EB
0.35x 0.04
~ 0.25¢ 0.05+ 0.3% 0.04 0.40 0.

0.0140 2¢

~ 00345 6¢

Example 20A doctor is to visit a patient. From the past experience, it is known that
the probabilities that he will come by train, bus, scooter or by other means of transport

P(B,E) =

. 311 2 . . 11 1
are respectlveITO,—s,Rand—s. The probabilities that he will be late afe, andl_z’

if he comes by train, bus and scooter respectively, but if he comes by other means of
transport, then he will not be late. When he arrives, he is late. What is the probability
that he comes by train?

Solution Let E be the event that the doctor visits the patient late and I}, T, T,
be the events that the doctor comes by train, bus, scooter, and other means of transport
respectively

3
Then P(T) = P(T )== P(‘g )=— and P (T =>— (given)
h - 1
P(E|T) = Probability that the doctor arriving late comes by trarz: =

Similarly, P(E[T) = P(E|'I;) = and P(E[]) = 0, since he is not late if he

comes by other means of transport.
Therefore, by Bayes' Theorem, we have
P(T,|E) =Probability that the doctor arriving late comes by train

_ P(T)PEIT)
P(T,)P (ET)+P(T )P(EIT )+P T )PEIT )+P(T AT

3.1

_ 104 _3 120 1
- 2

—2>< 0
5

40 1
—X —=+
1054753 10° 12

Hence, the required probability+25.
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Example 21A man is known to speak truth 3 out of 4 times. He throws a die and
reports that it is a six. Find the probability that it is actually a six.

Solution Let E be the event that the man reports that six occurs in the throwing of the
die and let She the event that six occurs and8 the event that six does not occur.

1
Then P(S) = Probability thasix occurs 5

5
P(S) = Probability thasix does not occur s

P(E|S) = Probability that the man reports thgx occurs whersix has
actually occurred on the die

3
= Probability that the man speaks the trutIZ:

P(E|S) = Probability that the man reports thsax occurs whersix has
not actually occurred on the die

= Probability that the man does not speak the tetith

Mlw
AP

Thus, by Bayes' theorem, we get
P(S|E) =Probability that the report of the man tisat has occurred is

actually asix

- P(S)PEIS)

P(§)P(EIS)+PE )P (EIS
1 3

__67a 1,243

1,35 1 8 8 8

6 4 6 4

3
Hence, the required probabilityfés

|EXERCISE 13.3

1. Anurn contains 5 red and 5 black balls. A ball is drawn at random, its colour is
noted and is returned to the urn. Moreover, 2 additional balls of the colour drawn
are putin the urn and then a ball is drawn at random. What is the probability that
the second ball is red?
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A bag contains 4 red and 4 black balls, another bag contains 2 red and 6 black
balls. One of the two bags is selected at random and a ball is drawn from the bag
which is found to be red. Find the probability that the ball is drawn from the
first bag.

Of the students in a college, it is known that 60% reside in hostel and 40% are
day scholars (not residing in hostel). Previous year results report that 30% of all
students who reside in hostel attain A grade and 20% of day scholars attain A
grade in their annual examination. At the end of the year, one student is chosen
at random from the college and he ha& gnade, what is the probability that the
student is a hostlier?

In answering a question on a multiple choice test, a student either knows the

3 1
answer or guesses. Lﬁt be the probability that he knows the answer 3nd
be the probability that he guesses. Assuming that a student who guesses at the

1
answer will be correct with probabilitX . What is the probability that the stu-
dent knows the answer given that he answered it correctly?

. Alaboratory blood test is 99% effective in detecting a certain disease when it is

in fact, present. However, the test also yields a false positive result for 0.5% of
the healthy person tested (i.e. if a healthy person is tested, then, with probability
0.005, the test will imply he has the disease). If 0.1 percent of the population
actually has the disease, what is the probability that a person has the disease
given that his test result is positive ?

There are three coins. One is a two headed coin (having head on both faces),
another is a biased coin that comes up heads 75% of the time and third is an
unbiased coin. One of the three coins is chosen at random and tossed, it shows
heads, what is the probability that it was the two headed coin ?

An insurance company insured 2000 scooter drivers, 4000 car drivers and 6000
truck driversThe probability of an accidents are 0.01, 0.03 and 0.15 respectively
One of the insured persons meets with an accident. What is the probability that
he is a scooter driver?

A factory has two machinésand B. Past record shows that macipeoduced

60% of the items of output and machine B produced 40% of the items. Further,
2% of the items produced by machine A and 1% produced by machine B were
defective. All the items are put into one stockpile and then one item is chosen at
random from this and is found to be defective. What is the probability that it was
produced by machine B?

. Two groups are competing for the position on the Board of directors of a

corporation. The probabilities that the first and the second groups will win are
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0.6 and 0.4 respectivelyrurther if the first group wins, the probability of
introducing a new product is 0.7 and the corresponding probability is 0.3 if the
second group wins. Find the probability that the new product introduced was by
the second group.

Suppose a girl throws a die. If she gets a 5 or 6, she tosses a coin three times and
notes the number of heads. If she gets 1, 2, 3 or 4, she tosses a coin once and
notes whether a head or tail is obtained. If she obtained exactly one head, what
is the probability that she threw 1, 2, 3 or 4 with the die?

A manufacturer has three machine operators A, B and C. The first operator A
produces 1% defective items, where as the other two operators B and C pro-
duce 5% and 7% defective items respectivilis on the job for 50% of the
time, B is on the job for 30% of the time and C is on the job for 20% of the time.
A defective item is produced, what is the probability that it was produced by A?

A card from a pack of 52 cards is lost. From the remaining cards of the pack,
two cards are drawn and are found to be both diamonds. Find the probability of
the lost card being a dizond.

4
Probability that Aspeaks truth is§. A coin is tossedA reports that a head
appears. The probability that actually there was head is
A 4 B % C 2 D 2
A ® 3 ©) ¢ (D) ¢

If A and B are two events such ti#at= B and P(B) 0, then which of the
following is correct?

_P(B)
(A) P(A] B)—P( A (B) P(AB) < P(A)
(C) P(AIB) > P(A) (D) None of these

13.6 RandonWariables and its Probability Distributions

We have already learnt about random experiments and formation of sample spaces. In
most of these experiments, we were not only interested in the particular outcome that
occurs but rather in some number associated with that outcomes as shown in following
examples/experiments.

(i)  Intossing two dice, we may be interested in the sum of the numbers on the

two dice.

(i) Intossing a coin 50 times, we may want the number of heads obtained.

2019-20



558 MATHEMATICS

(i) Inthe experiment of taking out four articles (one after the other) at random
from a lot of 20 articles in which 6 are defective, we want to know the
number of defectives in the sample of four and not in the particular sequence
of defective and nondefective articles.

In all of the above experiments, we have a rule which assigns to each outcome of
the experiment a single real numbHEris single real number may vary withfdifent
outcomes of the experiment. Hence, it is a variable. Also its value depends upon the
outcome of a random experiment and, hence, is called random variable. A random
variable is usually denoted by X.

If you recall the definition of a function, you will realise that the random variable X
is really speaking a function whose domain is the set of outcomes (or sample space) of
a random experiment. A random variable can take any real value, therefore, its
co-domain is the set of real numbers. Hence, a random variable can be defined as
follows :

Definition 4 Arandom variable is a real valued function whose domain is the sample
space of a random experiment.

For example, let us consider the experiment of tossing a coin two times in succession.
The sample space of the experimentis S = {HH, HT, TT}.

If X denotes the number of heads obtained, then X is a random variable and for
each outcome, its value is as given below :

XHH) =2, X (HT) =1, X (TH) =1, X (TT) = 0.

More than one random variables can be defined on the same sample space. For
example, let Y denote the number of heads minus the number of tails for each outcome
of the above sample space S.

Then Y(HH) =2, Y (HT)=0,Y (TH) =0, Y (TT) =-2.

Thus, X and Y are two different random variables defined on the same sample

space S.

Example 22A person plays a game of tossing a coin thrice. For each head, he is
given Rs 2 by the organiser of the game and for each tail, he has to give Rs 1.50 to the
organiser Let X denote the amount gained or lost by the person. Show that X is a
random variable and exhibit it as a function on the sample space of the experiment.

Solution X is a number whose values are defined on the outcomes of a random
experiment. Therefore, X is a random variable.
Now, sample space of the experiment is

S ={HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
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Then X(HHH)=Rs (2x3)=Rs 6
X(HHT) =X (HTH) = X(THH) = Rs (2 x 2- 1 x 1.50) = Rs 2.50
X(HTT) =X (THT) = (TTH) = Rs (1 x 2)-(2 x 1.50) =Re 1
and X(TTT) == Rs (3 x 1.50) = Rs 4.50

where, minus sign shows the loss to the playeus, for each element of the sample
space, X takes a unique value, heixces a function on the sample space whose range
is

{-1, 2.50, —4.50, 6}
Example 23 A bag contains 2 white and 1 red balls. One ball is drawn at random and
then put back in the box after noting its coldithre process is repeated again. If X
denotes the number of red balls recorded in the two draws, describe X.
Solution Let the balls in the bag be denotedviayw,, r. Then the sample space is
S ={wl W, W W, W, W, W, W, W T, W, FW, W, T r}
Now, for we S
X (®) = number of red balls

Therefore

X(w, W) = X ({w, ) = X{w, w}) = X {w, w}) = 0

X({w, 1)) = X, 1)) = X{rw}) = X{rw}) = LandX ({rr}) = 2

Thus, X is a random variable which can take values 0, 1 or 2.
13.6.1 Probability distribution of a random variable

Let us look at the experiment of selecting one family out of ten farfjiliés....f, in
such a manner that each family is equally likely to be selected. Let the fdmifies

f. _have 3,4, 3, 2,5, 4, 3,6, 4,5 members, respectively.

10
Let us select a family and note down the number of members in the family denoting
X. Clearly, X is a random variable defined as below :

X(f) =3, X(f,) = 4,X(f) = 3,X(f) = 2,X(f) =5,
X(f) =4, X(f) = 3,X(f) = 6,X(f) = 4,X(f,) =5
Thus, X can take any value 2,3,4,5 or 6 depending upon which family is selected.

Now, X will take the value 2 when the famﬂyis selected. X can take the value
3 when any one of the familiés f,, f, is selected.

Similarly, X =4, when familyfz, f6 or f9 is selected,
X =5, when familyf, orf  is selected
and X =6, when familyf, is selected.
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Since we had assumed that each family is equally likely to be selected, the probability

that familyf, is selected isl%.

1 1
Thus, the probability that X can take the value %’rs We write P(X = 2) %0

Also, the probability that any one of the familfgd, orf, is selected is
3
P{f, f, £.}) = 10

Thus, the probability that X can take the value 1%:

3
We write P(X=3) =10

Similarly, we obtain

P(X =4) =P({f,, f, f}) = %

2
P(X = 5) =P({f, f.J) =75

and szmzmmpzﬁ

Such a description giving the values of the random variable along with the
corresponding probabilities is called tpeobability distribution of the random
variable X

In general, the probability distribution of a random variable X is defined as follows:
Definition 5 The probability distribution of a random variable X is the system of numbers

X : X, X, X,
P(X) : P, p, P,
where, p>0, Y p =1,i=1,2,.n

i=1

The real numbers, x,,...,x are the possible values of the random variable X and
p, (i = 1,2,...,n) is the probability of the random variable X taking the vaduee.,
P(X=x)=p,
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If x is one of the possible values of a random variable X, the statement

X =X is true only at some point (s) of the sample space. Hence, the probability that
X takes value is always nonzero, i.e. P(Xx) # 0.

Also for all possible values of the random variable X, all elements of the sample
space are covered. Hence, the sum of all the probabilities in a probability distribution
must be one.

Example 24Two cards are drawn successively with replacement from a wefleshuf
deck of 52 cards. Find the probability distribution of the number of aces.

Solution The number of aces is a random variable. Let it be denoted by X. Ckearly
can take the values 0, 1, or 2.

Now, since the draws are done with replacement, therefore, the two draws form
independent experiments.

Therefore, P(X = 0) =P(non-ace and non-ace)
= P(non-ace) x P(non-ace)

_ 48 48 144
52 52 16¢
P(X = 1) = P(ace and non-ace or non-ace and ace)
= P(ace and non-ace) + P(non-ace and ace)
= P(ace). P(non-ace) + P (non-ace) . P(ace)

44848424

52 52 52 52 16!

and P(X = 2) =P (ace and ace)
4 4 1
= —X—=——
52 52 16¢

Thus, the required probability distribution is

X 0 1 2

N
(X) 169 | 169 | 169

Example 25 Find the probability distribution of number of doublets in three throws of
a pair of dice.
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Solution Let X denote the number of doublets. Possible doublets are

MATHEMATICS

(1,1),(2,2), (3,3), (4,4), (5)5),(6,6)

Clearly, X can take the value 0, 1, 2, or 3.

. . 6
Probability of getting a doublet — =—
yorg g 366

Probability of not getting a doubletl—

Now

and

1

ol
olom

5 5 5 125
P(X = 0) =P (no doublet) <. X o X ="

6
P(X = 1) = P (one doublet and two non-doublets)
5

1 55 5 1 5 51

= —X=X—+—=-X=-X—+—X

6 6 6 6 6 6 6 6 6
1 & 75

=3 X5 =

6 62 216

P(X = 2) = P (two doublets and one non-doublet)

1151515111

—X—+—X—=X—+—X—X—=3 <X
6 6 6 6 6 6 6 6 6 6

P(X = 3) = P (three doublets)
1 1 11

666216

Thus, the required probability distribution is

X 0 1 2 3

125 75 15 1
216 | 216 | 216 | 216

P(X)

Verification Sum of the probabilities

zn: 125 75 15 1
P = t—
i=1 216 216 216 21

_ 125+ 75+ 15+ 1 216
216 -~ 216

=1
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Example 26Let X denote the number of hours you study during a randomly selected
school dayThe probability that X can take the valuesas the following form, where
k is some unknown constant.

0.1,if x=0

kx, if x=1or2
k(5-x), if x=3or4
0, otherwise

P(X=x) =

(a) Find the value ok.

(b) Whatis the probability that you study at least two hours ? Exactly two hsurs?
most two hours?

Solution The probability distribution of X is

X | 0 1] 2 | 3
PX)| 01 | k | 2k | 2k | K

n
(a) We know that Z p=1
i=1

Therefore 01+k+2k+X+k=1
ie. k =0.15
(b) P(you study at least two hours) PEX > 2)
=PX=2)+P(X=3)+P (X=4)
=2k+ X +k=5=5x0.15=0.75
P(you study exactly two hours) X =2)
=2k=2x0.15=0.3
P(you study at most two hours) P£X < 2)
=P(X=0)+P(X=1)+P(X=2)
=0.1+k+2k=0.1+%=0.1+3x0.15
=0.55
13.6.2 Mean of a random variable

In many problems, it is desirable to describe some feature of the random variable by
means of a single number that can be computed from its probability distribution. Few
such numbers are mean, median and mode. In this section, we shall discuss mean only.
Mean is a measure of location or central tendency in the sense that it roughly locates a
middle or average valuef the random variable.
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Definition 6 Let X be a random variable whose possible vatues, x,, ..., X occur
with probabilitiesp,, p,, p,...., p,, respectivelyThe mean of X, denoted hy is the

n
numberz X [ i.e. the mean of X is the weighted average of the possible values of X,
i=1

each value being weighted by its probability with which it occurs.

The mean of a random variable X is also called the expectation of X, denoted by
E(X).

Thus, E(X)=p =) %R =X P XP, + . X P,
i=1

In other words, the mean or expectation of a random variable X is the sum of the
products of all possible values of X by their respective probabilities.

Example 27 Let a pair of dice be thrown and the random variable X be the sum of the
numbers that appear on the two dice. Find the mean or expectation of X.

Solution The sample space of the experiment consists of 36 elementary events in the
form of ordered pairsg(, yi), where x=1,2,3,4,5,6 any; =1,2,3,4,5, 6.

The random variable X i.e. the sum of the numbers on the two dice takes the
values 2, 3,4,5,6,7,8,9,10,dr 12.

Now  P(X=2)=P{(1,1)} 23_16
P(X = 3) =P({(1.2), (2,1)}) :3%
P(X = 4) =P({(1,3), (2,2), (3’1)})23_36
P(X = 5) =P({(1,4), (2.3), (3,2), <4’1)}*316
P(X = 6) =P({(1,5), (2.4), (3.3), (4,2), (5'1)}3336
P(X =7) =P((L6), (25), (3.4). (43), (52), (6. )55

5
P(X = 8) =P({(2.6), (3.5). (4.4), (5.3). (6.2)}) 3¢
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4
P(X = 9) = P{(3.,6), (45). (54), (6.3} 3
3
P(X = 10) =P({(4.6), (5.5), (6M)F 3¢
2
P(X = 11) = P({(5,6), (6.5))F 5

1
P(X =12) =P({(6.6)) =5

The probability distribution of X is

Xorx 2|34 |5|6] 7] 8] 91011 12

o~ 1]|2|83|4|5|6(|5(4[8]2]|21
(X)orp| 35 |36 | 36 | 36 | 36| 36 | 36 | 36 | 36 | 36 | 36
Therefore,
n 1 .2 3 _ 4
=E(X) = ‘R =2X—+3X—+4X—+ X—
n=EX) ;m 36 36 36 36
4 3 2 1

+ 6xi+ 7><£+ 8><—5 +OX—+10Xx—+ 1X—+ 1X—
36 36 36 36 36 3€

_ 246412+ 20+ 30- 42 40 36 30 22
B 36

Thus, the mean of the sum of the numbers that appear on throwing two fair dice is 7.

7

13.6.3 Variance of a random variable

The mean of a random variable does not give us information about the variability in the
values of the random variable. In fact, if the variance is small, then the values of the
random variable are close to the medso random variables with different probability
distributions can have equal means, as shown in the following distributions o¥X and

X 1 2 3 4
NEYERERE
(X) 8 8 8 8
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Y -1 0 4 5 6
ol 2]zt
(Y) 8 8 8 8 8
1 2 3 2 22
Clearl E(X) = IX=+2X—+ X —+ &K—=—=2.7¢
early ()= gt =g > %5 8
1 2 3 1 1 22
= —Ix=40X—+ dX—+ Bx—= K—=—= 2.7¢
and B =725 8 %" > %% 8

The variables X and Y are different, however their means are same. It is also
easily observable from the diagramatic representation of these distributions (Fig 13.5).

P(X) P(Y)
a1 ¥
/st s
Ys1 |'| I-Il/s |‘| |‘|
< o 1 2 3 4 -1 9] 1 2 3 4 5 6
0] (ii)
Fig 13.5

To distinguish X from Y, we require a measure of the extent to which the values of
the random variables spread out. In Statistics, we have studied that the variance is a
measure of the spread or scatter in data. Likewise, the variability or spread in the
values of a random variable may be measbredariance.

Definition 7 Let X be a random variable whose possible valijes,... X, occur with
probabilitiesp(x,), p(X,),..., P(X) respectively

Letu = E (X) be the mean of X. The variance of X, denoteddy(X) or ¢,” is
defined as

0.7 = Var()=Y. (x -1* px)

or equivalently 0,” = E(X —)?
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The non-negative number

o, = Var(X) :\/Zn: (x =) p(%)

is called thestandad deviationof the random variable X.
Another formula to find the variance of a random variable.We know that,

Var (X) = Zn:(x| _IJ')Z p()?)
i=1
- .nz(xi2+ W’ =2ux) p(x)
- i&z p(x)+iu2 r(x)—iZM LR

n

= > %% p(x)+p? Z o >.<)—2uZn: XY
i=1 i=1

i=1

= 3%’ p(x)wz—m{sincei p &)=1and=3 p(x)}

. anﬁz p(%)—p?
i=1

n n 2
or Var (X) = " x? p(x)—[z X | x)j
i=1 i=1
or Var (X) = E(X?) — [E(X)]% where E(X) :_Zn: xZ p(%)

Example 28Find the variance of the number obtained on a throw of an unbiased die.

Solution The sample space of the experimentis S = {1, 2, 3, 4, 5, 6}.

Let X denote the number obtained on the thrélaen X is a random variable
which can take values 1, 2, 3, 4, 5, or 6.
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Also P(1) =P(2) = P(3) = P(4) = P(5) = P(G)%

Therefore, the Probability distribution of X is

x| 1] 2] 3[a] 5|6
yve) I = R I I
Xl |6|6|6| 5|6
n
Now E(X) = Y% P(X)
i=1

= 1><£+ 2><}+ 3<—1+ 4><—1+ 5<—1+ 6<—1=—Zj
6 6 6 6 6 6 6

1 1 1 1 1 1 91
2) = 12X+ 22X+ Fx—4 A%+ Bx—4 Bx—=—
Also EXY) 6 6 6 6 6 6 6

Thus,  Var (X) =E (X — (E(X)?

91 (31)2_ 91 44 35
= -

6 36 12

6

Example 29Two cards are drawn simultaneously (or successively without replacement)
from a well shuffled pack of 52 cards. Find the mean, variance and standard deviation

of the number of kings.

Solution Let X denote the number of kings in a draw of two cards. X is a random
variable which can assume the values O, 1 or 2.

48!
®C, 21(48-2)! 48x47 18¢
2c, 52! 52x51 221

21(52-2)!

Now P(X = 0) = P (no king)=
4C 480
P(X = 1) =P (one king and one non-kingiiéc :

2

_ 4x482 32
© 52x51 221
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4
and  P(X=2)=P (twokings) 52 = _ 1
C, 52x51 221
Thus, the probability distribution of X is
X 0 1

168 | 32 | 1
221 | 221 | 221

P(X)

Now Mean ofX = E(X) = 3% P(X)
i=1

088,y 32, 1

221 221 221 22

Also E(X?) = anqz p(%)
i=1

g, g, 138
221 221 221 22

Now Var(X) = E(X?) — [E(X)]?

36 ( 34)°_ 6800
S 221

221 (2217

Therefore o, = /Var(X) = “2220:0.37

|EXERCISE 13.4)

1. State which of the following are not the probability distributions of a random
variable. Give reasons for your answer.

Q| x]o |1]2
P(X)| 0.4 | 04| 0.2

@ | X |o [1 |2 | 3|4
P(X)| 0.1 | 05| 02[|-01] 03
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@iy [Y [-1]o0
P(Y)| 06| 01| 0.2

v [z]3 [2 1 Jo [-1
P(z)| 03| 02| 04| 0.1 005

An urn contains 5 red and 2 black baliao balls are randomly drawn. Let X
represent the number of black balls. What are the possible values of X? Is X a
random variable ?

Let X represent the difference between the number of heads and the number of
tails obtained when a coin is tossed 6 times. What are possible values of X?

Find the probability distribution of
() number of heads in two tosses of a coin.
(i) number of tails in the simultaneous tosses of three coins.
(i) number of heads in four tosses of a coin.

Find the probability distribution of the number of successes in two tosses of a die,
where a success is defined as

(i) number greater than 4
(i) six appears on at least one die
From a lot of 30 bulbs which include 6 defectives, a sample of 4 bulbs is drawn

at random with replacement. Find the probability distribution of the number of
defective bulbs.

A coin is biased so that the head is 3 times as likely to occur as tail. If the coin is
tossed twice, find the probability distribution of number of tails.

A random variable X has thelimving probability distribution:

x o] 1] 2] 3] 4[5] 6] 7
PX)| 0 | k| 2k| 2k| 3k| k2| 2k?| 7k2+k

Determine
() k (i) P(X<3)
(iiy P(X>6) (iv) P(O<X<23)
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. The random variable X has a probability distribution P(X) of the following form,

wherek is some number :

k, if x=0
2k, if x=1
3k, if x=2
0, otherwise

P(X) =

(a) Determine the value df
(b) FindP (X<2), P(X2),P(X=>2).
Find the mean number of heads in three tosses of a fair coin.

Two dice are thrown simultaneously. If X denotes the number of sixes, find the
expectation of X.

Two numbers are selected at random (without replacement) from the first six
positive integers. Let X denote the larger of the two numbers obtained. Find
E(X).

Let X denote the sum of the numbers obtained when two fair dice are rolled.
Find the variance and standard deviation of X.

A class has 15 students whose ages are 14, 17, 15, 14, 21, 17, 19, 20, 16, 18, 20,
17, 16, 19 and 20 years. One student is selected in such a manner that each has
the same chance of being chosen and the age X of the selected student is
recorded. What is the probability distribution of the random variable X? Find
mean, variance and standard deviation of X.

In a meeting, 70% of the members favour and 30% oppose a certain proposal.
A member is selected at random and we take X = 0 if he opposed, and X = 1 if
he is in favourFind E(X) andvar (X).

Choose the correct answer in each of the following:

16.

17.

The mean of the numbers obtained on throwing a die having written 1 on three
faces, 2 on two faces and 5 on one face is

8
(A) 1 (B) 2 (©) 5 D) 3

Suppose that two cards are drawn at random from a deck of cards. Let X be the
number of aces obtained. Then the value of E(X) is

37 5 1 2
(A) 921 (B) 13 ©) 13 (D) 13
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13.7 BernoulliTrials and Binomial Distribution

13.7.1 Bernoulli trials

Many experiments are dichotomous in nature. For example, a tossed coin shows a
‘head or'tail', a manufactured item can fafective or‘non-defectivg the response
to a question might bgeés or‘no’, an egg hadatchedor ‘ not hatchet the decision
is‘yes or‘no etc. In such cases, it is customary to call one of the outcormascas's
and the otheémot succes=or failure’. For example, in tossing a coin, if the occurrence
of the head is considered a success, then occurrence of tail is a failure.

Each time we toss a coin or roll a die or perform any other experiment, we call it a
trial. If a coin is tossed, say, 4 times, the number of trials is 4, each having exactly two
outcomes, namelyuccess or failurdhe outcome of any trial is independent of the
outcome of any other trial. In each of such trials, the probability of success or failure
remains constant. Such independent trials which have only two outcomes usually
referred assuccessor ‘failure’ are calledBernoulli trials.

Definition 8 Trials of a random experiment are called Bernoulli trials, if they satisfy
the following conditions :

(i) There should be a finite number of trials.

(i) The trials should be independent.
(i) Each trial has exactly two outcomes : success or failure.
(iv) The probability of success remains the same in each trial.

For example, throwing a die 50 times is a case of 50 Bernoulli trials, in which each
trial results in success (say an even number) or failure (an odd number) and the
probability of succesgy is same for all 50 throws. Obviously, the successive throws
of the die are independent experiments. If the die is fair and have six numbers 1 to 6

1 1
written on six faces, thep = 5 andg=1-p= 5= probability of failure.

Example 30Six balls are drawn successively from an urn containing 7 red and 9 black
balls.Tell whether or not the trials of drawing balls are Bernoulli trials when after each
draw the ball drawn is

(i) replaced (i) not replaced in the urn.

Solution
(i) The number of trials is finite. When the drawing is done with replacement, the

7
probability of success (say, red ball) ps= 16 which is same for all six trials
(draws). Hence, the drawing of balls with replacements are Bernoulli trials.
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(i) When the drawing is done without replacement, the probability of success

(i.e., red ball) in first trial i%, in 2nd trial isl—5 if the first ball drawn is red or

15 if the first ball drawn is black and so on. Clearly, the probability of success is

not same for all trials, hence the trials are not Bernoulli trials.

13.7.2 Binomial distribution

Consider the experiment of tossing a coin in which each trial results in success (say,
heads) or failure (tails). Let S and F denote respectively success and failure in each
trial. Suppose we are interested in finding the ways in which we have one success in
six trials.

Clearly; six different cases are there as listed below:
SFFFFE FSFFFFFFSFFEFFFFSFEFFFFSF, FFFFES.

6!
Similarly, two successes and four failures can hane,, combinations. It will be

lengthy job to list all of these ways. Therefore, calculation of probabilities of 0, 1, 2,...,
n number of successes may be lengthy and time consuming. To avoid the lengthy
calculations and listing of all the possible cases, for the probabilities of number of
successes in-Bernoulli trials, a formula is derived. For this purpose, let us take the
experiment made up of three Bernoulli trials with probabilifesndq = 1 —p for
success and failure respectively in each trial. The sample space of the experiment is
the set
S ={SSS, SSFSFS, FSS, SFF, FSF, FFS, FFF}
The number of successes is a random variable X and can take values 0, 1, 2, or 3.
The probability distribution of the number of successes is as below :
P(X = 0) =P(no success)
=P({FFF}) = P(F) P(F) P(F)
=q.q.q=¢g®since the trials are independent
P(X = 1) =P(one successes)
= P({SFF, FSE FFS})
=P{SFF}) + P{FSF}) + P{FFS})
=P(S) P(F) P(F) + P(F) P(S) P(F) + P(F) P(F) P(S)
=p.ag +9g.p.qg+g.q.p= g
P(X = 2) =P (two successes)
= P({SSF SFS, FSS})
=P{SSF}) + P ({SFS}) + P{FSS})
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=P(S) P(S) P(F) + P(S) P(F) P(S) + P(F) P(S) P(S)
=p.p.g+ p.gp + q.p.p = J4q
and P(X = 3) = P(three success) = P ({SSS})
=P(S) . P(S) . P(S) g
Thus, the probability distribution of X is
X 0 1 2
P(X)| @ | 3d°p| 3qp*| p°
Also, the binominal expansion af ¢ p)®is

q3+3q2 p+ 30|P2 + pg
Note that the probabilities of 0, 1, 2 or 3 successes are respectively the 1st, 2nd,
3rd and 4th term in the expansion qf{p)°.
Also, sinceg + p= 1, it follows that the sum of these probabilities, as expected, is 1.

Thus, we may conclude that in an experimentBernoulli trials, the probabilities
of 0, 1, 2,...n successes can be obtained as 1st, 2nd.1f" terms in the expansion
of (g+ p)". To prove this assertion (result), let us find the probabilitsiccesses in
an experiment ai-Bernoulli trials.

Clearly, in case of successes (S), there will be-{x) failures (F).

n!
Now, x successes (S) and £ X) failures (F) can be obtained m ways.

In each of these ways, the probabilityxaduccesses and £ x) failures is
= P(x successes) . R{) failures is

_P(S).P(S)--.P(S) P(F).P(F)..P

xtimes (n—x) times = p( q”—x
n!
Thus, the probability ok successes in-Bernoulli trials ismp% qr*
or ncxp( qn—X
Thus P(x successes) 2C,p*q™*, x=0,1,2,...,n(q=1-p)

Clearly, P successes), i.€.C p*q™*is the & + 1)" term in the binomial
expansion ofd + p)".

Thus, the probability distribution of number of successes in an experiment consisting
of n Bernoulli trials may be obtained by the binomial expansiog ®f)". Hence, this
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distribution of number of successes X can be written as
X 0 1 2 X n
P(X) nCO qn nC]_ qn—lpl n(:2 qn—2p2 nCX qn—pr n(:n pn

The above probability distribution is knownkasomial distributionwith parameters
n andp, because for given values wfandp, we can find the complete probability
distribution.

The probability ofx successeB(X = x) is also denoted by (x) and is given by
PX ="C o~ p, x=0,1,..,nQ=1-p)
This P (x) is called therobability functionof the binomial distribution.

A binomial distribution witt-Bernoulli trials and probability of success in each
trial asp, is denoted by B, p).

Let us now take up some examples.
Example 31If a fair coin is tossed 10 times, find the probability of
() exactly six heads

(i) at least six heads
(ify at most six heads

Solution The repeated tosses of a coin are Bernoulli trials. Let X denote the number
of heads in an experiment of 10 trials.

1
Clearly, X has the binomial distribution with= 10 andp = 5

Therefore PX=x)="Cqog~p,x=0,1, 2,.n
H =10, p=1 q=1-p=>
ere n=10,p=7.4=1-p=
10-x X 10
Therefore P(X =x) = '°C, 1 E =C, 1
2 2 2
Now () P(x = 6) =0c,[ 1] —10- L _105
T 7T T8l 2 64l 20 512

(i) P(at least six heads) /R > 6)
=PX=6)+PX=7)+P(X=8)+P(X=9)+P (X=10)
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0 10 10 10 10
0 (I t0m (AN 0m (1V° 10m (1) 10 (1
=Csl = | + —| + —| + —| + -
6(2 c(3] +oa(3) +*q(4] +oa(4

10! 10! 10! 10! 101 1 193
= + + + H— = =—
6!x4! 71x 3! 81x2! 9Ix1! 10! )[2'° 512

(i) P(at most six heads) B(X < 6)
=PX=0+PX=1)+PX=2)+P(X=3)
+P(X=4)+P(X=5)+P (X=6)

10 10 10 10
1 10 1 10 1 10 1
=|=| +7C|=]| +C|=]| + —
(2) (2) 2(2) Q(zj
1 10 1 10 1 10
+0c [Z] 410 | 2| yloc |2
4(2) 2 S 2

_ 848 _ 53
© 1024 64

Example 32 'Bn eggs are drawn successively with replacement from a lot containing
10% defective eggs. Find the probability that there is at least one defective egg.

Solution Let X denote the number of defective eggs in the 10 eggs drawn. Since the
drawing is done with replacement, the trials are Bernoulli trials. Clearly, X has the

1

() _10_ 1
binomial distribution withhn= 10 andpP= 100 10

9
Therefore =1-p=—
q p 10

Now P(at least one defective eggPtX >1)=1-P (X=0)
10 0

= 1-°C, (3 =1- 9°

10 10°

|EXERCISE 13.5|

1. Adie is thrown 6 times. If getting an odd numbers a success, what is the
probability of
(i) 5 successes? (i) at least 5 successes?

(i) at most 5 successes?
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. A pair of dice is thrown 4 times. If getting a doublet is considered a success, find

the probability of two successes.

. There are 5% defective items in a large bulk of items. What is the probability

that a sample of 10 items will include not more than one defective item?

Five cards are drawn successively with replacement from a well-shuffled deck
of 52 cards. What is the probability that

(i) all the five cards are spades?
(i) only 3 cards are spades?
(i) none is a spade?

. The probability that a bulb produced by a factory will fuse after 150 days of use

is 0.05. Find the probability that out of 5 such bulbs
(i) none
(i) not more than one
(i) more than one
(iv) atleast one
will fuse after 150 days of use.

. A bag consists of 10 balls each marked with one of the digits O to 9. If four balls

are drawn successively with replacement from the bag, what is the probability
that none is marked with the digit 0?

In an examination, 20 questions of true-false type are asked. Suppose a student
tosses a fair coin to determine his answer to each question. If the coin falls
heads, he answers 'true’; if it falls tails, he answers 'false’. Find the probability
that he answers at least §2estions correctly.

Suppose X has a binomial distributi(m(@ %) . Show that X = 3 is the most
likely outcome.
(Hint : P(X = 3) is the maximum among alb}(x = 0,1,2,3,4,5,6)

On a multiple choice examination with three possible answers for each of the
five questions, what is the probability that a candidate would get four or more
correct answers just by guessing ?

A person buys a lottery ticket in 50 lotteries, in each of which his chance of
winning a prize isl—(l)o. What is the probability that he will win a prize

(a) at least once (b) exactly once (c) at least twice?
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Find the probability of getting 5 exactly twice in 7 throws of a die.
Find the probability of throwing at most 2 sixes in 6 throws of a single die.

It is known that 10% of certain articles manufactured are defective. What is the
probability that in a random sample of 12 such articles, 9 are defective?

In each of the following, choose the correct answer:

In a box containing 100 bulbs, 10 are defective. The probability that out of a
sample of 5 bulbs, none is defective is

1 1Y 9 9
(A) 10 (B) (Ej (©) (E) ®) 15

1
The probability that a student is not a swimmegisThen the probability that

out of five students, four are swimmers is

se [4) 1 471
(A) C4(g)—5 (B) (5) 5

4

4
(—) (D) None of these

1
© Ciglg

5

Miscellaneous Examples

Example 33Coloured balls are distributed in four boxes as shown in the following

table:

Box Colour
Black White Red Blue
I ] 4 5 6
Il 2 2 2 2
I 1 2 3 1
v 4 3 1 5

A box is selected at random and then a ball is randomly drawn from the selected
box. The colour of the ball is black, what is the probability that ball drawn is from the
box I11?
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Solution LetA, E,, E, E, and E be the events as defined below :
A ablack ballis selected  E, : box | is selected

E, : box Il is selected E box lll'is selected
E,: box IV is selected

Since the boxes are chosen at random,
1
Therefore P(E) =P(E) =P(E) =P(E,) = 2

3 2 1 4
Also P(AIE) = 18’ P(AIE) = 3 P(AIE) = 7 and P(AIE) = 13

P(box Il is selected, given that the drawn ball is black)(E,R). By Bayes'
theorem,

P(E, ) P(A
PEJA) (E) PAAIE )

P(E)P(AIE ) P(E )P(AIE )+P(E )P(AEH) PE )P(AE
1.1

Xi

=

1

=0.165

1 1 4
XS IX X —
4 7 4 13

4
3 1 1
= =+
18 4 4

1

=X

4
Example 34Find the mean of the Binomial distributi®(4,%].

Solution Let X be the random variable whose probability distributioB EQEJ

1 1 2
Here n=4p==andq=1->-==
3 3 3
2 4-x 1 X
We know that P(X =x) = 4CX(§) (5) ,x=0,1,2,3,4
i.e. the distribution of X is
X, P(x,) X, P(x)
2 4
(3]
0 ol 3 0
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Now Mean(u) = in p(x)

el ey o el

28 22 2 1
S AX—+2X6X—+ X IX—+ X K—
3 3 3 3
_ 32+48+ 24+ 4 108 -
- 3 81 3

3
Example 35The probability of a shooter hitting a targetzlis How many minimum

number of times must he/she fire so that the probability of hitting the target at least
once is more than 0.99?

Solution Let the shooter fira times. Obviouslyn fires aren Bernoulli trials. In each

3
trial, p = probability of hitting the target 2 andq = probability of not hitting the

1 1\ 3) 3
target = Then RX =) = "C,q"p*= ”CX(Z) (—) ="C,—.

Now, given that,
P (hitting the target at least once) > 0.99
ie. Px>1)>0.99
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Therefore, 1-P (x=0)>0.99

or 1—”C04—1n >0.99

or nCo4in< 0.01 i.e.4in <0.01

or 4" > L =100
0.01

The minimum value of to satisfy the inequality (1) is 4.
Thus, the shooter must fire 4 times.

581

. (1)

Example 36A and B throw a die alternatively till one of them ge®’@and wins the

game. Find their respective probabilities of winning, if A starts first.

Solution Let S denote the success (gettingpand F denote the failure (not getting

a'e’).

1 5
Thus, P(S) 26, P(F):E

1
P (A wins in the first throw) £(S) = 5

A gets the third throw, when the first throw by A and second throw by B result into

failures.

5 5 1
Therefore, P (A wins in the 3rd throw) = P(FFS) B(F) P(F)P(S)=é>< —6><—

6
HiE
= = | x=
6 6

4
5\ (1
P(A wins in the 5th throw) £ (FFFFS)=(EJ (—) and so on.

6
. 1 (5Y(1) (5)*(1
Hence, P(Awms):6+ sl s + sl s +...
1
6 _ 6
.22 11
36
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PBwins)=1—-P (Awi ﬂ—g—i
(B wins) =1 — P (A wins) 11 11

Remarklf a+ar +ar?+ ... +ar*! + ..., wherel]| < 1, then sum of this infinite.B

a
is given by;- (ReferA.1.3 of Class XI Text book).

Example 37 If a machine is correctly set up, it produces 90% acceptable items. If it is
incorrectly set up, it produces only 40% acceptable items. Past experience shows that
80% of the set ups are correctly done. If after a certain set up, the machine produces
2 acceptable items, find the probability that the machine is correctly setup.

Solution Let A be the event that the machine produces 2 acceptable items.

Also let B represent the event of correct set up apdepresent the event of
incorrect setup.

Now P(B) =0.8, P(B) = 0.2
P(AB) =0.9 x 0.9 and P(A|B= 0.4 x 0.4
) P(B,) P(AIB,)
Therefore  PBIA) = b B)P@AB)+P®B)PABR
4 0.8x0.9x0.9 B 648:0 95

0.8x0.9x0.9+0.2x0.4%0.4 680

Miscellaneous Exercise on l@apter 13
1. A and B are two events such that P ¢A). Find P(B|A), if
(i) Ais asubsetof B @i AnB=o¢
2. A couple has two children,

(i) Find the probability that both children are males, if it is known that at least
one of the children is male.

(i) Find the probability that both children are females, if it is known that the
elder child is a female.

3. Suppose that 5% of men and 0.25% of women have greyAhgiey haired
person is selected at random. What is the probability of this person being male?
Assume that there are equal number of males and females.

4. Suppose that 90% of people are right-handed. What is the probability that
at most 6 of a random sample of 10 people are right-handed?
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. An urn contains 25 balls of which 10 balls bear a mark 'X' and the remaining 15

bear a mark "YA ball is drawn at random from the urn, its mark is noted down
and it is replaced. If 6 balls are drawn in this way, find the probability that

() all will bear 'X' mark.
(i) not more than 2 will bear "Y' mark.
(i) atleast one ball will bear "Y' mark.
(iv) the number of balls with 'X' mark and "Y' mark will be equal.

In a hurdle race, a player has to cross 10 hurdles. The probability that he will

5
clear each hurdle i%. What is the probability that he will knock down fewer
than 2 hurdles?

. Adie is thrown again and again until three sixes are obtained. Find the probabil-

ity of obtaining the third six in the sixth throw of the die.

If a leap year is selected at random, what is the chance that it will contain 53
tuesdays?

. An experiment succeeds twice as often as it fails. Find the probability that in the

next six trials, there will be atleast 4 successes.

How many times must a man toss a fair coin so that the probability of having
at least one head is more than 90%?

In a game, a man wins a rupee for a six and loses a rupee for any other number
when a fair die is thrown. The man decided to throw a die thrice but to quit as
and when he gets a six. Find the expected value of the amount he wins / loses.

Suppose we have four box&e®,C and D containing coloured marbles as given
below:

Box Marble colour
Red White Black
A 1 6 3
B 6 2 2
C 8 1 1
D 0 6 4

One of the boxes has been selected at random and a single marble is drawn from

it. If the marble is red, what is the probability that it was drawn from box A?, box B?,
box C?
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Assume that the chances of a patient having a heart attack is 40%. It is also
assumed that a meditation and yoga course reduce the risk of heart attack by
30% and prescription of certain drug reduces its chances byA5/ime a
patient can choose any one of the two options with equal probabilities. Itis given
that after going through one of the two options the patient selected at random
suffers a heart attack. Find the probability that the patient followed a course of
meditation and yoga?

If each element of a second order determinant is either zero or one, what is the
probability that the value of the determinant is positive? (Assume that the indi-
vidual entries of the determinant afgosen independently, each value being

1
assumed with probabilityzh).

An electronic assembly consists of two subsystemsAsayd B. From previ-
ous testing procedures, the following probabilities are assumed to be known:

P(A fails) =0.2
P (B fails alone) 0.15
P (A and B fail) =0.15
Evaluate the following probabilities
() P(A fails|B has failed) (i) P(A fails alone)
Bag | contains 3 red and 4 black balls and Bag Il contains 4 red and 5 black balls.
One ball is transferred from Bag | to Bag Il and then a ball is drawn from Bag Il

The ball so drawn is found to be red in colour. Find the probability that the
transferred ball is black.

Choose the correct answer in each of the following:

17.

18.

19.

If A and B are two events such that PEAD and P(B | A) = 1, then

(A) AcB (B) Bc A (C)B=¢ (D) A=¢

If P(AIB) > P(A), then which of the following is correct :

(A) P(BJA) < AB) (B) P(A nB) <P(A) . P(B)

(C) P(BIA) > RB) (D) P(BIA) = P(B)

If A and B are any two events such that P(A) + P(B) — P(A and B) = P(A), then
(A) P(BIA) =1 (B) P(AIB) =1

(C) P(BIA) =0 (D) P(AIB) =0
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Summary
The salient features of the chapter are —

¢ The conditional probability of an event E, given the occurrence of the event F
is given byP(E| F):P(%E)F), P(F)= 0

¢ O0<P(EIFE1, P (EIF) =1 - P (E|F)
P ((Eu F)IG) =P (EIG) + P (FIG) - P ((&F)|G)

¢ PEnF)=P((E)PFE),P(EO
PENF)=P(F) P(E|F),P (O

¢ If E and F are independent, then
PENF)=P(E)P (F)
PE|IF)=P(E),P (RO
P (FIE) =P (F), P(B 0

& Theorem of total probability

Let{E,, E, ....E) be a partition of a sample space and suppose that each of
E, E, ..., E has nonzero probabilityetA be any event associated with S,
then

P(A) = P(E) P (AIE) + P (E) P (AIE) + ... + P (B) P(AIE)

¢ Bayes' theorem If E. E, ..., E are events which constitute a partition of
sample space, $e. E, E,, ..., E are pairwise disjointand BE,U ... UE =S
andA be any event with nonzero probabilithen

P(E)) P(AIE;)

P(E [A)= n
Y PE)P(AE;)
j=1

4 A random variable is a real valued function whose domain is the sample
space of a random experiment.

4 The probability distribution of a random variable X is the system of numbers

X : X, X, X,

P(X) P, P, P,

n
where, p>0,> p=1i=12..n
i=1
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¢ Let X be arandom variable whose possible vaxILeg, Xy - X OCCUN with

probabilitiesp,, p,, p,, ... p, respectivelyThe mean of X, denoted hy is

n
the numberZXi P .

i=1
The mean of a random variable X is also called the expectation of X, denoted
by E (X).
Let X be a random variable whose possible valyes,, ..., x occur with
probabilitiesp(x,), p(x,), ..., p(X ) respectively
Letu = E(X) be the mean of X. The variance of X, denoted &y (X) or
o2 is defined as;” = Var(X)=) |(x, —w)’ p(x;)
i=1
or equivalentlyc >= E (X — 1)?
The non-negative number

o, =Var(X)= \/ 2 (=W plx,)
i=1

is called the standard deviation of the random variable X.
Var (X) = E (X) — [E(X)]?
Trials of a random experiment are called Bernoulli trials, if they satisfy the
following conditions :
(i) There should be a finite number of trials.
(i) The trials should be independent.
(i) Each trial has exactly two outcomes : success or failure.
(iv) The probability of success remains the same in each trial.
For Binomial distribution Brf, p), P (X =x) ="C q"™*p, x=0, 1,..n
(@=1-p)

Historical Note

The earliest indication on measurement of chances in game of dice appeared

in 1477 in a commentary on Dante's Divine Comédireatise on gambling
namedliber de Ludo Alcagby Geronimo Carden (1501-1576) was published
posthumously in 1663. In this treatise, he gives the number of favourable cases
for each event when twdice are thrown.

2019-20



PROBABILITY 587

Galileo (1564-1642) gave casual remarks concerning the correct evaluation
of chance in a game of three dice. Galileo analysed that when three dice are
thrown, the sum of the number that appear is more likely to be 10 than the sum 9,
because the number of cases favourable to 10 are more than the number of
cases for the appearance of number 9.

Apart from these early contributions, it is generally acknowledged that the
true origin of the science of probability lies in the correspondence between two
great men of the seventeenth century, Pascal (1623-1662) and Pierre de Fermat
(1601-1665) A French gamblerChevalier de Metre asked Pascal to explain
some seeming contradiction between his theoretical reasoning and the
observation gathered from gambling. In a series of letters written around 1654,
Pascal and Fermat laid the first foundation of science of probaBgisgal solved
the problem in algebraic manner while Fermat used the method of combinations.

Great Dutch Scientist, Huygens (1629-1695), became acquainted with the
content of the correspondence between Pascal and Fermat and published a first
book on probability’De Ratiociniis in Ludd\leae' containing solution of many
interesting rather than difficult problems on probability in games of chances.

The next great work on probability theory is by Jacob Bernoulli (1654-1705),
in the form of a great bookAts Conjectendi" published posthumously in 1713
by his nephew, Nicholes Bernoullio him is due the discovery of one of the most
important probability distribution known as Binomial distribution. The next
remarkable work on probability lies in 1993. A. N. Kolmogorov (1903-1987) is
credited with the axiomatic theory of probability. His book, ‘Foundations of
probability’ published in 1933, introduces probability as a set function and is
considered a ‘classic!’.

—_— % —
%®
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CHAPTER 7

7.6.3 J(px +q)vax® + bx+ c dx.

We choose constandsand B such that

px+q = A{&(ax2+bx+c)}+8

= A(2ax +b) + B
Conparing the coefficients of and the constant terms on both sides, we get
2aA = p andAb + B =q

Solving these equations, the valuesAdcdnd B are obtained. Thus, the integral
reduces to

A f(2ax+ b)vax® + bx + ¢ dx + Bf\/ax2 + bx + ¢ dx

= Al_+Bl
where I, ¥ j(2ax+ b)vax® + bx + ¢ dx

Putax? + bx + c = t, then (2ax+ b)dx = dt
3

So | %(ax2+bx+ c)2+C,

1

Similarly | [~ax? + bx + ¢ dx
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is found, using the integral formulae discussed in [7.6.2, Page 328 of the textbook].

Thusj ( px + q)~/ax® + bx + ¢ dx is finally worked out.

Example 25 Find Jx\/1+ X — x% dx

Solution Following the procedure as indicated above, we write

A[:—X(1+ x—xz)}+ B

A(l-2)+B

x
I

Equating the coefficients afand constant terms on both sides,

We get—2A=1land A+B=0

1 1
Solving these equations, we gkt= 5 andB = > Thus the integral

reduces to

J.x\/l+ X—x2dx = —%J-(l— 2X W1+ X — xzdx+%j\/1+ X — x> dx

1 1

:—Ell'i'Elz (1)

Consider = I(l— 2X W 1+ X— X2 dx
Put 1 +x —x2 =t, then (1 — 8)dx = dt

1 3
Thus I1=J(1—2x)\/1+x—x2dx = jtzdt:§t2+cl

2 3
= §(1+ X— X )2 +C,;, where Cis some constant.
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T 5 1Y
Further, consider I, = I 1+ x—x*dx = I\/Z—(X—Ej dx

1
PmX—§=trmmmx:m

(5Y ..
Therefore, I, = j (T —t2dt

- lt E_tz_lr_i.
2 4 2

sint -2 C,

>
AN
G2 ey TP P S .

= 3 > i (x 2) +85|n ( N j+C2

= %(Zx—l)\/1+ X—x* + gsinl( 2X 1]+ C,.

&

where G is some constant.

Putting values of land | in (1), we get

3
Ix\/l+ X — x?dx = —%(1+ X — x2)? +%(2x— IV1+ x — x2

+isin‘1[ 2X_l]+C,

16 NG

+C, . :
where c =- 12 % is another arbitrary constant.
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Insert the following exercises at the end of EXERCISE 7.7 as follows:
12, xx+ x> 13 (x+1V2x* + 3 14. (x+3)V3—- 4x—x?

Answers

3 /2
12. %(x2+x)2—(2X+1) x+x, 1 |Og|X+£2+\/X2+X|+C

8 16
X + Jx2+§
2

X+ 2 (X+ 23— 4x - x?
+ +C
\/7) 2

+ C

3
13. %(2x2+3)2+§\/2x2+ 3+ Bf log

k]
14. —3(3—4x—x2)2+lsin‘l
3 2

CHAPTER 10

10.7 Scalar Triple Product

Letad, b and ¢ be any three vectors. The scalar produat@fd (b x¢), i.e., a- (b x &)
is called the scalar triple product @f b and ¢ in this order and is denoted by, 5, ¢]
(or [@h¢]). We thus have

[4,5,6]= d-(bxc)

Observations 1
1. Since (b x¢) is a vector,a-(bx¢c) is a g
scalar quantityi.e. [4, »,¢] is a scalar
quantity a
2. Geometrically, the magnitude of the scalafd =+
triple product is the volume of a parallelopiped /B V
formed by adjacent sides given by the thrée 3 [

Fig. 10.28
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vectorsd, b and ¢ (Fig. 10.28). Indeed, the area of the parallelogram forming

the base of the parallelopiped‘li;s>< 5‘ . The height is the projection @falong

the normal to the plane containingand¢ which is the magnitude of the

component ofi in the direction of b x¢ i.e., ‘a.(ch)‘
(b2

a.(Exa)\ . R
volume of the parallelopiped 15— |be|=‘Ez‘.(b><E)‘,
(b o)

If G=ai+a,j+ak, b=bi+b,j+bk and ¢ =ci+c,j+ck, then

. So the required

k
bxé=b, b, b,
Cl C2 C3

= bzcs - bscz) iA+ (b3cl A blCS) I + (blCZ A bZCl) ﬁ

and so

5-(5X5)=a1 (b,¢3 —bycy ) +a, (bye, —bics) +ay (bie, —bye))

a a, g
= b1 bz bs
C, C, Cg

If @ bandé be any three vectors, then

[a,b6.¢1=[b,¢,al=[cab]

(cyclic permutation of three vectors does not change the value of the scalar
triple product).

Letd=ai+a,j+ak, b=bi+b,j+bk and ¢ =c¢i+c, ]k

2019-20



618

MAHEMATICS

Then, just by observation above, we have

a:l. a'2 aS
la, b,¢]1=|b, b, b,
C_I. CZ CS

=a (bzcs - bscz) +a, (bSCl - blCS) +a (blCZ - bZCl)
= bl (3302 - azcs) + bz (alc3 - aSCl) + bs (azcl_ alCZ)

b b, b,
=G G G
a a a
=[b,é,al

Similarly, the reader may verify that

=[a, b,¢]=a, b,

o
—_—

Hence l@, b,é1=[b,é,a]=[¢.ab]

In scalar triple productEi.(ExE) , the dot and cross can be interchanged.
Indeed,

—(@.(¢xb))

~[a.c.b]
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7. [4 & b]=0 Indeed

=b.0=0. (as @ xa=0)
Note: The resultin 7 above is true irrespective of the position of two equal vectors.

10.7.1 Coplanarity of ThreeVectors

Theorem 1 Three vectorsi, b and ¢ are coplanar if and only if - (5 x &) = 0.
Proof Suppose first that the vectoiisb and ¢ are coplanar

If bandc are parallel vectors, theh,x ¢ = 0 and soa - (5 xc)=0.

If b and ¢ are not parallel then, sindeb and ¢ are coplanab X ¢ is perpendicular

toa.

So d-(hx&)=0.

Conversely suppose that - (Z; xc)=0.Ifa andb X ¢ are both non-zero, then
we conclude that andb X ¢ are perpendicular vectors. Buk ¢ is perpendicular to
bothb and ¢. Therefore,a andb andé must lie in the plane, i.e. they are coplanar.
If @ = 0, thena is coplanar with any two vectors, in particular withnd . If

(5 X ¢) = 0, thenb and ¢ are parallel vectors and sn,b andé are coplanar since any

two vectors always lie in a plane determined by them and a vector which is parallel to
any one of it also lies in that plane.
Note: Coplanarity of four points can be discussed using coplanarity of three vectors.

Indeed, the four points A, B, C and D are coplanar if the ve@tBr&\C and AD
are coplanar
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Example 26 Finda.(bxc), if a=2i +j+3k, b = i +2j+k and ¢ =3 + ] +2k.

2 1 3
Solution We havei.(b xé)=|-1 2 1|=-10.
301 2

Example 27 Show that the vectors
G=1-2]+3k b = 2 +3j—4k and ¢={ -3]+5k are coplanar.

1 -2 3
Solution We havei. (b xé)=|-2 3 —4=0.
1 -3 5

Hence, in view of Theorem Ji,l;and ¢ are coplanar vectors.
Example 28 FindA if the vectors

G=1i+3j+k, b=2i-] —k and =\ +7] + 3k are coplanar.
Solution Sincea,l;and ¢ are coplanar vectors, we hdﬁ;e[;, ¢l=0, i.e.,

1 3 1

2 -1 -1=0.

A7 3

= 1(-3+7)-3(6BHR)+1(14+0)=0
= A=0.

Example 29 Show that the four points A, B, C and D with position vectors
4 +5]+k,— (j+k),3+ 9+ & and 4(— | +k , respectively are coplanar
Solution We know that the four points A, B, C and D are coplanar if the three vectors
A—B,A—C and AD are coplanari.e., if

[A—BA—C and H)] =0
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AB =—(j+K)—(4 +5]+K)= —4—- - &
AC = (3 +9]+&K)—(4 + 5+k) 4+ 4+ R

AD = 4(—i + J+K)=(4 +5]+K)= -8—J+ &

4 _§ —
[AB,AC and AD] =|-1 4 3|=0.
-8 -1 3

Hence A, B, C and D are coplanar

Example 30 Prove thalg +b, b + ¢, ¢ +ad| =2 la,b,cl.
Solution We have

|:C_i +E,E+5,E+a] = (@+b).(h+3)%(C+a))
=(G+b).(bXC+b XG+CXC+CXa)
=(G+b).(bXC+bxa+¢xa) (a8 x¢ =0)
=G.(bxZ)+ad.(bxd)+d.(Cxad)+b.(bxc)+b.(bxad)+b.(Cxa)
b

=la.b.¢|+|a.b.a]+|a.c.a|+[b.5.¢|+[b.b.a]+|b.c.a)

Example 31 Prove that[é, ,E+ﬂ £ [&’,E,E]H&,E,ﬁ]
Solution We have
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Exercise 10.5
1. Find[aéz]if G=i-2]+3kb=21-3]+kand ¢=3i+ j—2k
(Ans. 24)

2. Show that the vecto@=7 —2j+3k,b=-2i +3j—4kand ¢=i -3+ 5k
are coplanar

3. Find A if the vectors| — J+k, 3+ + 2%k andi +Aj — & are coplanar
(Ans.A = 15)

4. Leta=i+j+kb=iand ¢=c,i+c,]+ck Then
(@) If c,=1andc, = 2, findc, which makes?,E and ¢ coplanar (Ans.c, = 2)

(b) Ifc,=-1and;, = 1, show that no value of can makei,l; and ¢ coplanar
5. Show that the four points with position vectors

4f+8}+12|2,2f+ 4+ & B+ B+ K andi5- i ki are coplanar.
6. Find x such that the four point& (3, 2, 1) B (4%, 5), C (4, 2, —-2) and
D (6, 5, —1) are coplanar (Ans.x = 5)

7. Showthatthe vectois b and & coplanarifd +b, b +¢ and ¢ +a are coplanar
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18.

20.
22.

(ANSWERS)

—%cost 2.
1 3
—(ax+b

5. (ax+h)

3

X?—X+C 8.

X2
7+Iog|x|—2x+ C

2 7 3
7x2+2x2+8\/§+C

3 5
—X?2-—=x2+C
3 5

X% —3sinx +€“+ C
tanx + secx + C

2tanx—3sex + C
A

log(L+x¥+C 2.

. cos (cox) + C 5.

3

i(ax+b)5+C 7.
3a

ol

|EXERCISE 7.1

1.

—sin 3 3.

3

—Ecos&—fe&‘ 6.
2 3

3 2
ﬁ+bi+cx+C 9.
3 2

11.
13.
15.

17.

19.
21.

|EXERCISE 7.2|

1
§(|09|X|)3+C 3.

1
——cos2@x+b i C
i ex+b }

5 3

1o

2
i1re3x+x+C
3

gx3+eX+C
3

2
X—+5x+ﬂ+C
2 X

3
X ix4C

3

6 ’ 5 3
—X?+—=%x2+2x2+C
7 5

3

2,81 3c0s+ 05+ C
3 3
tanx—x+ C
C

log|1+logx|+ C

2 >4 >
—(X+2)2 ——(x+2)°+C
g (x+2)? — 2 (x+2)
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12.

14.

17.

20.

22.

24.

26.

29.

32.

34.

37.
39.

1 - S
6(1+2x2 Y+C 9.

%Jx+4(x—8)+ C

1(x3 —1)% +3(x3—1)i31 +C 13
7 4 '
(logx)"™ 1
+C —-=
o 15. —5l0g|9-4x I+ C 16,
1 -1
S TC 18. ¢ 4C 19,
1 2X —2X
Elog(e +e)+C 21.
1
—Ztan(7— XM C 23.
1 .
Elog|25|nx+ 3cox+ ( 25.

3
2sin/x+ C 27.

%(Iogsinx)ﬁ C 30.

x 1 ,
E—Elog|cosx+ sing+ C 33.

2\/tanx + C 35.

1
—Zcos(tan‘1 x* ¥ C 38.

B

2019-20

g(x2+x+1)2+C 10.

%(sinzx)2 +C 28.

—log|1+cosq+ C 31.

%(1+ logx)*+ C 36.
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2 Iog‘x/; - 4+ C

1
18(2+ 33 ¥

1
_e2x+3+C

log(e*+e*)+C
1
Etan (- 3F-x+C

%(sin‘lx)2+ C

1 ic
(1-tanx)

2\1+sinx+ C

1
1+cosx

+C
Z—Elog|cos><— sing+ C
2 2

%(x+ logx)®+C
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15.
17.

19.
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23.
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|EXERCISE 7.3
x 1. 1 1
——=sin(4x+1 . ——CO0S K+— cox+ (
> 88 ( O C 2 14 5
1 isin12x+ x+}sin8x+lsin4x +C
4|12 8 4
1 1 1 1
—=cos(X+ 1= cod (2+ ( 5. =co® x—=coéx+ (
> ( )+6 &+ B 6 7
1 1cosz—lcos4x—l0052x +C
4| 6 4 2
1 lsin4x—isin12x +C 8. 2tan§—x+ C
214 12 2
x—tan§+ C 10. §——lsin 2><+—1 sin&k+ C
2 8 4 32

L sinax+ L sing 12. x—sinx+C

8 8 64

| 1 ¢
2 (sik + x cosx) + C 14. ~osx +six
1seé Xt sec®+ ( 16. }tans X— tamx+ X+ C
6 2 3
secx — cosex + C 18. tanx+ C
1
Iog|tanx|+§ tarf x+ C 20. log|cosx+ sin+ C
2 1 cosfk—a
X Xic 22 = 09| t-a) ¢
2 2 sin@-b) |cosé(—b}
A 24. B
|EXERCISE 7.4|

tantx® + C 2. %Iog‘2x+\/ 1+ 43|+ C
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Iog|

> +C 4. }Sin_1§+c
‘2—x+\/x —4x+5‘ 5 3

3 D 1, |1+ %
— tan"W2x%+ C —lo +C
22 6. 5 91-¢

X3 +4/x%+ a®
Iog‘tanx + tarf x +4+ C 10. Iog‘x+1+~/x2+ X+ 21+ C
ltzin_l(:bc—l—l)+c 12 sin”! (—x+3)+C
6 2 . 4
x—3+\/x2—3x+ +C sin‘(zx_3)+c

2 X Ja1

+

X a2b+1/(x—a)(x—b)
2 [ +x— 3+ C 17. «/x2—1+2Iog‘x+\/x2—#+ C

X2 —1- Iog‘x+\/x2—1‘+C 8. %Iog +C

log

+C

log

2
6y/X% — K + 20+ 34lo+><—§+«/x2 —Ox+ 2o1+ C
~Jdx— x> +4sin—1(x7_2)+c

X +2x+3+ I04x+ X+ X+ # C

1|Og‘ X2_2X_ #4_1 lo L_\/_G
2 J6  TIx—1++/6

élog|3x2 +2x+1|— 1 tan”' (3x+1)+C
6 32

+C
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23.
24.

10.

11.

12.

13.

14.

16.

18.
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5X% + 4x +10— 7I04x+ 2% + &+ 1P+ (

B 25. B
|EXERCISE 7.5|
(x+2)* 1, [x-3
I C ZloglY—=
0g x+1 + 2. 609 x+3+C
log|x—1- 5logx— 2+ 4logx— B+ C
%Iog|x—:l|— 2logx— ¢+g logx— Br C
X 3
4log|x+3- 2logx+ 1+ C 6. E+Iog|x|—zlog|1— 2+ C
Lioalx—1-Liog e+ et tar?
2Iog|x 1 4Iog(x +1}|—2tan x+ C
2, |Ix-1 1 1, [x+1 4
< - c Zlog o -—24C
0 9x+2| 3x=1)" 9. 5% x—il 17
5 1 12
Elog|x+Jj—EIog|x—1r——5 lod X+ Bt ¢
5 5 5
5Iog|x+]j——zlog|x+ 21+—6 logx— 2+ C
X 1 3
7+—2Iog|x+]l+—zlog|x— i+ cC
1
—log |x—]j+EIog (1 +x) +tan’x + C
7 101 L
3log|x+ q+m+ C 15. log x+1‘ 2tan x+ C
1 X" 2—sinx
=1 C
noY X" +1 i L Iog‘ 1-sirx e

2 2
x+——tam’ —— 3tan* =+ C 19 llog e
2 2 +3

NERRRE x?

2019-20



20.
22.

10.

11.

13.

15.

17.

19.

21.
23.

ANSWERS 593

xv1— X2

1(2x2—1) sintx+—-=+C 8.
4 4

~1
(2x* -1) COZ X —E\/l— x> +C

2
(sin‘lx) X+ 2/1-x% sintx— X+ C

— V14 costx+x + C 12
=1 1 2
xtan X—E log(®x= 1+ C 14
3 3
(%+x]logx—%—x+C 16
eX
X
S ic 20
X
e2x
?(Zsinx— cox } C 22
A 24.

2019-20

1 X e -1
—log——]+C lo +C
B 23. A
EXERCISE 7.6|
. X 1 .
. —XCcosSX+ sinx+ C 2. —gcose}(+§ sin&+ (
NG NG

e -—X%+2)+C 4. 7Iogx—7+c
X2 X2 X3 X3
—log2x——+C 6. —logx—+C
2 d 4 3 d 9

2

X x 1
Ztantx—-=+=tan'x+ C
2 2 2

x tanx + log |cosx| + C

2 2 2
X 2 X X
—(logx)* ——logx+—+C
2( gx) 5 109X+

egsinx+ C

X
e“tan=+ C
2

X

e
(x-1?

+C

2x tam’x — log (1 +x%) + C
B



594 MATHEMATICS

EXERCISE 7.7|
1. %xm+25in‘lg+ C 2. %sin‘1 2x+%xm+ C
3. @Jﬁx%ﬂ Iog‘x+ 2+\/m4+ C
4. @Jﬁmk% Iog‘x+ 2+\/m]~+ C
. g(ﬁ)Tch
6. @m—glog‘x+ 2+m5’3+ C
7 B e B (222 e
8. 2X4+3M—82Iog x+—§ﬂ/ﬁ3x
9. é x2+9+—§log‘x+\/m+c

+C

10. A 11. D
|EXERCISE 7.8
1 35 19
_b2_a2 v -
1. ( ) 2. 3. 3
27 1 p
4 2L 5 e-- 6. 15+¢€
2 e 2
EXERCISE 7.9
1.2 2. log> 3. 2
| . log 3
1
4. 5 5.0 6. e (e—1)
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10.

13.

15.

17.

20.

10.

NG

.29

T
—log?2
3 g

ANSWERS 595

lg(f 1} b
8. 2 9. 5
1. Liog?2 12. =
2995 4
14 Lioge+— tan'ys
"5 \/’
5 5 3
16. 5->|9log>—log=
5 2(90};4 ng)
18. 0 19. 3I0<912+%7t
21. D 22. C
EXERCISE 7.10
64 b
2 531 3 E—Iogz
T 1, 2145/17
5. — 6. log
4 V17 4
2_
g €E-2) o A
4
|EXERCISE 7.11
, I 3 T 4 T
S 4 S 4 S 4
1
6.9 7 (n+1)(n+2)
16V2 n, 1 T
Ve . —log= .=
9. =& 10. log3 1.
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596

12.

16.
21.

11.

13.

15.

17.

19.

MATHEMATICS

T 13. 0 14. 0 15. 0
a
—nlog 2 17. 5 18. 5 20. C
C
MisceLLANEOUS ExERCISE ON CHAPTER 7

1 2 2 3 3
Elog —X2+C 2. ml:(x-l-a)z —(x+b)2]+C
2 X 3

_Z ,(a ) 4c 4 _(1+i4)4+c

a X X

1 1 1

2x—3x3 + 6x8— 6log (X8 } C

1 1 3 X
—Zlog|x+1+=log (x*+ 9)+= tan* =+ C

5109/x+1+71og (¢ + 01+ 2 :

X3

sinalog sink-a )+x coa+ C 8. 5+C

. 4 sinx 1 .
C _=
sin ( 5 )+ 10. 23|n2x+C
_ CE ICOS(XerLC 12. 1Sin‘l(x“)+C
sin@-b) |cos(<+a} 4
I+e” 1 1 X
1 +C Ztanix—=tantZ
Og(2+exJ 14. 3tan X——tan 2+C
1 1 4
——cos'x+C 16. =log(x*+1)+C
4 4
f +b n+l . .
[f (ax+b)] LC o .2 sm(>.<+0()4rC
a(n+1) sin sinx

22D 1 e AXEX X

Y T

-x+C
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20.

21.

23.

25.

27.

29.

31.

33.

41.
43.

10.

—2J1-x+ co5' VX +4/x— X% +C
etanx + C 22.

%[xcos’lx—xll—xz]—kc 24.

ANSWERS 597

—2Iog|x+1—xi+1+ 3logx+ 2+ C

3
1 1)2 1 2
——|1+—| |log| 1+— |—=|+C
3( xz) [ g( xz) 3]

T

8

1 (\3-1)
2

2sin

1
—log9
40 S

gm—a

{2
3 e

B
B

|EXERCISE 8.1|

e% 26.
T 28
5 .
4

42 20"
3

I 32
5 .
9 40
> .

A 42.

D 44.
14

3 2. 16-4/2

121 5. 6m

a(n 2
2(2 8. (ay

9

3 11. 843

5 32-8/2
‘ 3
6 =
"3
g 1
"3
12. A 13. B
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13.
16.

© oW

11.

11.

MATHEMATICS

4
B

|[EXERCISE 8.2

Miscellaneous Exercise on Chapter 8

wIl~

N
~

2 9 . .22
—+—sin"——
6 4 3
a :
5 .
B 7.
7

0] 3
1 3

5 .
8t :
3am

ab
— (-2

2 (n-2) 10
7 14,
D 17.

O NvIN oo

(i) 624.8
4.9 5. 4
3
(n-2
8 2(7t )
11. 2 12 1
"3
__gsn']_l 1' +_1
15 g7 3 302
18. C 19. B
EXERCISE 9.1

Order 4; Degree not defined 2. Order 1; Degree 1

Order 2; Degree 1
Order 2; Degree 1
Order 3; Degree 1
Order 2; Degree 1
D

4. Order 2; Degree not defined
6. Order 3; Degree 2
8. Order 1; Degree 1

10. Order 2; Degree 1

12. A

EXERCISE 9.2
12. D
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ANSWERS 599

EXERCISE 9.3|
1.y'=0 2. xyy' +x(@y)y-yy=0
3.y —y-6y=0 4. Y-y +4y=0
5.V -¥+2=0 6. 29y +x =y
7.xy-=0 8. Xy + XYy -yy =0
9. Xy +Xy) -y =0 10. (¢-9) (¥ +x =0
11. B 12. C

|EXERCISE 9.4|
1. y=2tan§—x+c 2. y=2sin (x+ C)
3. y=1+ A 4. tanx tany= C

3

5 y=logEe+e’)+C 6. tan‘ly:x%+c
7. y=¢€* 8. x*+y*=C

9. y=xsinx+ 1-x> +C 10. tany=C (1-€)

11.

12.

14.
16.

18.
20.

22.

y=%log[(x+1)2 (x* +1)3]—%tan’l x+1

1|O Xt 1IO 3 cos(y_z)
=— —_— — =a
y 5 g 2 > 94 13. .

y = secx 15. 2y — 1 =e‘( sinx — cosx)
y—x+2=log (X(y+ 2P 17. y»=x2 =4
1

(x+4P=y+3 19. (63 + 27§
6.93% 21. Rs1648
21"?5 23. A
log(lo)
EXERCISE 9.5|
-y
(x-y)?=Cx e~ 2. y=xlog| x|+Cx
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11.

12.

14.

16.

11.

MATHEMATICS

tan‘l[zJ %Iog(x2+y2)+C 4. X +y?2=CX

2
\/7 |X+§y%_|og|x|+c 6. y+\/x2TyZ=CX2

foe oot

Xy COS
cy = log %‘—1 10. ye¥ +x=C
y =@

log (¥ +y) + 2 tan* < = EHOQZ
y+2X=3y 13. COt[%): loglex|
cog £ = logdex 15. Y= 2—(X?ﬁo X# €)

X ' 1-lo | |
C 17. D

|EXERCISE 9.6|

1
y= g(ZSinX—COSX)+Ce_2" 2. y=e>+ Ceg¥
X4
xy:7+C 4. y(secx + tanx) = secx + tanx—x + C

2
y = (tanx — 1) + Cetx 6. y=%(4|09|x|— D+ o2

-2
ylogx=—=(1+ log|x| )+ C 8. y=(1+x)* log sin{+ C(&x* )*

1
=—-—CotX+ =
y Y Xsinx 10. (x+y+1l)=C¢
x:y—2+E 12. x=3y"+
3y
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13.

15.
17.

=

11.

13.

15.
17.

ANSWERS 601

T
Yy = COSX — 2 CO8 X 14. y(1 +x2)=tarrlx—z
y =4 sirf X — 2 sirt x 16. x+y+1=¢
y=4-x-2¢ 18. C 19. D
Miscellaneous Exercise on Chapter 9
. (i) Order 2; Degree 1 (i) Order 1; Degree 3
(ify Order 4; Degree not defined
. 2y2—X2
Y "y 5. (x+yy=Kx-y? @1 +(y))
. simly + simx=C 8. cosy= e
V2
- x
. tamty + tan’(e) = P 10. e¥=y+C
log [x—y|=x+y+1 12 ye* =(2J/x+C)
i S ) y=log 21 Xx#-1
ysinx= 2x - (sinx= 0 14. ERE
31250 16. C
C 18. C

EXERCISE 10.1]

In the adjoining figure, the vectap represents the required displacement.

N Scale
A —

10km

P
o/ 40km
W‘ O ,E

N
S

2019-20



602 MATHEMATICS

2. (i) scalar (i) vector (i) scalar (iv) scalar (v) scalar
(vi) vector
3. (i) scalar (i) scalar (i) vector (iv) vector (v) scalar
4. (i) Vectorsa andb are coinitial
(i) Vectorsh andd are equal
(i) Vectorsa andc are collinear but not equal

5. () True (i) False (i) False (iv) False
|EXERCISE 10.2|
1. |al=+3,[p|=Ve62, |e|]=1
2. Aninfinite number of possible answers.
3. Aninfinite number of possible answers.
4. x=2,y=3 5. —7 and 6,—7i and §
0 if+i]\+_2l2

6. —4]—k 7. \/6 \/6 \/%

N I+—1I2 L
“ BB T3 S22

0, 8 1. 8¢ &sf2 3
ERVET RN ETRMNET, 12 a1 V1a
13 _} __2_2 15 P _}i’\+ﬂ"'\+_ﬁ it i "
16. 3 +2j+k 18. (C) 19. (B),

|EXERCISE 10.3

1 % 2 cosl(g) 3.0

60 16J2 2/2 2 o r acln
4. —F/— 6. ——,——= 7. 6ld|”+11a.b-35|b

V114 37 37 a |
8. lal=1]p|=1 9. /13 10. 8

2019-20
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12.

14.

15.

12.
17.

ANSWERS 603

- -3
Vectorb can be any vector 13. )
Take any two non-zero perpendicular vecwendb

cos”" (%J 18. (D)

|EXERCISE 10.4)

2a 24 1~ n 1 1 1
i_l F— __k _1 P Y R
192 R R - AN AP
27 . -
3,7 6. Either |d|=0 or ‘b‘=0
No; take any two nonzero collinear vectors
61 10. 15/2 11. (B) 12. (C)
2
Miscellaneous Exercise on Chapter 10
V3~ 1.
—i+=]
2 2
Xz_x1aYZ—Y1122_21;\/(X2_X1)2+ VrySf+@rzy
5. 3/3-
—i+—]
2 2
No; taked, b and ¢ to represent the sides of a triangle.
1 3 ~ \/TOA 3 - 3 = 2 -
+— = [ i— + k
g N e e BN N 7 LN
— 1 ~ - "
. 2:3 9. 3a +5b 10. Z@-6j+X); 11/5
1 o ~ S
5(160 -5+ 7& 13. A=1 16. (B)
(D) 18. (C) 19. (B)
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604 MATHEMATICS

|EXERCISE 11.1

= 1,1 ,1, 9622
' '\@’\fz \f \/é J3 7o
-2 3,—2 -3 -2 4 5 -1

o m V717 JirJir 17 ¥ a2 a3 a
|EXERCISE 11.2|

4, = 2]+3k+k(31+2] 2k ), wherel is a real number
F=20—-]+4k+\(i+2j-k) and cartesian form is
XxX-2 y+1 z-4
1 2
5 x+2:y—4:z+5
' 3 5 6

7. F=(5i-4]+6K)+A B + 7+ X
8. Vector equation of the line: 7= A(5i -2 j+3k);

<

Yy _z
-2 3
9. Vector equation of the line: 7 =3i =2 -5k + A(11k)

X
Cartesian equation of the Img = =

Cartesian equation of the IineX:;—3 = ioz = Z+5

) o= cos? (19 S 6z cost &
10. (i) 6= cos [le (i) 6= cos [5\/§J

, _ | 26 . el 2
11. (i) 6= cos [—9\/§J (i) 6= cos [3)

70

32
12. =— 14. —— 15. 2429
P 11 2
. 3 8
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10.

12.

13.

14.

ANSWERS 605

EXERCISE 11.3|

_ 1 1 1. 1
. (@ 0,0,1;2 (b) ﬁ,T T T
3 -1 8
(c) \/71 J1a' \/*4\/*4 (d) 0,1,0;g
7_(35+5]’—6l€)=7
J70
. (@) x+ty—z=2 (b) 2x+3y—-4z=1
(c) s—2)x+@B-t)y+(2s+t)z=15
24 36 48 18 24
- @) [E)’ 29’ E)j (b) (O 25’ 25)
() [%%%J (d) [01%310}

L@ [F-(G-2k)(G+j-k)=0; x+y—z=3

) [F-(G+4j+6k)](i=2j+k)=0, x—2+z+1=0

. (@) The points are collineai here will be infinite number of planes

passing through the given points.
(b) 2x+3y—-X=5

5
o 5 -5 8. y=3 9. 7x—5+4z-8=0
f~(38§+68}+3/€)=153 11. x—z+2=0
cost =2
\731

(a) cos® (gj (b) The planes are perpendicular
(c) The planes are parallel (d) The planes are parallel
(e) 4>

3 13
@ 13 b) 3
(c) 3 (d) 2
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606 MATHEMATICS

Miscellaneous Exercise on Chapter 11

_Y_

3. 90° 4 X z 5 0

: 7 0 :

6 k—__lo 7

7 " F=i42]+3k+A(i +2]-5k)
8. x+y+z=a+b+c 9. 9

17 -13 1 23
10. (0,—,—j 11. ( 0,—j 12. 1,-2,7)

2 2 3’3

13. 7 +3+25=0 14 _E I’EI-I’Z

S TX-8 = - p= o or g
15. y—2+6=0 16. x+2y-%-14=0
17. 33x+45y+50z2-41=0 18. 13
19. F=i+2]+3k+M(=30+5]+4k)
00, F=i+2]—4k+NQ2i+3]+6k) 22 D
23. B

|EXERCISE 12.1]
1. Maximum Z =16 at (0, 4)
2. Minimum Z=-12 at (4, 0)

. 235 20 45
3. Maximum Z = at| — .7 =<

19 “*(19'19

31

4. MinimumZ=7 at(§1§)

5. Maximum Z = 18 at (4, 3)

. Minimum Z = 6 at all the points on the line segment joining the points (6, 0)
and (0, 3).

7. Minimum Z = 300 at (60, 0);

Maximum Z = 600 at all the points on the line segment joining the points (120, 0)
and (60, 30).
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ANSWERS 607

Minimum Z = 100 at all the points on the line segment joining the points (0, 50)
and (20, 40);

Maximum Z =400 at (0, 200)

. Z has no maximum value
10.

No feasible region, hence no maximum value of Z.

EXERCISE 12.2

. o .8 1
Minimum cost = Rs 160 at all points lying on segmentjomuggo and 2,5 5

Maximum number of cakes = 30 of kind one and 10 cakes of another kind.

3. () 4 tennis rackets and 12 cricket bats

10.
11.

(i) Maximum profit = Rs 200
3 packages of nuts and 3 packages of bolts; Maximum profit = Rs 73.50.

30 packages of screws and 20 packages of screws B; Maximum profit
=Rs 410

4 Pedestal lamps and 4 wooden shades; Maximum profit = Rs 32
8 Souvenir of typeé\ and 20 of Souvenir of type B; Maximum profit

= Rs 160.

200 units of desktop model and 50 units of portable model; Maximum profit
=Rs 1150000.

Minimise Z = & + 6y

subject to 8 + 6y > 80, & + 3y > 100,x > 0 andy > 0, wherex andy denote the
number of units of food Fand food Erespectively; Minimum cost = Rs 104
100 kg of fertiliser Fand 80 kg of fertiliser - Minimum cost = Rs 1000

(D)

Miscellaneous Exercise on Chapter 12

. 40 packets of food P and 15 packets of food Q; Maximum amount of vitamin A

=285 units.
3 bags of brand P and 6 bags of brand Q; Minimum cost of the mixture = Rs 1950
Least cost of the mixture is Rs 112 (2 kg of Food X and 4 kg ofYpod
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10.

11.

12.

14.

MATHEMATICS

40 tickets of executive class and 160 tickets of economy class; Maximum profit
= Rs 136000.

From A : 10,50, 40 units; From B: 50,0,0 units to D, E and F respectively and
minimum cost = Rs 510

From A: 500, 3000 and 3500 litres; From B: 4000, O, O litres to D, E and F
respectively; Minimum cost = Rs 4400

. 40 bags of brand P and 100 bags of brand Q; Minimum amount of nitrogen

=470 kg.

140 bags of brand P and 50 bags of brand Q; Maximum amount of nitrogen
=595 kg.

800 dolls of type A and 400 dolls of type B; Maximum profit = Rs 16000

|EXERCISE 13.1]

PEIR=2 A Fl=> 2 P(AIB)=2
(i) 0.32 (i) 0.64 (i) 0.98
11
26
4 4 2
0 M (i)
1 3 6
0 3 @ = @ =
i 1 (i) 0
= 9. 1 0. @35 O
5 . @3 By
11 1 2 31
0 23 W 23 W 43
L1 L1 5
()] 5 (if) 3 13. 9
1
15 15. 0 16. C 17. D
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ANSWERS 609

EXERCISE 13.2

3 , 5 , M
25 - 102 91
4. A and B are independent 5. A and B are not independent
6. E and F are not independent
O § I
() p_10 (if) p—5
8. () 0.12 (i) 0.58 @iy 0.3 (iv) 0.4
3
9. 3 10. A and B are not independent
11. () 0.18 (i) 0.12 (i) 0.72 (v) 0.28
L 1 sy 18 20 L 40
3 () 81,(||) 81,(|||) 81
o 2ok o i DNl NN
() 5. 3 - (). i) @z 303
17. D 18. B
|EXERCISE 13.3
L1 , 2 , 9 , 12
-2 -3 - 13 - 13
5 22 e 2 /L g 1
© 133 -9 Y 4
9 2 10 s 11 =2 12 1
9 11 - 34 ~ 50
13. A 14. C
|EXERCISE 13.4
1. (i), (i) and (iv) 2. X=0,1,2;yes 3. X=6,4,2,0
4. | X 0 1 2
N R
() 4 2 4
(i) X 0 1 2 3
ol L] 3] 3] L
(X) 8 8 8 8
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610 MATHEMATICS

(i) X 0 1 2 |3
NEEEER
(X) 16 | 4 8 |4 |16
5 @0) | X 0 1 2
NERERE
(X) 9 9 9
(if) X 0 1
P(X >4
) 36 [ 36
6 X 0 1 2 3 4
256|256 |96 | 16 | 1
P(X) vy
625 (625 |625 | 625 625
7. X 0 1
o | 2| 8] L
(X) 16 | 16 | 16
, 1 . 3 17
8. () k== I PX<3)=— i)  P(X>6)=—
() 0 (i (<)10 W) PX>6)=2 o
, 3
Iv) P(0< X< 3)=—
(iv) P( ) 10
1 1 1
9. (a) k:6 (b) P(X<2)=§,P(Xs 2=1,P(%& 2)=§
10. 1.5 11 1 12 1
L 3 -
13. Var(X)=5.833, S.D =2.415
14. X 14 | 15 | 16| 17| 18| 19| 20 21
o | 2| L2 (31|23
X) 15|15 [ 15115 | 15 | 15 | 15| 15
Mean = 17.53Var(X) = 4.78 and S.D(X) = 2.19
15. E(X)=0.7 and Var (X) = 0.21 16. B 17. D
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|EXERCISE 13.5]

L3 T .. 63
1. () By (if) 64 (iit) 64
x HEl
% 216 3 120) 20
, . .. 243
4. (i) 1024 (if) 512 (iit) 1024
5. () (0.95¥ (i) (0.95)% x 1.2 (i) 1-—(0.95)x 1.2
(iv) 1—(0.95j
9 4 20
6. (1—0) 7. (%) [20G,+2Cyt .+ 2 Gy |
o 1L
- 243
99 \* 1( 99\* 149( 99
10. (a) F(ﬁ) (b) E(ﬁ) (© - 100(100)
7(5Y 35 22x &
11. E(g) 12. 18(6) 13. T.u
14. C 15. A
Miscellaneous Exercise on Chapter 13
1. () 1 (i) 0
L1 1
2. () 3 (if) 5
20
3 21
4, 1—§‘°cr(0.9)r(0.1)1°"
2\° 2\ 2\° 864
5. (i) (E) (if) 7(3) (iit) 1_(3) (iv) 3125
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12.

15.
17.

MATHEMATICS

510

2% 6’
T
91(3 '
1238 .
15" 5" 15 '

() 05 (i) 0.05

A 18.

625
23328

14
29

4

> —
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11.

14.

16.
19.
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-01
54

16

16
31



