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Foreword

The National Curriculum Framework, 2005, recommendsthat children’slife at school
must be linked to their life outside the school. This principle marks a departure from
the legacy of bookish learning which continues to shape our system and causes agap
between the school, home and community. The syllabi and textbooks developed on
the basis of NCF signify an attempt to implement thisbasic idea. They also attempt to
discourage rote learning and the maintenance of sharp boundaries between different
subject areas. We hope these measureswill take us significantly further inthedirection
of a child-centred system of education outlined in the National Policy on Education
(1986).

The success of thiseffort depends on the stepsthat school principal sand teachers
will taketo encourage childrento reflect ontheir own learning and to pursueimaginative
activities and questions. We must recognise that, given space, time and freedom,
children generate new knowledge by engaging with the information passed on to them
by adults. Treating the prescribed textbook as the sole basis of examination is one of
the key reasons why other resources and sites of learning are ignored. Inculcating
creativity and initiativeis possible if we perceive and treat children as participantsin
learning, not as receivers of afixed body of knowledge.

Theseaimsimply considerable changein school routines and mode of functioning.
Flexibility inthe daily time-tableis as necessary asrigour in implementing the annual
calendar so that the required number of teaching daysare actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’slife at school a happy experience, rather than a
source of stress or boredom. Syllabus designers have tried to address the problem of
curricular burden by restructuring and reorienting knowledge at different stages with
greater consideration for child psychology and the time available for teaching. The
textbook attempts to enhance this endeavour by giving higher priority and space to
opportunities for contemplation and wondering, discussion in small groups, and
activities requiring hands-on experience.
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NCERT appreciatesthe hard work done by the textbook devel opment committee
responsible for this book. We wish to thank the Chairperson of the advisory group in
Science and Mathematics, Professor J.V. Narlikar and the Chief Advisor for thisbook,
Professor PK. Jain for guiding thework of thiscommittee. Several teachers contributed
to the development of thistextbook; we are grateful to their principalsfor making this
possible. We are indebted to the institutions and organi sations which have generously
permitted usto draw upon their resources, material and personnel. As an organisation
committed to systemic reform and continuous improvement in the quality of its
products, NCERT welcomes comments and suggestions which will enable us to
undertake further revision and refinement.

Director
New Delhi National Council of Educational
20 December 2005 Research and Training
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Preface

The National Council of Educational Research and Training (NCERT) had constituted
21 Focus Groups on Teaching of various subjects related to School Education, to
review the National Curriculum Framework for School Education - 2000 (NCFSE -
2000) inface of new emerging challenges and transformations occurring in the fields
of content and pedagogy under the contexts of National and International spectrum of
school education. These Focus Groups made general and specific commentsin their
respective areas. Consequently, based on these reports of Focus Groups, National
Curriculum Framework (NCF)-2005 was devel oped.

NCERT designed the new syllabi and constituted Textbook Development Teams

for Classes X1 and X1I to prepare textbooks in mathematics under the new guidelines
and new syllabi. The textbook for Class XI is aready in use, which was brought in
2005.
Thefirst draft of the present book (Class X11) was prepared by the team consisting of
NCERT faculty, experts and practicing teachers. The draft was refined by the
development team in different meetings. This draft of the book was exposed to a
group of practicing teachersteaching mathematics at higher secondary stagein different
parts of the country, in a review workshop organised by the NCERT at Delhi. The
teachers made useful comments and suggestions which wereincorporated in the draft
textbook. The draft textbook was finalised by an editorial board constituted out of
the development team. Finally, the Advisory Group in Science and Mathematics and
the Monitoring Committee constituted by the HRD Ministry, Government of India
have approved the draft of the textbook.

In the fitness of things, let us cite some of the essential features dominating the
textbook. These characteristics havereflectionsin almost all the chapters. Theexisting
textbook contain 13 main chapters and two appendices. Each Chapter contain the
followings:

= [ntroduction: Highlighting the importance of the topic; connection with earlier
studied topics; brief mention about the new concepts to be discussed in the
chapter.

= Organisation of chapter into sections comprising one or more concepts/sub
concepts.

= Motivating and introducing the concepts/sub concepts. Illustrations have been
provided wherever possible.
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= Proofs/problem solving involving deductive or inductive reasoning, multiplicity
of approaches wherever possible have been inducted.

= Geometric viewing/ visualisation of concepts have been emphasi sed whenever
needed.

= Applications of mathematical concepts have also been integrated with allied
subjects like science and social sciences.

» Adequate and variety of examples/exercises have been given in each section.

= For refocusing and strengthening the understanding and skill of problem solving
and applicabilities, miscellaneous types of examples/exercises have been
provided involving two or more sub conceptsat atime at the end of the chapter.
The scope of challenging problems to talented minority have been reflected
conducive to the recommendation as reflected in NCF-2005.

= For more motivational purpose, brief historical background of topics have been
provided at the end of the chapter and at the beginning of each chapter relevant
guotation and photograph of eminent mathematician who have contributed
significantly in the development of the topic undertaken, are also provided.

= Lastly, for direct recapitulation of main concepts, formulas and results, brief
summary of the chapter has also been provided.

| am thankful to Professor Krishan Kumar, Director, NCERT who constituted the
team and invited meto join thisnational endeavor for theimprovement of mathematics
education. He has provided us with an enlightened perspective and avery conducive
environment. This made the task of preparing the book much more enjoyable and
rewarding. | express my gratitude to Professor J.V. Narlikar, Chairperson of the
Advisory Group in Science and Mathematics, for his specific suggestions and advice
towardstheimprovement of thebook fromtimetotime. I, a so, thank Prof. G. Ravindra,
Joint Director, NCERT for his help from time to time.

| express my sincere thanks to Professor Hukum Singh, Chief Coordinator and
Head DESM, Dr. V. P. Singh, Coordinator and Professor S. K. Singh Gautam who
have been helping for the success of this project academically as well as
administratively. Also, | would liketo place on records my appreciation and thanksto
al the members of the team and the teachers who have been associated with this
noble cause in one or the other form.

Pawan K. JaiN
Chief Advisor
Textbook Devel opment Committee
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THE CONSTITUTION OF
INDIA

PREAMBLE

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
'[SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC] and to secure
to allits citizens :

JUSTICE, social, economic and
political;

LIBERTY of thought, expression, belief,
faith and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the *[unity and
integrity of the Nation];

IN OUR CONSTITUENT ASSEMBLY
this twenty-sixth day of November, 1949 do
HEREBY ADOPT, ENACT AND GIVE TO
OURSELVES THIS CONSTITUTION.

1. Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Sovereign Democratic Republic" (w.e.f. 3.1.1977)

2. Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Unity of the Nation" (w.e.f. 3.1.1977)
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Constitution of I ndia

Part IV A (Article 51 A)

Fundamental Duties

It shall be the duty of every citizen of India—

(@)
(b)

(c)
(d)

(€)

()
(9)

(h)
(i)
0)

* (k)

to abide by the Constitution and respect its ideals and ingtitutions, the
National Flag and the National Anthem;

to cherishand follow the nobleidealswhichinspired our national struggle
for freedom;

to uphold and protect the sovereignty, unity and integrity of India;
to defend the country and render national service when called upon to
do so;

to promote harmony and the spirit of common brotherhood amongst all
the people of India transcending religious, linguistic and regional or
sectional diversities; to renounce practices derogatory to the dignity of
women;

to value and preserve the rich heritage of our composite culture;

to protect and improvethe natural environment including forests, lakes,
rivers, wildlife and to have compassion for living creatures,

to devel op the scientific temper, humanism and the spirit of inquiry and
reform;

to safeguard public property and to abjure violence;

to strive towards excellence in all spheres of individual and collective
activity so that the nation constantly risesto higher levels of endeavour
and achievement;

who is a parent or guardian, to provide opportunities for education to
his child or, as the case may be, ward between the age of six and
fourteen years.

Note:

The Article 51A containing Fundamental Duties was inserted by the Constitution
(42nd Amendment) Act, 1976 (with effect from 3 January 1977).

*(k) was inserted by the Constitution (86th Amendment) Act, 2002 (with effect from
1 April 2010).
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(RELATIONSAND FUNCTIONS)

**There is no permanent place in the world for ugly mathematics ... . It may
be very hard to define mathematical beauty but that is just as true of
beauty of any kind, we may not know quite what we mean by a
beautiful poem, but that does not prevent us from recognising
one when we read it. — G. H. HARDY **

1.1 Introduction

Recall that the notion of relations and functions, domain,
co-domain and range have been introduced in Class XI
along with different types of specific real valued functions
and their graphs. The concept of the term ‘relation’ in
mathematics has been drawn from the meaning of relation
in English language, according to which two objects or
quantitiesarerelated if thereisarecognisable connection
or link between the two objects or quantities. Let A be
the set of students of Class XI1 of a school and B be the
set of studentsof Class X| of the same school. Then some
of the examples of relations from A to B are

(i) {(a b) e A xB:aisbrother of b},
(i) {(a, b) e A xB:aissister of b}, (1805-1859)
@) {(a, b) e A xB: ageof ais greater than age of b},
(iv) {(a b) € A x B:total marks obtained by ain the final examination islessthan
thetotal marks obtained by b in thefinal examination},
(v) {(a, b)e A xB:alivesinthe same locality as b}. However, abstracting from
this, we define mathematically arelation R from A to B as an arbitrary subset
of A x B.
If (&, b) € R, we say that a is related to b under the relation R and we write as
a R b. In generdl, (a, b) € R, we do not bother whether there is a recognisable
connection or link between aand b. Asseenin Class X1, functions are special kind of
relations.
Inthischapter, wewill study different types of relations and functions, composition
of functions, invertible functionsand binary operations.
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2 MATHEMATICS

1.2 Typesof Relations

In this section, we would like to study different types of relations. We know that a
relation in aset A isasubset of A x A. Thus, the empty set ¢ and A x A are two
extremerelations. For illustration, consider arelation Rintheset A ={1, 2, 3, 4} given by
R={(a, b): a—b=10}. Thisisthe empty set, asno pair (a, b) satisfies the condition
a—b=10. Similarly, R"={(a, b) : |a—b|> 0} isthewhole set A x A, as dl pairs
(& b) in A x A satisfy | a— b | > 0. These two extreme examples lead us to the
following definitions.

Definition 1 A relation R in a set A is called empty relation, if no element of A is
related to any element of A, i.e, R=¢p c A XA.

Definition 2 Arelation Rinaset A iscaled universal relation, if each element of A
isrelated to every element of A, i.e, R=A X A.

Both the empty relation and the universal relation are some times called trivial
relations.

Example 1 Let A be the set of al students of aboys school. Show that the relation R
inA givenby R={(a, b) : aissister of b} isthe empty relation and R = {(a, b) : the
difference between heights of a and b isless than 3 meters} isthe universal relation.

Solution Sincethe school is boys school, no student of the school can be sister of any
student of the school. Hence, R = ¢, showing that R is the empty relation. It is aso
obviousthat the difference between heights of any two students of the school hasto be
less than 3 meters. This showsthat R* = A x A isthe universal relation.

Remark In Class X1, we have seen two ways of representing arelation, namely raster
method and set builder method. However, arelation Rintheset{1, 2, 3, 4} defined by R
={(a, b) : b = a+ 1} is also expressed as a R b if and only if
b =a+ 1 by many authors. We may also use this notation, as and when convenient.

If (, b) € R, we say that aisrelated to b and we denote it asa R b.

One of the most important relation, which playsasignificant rolein Mathematics,
is an equivalence relation. To study equivalence relation, we first consider three
typesof relations, namely reflexive, symmetric and transitive.

Definition 3A relation Rinaset A iscalled
(i) reflexive, if (a, @) € R, for every ae A,
(i) symmetric, if (a, a)) € Rimpliesthat (a, a)) € R, foral a, a, € A.
(iii) trangtive, if (@, a) € Rand (a, a)e Rimpliesthat (a,, a,) e R, foradl a , a,
a, € A.
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RELATIONS AND FUNCTIONS 3

Definition 4 A relation R in a set A is said to be an equivalence relation if R is
reflexive, symmetric and transitive.

Example 2 Let T bethe set of all trianglesin aplanewith R arelationin T given by
R={(T, T, : T, iscongruentto T,}. Show that R is an equivalence relation.

Solution R is reflexive, since every triangle is congruent to itself. Further,
(T, T,)e R=T, iscongruentto T, = T,iscongruentto T, = (T,, T,) € R. Hence,
R is symmetric. Moreover, (T,, T,), (T,, T,) € R=T, is congruentto T,and T, is
congruentto T, = T, iscongruentto T, = (T, T,) € R. Therefore, Risan equivaence
relation.

Example 3 Let L bethe set of al linesin aplane and R betherelation in L defined as
R={(L, L, : L, isperpendicular to L, }. Show that R is symmetric but neither
reflexive nor transitive.

Solution Risnot reflexive, asaline L, can not be perpendicular to itself, i.e., (L, L,)

¢ R Rissymmetricas(L,,L,) e R L,

= L, isperpendiculartoL, ‘

= L, isperpendicular to L, L,

= (L,L)eR L
Risnot transitive. Indeed, if L, is perpendicular to L, and Fig1.1

L, isperpendicular toL,, then L, can never be perpendicular to
L. In fact, L, is parallel to L. i.e., (Ll, LZ) e R, (LZ, L3) € R but (Ll, L3) ¢ R.
Example 4 Show that therelation Rinthe set {1, 2, 3} givenby R={(1, 1), (2, 2),
(3,3), (1, 2), (2, 3)} isreflexive but neither symmetric nor transitive.
Solution Risreflexive, since (1, 1), (2, 2) and (3, 3) liein R. Also, R isnot symmetric,
as(1,2) e Rbut(2,1) ¢ R. Similarly, Risnot transitive, as(1,2) e Rand (2,3) e R
but (1,3) ¢ R.
Example 5 Show that the relation R in the set Z of integers given by

R={(a, b): 2dividesa—b}
isan equivalencerelation.

Solution Risreflexive, as 2 divides (a—a) for dl a e Z. Further, if (a, b) € R, then
2 dividesa—b. Therefore, 2 dividesb —a. Hence, (b, @) € R, which showsthat R is
symmetric. Similarly, if (a, b) € Rand (b, ¢) € R, thena—b and b —c are divisible by
2. Now,a—c=(a—Dhb) + (b—c) iseven (Why?). So, (a—c) isdivisible by 2. This
showsthat R istransitive. Thus, R isan equivalencerelationin Z.

2021-22



4 MATHEMATICS

In Example 5, note that all even integers are related to zero, as (0, £ 2), (0, + 4)
etc., liein R and no odd integer isrelated to 0, as (0, + 1), (0, £ 3) etc., donot liein R.
Similarly, all odd integers are related to one and no even integer is related to one.
Therefore, the set E of all even integers and the set O of all odd integers are subsets of
Z satisfying following conditions:

(i) All elements of E are related to each other and all elements of O arerelated to
each other.
(i) No element of E isrelated to any element of O and vice-versa.
(i) EandOaredisointandZ =Eu O.

The subset E is called the equivalence class containing zero and is denoted by
[0]. Similarly, O isthe equivalence class containing 1 and is denoted by [1]. Note that
[0] #[1],[0] =[2r] and [1] =[2r + 1], r € Z. Infact, what we have seen aboveistrue
for an arbitrary equivalence relation R in a set X. Given an arbitrary equivalence
relation R in an arbitrary set X, R divides X into mutually disoint subsets A, called
partitionsor subdivisions of X satisfying:

(i) al elementsof A, arerelated to each other, for al i.
(i) no element of A, isrelated to any element of A, i #].
(i) VA =XandA NA =0,i#].

The subsetsA, are called equivalence classes. Theinteresting part of the situation
isthat we can go reverse also. For example, consider a subdivision of the set Z given
by three mutually disjoint subsetsA,, A, and A, whose unionisZ with

A ={xe Z :xisamultipleof 3} ={..,-6,-3,0,3,6, ...}
A2={xe Z:x—=1lisamultipleof 3} ={...,-5,-2,1,4,7, ...}
A,={xe Z:x-2isamultipleof 3} ={..,-4,-1,2,5,8, ..}

Define arelation R in Z given by R = {(a, b) : 3 divides a — b}. Following the
arguments similar to those used in Example 5, we can show that R is an equivalence
relation. Also, A, coincideswith the set of all integersinZ which arerelated to zero, A,
coincides with the set of all integers which are related to 1 and A, coincides with the
set of al integersin Z which are related to 2. Thus, A, = [0], A, = [1] and A, =[2].
Infact, A, = [3r], A,=[3r+1] andA,=[3r + 2], fordlre Z.

Example 6 Let R be the relation defined in the set A = {1, 2, 3, 4, 5, 6, 7} by
R = {(a, b) : both a and b are either odd or even}. Show that R is an equivalence
relation. Further, show that all the elementsof thesubset {1, 3, 5, 7} arerelated to each
other and all the elements of the subset {2, 4, 6} are related to each other, but no
element of the subset {1, 3, 5, 7} isrelated to any element of the subset {2, 4, 6}.
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RELATIONS AND FUNCTIONS 5

Solution Given any element a in A, both a and a must be either odd or even, so
that (a, a) € R. Further, (a, b) € R = both a and b must be either odd or even
= (b, @) € R. Similarly, (a, b) e Rand (b, c) € R = al elements a, b, ¢, must be
either even or odd simultaneously = (a, ¢) € R. Hence, R is an equivalence relation.
Further, al the elements of {1, 3, 5, 7} are related to each other, as al the elements
of this subset are odd. Similarly, al the elements of the subset {2, 4, 6} arerelated to
each other, as all of them are even. Also, no element of the subset {1, 3, 5, 7} can be
related to any element of {2, 4, 6}, aselementsof {1, 3, 5, 7} are odd, while elements
of {2, 4, 6} are even.

|[EXERCISE 1.1|

1. Determinewhether each of thefollowing relations arereflexive, symmetric and
trangitive:

() RelationRinthesetA={1,2,3, ..., 13, 14} defined as
R={(xy):3x-y=0}
(i) Relation Rintheset N of natural numbers defined as
R={(x,y):y=x+5andx <4}
(i) RelationRinthesetA={1,2,3,4,5,6} as
R={(x,y):yisdivisible by x}
(iv) RelationRintheset Z of al integersdefined as
R={(x,y) : x—yisaninteger}
(v) ReationRinthesetA of human beingsinatown at aparticular timegiven by
@ R={(xy) :xandywork at the same place}
(b) R={(x,y): xandy livein the same locality}
(©) R={(xy) : xisexactly 7 cm taler than y}
(d) R={(x,y): xiswifeof y}
(e R={(x,y): xisfather of y}
2. Show that therelation R in the set R of real numbers, defined as
R={(a, b) : a<b? isneither reflexive nor symmetric nor transitive.
3. Check whether therelation R defined inthe set {1, 2, 3, 4, 5, 6} as
R={(a, b): b= a+ 1} isreflexive, symmetric or transitive.
4. Show that the relation R in R defined as R = {(a, b) : a < b}, isreflexive and
transitive but not symmetric.

5. Check whether therelation R in Rdefined by R ={(a, b) : a< b%} isreflexive,
symmetric or transitive.
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Show that the relation R in the set {1, 2, 3} givenby R = {(1, 2), (2, 1)} is
symmetric but neither reflexive nor transitive.

Show that the relation R in the set A of al the books in alibrary of a college,
given by R ={(x, y) : xand y have same number of pages} is an equivalence
relation.

Show that therelation Rintheset A={1, 2, 3, 4, 5} given by

R ={(a, b) : |a—Db| is even}, is an equivalence relation. Show that all the
elementsof {1, 3, 5} arerelated to each other and all the elements of {2, 4} are
related to each other. But no dement of {1, 3, 5} isrelated to any element of { 2, 4}.

Show that each of therelation Rintheset A ={xe Z : 0<x< 12}, given by
() R={(a, b):|Ja—Db]isamultiple of 4}
(i) R={(a,b):a=b}
isan equivalence relation. Find the set of all elementsrelated to 1 in each case.
Give an example of arelation. Whichis
(i) Symmetric but neither reflexive nor transitive.
(i) Transitive but neither reflexive nor symmetric.
(i) Reflexive and symmetric but not transitive.
(iv) Reflexiveand transitive but not symmetric.
(v) Symmetric and transitive but not reflexive.

Show that the relation R in the set A of points in a plane given by
R ={(P, Q) : distance of the point Pfrom the origin is same asthe distance of the
point Q from the origin}, isan equivalencerelation. Further, show that the set of
all pointsrelated to apoint P+ (0, 0) isthecircle passing through Pwith origin as
centre.

Show that therelation R defined inthe set A of all trianglesasR={(T,, T,) : T,
issimilar to T,}, isequivalence relation. Consider threeright angletriangles T,
with sides 3, 4, 5, T, with sides 5, 12, 13 and T, with sides 6, 8, 10. Which
trianglesamong T, T, and T, are related?

Show that the relation R defined in the set A of all polygonsasR ={(P,, P,) :
P, and P, have same number of sides}, is an equivalence relation. What is the
set of al elementsinA related to theright angletriangle T with sides 3, 4 and 5?

Let L bethe set of al linesin XY plane and R be the relation in L defined as
R={(L,L,):L,isparalel toL,}. Show that Risan equivalencerelation. Find
the set of all linesrelated to theliney = 2x + 4.
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RELATIONS AND FUNCTIONS 7

15. LetRbethereationintheset{1, 2, 3,4} givenby R={(1, 2), (2, 2), (1, 1), (4,4),
(1, 3), (3, 3), (3, 2)}. Choose the correct answer.

(A) Risreflexive and symmetric but not transitive.
(B) Risreflexiveand transitive but not symmetric.
(C) Rissymmetric and transitive but not reflexive.
(D) Risanequivalencerelation.

16. LetRbetherelationintheset Ngivenby R={(a, b):a=b—-2,b>6}. Choose
the correct answer.

(A) 2,4eR (B) 38R (C) (6,8ceR (D) (87)¢eR

1.3 Typesof Functions

Thenotion of afunction along with some specia functionslikeidentity function, constant
function, polynomial function, rational function, modulusfunction, signum function etc.
along with their graphs have been givenin Class XI1.

Addition, subtraction, multiplication and division of two functions have also been
studied. As the concept of function is of paramount importance in mathematics and
among other disciplinesaswell, wewould liketo extend our study about function from
where we finished earlier. In this section, we would like to study different types of
functions.

Consider the functions f, f,, f, and f, given by the following diagrams.

InFig 1.2, we observethat theimages of distinct elementsof X, under thefunction
f, are distinct, but the image of two distinct elements 1 and 2 of X, under f, is same,
namely b. Further, there are some elements like e and f in X, which are not images of
any element of X under f , whileall elementsof X, areimages of some elementsof X,
under f,. The above observations|ead to the following definitions:
Definition 5A function f: X — Y isdefined to be one-one (or injective), if theimages
of distinct elements of X under f are distinct, i.e., for every x, X, € X, f(x) = f(x)
implies x, = x,. Otherwisg, f is called many-one.

The function f and f,in Fig 1.2 (i) and (iv) are one-one and the function f, and f,
inFig1.2(ii) and (iii) are many-one.
Definition 6 A function f : X — Y issaid to be onto (or surjective), if every element
of Y isthe image of some element of X under f, i.e., for every y € Y, there exists an
element x in X such that f(x) = y.

Thefunctionf, andf,inFig 1.2 (iii), (iv) areonto and thefunction f inFig 1.2 (i) is
not onto as elements e, f in X, are not the image of any element in X, under f..
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fi a
1
. [— b
2 /‘/ ¢
3 d
e
4 f
X, X, X X
@ 1 (i) ’

X, (iii) X, X, (@iv) X

Fig1.2(i)to(iv)

Remark f: X — Y isontoif and only if Range of f =Y.
Definition 7 A function f : X — Y issaid to be one-one and onto (or bijective), if fis
both one-one and onto.

Thefunctionf, inFig 1.2 (iv) is one-one and onto.

Example 7 Let A bethe set of all 50 students of Class X inaschool. Let f: A — Nbe
function defined by f(x) = roll number of the student x. Show that f is one-one
but not onto.

Solution No two different students of the class can have sameroll number. Therefore,
f must be one-one. We can assume without any loss of generality that roll numbers of
studentsarefrom 1 to 50. Thisimpliesthat 51 in Nisnot roll number of any student of
the class, so that 51 can not beimage of any element of X under f. Hence, fisnot onto.

Example 8 Show that the function f : N — N, given by f(x) = 2x, is one-one but not
onto.

Solution The function f is one-one, for f(x)) = f(x)) = 2x, = 2x, = X, = X,. Further,
fisnot onto, asfor 1 € N, there does not exist any x in N such that f(x) = 2x = 1.
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RELATIONS AND FUNCTIONS 9

Example9 Provethat thefunctionf: R — R, given by f (x) = 2%, isone-one and onto.
Solution fisone-one, asf(x,) =f(x) = 2x, = 2x, = X, = X,. Also, given any rea

number y in R, there exists % in Rsuch that f(%) =2. (%) =y. Hence, f is onto.

Y
A
y=f(x)=2x
X'¢ P
0 X
v
Y!
Figl1.3

Example 10 Show that thefunctionf: N— N, givenby f (1) =f(2) =1and f(X) = x—1,
for every x> 2, isonto but not one-one.

Solution fisnot one-one, asf(1) =f(2) = 1. But fisonto, asgivenanyye N, y#1,
we can choose x asy + 1 such that f(y + 1) =y+1-1=y. Alsofor 1 € N, we
havef (1) = 1.

Example 11 Show that the functionf: R —» R, }(
defined asf (X) = X2, is neither one-one nor onto. s
fx)=x
Solution Sincef(-1) =1 =1f(1), f isnot one-
one. Also, the element — 2 in the co-domain R is
not image of any element x in the domain R X,,f(—l) =1 S = I:X
(Why?). Therefore f is not onto. x=-1 |%%=1
Example 12 Show that f : N — N, given by
x+1if xisodd, \
foo= <THIEX Y
x—1if xiseven The image of 1 and —1 under f is 1.
is both one-one and onto. Figl4
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10 MATHEMATICS

Solution Supposef(x,) =f(x,). Notethat if x, isodd and x, is even, then we will have
X +1=x,-1,i.e,X,—x =2whichisimpossible. Similarly, the possibility of x, being
even and X, being odd can also be ruled out, using the similar argument. Therefore,
both x, and X, must be either odd or even. Suppose both x, and X, are odd. Then
f(x)=f(x) = x, +1=x,+ 1= x =x, Similarly, if both x, and x, are even, then also
f(x) =f(x) =X —1=X%,—-1= X =X, Thus, f is one-one. Also, any odd number
2r + 1inthe co-domain N istheimage of 2r + 2inthedomain N and any even number
2r in the co-domain N isthe image of 2r — 1 in the domain N. Thus, f is onto.

Example 13 Show that an onto functionf: {1, 2, 3} — {1, 2, 3} isaways one-one.

Solution Supposef is not one-one. Then there exists two elements, say 1 and 2 in the
domain whose image in the co-domain is same. Also, the image of 3 under f can be
only one element. Therefore, the range set can have at the most two elements of the
co-domain{1, 2, 3}, showingthat f isnot onto, acontradiction. Hence, f must be one-one.

Example 14 Show that a one-one function f: {1, 2, 3} — {1, 2, 3} must be onto.

Solution Since f is one-one, three elements of {1, 2, 3} must be taken to 3 different
elements of the co-domain {1, 2, 3} under f. Hence, f has to be onto.

Remark The results mentioned in Examples 13 and 14 are also true for an arbitrary
finite set X, i.e., a one-one function f : X — X is necessarily onto and an onto map
f: X — X isnecessarily one-one, for every finite set X. In contrast to this, Examples 8
and 10 show that for an infinite set, thismay not betrue. In fact, thisisacharacteristic
difference between afinite and an infinite set.

EXERCISE 1.2|

1
1. Show that the function f : R, — R, defined by f(x) = = is one-one and onto,

where R, isthe set of al non-zero real numbers. Istheresult true, if the domain
R, isreplaced by N with co-domain being same as R ?
2. Check theinjectivity and surjectivity of thefollowing functions:
(i) f:N— Ngvenby f(x) = »
(i) f:Z — Z givenby f(x) = x
(i) f: R > R givenby f(x) = »?
(iv) f: N — Ngivenby f(x) =%
(v) f:Z > Z givenby f(x) =x®
3. Provethat the Greatest Integer Functionf: R — R, given by f(x) =[X], isneither
one-one nor onto, where [x] denotes the greatest integer less than or equal to x.
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Show that the Modulus Functionf: R — R, given by f (X) = | x|, is neither one-
one nor onto, where | x | isx, if xispositiveor 0 and |x|is—X, if X iS negative.

Show that the Signum Functionf: R — R, given by

Lif x>0
f(X)=40,if x=0
I,if x<0

is neither one-one nor onto.
LetA={1,2,3},B={4,56,7 andletf={(1, 4), (2,5), (3, 6)} beafunction
from A to B. Show that f is one-one.

In each of the following cases, state whether the function is one-one, onto or
bijective. Justify your answer.

(i) f:R — R defined by f(x) = 3 - 4x
(i) f: R — R defined by f(x) =1+

Let A and B be sets. Show that f : A x B — B x A such that f(a, b) = (b, a) is
bijectivefunction.

NHL i nisodd

Letf: N — N bedefined by f(n) = n2 foralne N.
E ,if nis even

State whether the function f is bijective. Justify your answer.
LetA =R —{3} and B =R —{1}. Consider the function f: A — B defined by

f(x) = (%) . Is f one-one and onto? Justify your answer.

Let f: R — R be defined as f(x) = x*. Choose the correct answer.

(A) fisone-oneonto (B) fismany-oneonto

(C) fisone-one but not onto (D) fisneither one-one nor onto.
Let f: R — R be defined as f (x) = 3x. Choose the correct answer.

(A) fisone-oneonto (B) fismany-oneonto

(C) fisone-one but not onto (D) fisneither one-one nor onto.
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12 MATHEMATICS

1.4 Composition of Functionsand I nvertible Function

In this section, we will study composition of functions and the inverse of a bijective
function. Consider the set A of al students, who appeared in Class X of a Board
Examination in 2006. Each student appearing in the Board Examination isassigned a
roll number by the Board which is written by the students in the answer script at the
time of examination. In order to have confidentiality, the Board arrangesto deface the
roll numbers of studentsin the answer scripts and assigns afake code number to each
roll number. Let B < N be the set of all roll numbersand C — N be the set of all code
numbers. Thisgivesriseto two functionsf: A— Bandg: B — Cgivenby f(a) =the
roll number assigned to the student a and g (b) = the code number assigned to theroll
number b. In this process each student is assigned aroll number through the function f
and each roll number is assigned a code number through the function g. Thus, by the
combination of these two functions, each student iseventually attached acode number.

Thisleadsto thefollowing definition:

Definition 8Letf: A — B and g : B — C be two functions. Then the composition of
f and g, denoted by gof, is defined as the function gof : A — C given by

gof () =9(f(x)), v xe A.

gof

Figl5
Example15Letf: {2, 3,4,5} —{3,4,5 9 andg:{3,4,5, 9 — {7, 11, 15} be
functions defined asf(2) = 3, f(3) =4, f(4) = f(5) =5and g(3) =g(4) = 7 and
g(5) = g(9) = 11. Find gof.
Solution We have gof(2) = g(f(2)) = g(3) =7, gof(3) = g(f(3)) =g(4) =7,
gof(4) = g(f(4)) = g(5) = 11 and gof (5) = g(5) = 11.
Example 16 Find gof and fog, if f : R - R and g : R — R are given by f(x) = cos x
and g(x) = 3x% Show that gof # fog.

Solution We have gof (x) = g(f(x)) = g(cos x) = 3 (cos x)* = 3 cos” x. Similarly,
fog(x) = f(g(x)) = f(3x®) = cos (3¥?). Note that 3cos® x # cos 3x?, for x = 0. Hence,
gof = fog.
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3X+4 q
7an

Example 17 Show that if f :R—{é}—) R—{g} is defined by f(X)—
3 7 4

g:R- < —R- 5 isdefined by 9(X) = X 3’ ,thenfog =1, and gof = I, where,
3 7 . .

A=R- 5 ,B=R-— 5 VL () =%, vxe Al (X) =X Vxe Barecalledidentity

functions on setsA and B, respectively.
Solution We have

((3x+4)J+

3x+4 (5x—-7)) = 2Ix+28+20x-28 4lx

7) ((3x+4)J_3 T 15x+20-15x+21 41
(5x-=7)

gof (x) = 9(

((7x+4)}r

7x+4) "\ (5x-93 _ 21x+12+20x-12 _ 41X _

5x—3)_5((7x+4)J_7 T 35x+20-35x+21 41
(5x=3)

Similarly, fog(x) = f(

Thus, gof (x) = X, vx e B and fog(x) = X, vXx € A, which implies that gof = I
and fog = I,.

Example 18 Show that if f: A - B and g: B — C areone-one, thengof : A —» Cis
also one-one.

Solution Suppose gof (x,) = gof (x,)

= g(f() =g(f(x,)

= f(x) =f(x), asgisone-one

= X =X, as f is one-one

Hence, gof is one-one.

Example 19 Show that if f: A > B and g: B — C are onto, then gof : A - C is
also onto.

Solution Given an arbitrary element z € C, there exists a pre-image y of z under g
such that g(y) = z since g is onto. Further, for y € B, there exists an element x in A
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14 MATHEMATICS

with f(X) =y, sincef isonto. Therefore, gof (X) = g(f(x)) = g(y) = z showing that gof
isonto.

Example 20 Consider functionsf and g such that composite gof is defined and is one-
one. Are f and g both necessarily one-one.

Solution Consider f: {1, 2, 3,4} — {1, 2, 3,4, 5, 6} defined asf(x) = x, v X and
0:{1,2,3,4,56} —-{1,2,3,4,5,6} asg(X) =x,forx=1,2,3,4andg(5) =g(6) =5.
Then, gof (X) = x v X, which shows that gof is one-one. But g is clearly not one-one.

Example 21 Aref and g both necessarily onto, if gof is onto?

Solution Consider f: {1, 2,3,4} —{1,2,3,4} andg:{1, 2,3,4} —» {1, 2, 3} defined
asf()=1112)=2 f3)=1(4)=3,9(1)=1,9(2=2andg(3)=g(4) =3.Itcanbe
seen that gof is onto but f is not onto.

Remark It can be verified in general that gof is one-one implies that f is one-one.
Similarly, gof isonto impliesthat gisonto.

Now, we would like to have close look at the functions f and g described in the
beginning of this section in reference to aBoard Examination. Each student appearing
in Class X Examination of the Board isassigned aroll number under the function f and
each roll number is assigned a code number under g. After the answer scripts are
examined, examiner enters the mark against each code number in a mark book and
submitsto the office of the Board. The Board officialsdecode by assigning roll number
back to each code number through a process reverse to g and thus mark gets attached
to roll number rather than code number. Further, the processreverseto f assignsaroll
number to the student having that roll number. This helps in assigning mark to the
student scoring that mark. We observe that while composing f and g, to get gof, first f
and then g was applied, while in the reverse process of the composite gof, first the
reverse process of g is applied and then the reverse process of f.

Example 22 Let f : {1, 2, 3} — {a, b, ¢} be one-one and onto function given by
f(1) =4, f(2)=bandf(3) =c. Show that thereexistsafunctiong: {a,b,c} — {1, 2, 3}
such that gof = I, and fog =1, where, X = {1, 2,3} andY ={a, b, c}.

Solution Consider g: {a, b, c} —{1,2,3} asg(a)=1,g(b)=2andg(c) =3. Itis
easy to verify that the compositegof =1, istheidentity function on X and the composite
fog =1, istheidentity functionon'y.

Remark Theinteresting fact isthat the result mentioned in the above exampleistrue
for an arbitrary one-one and onto functionf: X — Y. Not only this, even the converse
isasotrue,i.e,if f: X = Y isafunction such that there existsafunctiong: Y — X
such that gof = |, and fog = I, then f must be one-one and onto.

The abovediscussion, Example 22 and Remark lead to the following definition:
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RELATIONS AND FUNCTIONS 15

Definition 9 A function f: X — Y isdefined to be invertible, if there exists afunction
g:Y — Xsuchthat gof=1 andfog=1,. Thefunctiongiscalled theinverseof f and
is denoted by 2.

Thus, if f isinvertible, then f must be one-one and onto and conversely, if fis
one-one and onto, then f must beinvertible. Thisfact significantly helpsfor proving a
function f to be invertible by showing that f is one-one and onto, specially when the
actual inverse of f isnot to be determined.

Example 23 Letf: N — Y be afunction defined asf(x) = 4x + 3, where,
Y ={ye N:y=4x+ 3for somexe N}. Show that f isinvertible. Find the inverse.

Solution Consider an arbitrary element y of Y. By the definition of Y, y = 4x + 3,

(y-3)
4

for some x in the domain N. This shows that x= . Defineg: Y — N by

X and

0= Now, gor(3 = 9(r(9) = g(ax+3) = =0

(V—3))= 409, 32y _3+3=y. Thisshowsthat gof = 1,

foa) =1 =1( y

and fog = I, which impliesthat f isinvertible and g isthe inverse of f.

Example24 LetY ={n?: ne N} c N. Consider f: N — Y asf(n) = n? Show that
fisinvertible. Find the inverse of f.

Solution An arbitrary element y in Y is of the form n?, for some n € N. This

impliesthat n = \/y . Thisgivesafunctiong:Y — N, defined by g(y) = \/y . Now,

gof(n) = g(n?) = /n? = n and fog(y) = f (\/§)=(\/§)2 =y, which shows that
gof =1 and fog = |,.. Hence, f isinvertible with f *=g.

Example25Let f': N — R beafunction defined asf'(x) = 4x2 + 12x + 15. Show that
f: N— S, where, Sistherange of f, isinvertible. Find the inverse of f.

Solution Let y be an arbitrary element of range f. Theny = 4x? + 12x + 15, for some

-6)-3
xin N, whichimpliesthat y = (2x + 3)? + 6. This gives X:((y—z)) ,asy26.
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Jy-6)-3
Let usdefineg: S— Nbyg(y) = ((y—z))
Now gof (xX) = g(f(x)) = g(4x®+ 12x + 15) = g((2x + 3)> + 6)
- ((V(2X+3)2+6_6)_3)_(2x+3—3)_x
2 2
2
and fog (y) = f((( y_G)_B)J=(2(( y_G)_3)+3J +6
2 2
= (( y—6)—3+3))2+6=( y—6) +6=y-6+6=y.
Hence, gof =1, and fog =I.. Thisimplies that f isinvertible with f = = g.

Example 26 Consider f: N —- N, g: N —> Nand h: N — R defined as f(x) = 2x,
g(y)=3y+4andh(2) =snz yx yand zin N. Show that ho(gof) = (hog) of.

Solution We have
ho(gof) (x) = h(gof (x)) = h(g(f(x))) = h(g(2x))

=h(3(2x) + 4) = h(6x + 4) =sin (6x + 4) V xeN.
Also,  ((hog)of) (x) = (hog) (f(x)) = (hog) (2¥) = h(g(2x))

=h(3(2x) + 4) = h(6x + 4) =sin (6x + 4), vx e N.
This shows that ho(gof) = (hog) of.
Thisresult istruein general situation aswell.
Theorem 1LIff: X -Y,g:Y > Zand h: Z— Sarefunctions, then

ho(gof) = (hog) of.

We have
ho(gof) (x) = h(gof (x)) = h(g(f(x))), vxin X
and (hog) of (x) = hog(f (X)) = h(g(f(x)), wx in X.
Hence, ho(gof) = (hog)of.

Example 27 Consider f: {1, 2,3} — {a, b,c} andg: {a, b, c} — {apple, bal, cat}
defined as f(1) = a, f(2) = b, (3) = ¢, g(a) = apple, g(b) = ball and g(c) = cat.
Show that f, g and gof are invertible. Find out f -, g* and (gof)™ and show that
(gof) * =f 2og™.
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Solution Note that by definition, f and g are bijective functions. Let
f*{a b, ct - (1,2 3} and g*: {apple, bal, cat} — {a, b, c} be defined as
fYHa} =1,f b} =2, f*{c} =3, g{apple} =a, g*{bal} =band g*{cat} =c.
It iseesy to verify thet f “of =1, ,,,fof*=1_, ,,970g=1_, ,ad gog'=1,
where, D = {apple, ball, cat}. Now gof : {1, 2 3} —>{app|e ball, cat} is given by
gof (1) = apple, gof (2) = ball, gof (3) = cat. We can define
(gof)™*: {apple, ball, cat} — {1, 2, 3} by (gof)™ (apple) = 1, (gof)™ (ball) =2 and
(gof)™ (cat) = 3. It is easy to see that (gof)™ o (gof) =1, , , and
(gof) o (gof)™ = I. Thus, we have seen that f, g and gof are invertible.
Now, f~og™ (apple)=f (g™(apple)) = f “(a) = 1 = (gof)™ (apple)
f-og? (ball) = f *(g*(ball)) = f *(b) = 2 = (gof)* (ball) and
f=og™ (cat) = f “(g(cat)) = f (c) = 3 = (gof)™ (cat).
Hence (gof)*=f “2og™.
The aboveresult istrue in general situation also.
Theorem 2Letf: X > Y andg:Y — Z betwo invertible functions. Then gof isalso
invertible with (gof)™ = f~2og™.
To show that gof is invertible with (gof)™ = f~*og™, it is enough to show that
(f*og™)o(gof) = I, and (gof)o(f~og™) = L.
Now, (f*og™)o(gof) = ((f*og™) og) of, by Theorem 1
= (f"o(g™og)) of, by Theorem 1
= (f*ol,) of, by definition of g™
=1,.
Similarly, it can be shown that (gof )o(f *og ™) =1L..
Example 28 Let S={1, 2, 3}. Determine whether the functionsf: S— Sdefined as
below have inverses. Find f 7, if it exists.
(@ f={(11),(22),(33)}
(b) £={(12.(21),3E 1}
(© ={(193).(32,(2 1)}

Solution
(@) Itiseasytoseethat f isone-oneand onto, sothat f isinvertiblewith theinverse
fof fgivenby f1={(1,1), (2 2), (3,3} =f.
(b) Sincef(2) =f(3) =1, f isnot one-one, so that f isnot invertible.
(c) ltiseasytoseethatf isone-oneandonto, sothatf isinvertiblewith
f*1={(3,12), (2 3), (1, 2)}.
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|EXERCISE 1.3|
Letf:{1,3,4} -{1,2,5 andg:{1, 2,5 — {1, 3} begiven by
f={(1,2),(3,5), (4, 1)} andg={(1, 3), (2 3), (5 1)} . Write down gof.
Let f, g and h be functions from R to R. Show that
(f + g)oh = foh + goh
(f . g)oh = (foh) . (goh)

Find gof and fog, if
(i) f(x) =[x]and g(x) = | 5x -2
1
(i) f(x) =8x and g(x) = x3.
(4x+3)
(6x—4)"
inverse of f?

2
If f(x) = x# 2, show that fof (x) = x, for all x;t%. What is the

State with reason whether following functions have inverse
() f:{1, 2,34} - {10} with
f ={(1, 10), (2, 10), (3, 10), (4, 10)}
(i) 9:{5,6,7,8 —>{1,2, 3,4} with
9={(54).(6,3).(7,4), (8, 2)}
@ii) h:{2,3,4,5 -{7,9, 11, 13} with
h={(2,7),(3,9), (4, 112), (5, 13)}

X
Show that f: [-1, 1] - R, given by f (x) = (x+2) isone-one. Find theinverse
of the function f: [-1, 1] — Rangef.

Hint: F R f,y=f —Lf in[-1, 1], _
(Hint: Fory e Rangef,y=f(x) = Y orsomexin[-1,1],i.e,Xx= -y

Consider f: R — R given by f(x) = 4x + 3. Show that f isinvertible. Find the
inverse of f.

Consider f: R, — [4, o) given by f(x) = x2+ 4. Show that f isinvertible with the

inversef-tof f givenby f-(y) = \/y—4, where R, isthe set of all non-negative
real numbers.
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Consider f: R, — [-5, ) given by f(x) = 9x? + 6x— 5. Show that f isinvertible

(W)—lj_

with f-(y) = [ 3

Let f: X — Y bean invertible function. Show that f has unique inverse.

(Hint: suppose g, and g, are two inverses of f. Thenfor al y € Y,

fog,(y) = 1,(y) = fog,(y). Use one-one ness of f).

Consider f: {1, 2,3} —>{a, b, c} givenbyf(1) =a,f(2) =bandf(3) =c. Find
f -1 and show that (f )= f.

Letf: X — Y bean invertible function. Show that the inverse of f L isf, i.e.,
fH*rt=H.

1
If f: R — R begiven by f(x) = (3—%)3, then fof (x) is

1
(A) 3 (B) x? (©) x (D) (3-x).
4
Letf:R-— 4 — R be afunction defined asf(x) = X . Theinverse of
3 3x+4

fisthemap g: Rangef - R — {—g} given by

__ 3y __ 4y
(A) Q(Y)—3_4y (B) Q(Y)—4_3y
Yy _ Yy
(©) Q(Y)—3_4y (D) 9(y) -3y

1.5 Binary Operations

Right from the school days, you must have come across four fundamental operations
namely addition, subtraction, multiplication and division. The main feature of these
operationsisthat given any two numbers a and b, we associate another number a+ b

a
ora—borabor —, b=+0.Itisto be noted that only two numbers can be added or

b

multiplied at atime. When we need to add three numbers, we first add two numbers
and theresult isthen added to thethird number. Thus, addition, multiplication, subtraction
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and division are examples of binary operation, as ‘binary’ means two. If we want to
have a general definition which can cover al these four operations, then the set of
numbers is to be replaced by an arbitrary set X and then general binary operation is
nothing but association of any pair of elements a, b from X to another element of X.
Thisgivesriseto agenera definition asfollows:

Definition 10 A binary operation * on aset A isafunction = : A x A — A. We denote
* (@, b) by a* b.

Example 29 Show that addition, subtraction and multiplication are binary operations
onR, but divisionisnot abinary operation on R. Further, show that divisionisabinary
operation on the set R, of nonzero real numbers.

Solution  +:R xR — Risgivenby
(ab)—>a+hb

—:R xR — Risgiven by
(ab)—>a-b
xR xR — Risgiven by
(& b) > ab
Since‘+’, '~ and ‘%’ are functions, they are binary operationson R.

But+:RxR —> R, givenby (a, b) — %, isnot afunction and hence not abinary

a
operation, asfor b =0, B is not defined.

However, +: R, x R, —» R, given by (a, b) — % is a function and hence a
binary operationon R..
Example 30 Show that subtraction and division are not binary operations on N.
Solution —: N x N — N, given by (a, b) » a—Db, isnot binary operation, astheimage
of (3,5) under ‘— is3—-5=—-2¢ N. Smilarly,=: NxN — N, givenby (a, b) > a+b
3
is not abinary operation, as theimage of (3, 5) under +is3+5= 5 Z N.

Example 31 Show that * : R x R — R given by (a, b) — a + 4b? is a binary
operation.

Solution Since * carrieseach pair (a, b) to aunique element a+ 4b?in R, * isabinary
operation on R.
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Example 32 Let P be the set of all subsets of agiven set X. Show that U : PxP— P
givenby (A,B) >AuBandn:PxP— Pgiven by (A, B) > An B are binary
operations on the set P.

Solution Since union operation L carrieseach pair (A, B) in P x Pto aunique element
AU B inP, uishinary operation on P. Similarly, theintersection operation N carries
each pair (A, B) inPx Ptoaunique element A "B in P, nisabinary operation on P

Example 33 Show that the v : R X R — R given by (a, b) — max {a, b} and the
A R xR — R given by (a b) - min{a, b} are binary operations.

Solution Since v carries each pair (a, b) in R x R to a unique element namely
maximum of aand blyinginR, v isabinary operation. Using the similar argument,
one can say that A isalso abinary operation.
Remark v (4, 7)=7,v(4, -7 =4, A4 7)=4and A (4,-7)=-T.

When number of elementsin aset A issmall, we can express abinary operation * on
the set A through a table called the operation table for the operation *. For example

consderA={1,2,3}. Then,theoperation v on A definedin Example 33 can be expressed
by thefollowing operationtable (Table 1.1) . Here, v (1,3)=3, v (2,3)=3, v (1,2 =2

Table1.1
A% 1 2 3
1 1 2 3
2 2 2 3
3 3 3 3

Here, we are having 3 rows and 3 columns in the operation table with (i, j) the
entry of the table being maximum of i™" and j" elements of the set A. This can be
generalised for general operation * : A xA — A IfA={a, a, .., a}. Then the
operation table will be having n rows and n columns with (i, j)™ entry being a, * a.
Conversely, given any operation table having n rows and n columns with each entry
being an element of A={a,, a,, .., a }, we can define abinary operation  : A x A — A
givenby a * a = theentry in the i row and j*" column of the operation table.

One may note that 3 and 4 can be added in any order and the result is same, i.e.,
3+4 =4+ 3, but subtraction of 3 and 4 in different order give different results, i.e.,
3—4+#4-3. Similarly, in case of multiplication of 3 and 4, order isimmaterial, but
division of 3 and 4 in different order give different results. Thus, addition and
multiplication of 3 and 4 are meaningful, but subtraction and division of 3 and 4 are
meaningless. For subtraction and division we haveto write‘ subtract 3from4’, ‘ subtract
4from3’, ‘divide3 by 4 or ‘divide4 by 3'.
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Thisleadsto thefollowing definition:

Definition 11 A binary operation * on the set X is called commutative, if a* b=b * g,
for every a, b e X.

Example 34 Show that + : R x R - R and x : R x R — R are commutative binary
operations, but —: R xR — Rand +: R, x R, = R_are not commutative.

Solution Sincea+b=b+aandaxb=bxa, va be R, '+ and ‘x" are
commutative binary operation. However, ‘— is not commutative, since3—4 # 4 — 3.
Similarly, 3+ 4 # 4+ 3 showsthat ‘+' is not commutative.

Example 35 Show that * : R X R — R defined by a * b = a + 2b isnot commuitative.

Solution Since3#4=3+8=11and 4 * 3=4+ 6= 10, showing that the operation *
isnot commutative.

If we want to associate three elements of aset X through abinary operation on X,
we encounter a natural problem. The expression a * b * ¢ may be interpreted as
(a=*b)*cora=(b=*c)andthese two expressions need not be same. For example,
(8—5)—2+#8—(5-2). Therefore, association of three numbers 8, 5 and 3 through
the binary operation ‘subtraction’ is meaningless, unless bracket is used. But in case
of addition, 8 + 5 + 2 has the same value whether we look at it as (8 + 5) + 2 or as
8 + (5 + 2). Thus, association of 3 or even more than 3 numbers through addition is
meaningful without using bracket. Thisleadsto thefollowing:

Definition 12 A binary operation = : A x A — A is said to be associative if
(axb)yxc=a=*(b=c), va b, c e A.

Example 36 Show that addition and multiplication are associ ative binary operation on
R. But subtraction is not associative on R. Division is not associativeon R ..

Solution Addition and multiplication are associative, since(a+b) +c=a+ (b+c) and
(axb)yxc=ax(bxc) vy a b, ce R However, subtraction and division are not
associative, as(8-5)-3#8—-(5-3)and (8+5) +3# 8+ (5= 3).
Example 37 Show that * : R x R — R given by a * b — a + 2b is not associative.
Solution The operation * is not associative, since

(8% 5)*3=(8+10)*3=(8+10) + 6 = 24,
while 8+ (5%3)=8+(5+6)=8=*11=8+22=30.
Remark Associative property of abinary operation isvery important in the sense that
with this property of a binary operation, we can write a, * a, * ... * a which is not
ambiguous. But in absence of thisproperty, theexpressiona, * a, * ... * a_ isambiguous

unless bracketsare used. Recall that inthe earlier classes bracketswere used whenever
subtraction or division operations or more than one operation occurred.
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For the binary operation‘+' on R, theinteresting feature of the number zero isthat
a+0=a=0+a,i.e, any number remains unaltered by adding zero. But in case of
multiplication, the number 1 playsthisrole,asax 1=a=1xa, v ainR. Thisleads
to thefollowing definition:

Definition 13 Given abinary operation = : A x A — A, anelementee A, if it exists,
is called identity for the operation =, if a*e=a=e=*a, v aec A.

Example 38 Show that zero is the identity for addition on R and 1 is the identity for
multiplication on R. But thereis no identity element for the operations
—-RxR->Rand+:R xR, =R,

Solutiona+0=0+a=aandaxl=a=1xa, yvae Rimpliesthat 0 and 1 are
identity elementsfor the operations‘+’ and * x’ respectively. Further, thereisno element
einRwitha—e=e—a, v a. Similarly, we can not find any element ein R_ such that
a-e=e+a, vainR_. Hence, ‘~ and ‘+" do not have identity element.

Remark Zero is identity for the addition operation on R but it is not identity for the
addition operationon N, as0 ¢ N. In fact the addition operation on N does not have
any identity.

One further notices that for the addition operation + : R x R — R, given any
ae R, there exists—a in R such that a + (— a) = O (identity for ‘+') = (—a) + a

1
Similarly, for the multiplication operationon R, givenany a= 0in R, we can choose 3

1 1
in R suchthat a x 3 = 1(identity for ‘' x’) = a x a. Thisleadsto thefollowing definition:
Definition 14 Given abinary operation  : A x A — A with theidentity element einA,
an element a € A issaid to be invertible with respect to the operation *, if there exists

aneementbinAsuchthata*b=e=b=* aandbiscaledtheinverse of aandis
denoted by a™.

Example 39 Show that —a isthe inverse of a for the addition operation ‘+' on R and
1

a istheinverse of a+ 0 for the multiplication operation ‘X’ on R.

Solution Asa+ (—a)=a—a=0and (—a) + a=0,—aistheinverse of afor addition.

1 1 1
Similarly, fora=0, ax5= 1= gx aimpliesthat a istheinverseof afor multiplication.
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Example 40 Show that —aisnot theinverse of ae N for the addition operation + on
1
N and ais not the inverse of ae N for multiplication operation x on N, for a # 1.

Solution Since—a ¢ N, —a can not be inverse of a for addition operation on N,
athough — a satisfiesa+ (—a) =0=(—a) + a.

1
Similarly, fora=1inN, 5 ¢ N, whichimpliesthat other than 1 no element of N

hasinversefor multiplication operation on N.
Examples 34, 36, 38 and 39 show that addition on R isacommutative and associative
binary operation with O as the identity element and —a astheinverseof ainR v a.

EXERCISE 14
1. Determinewhether or not each of the definition of * given below givesabinary
operation. Inthe event that * is not abinary operation, givejustification for this.
(i) OnZ*, definexbya*b=a-b
(i) On Z*, define = by a* b =ab
(iii) On R, define * by a * b = ab?
(iv) OnZ* define+ by a* b=]a-Db]|
(v) OnZ* define+bya*b=a
2. For each operation * defined bel ow, determinewhether * isbinary, commutative
or associative.
(i) OnZ, definea*b=a-b
(i) OnQ, definea*b=ab+1

: ab
(i) OnQ, definea b = )
(iv) On Z*, definea* b=2%®
(v) OnZ*, definea*b=aP

. : _ . a
(vi) OnR —{-1}, definea* b= b1

3. Consider the binary operation A on the set {1, 2, 3, 4, 5} defined by
a A b=min{a, b}. Write the operation table of the operation A .
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4. Consider abinary operation * on the set {1, 2, 3, 4, 5} given by the following
multiplication table (Table 1.2).
(i) Compute (2 * 3) * 4and 2 * (3 * 4)
(i) Is#* commutative?
(i) Compute (2 * 3) * (4 = 5).
(Hint: usethefollowing table)

Table1.2
% 1 2 3 4 5
1 1 1 1 1 1
2 1 2 1 2 1
3 1 1 3 1 1
4 1 2 1 4 1
5 1 1 1 1 5

5. Let *” be the binary operation on the set {1, 2, 3, 4, 5} defined by
a+ b=H.C.F. of aand b. Is the operation *” same as the operation * defined
in Exercise 4 above? Justify your answer.

6. Let * bethe binary operation on N givenby a b =L.C.M. of aand b. Find
(i) 57, 20= 16 (i) Is=* commutative?
(iii) Is = associative? (iv) Findtheidentity of =inN
(v) Which elements of N are invertible for the operation *?

7. lIs=* defined on the set {1, 2, 3, 4, 5} by a* b =L.C.M. of a and b a binary
operation? Justify your answer.

8. Let * be the binary operation on N defined by a * b = H.C.F. of a and b.
Is # commutative? |s * associative? Does there exist identity for this binary
operation on N?

9. Let * beabinary operation on the set Q of rational numbers as follows:

(i) axb=a-b (i) axb=a2+b?
(i) axb=a+ab (iv) a*b=(a-h)?
(v)a*bz% (Vi) a*b=ab?

Find which of the binary operations are commutative and which are associative.
10. Find which of the operations given above hasidentity.
11. Let A=N x N and * be the binary operation on A defined by
(& b)yx(c,d=(a+tc b+d
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Show that * is commutative and associative. Find the identity element for * on
A, if any.
12. State whether the following statements are true or false. Justify.
(i) For an arbitrary binary operation = onaset N,a*a=a vae N.
(i) If = isacommutative binary operationon N, thena * (b= c) = (c* b) * a
13. Consider a binary operation * on N defined asa * b = a® + b®. Choose the
correct answer.
(A) Is=* both associative and commutative?
(B) Is* commutative but not associative?
(C) ls=* associative but not commutative?
(D) ls=* neither commutative nor associative?

Miscellaneous Examples

Example 41 If Rland R, are equivalence relations in a set A, show that R NR, is
also an equivalencerelation.

Solution Since R and R, are equivalencerelations, (a, @) € R, and(a, @) € R, Vae A.
This implies that (a, a) € R," R,, V&, showing R, N R, is reflexive. Further,
@beRNR =@beRad@beR, =({baecR ad(b aeR,=
(b, @) € R, n R, hence, R, N R, is symmetric. Similarly, (a, b) e R, " R, and
b,ge RNR,= (@ ce R ad(c)e R, = (ac)e RNR, This shows that
R,N R, istransitive. Thus, R, N R, is an equivalence relation.

Example 42 Let R be a relation on the set A of ordered pairs of positive integers
defined by (%, y) R (u, v) if and only if xv=yu. Show that R isan equivalencerelation.

Solution Clearly, (X, ¥) R (X, ¥), v (X, ¥) € A, since xy = yx. This shows that R is
reflexive. Further, (X, y) R (u, v) = xv =yu = uy = vx and hence (u, v) R (x, y). This
shows that R is symmetric. Similarly, (X, y) R (u, v) and (u, v) R (a, b) = xv=yu and

b a
ub=va= xvgzyu§:> XV;=yUG = xb =ya and hence (x, y) R (a, b). Thus, R
u u

istransitive. Thus, R isan equivalencerelation.

Example 43 Let X ={1, 2, 3,4, 5,6, 7, 8 9}. Let R, be arelation in X given
by R, ={(x,y) : x—yisdivishle by 3} and R, be another relation on X given by
R,={(xy):{xy} c{1,4,7}} or {x,y} ={2,5,8} or {x,y} {3, 6, 9}}. Show that
R, =R,
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Solution Note that the characteristic of sets {1, 4, 7}, {2, 5, 8} and {3, 6, 9} is
that difference between any two elements of these sets is a multiple of 3. Therefore,
(X, y) e Ry = x-yisamultipleof 3= {x, y} c {1, 4, 7} or {x,y} {25, 8}
or{x y} c{3,6,9} = (x,y) € R,.Hence, R, cR,. Similarly, {x, y} € R, = {Xx, y}
c{l, 4 7t or{xyt {25 8 or {x,y} {3 6, 9} = x—yisdivisble by
3= {X Yy} € R. Thisshowsthat R, c R,. Hence, R, = R,.

Example44 Letf: X — Y beafunction. Define arelation R in X given by
R ={(a, b): f(a) = f(b)} . Examine whether R is an equivalence relation or not.

Solution For every ae X, (a, @) € R, sincef(a) =f(a), showing that R is reflexive.
Similarly, (a, b) e R = f(a) = f(b) = f(b) =f(a) = (b, @) € R. Therefore, R is
symmetric. Further, (a, b) € Rand (b, c) e R= f(a) =f(b) and f(b) = f(c) = f(a)
=f(c) = (a ¢) € R, which impliesthat R is transitive. Hence, R is an equivalence
relation.

Example 45 Determine which of the following binary operations on the set R are
associative and which are commutative.

(a+b) v

(@ a*b=1VvV abeR (b) axb= 5

abeR

Solution

(@) Clearly, by definition a * b = b * a = 1, yva, b € R. Also
(a@*b)*c=(@A=*c)=landa=x(bxc)=a=*(1) =1, v a b, ce R. Hence
R is both associative and commutative.

a+b b+a ] )
(b) a:x b:T:T = b * a, shows that * is commutative. Further,
a+b
(a*b)*cz( 5 )*c.
atb) .
U2 _a+b+2c
B 2 4
b+c
But a*(b*c):a*( 5 )
b+c
_a+ 2 2a+b+c a+b+2c.
= 5 = 2 # ingeneral.

Hence, * is not associative.
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Example 46 Find the number of all one-one functionsfromset A ={1, 2, 3} toitself.

Solution One-one function from {1, 2, 3} to itself is simply a permutation on three
symbols 1, 2, 3. Therefore, total number of one-one maps from {1, 2, 3} to itself is
same as total number of permutations on three symbols 1, 2, 3whichis3! = 6.

Example47 Let A={1, 2, 3}. Then show that the number of relations containing (1, 2)
and (2, 3) which are reflexive and transitive but not symmetric is three.

Solution The smallest relation R, containing (1, 2) and (2, 3) which is reflexive and
transitive but not symmetricis{(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)} . Now, if we add
the pair (2, 1) to R, to get R, then the relation R, will be reflexive, transitive but not
symmetric. Similarly, we canobtain R, by adding (3, 2) to R, to get the desired relation.
However, we can not add two pairs (2, 1), (3, 2) or singlepair (3, 1) toR, at atime, as
by doing so, wewill beforced to add theremaining pair in order to maintain transitivity
and inthe process, therelation will become symmetric a sowhichisnot required. Thus,
the total number of desired relationsisthree.

Example 48 Show that the number of equivalencerelationintheset {1, 2, 3} containing
(1,2) and (2, 1) istwo.

Solution The smallest equivalence relation R, containing (1, 2) and (2, 1) is{(1, 1),
(2,2),(3,3), (1, 2, (2,1)}. Now we are left with only 4 pairs namely (2, 3), (3, 2),
(1,3) and (3, 1). If we add any one, say (2, 3) to R, then for symmetry we must add
(3, 2) also and now for transitivity we areforced to add (1, 3) and (3, 1). Thus, theonly
equivalence relation bigger than R, isthe universal relation. This shows that the total
number of equivalence relations containing (1, 2) and (2, 1) istwo.

Example 49 Show that the number of binary operationson {1, 2} having 1 asidentity
and having 2 asthe inverse of 2 is exactly one.

Solution A binary operation * on{1, 2} isafunctionfrom{1,2} x{1,2} to{1,2},i.e,
afunction from {(1, 1), (1, 2), (2, 1), (2, 2)} — {1, 2}. Since 1 isthe identity for the
desired binary operation *, * (1, 1) =1, * (1, 2) = 2, * (2, 1) = 2 and the only choice
leftisfor thepair (2, 2). Since2istheinverseof 2,i.e, * (2, 2) must beequal to 1. Thus,
the number of desired binary operation isonly one.

Example 50 Consider the identity function | : N — N defined as | (x) =x ¥ xe N.
Show that although | isonto but I + 1 : N — N defined as

(I, +1) =1, + 1, (X) =x+x=2xisnot onto.
Solution Clearly N is onto. But I+ 1 is not onto, as we can find an element 3

in the co-domain N such that there does not exist any x in the domain N with
(I, *+1) ¥ =2x=3.
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Example 51 Consider a function f : [O,g}—m given by f(x) = sin x and

g: [O,g}% R given by g(x) = cos x. Show that f and g are one-one, but f + g is not
one-one.

Solution Since for any two distinct elements x, and X, in [Og} , SiIN X, #sinx, and
COS X, # COS X, both f and g must be one-one. But (f + g) (0) =sin0+cos0=1and

T . T T .
(f+09) (E) = S|n§+cos§=1_ Therefore, f + g is not one-one.

Miscellaneous Exercise on Chapter 1
1. Letf:R — R bedefined asf(x) = 10x + 7. Find the function g : R — R such
thaagof=fog=1.
2. Letf:W — W bedefinedasf(n)=n—1,ifnisoddandf(n)=n+1,if nis
even. Show that f is invertible. Find the inverse of f. Here, W is the set of al
whole numbers.

3. If f: R - Risdefined by f(x) = x2—3x + 2, find f (f (x)).
X

4. Show that thefunctionf: R — {xe R :—1<x< 1} defined by f(x):l+—|x|’
X € R isone oneand onto function.

5. Show that the functionf: R — R given by f(x) = x®isinjective.

6. Give examples of two functionsf: N - Zandg:Z — Z suchthat gofis
injective but gisnot injective.
(Hint : Consider f(x) = x and g(x) = |x|).

7. Giveexamplesof two functionsf: N — Nandg: N — N suchthat g o fisonto
but f is not onto.

x—1if x>1

. : _ %) =
(Hint : Consider f(x) =x+ 1 and 9(X) {1 it w1

8. Given anon empty set X, consider P(X) which is the set of all subsets of X.
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10.
11.

12.

13.

14.

15.

16.

17.

MATHEMATICS

Definetherelation R in P(X) asfollows:
For subsetsA, B in P(X),ARB if and only if A — B. IsR an equivalencerelation
on P(X)? Justify your answer.
Given anon-empty set X, consider the binary operation * : P(X) x P(X) — P(X)
givenby Ax*B=A nB VA, B inP(X), where P(X) is the power set of X.
Show that X istheidentity element for thisoperation and X istheonly invertible
element in P(X) with respect to the operation .
Find the number of all onto functionsfromtheset {1, 2, 3, ..., n} toitself.
LetS={a,b,c} and T ={1, 2, 3}. Find F* of thefollowing functions F from S
to T, if it exists.

() F={@3).(b,2,(c, 1} () F={(a 2, (b, 1), (c, 1)}
Consider the binary operations* : R xR - Rando: R X R — R defined as
ax*b=la—blandaob=a, Va, be R. Show that * is commutative but not
associative, 0 isassociative but not commutative. Further, show that v a, b, ce R,
a*(boc)=(a=*b)o(ax*c).[Ifitisso, wesay that the operation * distributes
over the operation o]. Does o distribute over *? Justify your answer.
Given a non-empty set X, let * : P(X) x P(X) — P(X) be defined as
A*B=(A-B)u (B-A), vA, B e P(X). Show that the empty set ¢ isthe
identity for the operation * and all the elements A of P(X) are invertible with
Ar=A.(Hint: A-¢)u(@d-A)=Aand (A-A)U (A-A)=AxA=0).
Define abinary operation * ontheset {0, 1, 2, 3, 4, 5} as

a+b, ifa+b<6
axb= )
a+b-6 ifa+b>6

Show that zeroistheidentity for this operation and each element a+ 0 of the set
isinvertible with 6 —a being theinverse of a.

LetA={-1,0,1,2},B={-4,-2,0,2} andf, g: A — B befunctions defined

1
by f(x) =x2 —x, xe A and 9(X)=2 X—E‘—l x € A. Aref and g equal?

Justify your answer. (Hint: One may note that two functionsf : A — B and
g:A > Bsuchthatf(a) =g(a) vae A, are called equal functions).

LetA={1, 2, 3}. Then number of relationscontaining (1, 2) and (1, 3) which are
reflexive and symmetric but not transitiveis

(A) 1 (B) 2 © 3 (D) 4
LetA={1, 2, 3}. Then number of equivalencerelations containing (1, 2) is
(A) 1 (B) 2 © 3 (D) 4
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Letf: R — R bethe Signum Function defined as

1 x>0
f(x)=40, x=0
-1, x<0
and g : R — R bethe Greatest Integer Function given by g(x) =[X], where [x] is
grestest integer less than or equal to x. Then, does fog and gof coincidein (0, 1]?
Number of binary operations on the set { a, b} are
(A) 10 (B) 16 (©) 20 (D) 8

Summary

In this chapter, we studied different types of relations and equivalence relation,
composition of functions, invertible functionsand binary operations. The main features
of this chapter are as follows:

L 2R R 2R 2R 2

*

*

Empty relation istherelation Rin X givenby R=¢ < X x X.

Universal relation istherelation Rin X given by R =X x X.

Reflexive relation Rin X isarelation with (a, a) € R vae X.
Symmetric relation R in X isarelation satisfying (a, b) e Rimplies(b, a) € R.
Transitive relation R in X is arelation satisfying (a, b) e Rand (b, c) € R
impliesthat (a, c) € R.

Equivalencerelation R in X isarelation which is reflexive, symmetric and
transitive.

Equivalence class[a] containing ae X for an equivalencerelationRin X is
the subset of X containing all elementsb related to a.

A function f : X — Y isone-one (or injective) if

f(x)=f(x) =% =%,V X, X € X.

A functionf: X — Y isonto (or surjective) if givenany y € Y, 3 xe X such
that f(X) = y.

A functionf: X — Y is one-one and onto (or bijective), if f is both one-one
and onto.

The composition of functionsf: A — B and g : B — C is the function
gof : A — Cgiven by gof(x) = g(f(X)) v xe A.

A function f : X — Y isinvertibleif 3 g:Y — X such that gof = I, and
fog=1,.

A functionf: X — Y isinvertibleif and only if f is one-one and onto.
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¢ Givenafiniteset X, afunctionf: X — X isone-one (respectively onto) if and
only if fisonto (respectively one-one). Thisisthe characteristic property of a
finite set. Thisisnot true for infinite set

¢ A binary operation * on aset A isafunction * from A x A to A.

¢ Andementee X istheidentity element for binary operation * : X x X — X,
ifare=a=exavae X.

¢ Anédement ae X isinvertible for binary operation * : X x X — X, if
thereexistsb € X suchthat a* b =e=Db * awhere, eistheidentity for the
binary operation *. The element b is called inverse of a and is denoted by a™.

@ Anoperation # on X is commutativeif axb=b+*a ya, binX.
¢ Anoperdtion * on X isassociativeif (a* b) *c=ax* (b*c)ya, b, cinX.

Historical Note

The concept of function has evolved over along period of time starting from
R. Descartes (1596-1650), who used the word ‘function’ in his manuscript
“Geometrie”’ in 1637 to mean some positive integral power x" of a variable x
while studying geometrical curves like hyperbola, parabola and ellipse. James
Gregory (1636-1675) in his work “ Vera Circuli et Hyperbolae Quadratura”
(1667) considered function as a quantity obtained from other quantities by
successive use of algebraic operations or by any other operations. Later G. W.
Leibnitz (1646-1716) in his manuscript “ Methodus tangentium inversa, seu de
functionibus” writtenin 1673 used theword ‘ function’ to mean aquantity varying
from point to point on acurve such as the coordinates of apoint on the curve, the
slope of the curve, the tangent and the normal to the curve at a point. However,
in his manuscript “Historia” (1714), Leibnitz used the word ‘function’ to mean
guantities that depend on avariable. He was the first to use the phrase ‘function
of X'. John Bernoulli (1667-1748) used the notation ¢x for thefirst timein 1718 to
indicate afunction of x. But the general adoption of symbolslikef, F, ¢, y ... to
represent functionswas made by Leonhard Euler (1707-1783) in 1734 inthefirst
part of his manuscript “Analysis Infinitorium”. Later on, Joeph Louis Lagrange
(1736-1813) published his manuscripts “ Theorie des functions analytiques’ in
1793, where he discussed about analytic function and used the notion f (x), F(x),
0(x) etc. for different function of x. Subsequently, Lejeunne Dirichlet
(1805-1859) gave the definition of function which was being used till the set
theoretic definition of function presently used, was given after set theory was
devel oped by Georg Cantor (1845-1918). The set theoretic definition of function
known to us presently issimply an abstraction of the definition given by Dirichlet
in arigorous manner.

— % —
%®
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INVERSE TRIGONOMETRIC
FUNCTIONS

+» Mathematics, in general, is fundamentally the science of
self-evident things. — FELIX KLEIN

2.1 Introduction

In Chapter 1, we have studied that theinverse of afunction
f, denoted by f -, existsif fisone-one and onto. There are
many functions which are not one-one, onto or both and
hence we can not talk of their inverses. In Class XI, we
studied that trigonometric functions are not one-one and
onto over their natural domainsand ranges and hencetheir
inverses do not exist. In this chapter, we shall study about
the restrictions on domains and ranges of trigonometric
functions which ensure the existence of their inversesand
observetheir behaviour through graphical representations.
Besides, someelementary propertieswill aso bediscussed.

Theinversetrigonometric functions play animportant Aryabhata
role in calculus for they serve to define many integrals. (476-550A.D.)
The concepts of inversetrigonometric functionsisalso used in science and engineering.

2.2 Basic Concepts
In Class XI, we have studied trigonometric functions, which are defined as follows:
sine function, i.e, sine: R -[-1, 1]
cosine function, i.e., cos: R —[—1, 1]
T
tangent function, i.e,tan: R—-{ x: x=(2n+ 1) o ne Z} -R

cotangent function, i.e, cot: R —{ x: x=nm, ne Z} -R

T
secant function, i.e, sec: R—{ x:x=(2n+ 1) o ne Z} -R-(-1,1)

cosecant function, i.e, cosec: R—-{ x:x=nn, ne Z} -R —-(-1,1)
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We have also learnt in Chapter 1 that if f: X—Y such that f (x) =y isone-one and
onto, then we can define aunique function g : Y —X such that g(y) = x, wherex e X
andy =f(x), y € Y. Here, the domain of g = range of f and the range of g = domain
of f. The function g is called the inverse of f and is denoted by f~. Further, g isaso
one-one and onto and inverse of gisf. Thus, g7*= (f 1)*=1f. We aso have

(f2of) (=) =17 =x
and (fof ) =f(F"Y) =fx¥) =y
Since the domain of sine function is the set of all real numbers and range is the

closed interval [-1, 1]. If werestrict its domain to [_—; , g} , then it becomes one-one

and onto with range [- 1, 1]. Actually, sine function restricted to any of the intervals

ﬂ’_n , __E,E , [EE} etc., is one-one and its range is [-1, 1]. We can,
2 2 2 2 2 2

therefore, define the inverse of sine function in each of these intervals. We denote the

inverse of sine function by sin™* (arc sine function). Thus, sin't is a function whose

domainis[—1, 1] and range could be any of the intervals [_—::t —_n} , {— —} or

2

BB—;} and so on. Corresponding to each such interval, we get a branch of the

T T
function sint. The branch with range [75} is called the principal value branch,
whereas other intervals as range give different branches of sint. When we refer

to the function sin™, we take it as the function whose domain is[-1, 1] and range is
Tz We write sin: [-1, 1] —» I
2'2) T 22
From the definition of the inverse functions, it follows that sin (sin™ x) = x
T T
if —1<x<1landsin!(sinx)=xif _ESXSE' In other words, if y = sint x, then
siny =x.

Remarks

(i) Weknow from Chapter 1, that if y =f(x) isaninvertiblefunction, then x=f=(y).
Thus, the graph of sin™ function can be obtained from the graph of original
function by interchanging x and y axes, i.e., if (a, b) isapoint on the graph of
sinefunction, then (b, a) becomesthe corresponding point on the graph of inverse
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of sinefunction. Thus, the graph of the function y = sin™* x can be obtained from
the graph of y = sin x by interchanging x and y axes. The graphs of y = sin x and
y=sintxareasgiveninFig 2.1 (i), (ii), (iii). The dark portion of the graph of
y = sin! x represent the principal value branch.

(i) It can be shown that the graph of an inverse function can be obtained from the
corresponding graph of original function asamirror image (i.e., reflection) along
the line y = x. This can be visualised by looking the graphs of y = sin x and

y =sint x asgiven in the same axes (Fig 2.1 (iii)).
Y

St b 1 . 3n .
‘_/\‘T%\ R

e 2 s N
X R _n\§/1i0 % TN\ 2 sn
- 2

Yl
y=sinx

Fig 2.1 (i)

Sn
% s
v
, 4
Y Y’
y=sin"x y=sinxandy=sin" x
Fig2.1 (i) Fig 2.1 (iii)

Like sinefunction, the cosine function is afunction whose domain isthe set of all

real numbers and rangeisthe set [-1, 1]. If we restrict the domain of cosine function
to [0, x|, then it becomes one-one and onto with range[—1, 1]. Actually, cosinefunction
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restricted to any of theintervals[—m, O], [O,@], [, 2] etc., is bijective with range as
[-1, 1]. We can, therefore, define the inverse of cosine function in each of these
intervals. We denote the inverse of the cosine function by cos™ (arc cosine function).

Thus, cos? is a function whose domain is [-1, 1] and range Y
could be any of the intervals [-, 0], [0, =], [x, 27 etc. N
Corresponding to each such interval, we get a branch of the 5%
function cos™. The branch withrange[0, n] iscalled theprincipal 2n [
value branch of the function cos™. We write n
cos?: [-1, 1] — [0, 7. < i~
The graph of the function given by y = cos™ x can be drawn %
in the same way as discussed about the graph of y = sin* x. The 5 1
graphsof y=cosxandy = cosxaregiveninFig 2.2 (i) and (ii). X 10 >X

< 2
v -7
Sn /Il\n _%t

e 2/ ¢ -7 2 T /\2 — b

Xm0 ~ 3mom N o
2 2 1 2 /]

N

Y’ Y
y=cosx y=cos Xx
Fig2.2(i) Fig 2.2 (ii)

Let us now discuss cosecx and secx as follows:

1
Since, cosec X = m, the domain of the cosec function istheset {x: xe R and

x#nm, ne Z} andtherangeistheset {y:ye R, y>1ory< -1} i.e, the set
R — (-1, 1). It meansthat y = cosec x assumes all real valuesexcept -1 <y<1landis
not defined for integral multiple of w. If we restrict the domain of cosec function to

T T
[—E,E} —{0}, thenitisoneto oneand onto withitsrangeastheset R —(— 1, 1). Actualy,

—-3n
cosec function restricted to any of the intervals {7 —} {-n}, { } — {0},

T 31
[2 2} {m} etc., isbijective and itsrange is the set of &l real numbers R — (-1, 1).
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Thus cosec can be defined as afunction whose domainisR — (-1, 1) and range could

-3t - -T T T 31
i _1_ - _1_ - 0 e -
be any of thelntervals[ 2 2} {-n}, [ > 2} {G, [2, 2} {n} etc. The
function corresponding to therange [__Zn g} —{C} iscalled the principal valuebranch
of cosec™. We thus have principal branch as
-T T
1 . _(_ —,— |—{0
cosect : R (1,1)—>{2 2} {0
The graphs of y = cosec x and y = cosec*x are given in Fig 2.3 (i), (ii).

-1
y=cosec x
y =cosecx

Fig 2.3 (i) Fig 2.3 (ii)

1 T
Also, sincesecx = @,thedomain of y=secxistheset R—{x:x=(2n+1) o

ne Z} and rangeisthe set R — (-1, 1). It means that sec (secant function) assumes

T
all real values except —1 <y < 1 and is not defined for odd multiples of 5 If we

T
restrict thedomain of secant functionto [0, ] —{ 5 }, thenitisone-oneand onto with
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its range as the set R — (-1, 1). Actually, secant function restricted to any of the

intervals[—m, 0] —{ _—Zn}, [O, =] —{g} [, 2r] —{ 3—;} etc., ishijective and itsrange

isR—{-1, 1}. Thussec™ can be defined as afunction whose domainisR— (-1, 1) and

- 3
range could be any of the intervals [, 0] —{ 7n}, [0,7] —{g}, [n, 27 ~{ g} etc.

Corresponding to each of theseintervas, we get different branches of the function sec™.

T
The branch with range [0, w] — {E} is called the principal value branch of the
function sec™. We thus have

sec: R - (-1,1) — [0, 7] —{g}

The graphs of the functionsy = sec x and y = sec* x are given in Fig 2.4 (i), (ii).

v \2 P
1 1 1
T . T, o2 o
, ° ~ . X X
X S =Tt O 1T '3_7[: ,X -2 _1 1
2, -1 12 2 b=
" _ 1 1 _l
L] 2 ] L] 2
¢
L} 1 1 _n
: X X v
' ' ' Y’
Y’ y=sec'x
y=secx
Fig2.4(i) Fig 2.4 (ii)

Finally, we now discuss tan and cot™
We know that the domain of the tan function (tangent function) is the set

T
{x:xe Rand x# (2n +1) o ne Z} and therangeisR. It means that tan function

T
isnot defined for odd multiples of 5 If werestrict the domain of tangent function to
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(—_zn g j , then it is one-one and onto with itsrange as R. Actually, tangent function

22 2'2 2’2

-3t — — 3
restricted to any of the intervals [_n_nj , [_n Ej, [E _nj etc., is hijective
and its range is R. Thus tan can be defined as a function whose domain is R and

db f thei al_—gnit i d h
range could be any of theintervals > o i ) ) an soon. These
T T
intervalsgivedifferent branches of thefunction tan™. The branch with range (7 ) j
is called the principal value branch of the function tan™.

We thus have
. T
tant:R — 55
The graphs of the function y =tan x andy = tan*x are given in Fig 2.5 (i), (ii).

y=tan'x
y=tanx

Fig 2.5 (i) Fig 2.5 (ii)

We know that domain of the cot function (cotangent function) is the set
{x:xe Randx=nm, ne Z} and rangeisR. It means that cotangent function is not
defined for integral multiples of . If we restrict the domain of cotangent function to
(O, m), then it isbijective with and itsrange asR. In fact, cotangent function restricted
to any of theintervals (-, 0), (0, «), (w, 2x) etc., isbijective and itsrangeis R. Thus
cot! can be defined as a function whose domain is the R and range as any of the
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intervals (-, 0), (O, m), (7, 2x) etc. These intervals give different branches of the
function cot™. The function with range (O, =) is called the principal value branch of
the function cot™. We thus have

cot*: R — (0, m)

The graphs of y = cot x and y = cot*x are given in Fig 2.6 (i), (ii).

y=cotx
Fig2.6(i) Fig 2.6 (ii)
The following table gives the inverse trigonometric function (principal value
branches) along with their domains and ranges.

sin’ : -1, 1] - -2 ’E
' | 2 2]
cos? : [-1, 1] - [0, m]
cosect R-(-11) - —E,E —{0}
’ | 2 2]
T
sect R-(-L1) — [0, W] — {E}
tant . R — [;ﬂ’EJ
2 2
cot : R - (O, m)
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1
1. sin*x should not be confused with (sinx). In fact (sin x)*1= —— and

similarly for other trigonometric functions. Snx

2. Whenever no branch of an inverse trigonometric functions is mentioned, we
mean the principal value branch of that function.

3. The value of an inverse trigonometric functions which lies in the range of

principal branch is called the principal value of that inverse trigonometric
functions.

We now consider some examples:
1
Example 1 Find the principal value of sin™ (Ej .
1
,\/E .

-
We know that the range of the principal value branch of sin? is (7

1
Solution Let sin™t ($j= y. Then, siny =

N a

) e

1 1
A - N R 7
sm[LJ \/E.Therefore, principal value of sin (\5} is 4

Example 2 Find the principal value of cot™ (_T;J

-1
Solution Let cot™ (ﬁ} =y. Then,

-1 T T 27'5)
==—_cot| X| = cot| m-= | = cot| ==
coty \/é COt[Sj CO ('ﬂ: 3) (60) ( 3

We know that the range of principal value branch of cot™ is (0, x) and
27 -1 2n

== inci 1| —= | je —

cot [ 3) \@.Hence, principal value of cot (\@J is 3
|EXERCISE 2.1

Find the principal valuesof thefollowing:

! V3
1. sint [—Ej 2. cos? 2 3. cosec? (2)

4. tant (—/3) 5. cos? (—%j 6. tan™ (-1)
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7. sect (%} 8. cot? (v/3) 9. cos? (—%J

10. cosec? (—/2)
Find thevaluesof thefollowing:

1 _ 1 1 _ 1
11. tan}(1) + cos®! —-—= +sn?t —— 12. cost = +2sint —
2 2 2 2
13. If sintx =Yy, then
T T
<y< _Z<y<t
(A) 0<ys<m (B) —5<Y<3
C) 0< y< D —E<y<E
(C) 0< y<m (D) —5<Y<3
14. tant \3-sec(-2) isequal to
T L 2n
A B) — C — D) —
(A) © (B) —3 © 3 D) 3

2.3 Propertiesof I nverseTrigonometric Functions

In this section, we shall prove some important properties of inverse trigonometric
functions. It may be mentioned here that these results are valid within the principal
value branches of the corresponding inverse trigonometric functions and wherever
they are defined. Someresultsmay not bevalid for all values of thedomainsof inverse
trigonometric functions. In fact, they will be valid only for some values of x for which
inverse trigonometric functions are defined. We will not go into the details of these
values of x in the domain as this discussion goes beyond the scope of this text book.

Let usrecal that if y=sin™x, thenx=sinyand if x=siny, theny =sin"’x. Thisis
equivaentto

T T
sin(sintx)=x,xe [-1,1] andsin (sinx) =X, X € [_E E}
Sameistrue for other five inverse trigonometric functions as well. We now prove
some properties of inverse trigonometric functions.

1
1. (i) sin? ;z cosec'x,x2lor x<-1

1
(i) cosrl;zsecrlx,leorxs—l
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1
(iii) tan™ e cott x,x >0

To prove the first result, we put cosec x =y, i.e., X = COSeC y

1
Therefore X =sny

) 1
Hence sint —=y
X
) 1
or sint ; = cosec? x

Similarly, we can prove the other parts.
2. () snt (=)= —dn'x, xe [-1,1]
(i) tan? (=) =—tan'x, x € R
(ili) cosect (x) = —cosect x, |x| 21
Letsin(—x) =y, i.e,—x=snysothat x=—siny,i.e, x=sn (-y).
Hence sintx=—-y=—sn?(—X)
Therefore  sin? (—x) = —sin'x
Similarly, we can prove the other parts.
3. (i) cos*(—x) =m —cos'x, xe [-1,1]
(i) sec* (x) = m —sectx, x| 21
(iii) cot® (—x) =m —cot*x, x e R
Let cos™ (—x) =yi.e,—=Xx=cosy sothat x =—cosy = cos (Tt — )
Therefore costx=m—-y=mn—cost(—X)
Hence cost (=) = m — cos™ X
Similarly, we can prove the other parts.
4. (i) sin x +cos* x = 7, x e [-1, 1]
T

(i) tan™x + cot™?x = S XE€ R

T
(ili) cosec*x + sec?tx = o [x] =1
. . Tc
Letsintx=y. Then x=siny = cos (E—YJ

T T
Therefore cost x = STy = 5msin Ix
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T
Hence sintx+ cost x = B
Similarly, we can prove the other parts.

+y,xy<1
y

5. (i) tanx + tany = tan™ X

X—y
yXy>—1
+Xy y

(i) tan?x —tan?y = tan™

x+
(i) tan?x + tan?y = + tan™ (l—xi]’ xy>1; x,y>0

Lettan*x=06andtan"y=¢. Thenx=tan 6, y = tan ¢

tanf+tan¢o  x+y

tan(0+¢) = =
Now (6:+¢) 1-tanOtand 1-—xy
o Xty
Thisgives 0+ ¢ =tan 1%y
1 1 1 X+y
Hence tan™ x + tan y = tan T-xy

Intheaboveresult, if wereplacey by —y, we get the second result and by replacing
y by X, we get the third result as given below.

2X

6. (i) 2tan* x =sin™? 7 [x]<1
2
(i) 2tan™ x = cos* 1 X2 , x20
2X

(iii) 2tan?*x =tan? 5, —1l<x<1

1-x
Let tan? x =y, then x = tan y. Now
2% - 2tany
1+ X2 =sn 1+tan2y
=gint(sin 2y) = 2y = 2tan?* x

sin
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| 1 1- X2 1 1_tan2y
Also cos- 1o 32 = COS™ 1+tan2y

= cos? (cos 2y) = 2y = 2tant x

(iif) Can beworked out similarly.
We now consider some examples.

Example 3 Show that
1

() sin? (2xy1-»¢) =28in?x, —Z<X<
1

i qnt 7) = 1y ——<x<1

(i) sin? (2x1-x2) =2cos?x, NG

Solution

(i) Letx=sin®. Thensin™*x=0. We have

sint (ZX\/].—XZ) =sint (25ine 1—sin26)

=s§in*(2sin cosB) = sin*(sin20) = 26
=2sn*x

N
Sl

(i) Takex = cos, then proceeding as above, we get, S (2x/1— x2 ) = 2 cos™ x

Example 4 Show that tan? —+tan == tan >
xample 4 Show > 1 4
Solution By property 5 (i), we have
1+ 2
511 43
LHS = tan' Lt 2 —tan?2 1 0115 Can P jps
2 11 1.2 0 4
_ixi
2 11
cosx  — . .
Example 5 Express tan? —— | %< x<Z in the simplest form.
1-sinx 2 2
Solution We write
X . ,X
cos® =—dn?=
tan~t cosx | _ tant 2 2
1-sinx

cos? X +sin? X —2sin X cos X
2 2 2 2
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X, . X X . X
Cos_—+SNn— || cos-—sSn—
gy 5o

-1

= tan
X . X)),
COS— —9n—
(o055 -sn3)
[ x . X X
COS—+Sin— 1+tan—
= tan_l # :tan_l 2
X . X X
cos——-9n— 1-tan—
2 2 2

= tanY tan| T4+ 2 | [ =T 4 2
L 4 2 4 2

Alternatively,

H
[92]
>
\
|
X
N
AR
Q.
>
N
a
|
N
N
X
—

tan [ X | tan-
1-sinx

[ (n—ij (n—ij
2sin cos
1 4 4

— tan
2sin® (n—ij
L 4
= tan!| cot M—2X) | _ant tan(E—n_zxj
| 4 2 4
= tan'l _tan(E+§j —E+Z
| 4 2)] 42

1

X2 —1

Example 6 Write COt_l[ j X > 1inthe simplest form.

Solution Let x = sec 0, then \/x2—1= \/secze—lztane
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Therefore, cot™ = cot™ (cot 8) = 6 = sec* x, which is the ssimplest form.

1
VX2 -1

42X 3Ax-x°
Example 7 Prove that tan™ x + tan 11—2:tan—1 [ _ zJ, |x]<

Solution Let X = tan 8. Then 6 = tan™? x. We have

—y3 3
RH.S. = tant | XX | e[ Sten0-tan'©
1-3x 1-3tan” 0

=tan™ (tan30) = 30 = 3tan™ x = tan™! x + 2 tan* X

2Xx
=tant x + tan™ -2 = L.H.S. (Why?)

Example 8 Find the value of cos (sec® x + cosec™? x), |x| > 1

T
Solution We have cos (sec™ x + cosec™ x) = cos (Ej: 0

| EXERCISE 2.2|

Provethefollowing:

11
1. 3sintx=gn? (3x —4x®), Xe [—E E}

2. 3cos? x = cos™t (4x3—3x), Xe E l}

3t 12ttt
ST 24 2
1 1 31

4. 2tan ' =+tant==tant—=
2 7 17

Writethefollowing functionsin the simplest form:

a1+ -1

tan
5. = = —.x#0 6. x> 1
tan . e_1 Xl

_ 1—-cosx —g _
7. tan 1 ,0<X<TC 8 tan_l M ,_TC <X<3_TC
1+ cosx cosx+sinx) 4 4
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9 tan?

. I
T, |IX|<a
JaZ—x2

3a2

10. tan‘l[a —3axJ a>0, \f \f

Find the values of each of the following:

11. tan‘{Zcos(Zsin‘léﬂ 12. cot (tana + cota)

1 P 2X —1 _y2
13. tanE S Teos 1y JIx]<1,y>0andxy<1

41
14. If sin [Sn 1§+0051Xj:1,thenfind the value of x

. Xx—=1 a X+l =
15. If tan'——=+tan'——=== then find the value of x
X—2 +2 4°
Find the values of each of the expressions in Exercises 16 to 18.
. L2¢
16. sin 1(sm—j 17. tan” [tanﬁj
3 4

.13 13
tan| sin""—+cot
R

19. cos*t (0037—;) isequal to

m 5n T T
(A) & B®) & © 3 D) 5
20. sin(%—sin‘l(—%)) isequal to
A 1 B 1- Cc) — D) 1
(A) 5 (B) 3 © (D)
21. tan*+/3—cot™(—/3) isequal to
(A) ® 5 (©0 ©) 23
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Miscellaneous Examples

) . q,. 3
Example 9 Find the value of Sin (smg)

) . q,. 3m, 3n

Solution We know that sin“*(sinx) = x. Therefore, Sin™(sin—) =
3n T T L o .

But EE [—E,E} , which isthe principal branch of sint x
. .3n . 3n . 2T 21 T T
sin(—)=sin(t——)=sin— —€|——,=

However (5) (m 5) 5 and 56[ 2 2}

. . 3rn . . 2m, 21
sin}(sin=")=sin}(sin=") ===

Therefore ( 5) ( 5) =

Example 10 Show that Si n‘1§ - Sin_13 = cos‘l%
5 17 85

Solution Let sin‘1§=x and sin—lgz y
5 17

Therefore sinx=§ and sinyzi
5 17

Now cosx=+/1-sin? x = /1—3 _4 (Why?)

% 5
: 64 15
cosy=q1-siny=, [1-— ==
and Y Y= 280 17
We have COS (x-y) = cosxcosy+sinxsny

415 3_8 84

“5°17 5 17 85

Therefore X—y=C0S~ —

.13 . _
Hence snt=—sgnt==cost=
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Example 11 Show that sin 112 cost 2 a8
13 5 16
Solution Let sin‘lg—x cos ﬂ—y,tan‘163 z
13 5 16
Then sinx:g, cosy=ﬂ, tanz=23
13 5 16
Theref cosx—i sin _3 tanx—B and tan _3
erefore 13’ y 5’ 5 y 2
12,3
tanx+tany 5 4 63
tan(x+ = =
We have ( y)= 1-tanxtany L2 12 § 16
Hence tan(x+y)=—tanz
i.e, tan (x +y) =tan (—z) ortan (x +y) = tan (1 — 2
Therefore X+y=—z o X+y=mn-2z
Since X,y and z are positive, X + y = —z (Why?)
. 412 1 4 1 63
Hence X+y+z=m or Sin 1—3+cos 5+tan

Example 12 Simplify tan‘l{

=T
16

acosx—bsnx | .
b

a
- Jif — tanx>-1
bcosx+asinx

Solution We have,

tan‘{

acosx—bsinx

acosx—bsinx| - T R E—tanx
bcosx+asinx | — bcosx+asinx | ~ a
e — 1+—tanx
bcosx b

a
= tan‘lg —tan™ (tanx) = tan‘lg -X
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I
Example 13 Solve tan™ 2x + tan™ 3x = 2
. I
Solution We have tan™ 2x + tan™ 3x = 2
2 2x+3x
1—2xx3X 4
_ 5x o
i tan 1 = —
€ [1— 6x2j 4
Theref X =tanl-1
erefore 162 - i
or 6x*+5x—-1=0i.e,(6x—1) (x+1) =0
1
which gives X= 6 orx=-1.

Since x = — 1 does not satisfy the equation, asthe L.H.S. of the equation becomes

1
negative, X=6 isthe only solution of the given equation.

Miscellaneous Exercise on Chapter 2

Find thevalue of thefollowing:

1. cost [cos@j 2 tan‘l[tanﬁj
6 6
Prove that
3. 2s n‘1§ = tan‘1ﬁ 4. sin‘li + sin‘1§ = tan‘12
5 7 17 5 36
44 412 433 412 . 4,3 . 456
5 cost—+cost===cost= 6. coSt—=+sntZ=dnt=
5 13 65 13 5 65
7 tan‘lg’ = sm‘1£+cos‘1—
16 13 5
8 tan Lyt p el @tk
3 8 4
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Prove that

_ 1 45 1-x
0. tanl\/ngcos1 Ty X0

J1+snx++/1-sinx

X
10. cot™ = xe (0, )
(\/1+sinx—\/1—sinxJ 2

11, tan_l(\/1+x—\/l—xJ n 1 ‘1x,—1

Nla

=— —=CO0S —= < X<1 [Hint: Put x = cos 26]

Vix+l-x) 4 2 J2
12. %—gsin_llzgsin‘l—zx/E
8 4 3 4 3

Solvethefollowing equations:

41-x 1, _
13. 2tar! (cosx) = tan* (2 cosec X) 14. tan 1m=5tan Lx, (x> 0)

15. sin(tantx), |[x| < lisequa to

X 1 1 X
*) 1-x2 ®) 1- x2 © 1+ x? (®) 1+ x?

T
16. snmt(l-x)—2sintx= o then x is equal to

1 1 1
(A) 0.5 ® 15 (©0 ©) 5

4 X A X=Yy
tan™t| = |—tan™* i
17. (yj X+y isequal to

3
®) 3 ®: ©5 O
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Summary

4 Thedomains and ranges (principal value branches) of inverse trigonometric
functionsaregivenin thefollowing table:

Functions Domain Range
(Principal Value Branches)
g n x|
y=sn'x [-1, 1] 22
y = cos? x [-1, 1] [O, m]
S
= cosec™ X R-(-11 —,—|—={0
y (-1.1) 22 {0}
T
y = sect x R—(-1 1) [0, ] — {E}
- [_E Ej
y = tan™ X R 5"
y = cot x R (O, )

1
@ sinx should not be confused with (sinx)=™. In fact (sin X)7* = Snx and
similarly for other trigonometric functions.
@ The value of an inverse trigonometric functions which lies in its principal
value branch is called the principal value of that inverse trigonometric
functions.

For suitable values of domain, we have

¢ y=gnlx=x=sny ¢ Xx=sny =y=s8ntx

¢ sin(sintx) =x ¢ sint(sinx) =x

¢ sint X = cosectx ¢ cost(—x) =m — costx

¢ cost X sec™x ¢ cot? () =m — cot?x
1

¢ tant M cot™ x ® sec! (xX) =7 —sectx
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¢ snt(x) = —sn'x ¢ tan?(x) = —tanr! x
T
¢ tanlx+cotlx = P ¢ cosec? (%) = — cosec?t x
X+y T
¢ tan'x + tany = tan™ ¢ gsintx+costx=
1-xy 2
X+y T
¢ tan'x +tan'y = tan™t T _— ¢ cosec'x +seCctx=
y 1—xy COSEC Sec 5
¢ 2tanix=sin? X 12X ¢ 2tanr’x = tan’ X
anlx=sgn = COS™ anlx = tam
1+ X 1+ x° 1-x2

X+y
¢ tanx+tanly = g + tant (1_ xy) xy>1; x, y>0

Historical Note

The study of trigonometry was first started in India The ancient Indian
Mathematicians, Aryabhata (476A.D.), Brahmagupta (598 A.D.), Bhaskara |
(600A.D.) and Bhaskarall (1114 A.D.) got important results of trigonometry. All
this knowledge went from India to Arabia and then from there to Europe. The
Greeks had also started the study of trigonometry but their approach was so
clumsy that when the Indian approach becameknown, it wasimmediately adopted
throughout theworld.

In India, the predecessor of the modern trigonometric functions, known as
the sine of an angle, and the introduction of the sine function represents one of
the main contribution of the siddhantas (Sanskrit astronomical works) to
mathematics.

Bhaskaral (about 600A.D.) gaveformulaeto find the values of sinefunctions
for angles more than 90°. A sixteenth century Malayalam work Yuktibhasa
contains a proof for the expansion of sin (A + B). Exact expression for sines or
cosines of 18°, 36°, 54°, 72°, etc., were given by Bhaskaralll.

Thesymbolssin x, cos? x, etc., for arc sinx, arc cosx, etc., were suggested
by the astronomer Sir John F.W. Hersehel (1813) The name of Thales
(about 600 B.C.) isinvariably associated with height and distance problems. He
is credited with the determination of the height of a great pyramid in Egypt by
measuring shadows of the pyramid and an auxiliary staff (or gnomon) of known
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height, and comparing theratios:
H h :
== S = tan (sun’s dtitude)

S

Thalesis also said to have calculated the distance of a ship at sea through
the proportionality of sidesof similar triangles. Problems on height and distance
using the similarity property are also found in ancient | ndian works.

—_— % —
L 4
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MATRICES

o% The essence of Mathematics lies in its freedom. — CANTOR ¢

3.1 Introduction

The knowledge of matricesisnecessary in various branches of mathematics. Matrices
are one of the most powerful tools in mathematics. This mathematical tool simplifies
our work to a great extent when compared with other straight forward methods. The
evolution of concept of matrices is the result of an attempt to obtain compact and
simple methods of solving system of linear equations. Matrices are not only used asa
representation of the coefficientsin system of linear equations, but utility of matrices
far exceedsthat use. Matrix notation and operations are used in el ectronic spreadsheet
programs for personal computer, which in turn is used in different areas of business
and sciencelike budgeting, sales projection, cost estimation, analysing the results of an
experiment etc. Also, many physical operations such as magnification, rotation and
reflection through a plane can be represented mathematically by matrices. Matrices
areaso usedin cryptography. Thismathematical tool isnot only used in certain branches
of sciences, but alsoin genetics, economics, sociology, modern psychology and industrial
management.

In this chapter, we shall find it interesting to become acquainted with the
fundamentals of matrix and matrix algebra

3.2 Matrix

Suppose we wish to express the information that Radha has 15 notebooks. We may
express it as [15] with the understanding that the number inside [ ] is the number of
notebooks that Radha has. Now, if we have to express that Radha has 15 notebooks
and 6 pens. We may express it as [15 6] with the understanding that first number
inside[ ] isthe number of notebookswhilethe other oneisthe number of pens possessed
by Radha. Let us now suppose that we wish to express the information of possession
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of notebooks and pens by Radha and her two friends Fauzia and Simran which
isasfollows:

Radha has 15 notebooks and 6 pens,
Fauzia has 10 notebooks and 2 pens,
Simran has 13 notebooks and 5 pens.
Now this could be arranged in the tabular form as follows:
Notebooks Pens
Radha 15 6
Fauzia 10 2
Simran 13 5

and this can be expressed as

15 6 <« First row
10 2 < Second row
13 5 <« Third row
T )
First Second
Column Column
or
Radha Fauzia Simran
Notebooks 15 10 13
Pens 6 2 5

which can be expressed as:

15 10 13| <« First row
6 2 5| <« Second row
T T T
First Second Third
Column Column Column

In the first arrangement the entries in the first column represent the number of
note books possessed by Radha, Fauziaand Simran, respectively and the entriesin the
second column represent the number of pens possessed by Radha, Fauziaand Simran,
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respectively. Similarly, in the second arrangement, the entriesin thefirst row represent
the number of notebooks possessed by Radha, Fauzia and Simran, respectively. The
entries in the second row represent the number of pens possessed by Radha, Fauzia
and Simran, respectively. An arrangement or display of the above kind is called a
matrix. Formally, we define matrix as:

Definition 1 A matrix is an ordered rectangular array of numbers or functions. The
numbers or functions are called the elements or the entries of the matrix.

We denote matricesby capital letters. Thefollowing are some examples of matrices:

- .
5 5 2+1 3 _E - ; ,
A=l 0 45|,B=/35 -1 2| cC= X
5 COSX sSnx+2 tanx
3 6 J3 5 >

In the above exampl es, the horizontal lines of elementsare said to constitute, rows
of the matrix and the vertical lines of elements are said to constitute, columns of the
matrix. Thus A has 3 rows and 2 columns, B has 3 rows and 3 columns while C has 2
rows and 3 columns.

3.2.1 Order of a matrix

A matrix having mrowsand n columnsiscalled amatrix of order mx nor simply mxn
matrix (read as an mby n matrix). So referring to the above examples of matrices, we
haveA as3 x 2 matrix, B as 3 x 3 matrix and C as 2 x 3 matrix. We observe that A has
3 x 2 =6 elements, B and C have 9 and 6 elements, respectively.

In general, an m x n matrix has the following rectangular array:

all alz al? al/‘ eee aln
C}z] flzz Qys oee C_lzj oo sz,y
&11 &12 aiS ° &Ij &m
&ml ZZm2 ZZmS". L.ij oo &mn mxn
oo A=[a] . ,1<i<m1<j<n i,je N
ijdmxn
Thus the i row consists of the elements a,a, a,.., a_, whilethe j™ column

consists of the elements a,;, &, a;,...

In generd a,, is an element Iy|ng in the i"" row and j*" column. We can also call
it as the (i, j)" element of A. The number of elements in an m x n matrix will be
equal to mn.
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In this chapter

1. Weshall follow thenotation, namely A =[a ] . toindicatethat Aisamatrix
of order m x n.

2. We shall consider only those matrices whose elements are real numbers or
functionstaking real values.

We can also represent any point (x, y) in a plane by a matrix (column or row) as

X
{ } (or [x, y]). For example point P(0, 1) as a matrix representation may be given as

y
Pz{ﬂ or [01].

Observe that in this way we can aso express the vertices of a closed rectilinear
figureintheform of amatrix. For example, consider aquadrilateral ABCD with vertices
A(1,0),B(3,2,C(1,3),D (-1, 2.

Now, quadrilateral ABCD in the matrix form, can be represented as

A B CD A1 O
13 1-1 Bl 3 2

X= or Y =
02324 Cl1l1 3
DI-1 2

4x2

Thus, matrices can be used as representation of vertices of geometrical figuresin
aplane.

Now, let us consider some examples.

Example 1 Consider thefollowing information regarding the number of men and women
workers in three factories |, |1 and 11

Men workers Women workers
I 30 25
I 25 31
Il 27 26

Represent the above information in theform of a3 x 2 matrix. What doesthe entry
in the third row and second column represent?
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Solution Theinformation is represented in the form of a3 x 2 matrix asfollows:
30 25
A=25 31
27 26

The entry in the third row and second column represents the number of women
workers in factory I11.

Example 2 If amatrix has 8 elements, what are the possible orders it can have?

Solution We know that if amatrix is of order m x n, it has mn elements. Thus, to find
all possible orders of amatrix with 8 elements, wewill find al ordered pairs of natural
numbers, whose product is 8.

Thus, all possible ordered pairsare (1, 8), (8, 1), (4, 2), (2, 4)

Hence, possibleordersare 1 x 8,8 x1,4x 2,2 x 4

Example 3 Construct a 3 x 2 matrix whose elements are given by a; =£|i -3j|.
2

a; S
Solution Ingeneral a3 x 2 matrix isgivenby A=|a,, a,, |-
83 8
1. .., . ,
Now aij=§ll—31|,|:1,2,3andJ=1,2.
1 1 5
Therefore a, =—]1-3x1|=1 a,=—11-3x2|==
2 2 2
1 1 1
ay 2| | 5 8y 2| |
1 1 3
==|3-3x1|=0 ==|3-3x2|==
ag; 2| | A 2| | 5

Hence the required matrix isgivenby A =

o NIk P
Nlw N N ot
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3.3 Typesof Matrices
In this section, we shall discuss different types of matrices.
(i) Column matrix
A matrix is said to be a column matrix if it has only one column.

0
J3
For example, A =| —1 | isacolumn matrix of order 4 x 1.
1/2

In general, A = [a”.] -« Isacolumn matrix of order m x 1.
(i) Row matrix
A matrix is said to be arow matrix if it has only one row.

For example, Bz{—% J5 2 3} is arow matrix.
1x4

Ingeneral, B=[b],,  isarow matrix of order 1 x n.
(i) Square matrix
A matrix in which the number of rows are equal to the number of columns, is

said to be a square matrix. Thusan m x n matrix is said to be a square matrix if
m = n and is known as a square matrix of order ‘n’.

-1 0

For example A = 3V2 1| isasquare matrix of order 3.

ADNlw w

3 -1

In general, A = [a”.] o IS @square matrix of order m.

If A =[a] isasguare matrix of order n, then elements (entries) a,,, ,,, .., a,,

1 -3 1
are said to constitute the diagonal, of the matrix A. Thus, if A=|{2 4 -1].
3 5 6

Then the elements of the diagonal of A are 1, 4, 6.
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(iv)

v)

(Vi)

MATHEMATICS

Diagonal matrix
A square matrix B = [b”.] nxm 1S sad to be a diagonal matrix if all its non

diagonal elements are zero, that isamatrix B = [b”.] xm 1SSl to be adiagonal
matrix if b”. =0, wheni #].
10 -11 0 O
For example, A =[4], Bz{o 2}, C=| 0 2 0}, aediagona matrices
0O 0 3

of order 1, 2, 3, respectively.
Scalar matrix

A diagonal matrix issaid to beascalar matrixif itsdiagonal elementsare equal,
that is, a square matrix B = [b”.] "« IS said to be ascalar matrix if

bij=0, wheni #]j

b”. =k, wheni =j, for some constant k.
For example
J3 0 o0
_ -1 0
A=1[3], B{ } c=/0 3 0
0 -1
0 0 3

are scalar matrices of order 1, 2 and 3, respectively.

Identity matrix

A sguare matrix in which elementsin the diagonal areall 1 and rest are all zero
is called an identity matrix. In other words, the square matrix A = [a”.] xqisan
1if i=]j

0 if i#j’

We denote the identity matrix of order n by | . When order is clear from the
context, we simply writeit asl.

identity matrix, if &; ={

1 00
10
Forexample[l][0 J, 010 are identity matrices of order 1, 2 and 3,
0 1

respectively.
Observethat ascalar matrix isan identity matrix whenk = 1. But every identity
matrix is clearly a scalar matrix.
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(vii) Zero matrix
A matrix is said to be zero matrix or null matrix if all its el ements are zero.

00 0 0O
For example, [O][0 0}[0 0 0][0’ 0] are all zero matrices. We denote

zero matrix by O. Its order will be clear from the context.
3.3.1 Equality of matrices
Definition 2 Two matricesA = [a”.] and B = [b”.] are said to be equal if
(i) they are of the same order

(i) each element of A isequal to the corresponding element of B, that isa”. = b”. for
aliandj.

01 01 1 01
not equal matrices. Symbolically, if two matricesA and B are equal, we write A = B.

2 3 2 3 _ 3 2 2 3
For example, { }and{ } are equal matrices but {0 }and{ } are

Xy -15 0
Iflz al=|2 J6 |, thenx=—15,y=0,z=2,a= /6,b=3,c=2
b c 3 2

X+3 z+4 2y-7 0 6 3y-2
Example 4 If -6 a-1 0 [=|-6 -3 2c+2

b-3 -21 O 2b+4 -21 O
Find thevaluesof a, b, ¢, x, yand z

Solution As the given matrices are equal, therefore, their corresponding elements
must be equal. Comparing the corresponding elements, we get
x+3=0, z+4=6, 2y—7=3y-2
a-1=-3, 0=2c+2 b—-3=2b+4,
Simplifying, we get
=—2,b=-7,c=-1,x=-3,y=-5,z=2

Example 5 Find the values of a, b, ¢, and d from the following equation:

2a+b a-2b 3 4 -3
5c—d 4c+3d| |11 24
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Solution By equality of two matrices, equating the corresponding elements, we get
2at+b=4 5c—-d=1
a-2b=-3 4c+3d=24
Solving these equations, we get
a=1b=2c=3andd=4

EXERCISE31
2 5 19 7
1. Inthematrix A=| 35 -2 g 12 |, write:
3 1 -5 17
(i) The order of the matrix, (i) The number of elements,

(iii) Write the elements a,,, a,,, a,,, a,,, a,..
2. If amatrix has 24 elements, what are the possible ordersit can have? What, if it
has 13 elements?

3. If amatrix has 18 elements, what are the possible ordersit can have? What, if it
has 5 €lements?

4. Construct a2 x 2 matrix, A = [alj], whose elements are given by:

, (i+])° . i (i+2j)
() a="— @) a=7 (i) & ===
5. Construct a 3 x 4 matrix, whose elements are given by:
() a=31-3+]1 (i) a=2-]
6. Findthevaluesof x, y and zfrom the following equations:
X+y+2z 9
14 3 y z| . |x+y 2 6 2| .
O lx 571 5] @ ]ssy |75 g/™ | X2 |72
v y+2z 7

7. Findthe value of a, b, c and d from the equation:

a-b 2a+c 3 -1 5
2a-b 3c+d| |0 13
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8. A=[a],., isasquare matrix, if
(A) m<n (B) m>n (C©) m=n (D) None of these
9. Which of the given values of x and y make the following pair of matrices equal
3X+7 5 0 y-2
{ y+1 2—3x} ’ {8 4 }

(A) X== y=17 (B) Not possibletofind
- -1 -2
© y=7 Xx== (D) X=7%» ¥y==%
10. The number of al possible matrices of order 3 x 3witheachentry Oor 1is:
(A) 27 (B) 18 (© & (D) 512

3.4 Operationson Matrices

In this section, we shall introduce certain operations on matrices, namely, addition of
matrices, multiplication of amatrix by ascalar, difference and multiplication of matrices.

3.4.1 Addition of matrices

Suppose Fatima has two factories at places A and B. Each factory produces sport
shoes for boys and girls in three different price categories labelled 1, 2 and 3. The
quantities produced by each factory are represented as matrices given below:

Factory at A Factory at B
Boys Girls Boys Girls
1| 80 60 1| 90 50
21 75 65 21 70 55
31 9 85 31 75 75

Suppose Fatima wants to know the total production of sport shoes in each price
category. Then the total production

In category 1 : for boys (80 + 90), for girls (60 + 50)
In category 2 : for boys (75 + 70), for girls (65 + 55)
In category 3 : for boys (90 + 75), for girls (85 + 75)

80+90 60+50
This can be represented in the matrix form as | 75+ 70 65+55].

90+75 85+75
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This new matrix isthe sum of the above two matrices. We observe that the sum of
two matricesis amatrix obtained by adding the corresponding elements of the given
matrices. Furthermore, the two matrices have to be of the same order.

by By By
by By by

; ap o3

Thus, if A={
& Ay Ay

} isa2 x 3matrix and Bz{ } isanother

+ + +
2><3matrix.Then,wedefineA+B={aﬂ By 8y +h, & b”]

Ay tby aytbhy, agths

Ingeneral, if A= [a”.] andB = [b”.] are two matrices of the same order, say m x n.
Then, the sum of the two matrices A and B is defined asamatrix C =[] . ., where
c;=a, t by, forall possible valuesof i andj.

2 5 1
3 1-1
\f 3 0} and B= 1/,findA+B

Example 6 Given A ={

Since A, B are of the same order 2 x 3. Therefore, addition of A and B is defined
andisgiven by

243 145 1-1| [2+4/3 1+45 0O

A+B= 1= 1
2-2 3+3 0+= 0 6 —
2 2

1. We emphasise that if A and B are not of the same order, then A + B is not

defined.ForexampIeifA:E ﬂ,B:E 5 ﬂ,thenA+Bisnotdefined.

2. We may observe that addition of matrices is an example of binary operation
on the set of matrices of the same order.

3.4.2 Multiplication of a matrix by a scalar

Now suppose that Fatima has doubled the production at a factory A in all categories
(refer to 3.4.1).
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Previoudly quantities (in standard units) produced by factory A were

Boys Girls
1] 80 60
21 75 65
31 90 85

Revised quantities produced by factory A are as given below:

Boys Girls
1|/2x80 2x60
2|2x75 2x65
3|12x90 2x85

160 120

This can be represented in the matrix form as | 150 130 |. We observe that

180 170
the new matrix is obtained by multiplying each element of the previous matrix by 2.

In general, we may define multiplication of a matrix by a scalar as follows: if

A=[a],.,isamatrix and k is ascalar, then kA is another matrix which is obtained
by multiplying each element of A by the scalar k.

In other words, kA = k[alj] o = [k(alj)] o thatis, (i, )" element of kKA is ka”.
for all possible values of i and j.

3 1 15
Forexample,if A =[5 7 -3|,then

2 0 5

3 1 15 9 3 45
3A=3(/5 7 -3|=|3/5 21 -9
2 0 5 6 0 15

Negative of a matrix The negative of a matrix is denoted by —A. We define
-A =(-1) A.

2021-22



68 MATHEMATICS

3 1
For example, let A:{—S X},then—Aisgivenby
3 1] |[-3 1
—A=(DA=(-1 =
o) - T

Difference of matrices If A = [a”.], B= [b”.] are two matrices of the same order,
say mx n, then difference A — B is defined asamatrix D = [d ], whered, =a, — b,
for all valueof i andj. In other words, D =A —-B =A + (1) B, that is sum of the matrix
A and the matrix — B.

E | 7|fA—12 3laap=| 2713 then find 2A —B
xample =5 31 _—102’enm -B.

Solution We have
12 3| [3 -13
2A-B=2 -
2 31 |[-1 0 2
2 4 6 C -3 1 -3
14 6 2 1 0 -2
2-3 4+1 6-3| |-1 5 3
~|4+1 640 2-2| |5 6 0
3.4.3 Properties of matrix addition

The addition of matrices satisfy thefollowing properties:

(i) Commutative Law If A = [a”.], B = [b”.] are matrices of the same order, say
mxn,thenA+B =B +A.

Now A+B=[a] +[b]=[a +b]
= [bij + a”.] (addition of numbers is commutative)
=(b) +[a)) =B +A
(i) Associative Law For any three matrices A = [a”.], B = [b”.], C= [c”.] of the
same order, say mxn, (A+B)+C=A+ (B + C).
Now (A+B)+C=([a]+[b]) +I[c]
=[a, +b] +[c] =[(a +b) +c]
=[a, + (b, + )] (Why?)
=[a] +[(b, +c)l =[a] +(b] +[c]) =A + (B +C)
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(i) Existence of additive identity Let A = [a ] be an m x n matrix and
O be an m x n zero matrix, then A + O =0 + A =A. In other words, O is the
additiveidentity for matrix addition.

(iv) The existence of additive inverse Let A = [aij]mxn be any matrix, then we
have another matrix as—A = [— a”.]mxn suchthatA + (-A) =(-A) +A=0. So
—A isthe additive inverse of A or negative of A.

3.4.4 Properties of scalar multiplication of a matrix

IfA= [a”.] and B = [b”.] be two matrices of the same order, say mx n, and k and | are
scalars, then

() K(A+B)=KA +kB, (i) (k+ DA =KA +1A
(i) k(A +B)=k(a] + b))

=k[a +b] =[k(a +Db)] =[(ka)+ (kb

=[ka] +[kb]=k[a]+k[b]=kA +kB
(i) (k+1)A =(k+1)[a]

=[k+Da]+ka] +[1a] =kla] +1[a] =kA +1A

8 0 2 -2
Example 8 If A=|4 -2jandB=| 4 2 |, then find the matrix X, such that
3 6 -5 1
2A +3X =5B.
Solution We have 2A + 3X = 5B
or 2A +3X —2A =5B -2A
or 2A —2A + 3X =5B - 2A (Matrix addition iscommutative)
or O+3X=5B-2A (— 2A isthe additive inverse of 2A)
or 3X =5B —2A (Oistheadditiveidentity)
1
or X = 3 (5B —2A)
2 2 8 0 1 10 -10| |-16 O
or X=%542—24—2 =3 20 10 |+| -8 4
-5 1 36 -25 5 -6 -12
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—10]

-2 3

10-16 -10+0 -6 -10 1

:E 20—-8 10+4 :E 12 14 |=| 4 —
3 25—-6 5-12 3 31 -7 3
I el 31 -7
L 3 3

5 2 3 6
Example 9 Find X andY, if X+Y = 09 and X—Yz{o }

Solution We have(x+Y)+(x_Y)={g 2}{3 6]

9] |0 -1
18 8 |8 8
or (X+X)+(Y—Y)—{0 8}:>2X_{0 8}
or x:_F 8} {4 4}
2|0 8] |0 4
Also (X+Y)—(X—Y)—{ } { }
5-3 2-6 2 -4
or (X—X)+(Y+Y):{ 0 9+J :{0 10}
v = 112 -4 |1 -2
o _E{o 10}{0 5}

Example 10 Find the values of x and y from the following equation:

x 5 3 4 7 6

2 + -

[T e N
Solution We have

2{)( 5 }{3 —4} 7 6 2x 10 3 -4] [7 6
= = + =
7 y-3] |1 2 15 14 14 2y-6| |1 2| |15 14
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N {2X+3 10-4 }__ 7 6 2x+3 6 | [7 6
14+1 2y-6+2] " |15 14| | 15 2y-4| |15 14

or 2X+3=7 and 2y—4=14 (Why?)
or 2x=7-3 and 2y =18
4 18
or x=§ and yzz
ie X=2 and y=09.

Example 11 Two farmers Ramkishan and Gurcharan Singh cultivates only three
varieties of rice namely Basmati, Permal and Naura. The sale (in Rupees) of these
varieties of rice by both the farmersin the month of September and October are given
by the following matrices A and B.

September Sales (in Rupees)

Basmati Permal Naura
A= |: 10,000 20,000 30,000:| Ramkishan

50,000 30,000 10,000 _| Gurcharan Singh

October Sales (in Rupees)

Basmati Permal Naura
B- |: 5000 10,000 6000 :| Ramkishan

20,000 10,000 10,000 _| Gurcharan Singh

(i) Find the combined sales in September and October for each farmer in each
variety.
(i) Find the decrease in sales from September to October.
(iii) If both farmers receive 2% profit on gross sales, compute the profit for each
farmer and for each variety sold in October.

Solution
(i) Combined sales in September and October for each farmer in each variety is
givenby
Basmati Permal  Naura
15,000 30,000 36,000 | Ramkishan
A+B=

70,000 40,000 20,000 _| Gurcharan Singh
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(i) Changein salesfrom September to October is given by

Basmati Permal Naura

A_B= |: 5000 10,000 24,000 :| Rambkishan

30,000 20,000 0 Gurcharan Singh
2
(i) 2% of B= —xB=0.02xB
100

Basmati Permal Naura
0.02| 5000 10,000 6000 Ramkishan
20,000 10,000 10,000

Gurcharan Singh

Basmati Permal Naura
100 200 120 Ramkishan
400 200 200

Thus, in October Ramkishan receives % 100, ¥ 200 and % 120 as profit in the
saleof each variety of rice, respectively, and Grucharan Singh receives profit of ¥ 400,
%200 and X 200 in the sale of each variety of rice, respectively.

Gurcharan Singh

3.4.5 Multiplication of matrices

Suppose Meera and Nadeem are two friends. Meera wants to buy 2 pens and 5 story
books, while Nadeem needs 8 pens and 10 story books. They both go to a shop to
enquire about the rates which are quoted as follows:

Pen —3 5 each, story book — % 50 each.

How much money does each need to spend? Clearly, Meeraneedsz (5 % 2 + 50 x 5)
that is¥ 260, while Nadeem needs (8 x 5 + 50 x 10) %, that isT 540. In terms of matrix
representation, we can write the above information as follows:

Requirements Prices per piece (in Rupees) Money needed (in Rupees)

2 5 5 5%x2+5x50 | | 260
8 10 50 8x5+10x50| | 540
Suppose that they enquire about the rates from another shop, quoted as follows:

pen —% 4 each, story book —3% 40 each.

Now, the money required by Meera and Nadeem to make purchases will be
respectively 3 (4 x 2+ 40 x 5) =3208 and T (8 x 4 + 10 x 40) =3 432
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Again, the above information can be represented as follows:
Requirements Prices per piece (in Rupees) Money needed (in Rupees)

2 5 4 4x 2+ 40x5 3 208
8 10 40 8x4 +10x40| | 432
Now, theinformation in both the cases can be combined and expressed in terms of
matrices asfollows:

Requirements Prices per piece (in Rupees) Money needed (in Rupees)

2 5 5 4 Ex2+5x50 4x2+40x5
8 10 50 40 8x5 +10x50 8x4 +10x40
260 208
T | 540 432

The above is an example of multiplication of matrices. We observe that, for
multiplication of two matricesA and B, the number of columnsin A should be equal to
the number of rowsin B. Furthermore for getting the elements of the product matrix,
we take rows of A and columns of B, multiply them element-wise and take the sum.
Formally, we define multiplication of matricesasfollows:

The product of two matrices A and B is defined if the number of columns of A is
equa to the number of rows of B. Let A = [a”.] bean m x n matrix and B = [bjk] be an
n x pmatrix. Then the product of the matricesA and B isthe matrix C of order m x p.
To get the (i, K)" element ¢, of the matrix C, we take the i"" row of A and k™ column
of B, multiply them elementwise and take the sum of all these products. In other words,

ifA=[a], ., B=[b],., thenthei"row of Ais[a, a, ... a ] and the k" column of

by
By a
Bis| = | thenc, = a,b,+a,b,+ab,+ . +ab, = 23Dk
: =
bnk

The matrix C =[c,] ., isthe product of A and B.

2 7
For example, if C= 1-12 and D=|-1 1|,thentheproduct CD isdefined
0 3 4 5 _4
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2 7
-1 2
and is given by CDz{O 3 4} -1 1|.Thisisa2x 2 matrix in which each
5 -4

entry isthe sum of the products across some row of C with the corresponding entries
down some column of D. These four computations are

Entry in 1 -1 2 2 7 H@+EHED+R)G) 2
first row —1 1{=

firstcolumn |0 3 4 5 —4 ? ?
Entry in L2 [ 2 T 3 m@renme2ce
first row -1 1=

secondcolumn |0 3 4 5 —4 ? ?
Entry in -1 2|2 7| |13 2
second row -1 1=

firstcolumn |0 3 4 5 —4 02)+3(-D+4(5) ?
Entry in 11 o202 T |13 -2
second row 2 1=

secondcolumn [0 3 4 5 -4 17 0(7)+3(1)+4(-4)

13 -2
Thus CD =
17 -13

6 9 2 60
Example 12 Find AB, if A= and B = .
2 3 7 9 8

Solution The matrix A has 2 columns which is equal to the number of rows of B.
Hence AB is defined. Now
AB < [6(2)+9(7) 6(6)+9(9) 6(0)+9(8)

122 +3(7) 2(6)+3(9) 2(0)+3(8)

[12+63 36+81 0+72} B

75 117 72
| 4+21 12+27 0+24|

25 39 24
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Remark If AB isdefined, then BA need not be defined. In the above example, AB is
defined but BA is not defined because B has 3 column while A has only 2 (and not 3)
rows. If A, B are, respectively mx n, k x | matrices, then both AB and BA are defined
if and only if n=kand | =m. In particular, if both A and B are square matrices of the
same order, then both AB and BA are defined.

Non-commutativity of multiplication of matrices

Now, we shall see by an example that even if AB and BA are both defined, it is not
necessary that AB = BA.

23
1 -2 3
Example 13 If Az{ 4 2 5} and B=|4 5/, then find AB, BA. Show that
21

AB = BA.

Solution Since A isa2 x 3 matrix and B is3 x 2 matrix. Hence AB and BA are both
defined and are matrices of order 2 x 2 and 3 x 3, respectively. Note that

[1-2 3 23 2-8+6 3-10+3 0 -4
AB= 4 5 = =

-4 2 5 -8+8+10 -12+10+5| |10 3
1.2 3 2-12 -4+6 6+15 -10 2 21
and BA=|45 =/4-20 -8+10 12+25| =|-16 2 37
-4 2 5
121 2-4 -4+2 645 -2 -2 1

Clearly AB # BA

In the above example both AB and BA are of different order and so AB # BA. But
one may think that perhaps AB and BA could be the same if they were of the same
order. But it is not so, here we give an exampleto show that evenif AB and BA are of
same order they may not be same.

1 0 01
Example 14 If A= and B= , then AB = 01 .
0 - 10 -1 0

0 -1
and BAz{1 0]CIearIyAB;«tBA.

Thusmatrix multiplication isnot commutative.
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This does not mean that AB = BA for every pair of matrices A, B for
which AB and BA, are defined. For instance,

i A=t % B2 °| thenag=pa=|> °
“lo 2" " |0 4| MMAB=BA=4 g

Observethat multiplication of diagonal matricesof same order will be commutative.

Zero matrix as the product of two non zero matrices

We know that, for real numbersa, b if ab =0, then eithera=0or b=0. Thisneed
not be true for matrices, we will observe this through an example.

00

) 0O -1{/|3 5 00
Solution We have AB:{ M }:{ }

. . 0 - 3 5
Example 15 Find AB, if Az{o 2} and Bz{ }

0 2(|0 O 00

Thus, if the product of two matricesisazero matrix, it isnot necessary that one of
the matrices is a zero matrix.

3.4.6 Properties of multiplication of matrices

Themultiplication of matrices possessesthefollowing properties, which we state without
proof.

1. The associative law For any three matrices A, B and C. We have
(AB) C =A (BC), whenever both sides of the equality are defined.
2. Thedistributive law For three matricesA, B and C.
(i) A(B+C)=AB +AC
(i) (A+B) C=AC + BC, whenever both sides of equality are defined.

3. The existence of multiplicative identity For every sguare matrix A, there
exist an identity matrix of same order such that |A = Al = A.

Now, we shall verify these properties by examples.

1 1 -1 13

E e 16 1F A=l2 0 3lB=lo2ladc=*?° " ting

xample = , B= —20_21,|n
3 -1 2 14

A(BC), (AB)C and show that (AB)C = A(BC).
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1 1 -1]13 1+0+1 3+2-4 21
Solution We have AB=|2 0 3|| 0 2|=|2+0-3 6+0+12|=|-1 18
3 -1 2||-14| |3+0-2 9-2+8 115

21 , 44 [2¥2 440 6-2 -8+l
(AB) (C)=|-1 18 {2 0 J: ~1+36 —2+0 -3-36 4+18
115 1430 240 3-30 —4+15

4 4 4 -7
_|3% -2 -39 22
131 2 27 11

(13 1+6 2+0 3-6 —4+3

1 2 34
Now BC=| 02 {2 0 2 J: 0+4 0+0 0-4 0+2
-14 -1+8 -2+0 -3-8 4+4
(7 2 -3 -1
|4 0 -4 2
|7 -2 -11 8
(1 1 -1][7 2 -3 -1
Therefore ABC)=|2 0 3||4 0 4 2
3-1 2||7-2 -11 8

[ 7+4-7 2+0+2 -3—-4+11 -1+2-8
=114+0+21 4+0-6 -6+0-33 -2+0+24
|121-4+14 6+0-4 -9+4-22 -3-2+16

4 4 4 7
=|3 2 39 22| (ieq1y, (AB)C=A (BC)
31 2 27 11
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0 6 7 011 2
Example 17 1f A=|-6 0 8(,B=|1 0 2|,C=|-2
7-8 0 120 3
Calculate AC, BC and (A + B)C. Also, verify that (A + B)C=AC+ BC
0O 7 8
Solution Now, A+B=|-5 0 10
8 -6 0

o 7 8 2 0-14+24 10
So (A+B)C=|-5 0 10||-2 [=|-10+0+30 |=|20
8 -6 0|3 16+12+0 28

[0 6 7|[2] 0-12+21 9
Further AC=|-6 0 8||-2 |=]-12+0+24 [=|12
|7 -8 0| 3 14+16+0 30

01 1][27] [0-2+3 1
and BC = 1 0 2||-2|=/2+0+6|=| 8
|11 2 0] 3| [2-4+0] -2
(9 1 10
So AC+BC=|12|+| 8 |=]20
130] |2 28
Clearly, (A+B)C=AC+BC
1 2 3
Example 18 If A=3 -2 1|, then show that A*—23A -401=0
4 2 1

1 2 3|1 2 3| |19 4 8
Solution We have A=A A=|3 -2 1|3 -2 1|=|1 12 8
4 2 1)|4 2 1| |14 6 15
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1 2 3||19 4 8 63 46 69
So A*=AA%2=|3 -2 1||1 12 8|=(69 -6 23
4 2 1|14 6 15 92 46 63

Now
(63 46 69] 1 2 3 1 00
A3_23A —-40=|69 -6 23|-23]|3 -2 1|-40/0 1 O
92 46 63] 4 2 1 0 01

(63 46 69] [-23 -46 -69| [-40 O 0
=69 6 23|+/-69 46 -23|+| 0 40 O
92 46 63| |92 -46 -23 0 0 -40

[63—-23-40 46-46+0 69-69+0
=[69-694+0 -6+46-40 23-23+0
192-92+0 46-46+0 63-23-40

I
o o o
o o o
o o o
Il
o

Example19Inalegidativeassembly election, apolitical group hired apublicrelations
firm to promote its candidate in three ways: telephone, house calls, and letters. The
cost per contact (in paise) isgiven in matrix A as

Cost per contact
40 Telephone
A= 100 Housecall

50 Letter

The number of contacts of each type made in two cities X and Y is given by

Telephone Housecall Letter
_{1000 500 5000}—>x

3000 1000 10,000|—Y
citiesX and.

. Find the total amount spent by the group in the two
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Solution We have

MATHEMATICS

|

340,000 | —» X
720,000

—-Y

40,000+ 50,000 + 250,000 | — X
120,000 + 100,000 +500,000

—-Y

So the total amount spent by the group in the two cities is 340,000 paise and
720,000 paise, i.e.,3 3400 and % 7200, respectively.

| EXERCISE 3.2|

1 otea=|2 flee|t 3?0
' 132" |=2 51”7 |3 4

Find each of thefollowing:

(i) A+B (i) A-B (i) 3A-C
(iv) AB (v) BA
2. Computethefollowing:
~[a bl Ja b [a2+p? p?+c? 2ab  2hc
@) + (i) +
_—b a b a a2+c® a’+b? —2ac -2ab
-1 4 -6] [12 7 6 -
i a2 i a2
iy |8 5 16|+/8 0 5| (v cos’x  sin?x NElE cos? X
> 8 5|13 24 |sin’x cos”x| |cos’x sin®x
3. Computetheindicated products.
1
[a blla-b] 2|1, . 1 -2171 2 3
Olp allb a @534 W1, 55 3,
(2 3 4][1 -3 5 (21 10 1
(ivy |3 4 5|/|0 2 4 (v) | 32 Ll 5 J
|4 5 6]|3 0 5 11
- 2 -3
./ 3-13
(i) 1 0
-1 0 2
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1 2 -3 3-1 2 4 1 2
If A=|5 0 2|,B=/4 2 5/andC=|0 3 2|, then compute
1 -1 1 2 0 3 1 -2 3

(A+B) and (B — C). Also, verify that A + (B —C) = (A + B) — C.

245 23
3 3 5 5
1 2 4 1 2 4
A== = —|and B=|= = — — .
If 3 3 3 5 5 5 , then compute 3A — 5B
r L, 2 62
L3 3 L5 5 5]
o cos6 sn®| . [sin® —cosh
Smplify cosB| . +sind _
—sin6 cos6 |CosB  sin6
FindX and, if
. 7 0 3 0
(i) X+Y= and X-Y =
25 10 3

. 2 3 2 -2
(i) 2X +3Y = and 3X +2Y =
4 0 -1 5

32
Findxandy,if 2| = |+ Y 2<% ©
AxXanay. 2o 1M1 27|18

. i X z 1 1 3 5
Solvetheequatlonforx,y,zandt,|f2{y J +3{ }:3{ }

3 2 10
FindX,ifY:L 4}and2X+Y={ }

0 2 4 6

2 -1| |10| .
If x{3}+y{ 1}{5 },fmdthevaluesofxandy.

Given 3{)( y}—

_{ X 6 }{ 4 X+y},findthevalu&eofx,y,zandw.
z w w 3

-1 2 Z+W
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13.

14.

15.

16.

17.

18.

19.
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cosx —-sinx O
If F(x)=|sinx cosx 0/, show that F(x) F(y) = F(x + ).
0 0 1

Show that
_[5 -1]f2 1] [2 1][5 -1
(i) #
16 7]|3 4| |3 4||6 7
1 2 3][-1 1 o] [-1 1 O]f1 2 3
(i) [0 1 0|0 -1 1(#/ 0-1 1(|0 1 O
1 10/]2 3 4 2 3 4||1 1 0
2 0 1
FindA2—5A+6l,if A=|2 1 3
1-1 0
1 0 2
If A=|0 2 1|, provethat A*—6A2+7A+21=0
12 0 3
3 -2 1 0] .
If A= and |= , find k so that A2 = kA — 2|
4 -2 01
0 -t
If A= 2 | and | istheidentity matrix of order 2, show that
tang 0
L2
coso. —sino
|+A:(|—A)|:. }
SN (605104

A trust fund has< 30,000 that must be invested in two different types of bonds.
Thefirst bond pays 5% interest per year, and the second bond pays 7% interest
per year. Using matrix multiplication, determine how to divide< 30,000 among
the two types of bonds. If the trust fund must obtain an annual total interest of:

(@ 1800 (b) 2000
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20. The bookshop of a particular school has 10 dozen chemistry books, 8 dozen
physics books, 10 dozen economics books. Their selling pricesare¥ 80,360 and
¥ 40 each respectively. Find the total amount the bookshop will receive from
selling all the books using matrix algebra.

Assume X, Y, Z, W and Pare matricesof order 2 x n,3x k, 2xp,nx 3and p x k,
respectively. Choose the correct answer in Exercises 21 and 22.

21. Therestriction onn, k and p so that PY + WY will be defined are:

(A) k=3,p=n (B) kisarbitrary,p=2
(C) pisarbitrary, k=3 (D) k=2,p=3
22. If n=p, then the order of the matrix 7X —5Z is:
(A) px2 (B) 2xn (C) nx3 (D) pxn

3.5. Transpose of aMatrix

In this section, we shall learn about transpose of amatrix and special types of matrices
such as symmetric and skew symmetric matrices.

Definition 3 If A=[a ] bean mx nmatrix, then the matrix obtained by interchanging
the rows and columns of A is called the transpose of A. Transpose of the matrix A is
denoted by A” or (AT). In other words, if A = [a],.. then A’ = [a],., Forexample,

3 5 3 V3 0
if A=|\/3 1| , then A’= 1
51 —
0 __1 2%x3
5 3x2

3.5.1 Properties of transpose of the matrices

We now state the following properties of transpose of matrices without proof. These
may be verified by taking suitable examples.

For any matrices A and B of suitable orders, we have
i) (AY =A, (i) (KA) = kA’ (where k is any constant)
@iy (A+B)Y=A"+B (iv) (ABY=B A’

0 1
(i) (A =A, i) (A+B) =A"+PB,
(iii) (kB)" = kB’, where k is any constant.

3 J3 2 2 -1 2
A= and B= i
Example 20 If L 5 } { 5 4]verlfythat
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Solution
(i) We have

4

Thus (A =A

(i) We have
(2 -1 2 -
:3\/§Z,B: :|:>A+B=5\/§14
42 0 1 24 5

5 .

Therefore (A+B) =|+3-1 4
| 4 4
(34 21

Now ao| VB2 B 2|
20 2 4
5 .

So A +B =[3-14
| 4 4

Thus (A+B)Y=A"+PB

(i) We have
kB=k2_l 2:2k -k 2k

1 24 |k 2k 4
2k k (21

Then (kB) =|—k 2k |=k|-1 2|=kB’
2 4k| |24

Thus (kBY = KB’

20

2021-22
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-2
Example21If A=| 4 |,B=[1 3 -6], verify that (AB)’ = B’A".
5
Solution We have
o
A=| 4].B=[1 3 6]
— 5_
2] -2 -6 12
then AB=| 4|[1 3 -6]=| 4 12 -24
5 5 15 -30
1
Now A"=[-245],B=| 3
_6_
1 (-2 4 5
BA'=| 3|[-2 4 5]=|-6 12 15|=(ABY
-6 12 —24 -30

Clearly (AB)Y =B’A’

3.6 Symmetricand Skew Symmetric M atrices
Definition 4 A sguare matrix A = [a”.] is said to be symmetric if A” = A, that is,
[a”.] = [aJi] for all possible values of i and j.

V3 2 3
Forexample A=| 2 -15 -1 | isasymmetric matrix asA” =A
3 -1 1

Definition 5 A square matrix A = [a.”.] is said to be skew symmetric matrix if
A’ =—A, that isaJi =-a, for al possible values of i and j. Now, if weputi =j, we
have a, = —a,. Therefore 2a, =0 or a, = 0 for al i’s.

Thismeans that all the diagonal elements of a skew symmetric matrix are zero.
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0O e f
Forexample, thematrix B=| —e 0 g | isaskew symmetric matrix asB’= B
-f -g O

Now, we are going to prove some results of symmetric and skew-symmetric
matrices.

Theorem 1 For any square matrix A with real number entries, A + A” isasymmetric
matrix and A —A” is a skew symmetric matrix.
Proof Let B =A + A’, then

B'= (A+AY
=A+(A) (as(A+B)y=A"+B)
= A" +A (as(A) = A)
= A+A’(asA+B=B+A)

=B
Therefore B = A +A’isasymmetric matrix
Now let C=A-A
C=A-AY=A—-AY) (Why?
= A=A (Why?
=—-(A-A)=-C
Therefore C= A —A’isaskew symmetric matrix.

Theorem 2 Any square matrix can be expressed as the sum of a symmetric and a
skew symmetric matrix.

Proof Let A be a square matrix, then we can write
A =£(A+A3 +l (A=A
2 2
From the Theorem 1, we know that (A +A”) isasymmetric matrix and (A—A") is

1
askew symmetric matrix. Sincefor any matrix A, (kA)" = kA’ it followsthat 3 (A+A")

1 N : :
is symmetric matrix and > (A—A") is skew symmetric matrix. Thus, any square

matrix can be expressed as the sum of a symmetric and a skew symmetric matrix.

2021-22



MATRICES 87

2 -2 4
Example 22 Expressthematrix B=|-1 3 4| asthe sum of asymmetric and a
1 -2 -3
skew symmetric matrix.
Solution Here
2 -1 1
B=|-2 3 -2
-4 4 -3
. . 4 -3 -3 3
Let =-(B+B)==|-3 6 2|=|—7 3 1],
2 2 3 2 -6 2
_73 1 -3
5, 3 3 ) )
2 2
_| 3 _
Now P=|— 3 1]|=P
2
=3 1 -3
L 2 i
1 AY : :
Thus P= > (B +B) isasymmetric matrix.
o %t
. Jo 5], 2 2
Also, let QZE(B_B,):E 1 0 6|= E 0O 3
5 6 0 5
- 3 0
L2 i
o L 2
2 3
, | -1
Then Q= > 0 -3|=—-Q
= 3
L 2 i
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1 N . .
Thus Q= E(B_B) is askew symmetric matrix.
5 8 Bl g 1A
, 2 2 . 2 2 5 o 4
Now F>+Q=_7 3 1 3 3|=-1 3 4|=B
3 c 1 -2 -3
= 1 3| |= -3 0
L 2 ] L2 |

Thus, B is represented as the sum of a symmetric and a skew symmetric matrix.

|EXERCISE 3.3|
1. Findthetranspose of each of the following matrices:
5 1 & -1 5 6
S . X
N (ii) {2 3} (i) |3 5 6
1 2 3 -1
-1 2 3 -4 1 -5
2. IfA=] 5 7 9|and B=| 1 2 0], thenverify that
-2 11 13 1
() A+B)Y =A"+B, (i) A=-B)Y=A"-PB
34 121
3. If A’=|-1 2| and Bz{ },thenverifythat
123
101
(i) A+BY=A"+PB (i) A=-B)Y=A"-PB
, [-2 3 -1 0 ,
4. If A'= and B= , then find (A + 2B)’
11 2 12
5. For the matrices A and B, verify that (AB)" = B’A’, where
1 0
(i) A=-4|,B=[-1 2 1] (i) A=|1]|,B=[1 5 7]
3 2
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6. I (i) A{

(i) If A:{

7. (i) Show that the matrix A =

(if) Show that the matrix A =

sno

coso.  sina
—sino.  COoSq.

—coso. Sina

MATRICES 89

} , then verify that A" A = |

} , then verify that A" A = |

[1 -1 5

-1 2 1| isasymmetric matrix.
5 1 3

0 1-1
-1 0 1 |isaskew symmetric matrix.

1 -10

15
8. For the matrix A:{6 7},verifythatt

(i) (A+A") isasymmetric matrix
(i) (A —A") isaskew symmetric matrix

0O a b

1 , 1 ,
9. FindE(A+A)and§(A—A),whenA= —a 0 c

-b -¢c O

10. Expressthefollowing matricesasthe sum of asymmetric and askew symmetric

meatrix;

(i)

(ii)

3 -1
-2 1
-5 2

6 2 2
i)y -2 3 -1
|2 -1 3
[ 15
(>iv) 1 2}
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Choose the correct answer in the Exercises 11 and 12.

11.

12.

If A, B are symmetric matrices of same order, then AB —BA isa
(A) Skew symmetric matrix (B) Symmetric matrix

(C) Zeromatrix (D) Identity matrix

i A ={cosoc —-dna

) },and A+ A’ =1, thenthevalueof ais
sino Ccoso

T T

(A) 5 (B) 3
3n

(O (D) >

3.7 Elementary Oper ation (Transfor mation) of aMatrix

There are six operations (transformations) on amatrix, three of which are due to rows
and three due to columns, which are known as elementary operations or
transformations.

(i)

(if)

(ii)

Theinterchange of any two rows or two columns. Symbolically theinterchange
of i and j" rowsis denoted by R, <> R, and interchange of i" and | column is
denoted by C, <> C,.

1 21 -1 31
For example, applying R, <> R, to A=|-1 /3 1|,weget|1 2 1.
5 6 7 5 6 7

The multiplication of the elements of any row or column by a non zero
number. Symbolically, the multiplication of each element of the i row by k,
where k # 0 is denoted by R — kR.

The corresponding column operation is denoted by C — kC,

) 1 etlz
,weg
-1 V3 1 13

For example, applying C, — %03, toB= {

Nl Nl

The addition to the elements of any row or column, the corresponding
elements of any other row or column multiplied by any non zero number.

Symbolically, the addition to the el ements of i* row, the corresponding elements
of j* row multiplied by kisdenoted by R — R + kRJ..
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The corresponding column operation is denoted by C. — C, + kCJ..

1 2 1 2
For example, applying R, — R, - 2R , to C:L _J , we get {0 5]

3.8 InvertibleMatrices

Definition 6 If A is a sguare matrix of order m, and if there exists another square
matrix B of the same order m, such that AB = BA = [, then B is called the inverse
matrix of A and it is denoted by A-*. In that case A is said to be invertible.

(2 3 2 -3 .
For example, let A= and B = be two matrices.
112 -1 2
(2 3] 2 -3
Now AB—_1 o1 o
_[4-3 -6+6] [1 0 "
" |2-2 -3+4] |0 1|
1 0 _ _ .
Also BA = e =|.ThusB istheinverseof A, in other
words B = A-tand A isinverse of B, i.é.,A =B?

1. A rectangular matrix does not possessinverse matrix, since for products BA
and AB to be defined and to be equal, it is necessary that matrices A and B
should be square matrices of the same order.

2. If B istheinverse of A, then A isaso the inverse of B.

Theorem 3 (Uniqueness of inverse) Inverse of asquare matrix, if it exists, isunique.

LetA = [a”.] be a square matrix of order m. If possible, let B and C be two
inverses of A. We shall show that B = C.

Since B istheinverse of A

AB =BA =1 - ()
Since Cisasotheinverse of A

AC=CA =1 .. (2
Thus B=BI=B(AC)=(BA)C=IC=C

Theorem 4 If A and B are invertible matrices of the same order, then (AB)* = BT A=
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From the definition of inverse of amatrix, we have
(AB) (AB)* =1

or A7 (AB) (AB)* = A" (Pre multiplying both sides by A-)
or (A7A) B (AB)*=A" (Since A1 =AY

or IB (AB)*=A"1

or B (AB)*=A"

or B*B (AB)*=B* A

or | (AB)*=B* A

Hence (AB)1 =Bt A

3.8.1 Inverse of a matrix by elementary operations

Let X, A and B be matrices of, the same order such that X = AB. In order to apply a
sequence of elementary row operations on the matrix equation X =AB, we will apply
these row operations simultaneously on X and on the first matrix A of the product AB
on RHS.

Similarly, in order to apply a sequence of elementary column operations on the
matrix equation X =AB, wewill apply, these operations simultaneousdly on X and onthe
second matrix B of the product AB on RHS.

In view of the above discussion, we conclude that if A is a matrix such that A~
exists, then to find A= using elementary row operations, write A = 1A and apply a
sequence of row operation on A = |A till we get, | = BA. The matrix B will be the
inverse of A. Similarly, if we wish to find A= using column operations, then, write
A = Al and apply a sequence of column operationson A = Al till we get, | = AB.

Remark In case, after applying one or more elementary row (column) operations on
A=1A (A =Al),if weobtain all zerosin one or morerows of the matrix AonL.H.S,,
then A~* does not exist.

Example 23 By using elementary operations, find the inverse of the matrix
1 2

A=
2 -1

Solution In order to use elementary row operations we may write A = [A.

1 2
or =
2 -1

L9 then |t 2=l T OA (applyingR, - R, —2R
o 1| o 57| o 1| @PYiNgR, >R, -2R)
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_ - [1 0
1 2 , 4
or = —
01 = =
- 4 |5 5|
2]
1 0] |5 5
or =
0 1) |2 -
LS 5
1 2]
5 5
_1:
Thus A E __1
LS ]

5
Alternatively, in order to use elementary

MATRICES 93

. 1
A (applyingR, — — < R)

A (applyingR, - R, —2R))

column operations, wewrite A = Al, i.e,

1 2] 10
= A
2 -1 10 1
Applying C, — C,-2C , we get
1 O] 1 -2
=A
2 5| 0 1
: 1
Now applying C, — _ECZ’ we have
.2
1 —
{1 0} _ A 51
2 1 0o =
L 5
Finaly, applying C, — C, —2C,, we obtain
12
1 0| 5 5
01 |2 -
L5 5
12
5 5
-1 =
Hence A 2 -1
5 5
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Example 24 Obtain the inverse of the following matrix using elementary operations

01 2
A=|1 2 3].
311
01 2 100
Solution WriteA=1A,ie,|1 2 3| =|0 1 0|A
311 0 01
(1 2 3 010
or 01 2 =|10 O|A (applyingR, <> R)
311 (001
1 2 3] [0 1 0
or 0 1 2|=|1 0 O}A (applyingR, - R,—3R))
05 8| |[0-3 1
(1 0 -1] [-2 1 0
or 0 1 2[=|1 0 O0|A (aplyingR, » R,—-2R)
05 -8| |0 -3 1
(1 0 -1 -2 1 0
or 01 2|=|1 0 OfA (applyingR, - R,+5R)
00 2| |5 -3 1
Loy _12 (1) 8 A 1
or 01 2= £ 3 1 (applying R3_>§ R,
00 1 = = =
- - 2 2 2
111
100 2 2 2
or 01 2=l1 0 O|A (applyingR, - R +R)
001] |53 1
2 2 2
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,— R,—2R)

-1|A (applying R

AN T AN
T o oo

AN T 1O

or

AN T N
1___2 ™ 4_2

N Y vl

Hence

=Al,i.e,

Alternatively, write A

-
O N
[§\ ©) -
~ [ + ®)
o o’ o’ — | N
— o o ™
©) @) @) @)
N—r N—r N—r N—r
_O N 1 N — 1
o 9o o | — | — | N | — | N
- O — o O — o O o — O o
o 0_ _O — O_ _0 — 0_ — o — (@) _
< < < < <
1 1 1 1 1
1 I 1 I 1 I 1
N — — —
o ™ o = m o ™
- M — N N — N
1 L 1 — N L 1
[
S S S S
o o o o
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1
100 217
or 010[=A|1 0 -1] (C,—»C,-2C)
-5 31 0 0 E
L 2
(1 1
100 > 13
or 01 0|=A|-4 0 -1 (Cl—>Cl+5C3)
031 5 4, 1
L 2 2
(111
1 00 2 2 2
or 010/ =A-4 3 -1 (C,—> C,-3C)
001 |5 3 1
L 2 2 2
111
2 2 2
Hence Al=|-4 3 -1
53 1
2 2 2

10 -2
Example 25 Find P, if it exists, given Pz{ c J.

) ) 10 -2 10
Solution Wehave P=1P i.e, = P.
-5 1 0 1

-1 1

=l |= o0 1
or 5|=|10 P (applying R, —» 0 R)
-5 1 0 1
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1 1
1 —= 10
or 51|= 1 P (applyingR, » R, + 5R))
0O O - 1
2

We have al zeros in the second row of the left hand side matrix of the above
equation. Therefore, P! does not exist.

| EXERCISE 3.4

Using elementary transformations, find the inverse of each of the matrices, if it exists
in Exercises1to 17.

1 - (2 1 1 3]

1. 2. 3 1.3
2 3 11 2 7

4 (2 3] 5‘2 1] 6‘2 5]
5 7] 17 4 11 3]

. (3 1] 8‘4 5] 9‘3 10
|5 2] 13 4 2 7

0 [ 3 1] 11‘2—6 12‘6—3

4 2 11 -2 2 1
[ 2 -3] 2 1 2 33

13| | _2 4.1, 2] 15. 12 2 3
- - 3 -2 2
[1 3 -2 2 0 -1

16. -3 0 -5 17.15 1 0
|2 5 0 01 3

18. MatricesA and B will beinverse of each other only if
(A) AB =BA (B) AB=BA =0
(C) AB=0,BA =1 (D) AB=BA =1
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Miscellaneous Examples

cos® sno

—-sin® coso

Example26 If A = .
—sinn® cosnb

cosn® sinnd
},thenprovethat A":{ },ne N.

Solution We shall prove the result by using principle of mathematical induction.

cosO sSnod cosn® sinnd
We have Pin): If A=| ,then A"=| ,ne N
—-sin® cosO —-sinn® cosnd

cos® sSno cos® snod
P): A= ,so At=| T
—sin® coso —sin® coso
Therefore, theresult istruefor n=1.

Let the result be true for n = k. So

1 cosk@ sink®
p(k):A{COS" 9”9} k { }

Ak =
—-sin® cosO , then —sink® cosk6

Now, we prove that the result holds for n = k +1

Now Ak+1= A.AK =

cos® sSnO || coskd sinké
—sin® cosh || —sink® coskd

[ cosBcoskd —sinOsink®  cosBsinkd + sin®cosko
_—sinecosk6+cosesinke —sin®sinkd + cosO cosko

__cos(6+k6) sin(6+k9)} {cos(k+l)9 sin(k+l)9}

| —sin(6+k0) cos(0+ke) - —sin(k+1)6 cos(k+1)6

Therefore, theresultistruefor n=k + 1. Thusby principle of mathematical induction,

e have A7 {cosne sinn®
W =

. , holdsfor all natural numbers.
—-sinn® cosno

Example 27 If A and B are symmetric matrices of the same order, then show that AB
issymmetric if and only if A and B commute, that iSAB = BA.

Solution Since A and B are both symmetric matrices, therefore A” = A and B” = B.
Let AB be symmetric, then (AB)’ =AB

2021-22



MATRICES 99

But (AB) =B’A’= BA (Why?)
Therefore BA=AB
Conversely, if AB = BA, then we shall show that AB is symmetric.
Now (AB) =B’A’
=B A (asA and B are symmetric)
=AB

Hence AB is symmetric.

2 - 5 2 2 5 _ .
Example 28 Let A = ,B= ,C= . Find a matrix D such that
3 4 7 4 3 8

CD-AB =0.

Solution Since A, B, C are al square matrices of order 2, and CD — AB is well
defined, D must be a square matrix of order 2.

b
Let D= {a d]Then CD —AB = 0 gjves
C

e AR
or [2a+5c 2b+5d}_{3 0}{0 0}

| 3a+8c 3b+8d 43 22 0 O

or

[2a+5c—3 2b+ 5d }_{0 0}

|3a+8c-43 3b+8d-22| |0 0

By equality of matrices, we get

2a+5c-3=0 .. (1)

3a+8c—-43=0 - (2

2b+5d=0 .. (3

and 3b+8d-22=0 .. (4

Solving (1) and (2), we get a=-191, ¢ = 77. Solving (3) and (4), we get b= - 110,
d=44.

Therefore D=2 bj_|-191 -110
c d 77 44

2021-22



100

MATHEMATICS

Miscellaneous Exercise on Chapter 3

01
Let A ={0 0} , show that (al + bA)"=a"l + na"~-1bA, where| isthe identity

matrix of order 2and ne N.

_1 1 1 Sn_l 3[1—1 3”—1

If A=|1 1 1|,provethat A"=|3"* 3! 3| neN.
111 T T
(3 — , |1+2n —4n : -

If A= , then provethat A" = , Wherenisany positive
1 -1 1-2n

integer.
If A and B are symmetric matrices, prove that AB — BA is a skew symmetric
matrix.

Show that the matrix B’AB is symmetric or skew symmetric according asA is
symmetric or skew symmetric.

0 2y z
Find the values of x, y, zif the matrix A=| x y —z| satisfy the equation
X -y z
A'A =1.
1 2 0|0
For what valuesof x: [L 2 1]|2 0 1||2|=0?
10 2

3 1
If A=|: 1 2},showthatA2—5A+7l =0.

10 2
Findxif [x -5 -1]|0 2 1
2 0 3

R NG
I
O

2021-22



10.

11.

12.
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A manufacturer produces three products x, y, z which he sellsin two markets.
Annual salesareindicated below:

M ar ket Products
| 10,000 2,000 18,000
1 6,000 20,000 8,000

(@) If unit sale prices of x, y and z are ¥ 2.50, ¥ 1.50 and  1.00, respectively,
find the total revenue in each market with the help of matrix algebra.

(b) If the unit costs of the above three commodities are % 2.00, ¥ 1.00 and
50 paise respectively. Find the gross profit.

Find the matrix X so that X 12 3 |=71 8 -9
4 5 6 2 4 6

If A and B are square matrices of the same order such that AB = BA, then prove
by induction that AB" = B"A. Further, prove that (AB)"=A"B"for all ne N.

Choose the correct answer in the following questions:

13.

14.

15.

L IR R 2B R 2R 2

a B
—_ H 2 —
IfA= v -a issuch that A2 =1, then

(A) 1+02+By=0 (B) 1-o2+By=0

(C) 1-0?-Py=0 (D) 1+0?-By=0

If the matrix A is both symmetric and skew symmetric, then

(A) A isadiagona matrix (B) A isazeromatrix

(C) A isasquare matrix (D) None of these

If A issquare matrix such that A2=A, then (I + A)3—7 A isequa to
(A) A B) I-A © I (D) 3A

Summary
A matrix is an ordered rectangular array of numbers or functions.
A matrix having m rows and n columnsis called a matrix of order m x n.
[a],,., isacolumn matrix.
[a],,,isarow matrix.
Anmx nmatrix is asquare matrix if m=n.
A =[a],,,isadiagona matrix if a, =0, wheni .
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*
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A =[a], ., isascaar matrix if a; = 0, wheni #j, a, =k, (k is some
constant), wheni = j.

A =[a],,,is anidentity matrix, if a, = 1, wheni =j, a, = 0, wheni #].
A zero matrix has all its elements as zero.

A =[a]=[b] =Bif (i) A and B are of same order, (ii) a, = b, for all
possible values of i andj.

KA = Ka,., = [ka),.,

—A=(-DA

A-B=A+(-1)B

A+B=B+A

(A+B)+C=A+ (B +C), where A, B and C are of same order.

k(A + B) = kA + kB, where A and B are of same order, K is constant.
(k+1)A =KA + 1A, wherek and | are constant.

andB=[b ], .thenAB=C=[c], . where ¢, = Z;aﬂ by
=
(i) A(BC)=(AB)C, (ii) A(B+C)=AB+AC, (iii) (A+B)C=AC+BC
IfA=[a],.,thenA”orAT=[a]
(i) (A=A, (i) (KA)Y =KA’, (iii) (A+B)=A"+B’, (iv) (AB) =B’A’
A isasymmetric matrix if A" = A.
A isaskew symmetric matrix if A" = —A.

Any square matrix can be represented as the sum of a symmetric and a
skew symmetric matrix.

Elementary operations of a matrix are asfollows:

0] RieRj orCiHCj

(i) R = kR or C — kC

(i) Ry > R+kRor C, - C +kC

If A and B are two sguare matrices such that AB = BA = I, then B is the
inverse matrix of A and is denoted by A= and A isthe inverse of B.
Inverse of a square matrix, if it exists, isunique.

IfA=[a]

ijdmxn

4

> —
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Chapter 4

12079CHO4

( DETERMINANTS )

o+ All Mathematical truths are relative and conditional. — C.P. STEINMETZ <

4.1 Introduction

In the previous chapter, we have studied about matrices
and algebra of matrices. We have also learnt that a system
of algebraic equations can be expressed in the form of
matrices. This means, a system of linear equationslike

ax+by=c
ax+by=c,

can be represented as [ai bl} [x}z[q} Now, this
a, b, G

system of equations has a unique solution or not, is §
determined by the number a, b, —a,b,. (Recal that if

P.S. Laplace
(1749-1827)

%i% or,a b,—a,b, # 0, then the system of linear

eqzuati ons has aunique solution). The number a, b, —a, b,

which determines uniqueness of solution is associated with the matrix A = [

Ch bl}

b,
and is called the determinant of A or det A. Determinants have wide applications in
Engineering, Science, Economics, Social Science, etc.

In this chapter, we shall study determinants up to order three only with real entries.
Also, wewill study various properties of determinants, minors, cofactorsand applications
of determinantsin finding the areaof atriangle, adjoint and inverse of asquare matrix,
consistency and inconsistency of system of linear equations and solution of linear
equationsin two or three variables using inverse of a matrix.

4.2 Deter minant

To every square matrix A = [a ] of order n, we can associate a number (real or
complex) called determinant of the sguare matrix A, where a; = (i, )™ element of A.
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This may be thought of as a function which associates each square matrix with a
unique number (real or complex). If M is the set of square matrices, K is the set of
numbers (real or complex) and f : M — K is defined by f(A) = k, where A € M and
ke K, thenf(A) iscalled the determinant of A. It isalso denoted by |A | or det A or A.

b —
d‘ = det (A)

a b a
|fA:{C d},thendeterminantofAiswrittenas|A|: c

Remarks

(i) For matrix A, |A|isread as determinant of A and not modulus of A.
(i) Only sguare matrices have determinants.

4.2.1 Determinant of a matrix of order one
Let A =[a] bethe matrix of order 1, then determinant of A is defined to be equal to a

4.2.2 Determinant of a matrix of order two

Let A= {aﬂ alz} be amatrix of order 2 x 2,
3y 9y
then the determinant of A is defined as:
allx P alz
det (A) = |A| =A= l'—'x‘-’-\ =a,a,—a,3,
21 a22

Example 1 Evaluate

4
-1 2|

Solution We have

4
3 2‘ =22 -4(-1)=4+4=8,

X x+1
Example 2 Evaluate

x-1 X
Solution We have

X X+1

w1 =Xx(X)—(x+1) (x=1) =xX-(¥-1)=x-x*+1=1

4.2.3 Determinant of a matrix of order 3 x 3

Determinant of amatrix of order three can be determined by expressing it in terms of
second order determinants. This is known as expansion of a determinant along
arow (or a column). There are six ways of expanding a determinant of order
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3 corresponding to each of three rows (R, R, and R,) and three columns (C,, C, and
C,) giving the same value as shown below.

Consider the determinant of square matrix A = [a ], ,

a; ap a3
e, |Al=]8x 8»p a

83 Gy g3
Expansion along first Row (R,)

Multiply first element a,, of R, by (1)@ * b [(-1)*m o' sfxesinay] and with the
second order determinant obtained by deleting the elements of first row (R) and first
column (C) of |A|asa, liesinR and C,,

Ay Ay

83 Oz

e, D'*ta,

Multiply 2nd element a,, of R by (—1)** 2 [(=1)xmof sffixesina,;] and the second
order determinant obtained by deleting elements of first row (R,) and 2nd column (C,)
of |[Alasa,liesinR and C,,
Ay 83
831 g3

Multiply third element a , of R by (=1)** 3 [(—1)*m ¢ sfixesina,] and the second
order determinant obtained by deleting elements of first row (R ) and third column (C,)
of [A]asa,liesinR and C,,

& Ay

3 Az

i.e, (-1)**%a,

ie, 1) 3a,

Now the expansion of determinant of A, that is, | A | written as sum of all three
termsobtained in steps 1, 2 and 3 above is given by

&y, ayn 142 Q; Ay
detA=|Al= (1) ey |, o |F D" a, o, B,
)3 & By
+ (D a a, A
or |A| =ay, (azz Ay — & azs) —a, (321 3 — 8y azs)

+a; (321 a, — &y azz)
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S, A, A TRy A8, A, & At A, 88,138, &,
— ;5 8y Ay .. (1)

[a= Note |We shall apply all four steps together.

Expansion along second row (R,)

a; @ A3
[A|=]82n 82 ap
83 83 g3
Expanding along R,, we get

+ 33 242 a; &3
Al= (D eyl 2 + (=D
IA] %1 3 3 %2 33 ag
& 9
+(_1)2+3
%s 3 Az

=-a, (a12 a, — a32a13) ta, (a11 G, — a31al3)
— Ay (an - ay a12)

|A|:_az1aiz ap T3, aya,+a,a; a;—a, 3,8, a,a, d,

ta,a,a,
say A, 8 a8, 8,8 A ta,aa ta,a, a,
8,5 8y Ay .. (2
Expansion along first Column (C,)
a; ap ag
|Al=]321 3» axp
Ay 83 ag
By expanding along C,, we get
A= 2 ()t G2 G| a, (-1)?* %, A3
3, g3 8 Agx
Ap &
_q)3+1| 912 3
+ 8 (1) a, a,

=8y (8, 8 — 2, 8y) — 8y (B, 85—, 8y) + &y (A, 8y~ 23, &)
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|A|:ai1azza?,3_anazsazz_az1alzazs+az1aisazz+az1aizazs
8y 8,8,

A 8,8, -a; & &, -3, a4t A, a8, ta,a,a,
—a, a31_ a, . Lo ©)
Clearly, values of |A]in (1), (2) and (3) are equal. It isleft as an exercise to the
reader to verify that the values of |A| by expanding along R, C,and C, areequal to the
value of |A| obtained in (1), (2) or (3).
Hence, expanding a determinant along any row or column gives same value.
Remarks

(i) Foreasier calculations, we shall expand the determinant along that row or column
which contains maximum number of zeros.

(i) Whileexpanding, instead of multiplying by (—1)'*!, we can multiply by +1 or —1
according as (i +j) is even or odd.

2 2 11
(iii) LetA:{4 0} andB:{2 0}.Then,itiseasytoverifythattA=ZB.AIso

|[A|=0-8=-8and|B|=0-2=-2.
Observe that, |A| = 4(-2) = 2%|B| or |A| = 2"|B|, where n = 2 is the order of
square matrices A and B.
In generd, if A = kB where A and B are square matrices of order n, then | A| = k"
|B|, wheren=1,2,3
12 4

Example 3 Evaluate the determinant A=|-1 3 0|.
4 10

Solution Notethat in the third column, two entries are zero. So expanding along third
column (C,), we get

1 3 1 2 1 2
A=4

4 1 “|a 1| |1 3
= 4(-1-12)-0+0 =-52

0 shna —coso
Example 4 Evaluate A = [-sina 0 snB
cosa —sinf 0
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Solution Expanding along R,, we get

0 sin —sna snf
—-snf O cos o 0

=0-sna (0-sinp cosa)—cosa (sinasin B —0)
=sinasinfcosa—cosasnasnB=0

—sin o 0
cosa —sinf

A:O — —

X 3 2
Example 5 Find values of x for which = .
x 1 4 1
) 3 X 3 2
Solution We have =
1 4 1
ie. 3—-x¥=3-8
i.e X*=8
Hence x= +242
|EXERCISE 4.1
Evaluate the determinantsin Exercises 1 and 2.
2 4
-5 1

cosO® -sinB
sin® cosH

(i)

1 2
3.0f A=, 2]thenshowthat|2A|:4|A|

(1 0 1

4. 1f A=|0 1 2| thenshowthat|3A|=27|A]
00 4

5. Evauate the determinants

3 -1 -2 3 -4 5
Mo o -1 @i |1 1 =2
3 5 0 2 3 1
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0O 1 2 2 -1 2
(iiy -1 0 -3 iv) |0 2 -1
-2 3 0 3 5 0
11 =2
6. IfA=]2 1 3| find|A|
5 4 -9
7. Findvaluesof x, if
|12 4 2X 4 12 3 X 3
0) = (ii) =
51 X 4 5 2X 5
2 6 2
8. If X = , then xisequal to
18 x| |18 6
(A) 6 (B) £6 (C) -6 (D) O

4.3 Propertiesof

Deter minants

In the previous section, we have learnt how to expand the determinants. In this section,
wewill study some propertiesof determinantswhich simplifiesitseva uation by obtaining
maximum number of zeros in a row or a column. These properties are true for
determinants of any order. However, we shall restrict ourselves upto determinants of

order 3only.

Property 1 The value of the determinant remains unchanged if its rows and columns

are interchanged.

3 & &
Verification Let A=|b, b, b,

Expanding along first row, we get

=

G & G
b, b b b b b,
= - +
A ai‘cz G % G G % G G
(bzcs - bs Cz) - & (bl G — bs Cl) +ta (bl C, - bz Cl)
By interchanging the rows and columns of A, we get the determinant
a b ¢
A=|a, b oG
a; by G
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Expanding A, along first column, we get
Al:al (bz C; -G bs) - (bl C;— bs Cl) +a, (bl C, - bz Cl)
Hence A=A,

Remark It follows from above property that if A is a square matrix, then
det (A) = det (A"), where A” = transpose of A.

If R = ithrow and C, = ith column, then for interchange of row and
columns, wewill symbolically write C, < R

Let us verify the above property by example.

2 3 5
Example 6 Verify Property 1fora=1{6 0 4
1 5 7
Solution Expanding the determinant along first row, we have
A:ZP ﬂ_e&‘6 4|, |6 %
5 —7 1 -7 IS

=2(0-20)+3(—42-4) +5(30-0)
=-40-138+150=-28
By interchanging rows and columns, we get

2 6 1
A =|=3 0 3| (Expandingaongfirst column)
5 4 7
‘o 5‘ ‘6 w r w
=2 ~ =3 +5
4 —7 4 —7 0 5

=2(0-20)+3(—42-4)+5(30-0)
=-40-138+150=-28

Clearly A=A

Hence, Property 1 isverified.

Property 2 If any two rows (or columns) of adeterminant are interchanged, then sign
of determinant changes.

3 & &
Verification LetA= |0, b, by

G & G
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Expanding along first row, we get
A= ai(bz Cs_bs Cz) _az(bl Cs_bs Cl) + aS(bl Cz_bz Cl)
Interchanging first and third rows, the new determinant obtained is given by

G & G
A =|b b, Db
& & g

Expanding along third row, we get
A=a (Cz bs - bz Cs) -4 (Cl bs -G bl) ta (bz ¢, - bl Cz)
:_[al (bz G — bs Cz) - & (bl Cs_bs Cl) ta (bl Cz_bz Cl)]
Clearly A, =-A
Similarly, we can verify the result by interchanging any two columns.

| Note|We can denote the interchange of rows by R «> R and interchange of
columns by C <> C.

2 3 5
Example 7 Verify Property 2forA=|6 0 4/,
1 5 -7
2 3 5
SolutionA=16 0 4| =—-28(See Example 6)
1 5 -7

Interchanging rows R, and R, i.e,, R, <> R,, we have

2 3 5
A=|1 5 7
6 0 4

Expanding the determinant A, along first row, we have
5 -7 1 -7 15
wgS Tt 7ot Y

1

+
0 6 4 6 0

=2(20-0) + 3 (4 +42) + 5 (0—30)
=40 +138—150=28

2021-22



112 MATHEMATICS

Clearly A =—A
Hence, Property 2 is verified.

Property 3If any two rows(or columns) of adeterminant areidentical (all corresponding
elements are same), then value of determinant is zero.

Proof If we interchange the identical rows (or columns) of the determinant A, then A
does not change. However, by Property 2, it followsthat A has changed its sign

Therefore =—A
or A=0
Let us verify the above property by an example.

3 2 3

Example 8 EvaluateA =2 2 3
3 2 3

Solution Expanding along first row, we get
A=3(6-6)—-2(6-9) +3(4-6)
=0-2(3)+3(2=6-6=0
Here R, and R, are identical.

Property 4 1f each element of arow (or acolumn) of adeterminant ismultiplied by a
constant k, then its value gets multiplied by k.

a b ¢
Verification LetA= |3 b, C
& b ¢

and A, be the determinant obtained by multiplying the elements of the first row by k.
Then

ka, kb kg
A=l B
a b g

Expanding along first row, we get
Alzkal(bzcs_bscz)_kbl(azcs_cza3) + kcl(az bs_bza3)
:k[al (bzcs_bs Cz) _bl (32 Cs_cza3) +tC (32 bs_bz az)]
=k A

2021-22



DETERMINANTS 113

ka, kb k¢ a b ¢
Hence a b ¢ |=k|la, b ¢

Remarks

(i) By this property, we can take out any common factor from any one row or any
one column of agiven determinant.

(i) If corresponding elements of any two rows (or columns) of a determinant are
proportional (in the sameratio), then itsvalueis zero. For example

a4 a, &
A=|b B b | =0(rowsR and R, are proportional)
ka, ka, ka;
102 18 36
Example 9 Evaluate | 1 3 4
17 3 6

102 18 36| |6(17) 6(3) 6(6)| [7 3 6
Solution Notethat | 1 3 4|=/1 3 4 |=6|1 3 4|=0
17 3 6| |17 3 6 17 3 6

(Using Properties 3 and 4)
Property 51f someor all elements of arow or column of a determinant are expressed

as sum of two (or more) terms, then the determinant can be expressed as sum of two
(or more) determinants.

& t+h atA, atig a & g MoAy Ay
For example, by b, b, |=|bh b by+ib b, b
vl C, G G G G| [ G G

a+h a+i, ag+i,

Verification LH.S. =| b b, b,
G G G
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Expanding the determinants along the first row, we get
A= (al + }“1) (bz G -G b3) —(32 + }“2) (bl Cs_bs Cl)
*(@+2,) (b c,—-Db,c)
=a1(b203—cz bs) - (bl C3_b3cl) + aS(bl Cz_bz Cl)
+ }“1 (bz C;—G bs) - }“2 (bl C— bs Cl) + }“3 (bl C,— bz Cl)
(by rearranging terms)

a a, 3| |[A Ay Ay
=/ b b+ b b =RHS
G & G G & G
Similarly, we may verify Property 5 for other rows or columns.
a b c
Example 10 Show that [a+2X b+2y c¢c+2z|=0
X y z
a b c a b c a b c¢
Solution We have|a+2x b+2y c+2z| =|a b c|+|2x 2y 2z
X y z Xy z X y z
(by Property 5)
=0+0=0 (Using Property 3 and Property 4)

Property 6 If, to each element of any row or column of adeterminant, the equimultiples
of corresponding elementsof other row (or column) are added, then value of determinant
remainsthe same, i.e., the value of determinant remain sameif we apply the operation
R ->R+kRorC —C+kC.

Verification
a & & a + ke @ +ke, a3+Kke
Let A=|b b biandA=| b b, by |,
G G G G G G

where A, is obtained by the operation R, — R, + kR, .

Here, we have multiplied the elements of the third row (R,) by a constant k and
added them to the corresponding elements of the first row (R)).

Symbolically, we write this operation as R, — R, + kR,
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Now, again

aQ B g ke, ke, ke
A =|b b b+ b b b (Using Property 5)
G G G G G G

=A+0 (since R, and R, are proportional)
Hence A=A,
Remarks

(i) If A, isthe determinant obtained by applying R — kR or C. — kC, to the
determinant A, then A, = KA.

(ii) 1f morethanoneoperationlikeR — R + kRJ. isdonein one step, care should be
taken to see that arow that is affected in one operation should not be used in
another operation. A similar remark appliesto column operations.

a a+b a+b+c
Example 11 Prove that [2a 3a+2b 4a+3b+2c|=a’.
3a 6a+3b 10a+6b+ 3c

Solution Applying operations R, — R, — 2R, and R, — R, — 3R, to the given
determinant A, we have

a+b a+b+c
A=|0 a 2a+b
0 3a 7a+3b

Q

Now applying R, = R, —3R,, we get

a+b a+b+c

Q

A=]10 a 2a+b
0 0 a

Expanding along C,, we obtain

a 2a+b
0

A=a +0+0

za(@-0=za(@=a
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Example 12 Without expanding, prove that

X+y y+z Z+X
A=| Z X y [=0

1 1 1

Solution Applying R, — R, + R, to A, we get
X+y+2Z X+y+zZ X+y+z
A= z X y

1 1 1

Since the elements of R, and R, are proportional, A = 0.
Example 13 Evaluate

1 a bc
A=|1 b ca
1 c ab
Solution Applying R, - R, - R, and R, - R, — R, we get
1 a bc
A=10 b—a c(a—-Db)
0 c—a b(a—c)

Taking factors (b —a) and (c —a) common from R, and R,, respectively, we get

1 a bc
A=(b-a((c-a|l0 1 -c
0 1 -b

=(b—-a) (c—a) [(— b+ c)] (Expanding along first column)
=(a-b)y(b-c)(c—a)

b+c a a
Example 14 Provethat | b c+a b |=4abc
c c a+b
b+c a a
SolutionLet A=| b c+a b
c c a+b
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Applying R, — R —R,—R,t0A, we get

0 —2c -2
A=|b c+a b
c ¢ a+b
Expanding along R, weobtain
c+a b c+a

=0
A c a+b

b
- (20)|

+ (—2b) ‘

c c
=2c(@ab+k-bc)—2b(bc-c?-ac)
=2abc+2ch?-2hbc?-2b%c+ 2bc?+ 2 abc
=4 abc

X x 1+X

Example 151f x, y, zare differentand A=|y y* 1+ y’|=0, then

z 7 1+7
show that 1 + xyz=0
Solution We have
x X 1+x
A=y ¥ 1+y
z 7 1+7
x X x x* X
=|y ¥* 1+ly ¥* Y| (Using Property 5)
z 7 z 72 2
1 x X 1 x X2
= (D)1 y yi+xyz[l y y? (Using C,<>C, and then C, <> C))
1z 7 1z 7
1 x X
=y Y|+
1z 7
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1 x X2
= (1+xyz)[0 y-x y* =X (Using R,»R,-R and R, - R-R)
0 z-x 22-%

Taking out common factor (y —X) from R, and (z—x) from R, we get

1 x X

A= (I+xyz) (yX) (z=)|0 1 y+X
0 1 z+Xx

=(1+xy2) (y—X) (z—X) (z-Y) (on expanding along C))
SinceA=0andx, y, zareal different,i.e, x—y#0,y—z#0, z—x # 0, we get
1+xyz=0
Example 16 Show that

1+a 1 1
1 1+b 1 =abc(1+1+%+%=abc+bc+ca+ab
a c
1 1 1+c

Solution Taking out factors a,b,c common from R, R, and R, we get

— 41 1 1
a a a
1 1 1
_abd = =41 =
LHS = b b b
i1 1,
C C

Applying R — R + R, + R, we have

1 11 1 11 1 11
I+—4+—+— I+—+—+— 14+—+—+—
a b c a b c a b c
A= abc 1 £+1 1
b b b
1 — 1+1
c
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= abc(1+1+}+1j
a b c

—+1
c

Now applying C,— C,-C,, C,— C,— C, we get
100

OlkRr Tl -

1 1
c

A= abc(1+l+l+lj 10
a b

c

01

Ol Tk

1

= abc[1+1 +%+—j[1(1—0):|

a c

1 1 1
= abc[1+5+6+zj —abc+bc+ca+ab=RH.S.

| == Note| Alternately try by applying C, — C, —C, and C, — C, — C,, then apply
C,—>C,-ac,

EXERCISE 4.2

Using the property of determinants and without expanding in Exercises 1 to 7, prove
that:

X a x+a a-b b-c c-

1. |y b y+b/=0 2. |b-c c—-a a-b=0
z c z+cC c-a a-b b-c
2 76 1 bc a(b+c)

3. 13 8 79=0 4. 1 ca b(c+a)=0
5 9 86 1 ab c(a+b)
b+c g+r y+z a p X

5 |c+a r+p z+x(=2b q vy
a+b p+q x+vy cr z

2021-22



120

6.

MATHEMATICS

0 a
-a 0

b

(o

-b
—c|=0
0

7.

— a2

ba
ca

ab
—p?
cb

ac

bc |=4a%b?c?
2

—C

By using properties of determinants, in Exercises 8 to 14, show that:

8. (i) 1 b b’|=(a-b)(b-c)(c-a)

1 a a’

1 c ¢

10. (i)

11.

(i)

(i)

1

(i) |a

1 1
b c
b® ¢

w

yzZ

=(a-b)(b-c)(c—a)(a+b+c)

HK=XxX=y)(Y=2 (z=x) (xy +yz+ )

Xy

X+4 2X

2X
2X

X+ 4
2X

y+k y

y
y

y+k

y

a-b-c

2b
2c

b-c-a

X+y+2z

(if)

4
V4

2x |=(5x+4)(4-x)

y |=k*(3y+k)

Z+X+2y
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13.

14.
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1 x x°
x> 1 X =( - x3)2
X X 1
1+a®-b? 2ab -2b
2ab 1-a%+b? 2a =(1+ a’+ b2)3
2b —2a 1-a2-b?
a’+1 ab ac
ab b®+1 bc [=1+a%+b%+c?
ca cb 2+

Choose the correct answer in Exercises 15 and 16.

15.

16.

Let A be asquare matrix of order 3 x 3, then |kA | is equa to

(A) KIA] (B) K*|A] ©) KIA] (D) 3k|A]
Which of thefollowing is correct

(A) Determinant isasquare matrix.

(B) Determinant is a number associated to a matrix.

(C) Determinant isanumber associated to a square matrix.

(D) None of these

4.4 Areaof aTriangle
In earlier classes, we have studied that the area of a triangle whose vertices are

121

L . 1
(xl, yl), (xz, yz) and (x3, y3), is given by the expression E[xl(yz—ys) + X, (y3— )+

X, (Y,~Y,)]. Now this expression can be written in the form of a determinant as

% %l
== 1
A=SI% Y,

Xy 1

Remarks
(i) Since areais a positive quantity, we always take the absolute value of the

determinantin (1).
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(i) If areais given, use both positive and negative values of the determinant for
calculation.

(ii) Theareaof thetriangle formed by three collinear pointsis zero.
Example 17 Find the area of the triangle whose verticesare (3, 8), (— 4, 2) and (5, 1).
Solution The area of triangle is given by

3 81
-4 21

511

A=

N

- %[3(2—1)—8(—4—5)+1(—4—10)]

= 1 (3+72-14) = ol
2 2
Example 18 Find the equation of thelinejoiningA(1, 3) and B (0, 0) using determinants
and find k if D(k, 0) is a point such that area of triangle ABD is 3sqg units.
Solution Let P(x, y) beany point on AB. Then, areaof triangle ABPiszero (Why?). So

10 0
=1 3 =0
2
Xy
- 1
Thisgives E(y—BX) =0ory=23x

which isthe equation of required line AB.
Also, since the area of the triangle ABD is 3 sg. units, we have

13
% 0 0 1=+3
k O
Thisgives, _—:sz_rS, ie,k=F 2
|EXERCISE 4.3
1. Findareaof thetriangle with vertices at the point given in each of thefollowing :
(i) (1,0),(6,0), (43 (i) (2,7),(1,1),(10,8)

(i) (-2,-3),(3,2), (-1,-8)
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2. Show that points
A(@a b+c),B (b c+ a),C(c,a+ b)arecollinear.
3. Findvaluesof kif areaof triangle is 4 sg. units and vertices are
(i) (k. 0),(40),(0,2 (i) (=2,0),(0,4), (0, k)
4. (i) Findeguation of linejoining (1, 2) and (3, 6) using determinants.
(i) Findequation of linejoining (3, 1) and (9, 3) using determinants.
If areaof triangleis 35 sg unitswith vertices (2, —6), (5, 4) and (k, 4). Thenkis
(A) 12 (B) -2 (C) -12,-2 (D) 12,2
4.5 Minorsand Cofactors

In this section, we will learn to write the expansion of a determinant in compact form
using minors and cofactors.

o1

Definition 1 Minor of an element a_ of a determinant is the determinant obtained by
deleting itsith row and jth columnin which element a, lies. Minor of an element &, is
denoted by M,..

Remark Minor of an element of a determinant of order n(n > 2) is a determinant of
order n— 1.

Example 19 Find the minor of element 6 in the determinant A =

N & P
o o N

3
6
9
Solution Since 6 liesin the second row and third column, its minor M., is given by

2
M., ‘7 8 =8—14=—6 (obtained by deleting R, and C, in A).

Definition 2 Cofactor of an element &, denoted by A is defined by
A, = (1) M, . where M, is minor of a,.

_2‘

Example 20 Find minors and cofactors of all the elements of the determinant ‘ 4 3

Solution Minor of the element a, is M”.
Herea, = 1. So M, = Minor of a =3
M, = Minor of the element a, = 4
M,, = Minor of the element a,, = -2
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M., = Minor of the element a,, = 1
Now, cofactor of a, isA”.. So
A=)t M, =(-1)*(Q) =3
A=)t M, =(-1)° (4 =-4
A, =)t M, =(-1)P(2)=2
Ay,=EDP2 My, =(-1)*() =1

Example 21 Find minors and cofactors of the elements a,,, a,, in the determinant

a; & A
A= |8 8pn
83 83 g
Solution By definition of minors and cofactors, we have
_ B (B2 Qs
Minor of a, =M, = By g O % % 8y
Cofactor of a, =A, = (-1)*"* M, =a,a,-a,a,
_ 4,
Minor of &, =My, = |, 5| = B2 %~ 8By

Cofactor of = A21 = (D M21 = (1) (a12 A~ A, a32) =-apataga,
Remark Expanding the determinant A, in Example 21, along R, we have

& Ay
33 ap

3
+ (_1)1+3 a13

— (_1\1+1
A=EDTa, 33 QAg3

3
_1\1+2
By g3 *D7a,

=a, A, ta A +a. A, where Aij is cofactor of a,
= sum of product of elements of R, with their corresponding cofactors
Similarly, A can be calculated by other five ways of expansionthatisalongR, R,,
C,C,and C,
Hence A = sum of the product of elements of any row (or column) with their
corresponding cofactors.

If elements of arow (or column) are multiplied with cofactors of any
other row (or column), then their sum is zero. For example,
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A= a]_1'6\21 + a12'6\22 + a13A23

, 43 q; 43 2 Ay
— —1)1+t + —1)1+2 + —1)13
all ( ) a32 a33 a12 ( ) a31 a33 a13 ( ) a31 a32
3, Qp Qg
= |1 3 &3 =0(since R, and R, areidentical)
A 3y ag

Similarly, we can try for other rows and columns.

Example 22 Find minors and cofactors of the elements of the determinant

2 3 5
6 0 4|andveifythata A +a,A, +a,A =0
1 5 -7
0 4
Solution WehaveM,, = |5 =0-20=-20; A, = (-1)*(-20) =20
6 4
M,=|, _o|=-42-4=-46 A, = (-1)2(- 46) = 46
6 O
M,=|, &l =30-0=30; A, = (-1)¥3(30) = 30
3 5
M, =|g =21-25=-4 A, = (F)¥(-4) =4
2 5
M,=|, _|=-14-5=-19 A, = (-1)?2(-19) = 19
2 -3
M,,= |, g|=10+3=13; A, = (-1)*3(13) = 13
-3 5
M, =g 4 =-12-0=-12 A, = (-1 (-12) = 12
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2 5
M,, = ‘6 4‘ =8-30=-22; A, = (-)*?(22) = 22
2 -3
ad  M,=|s o|=0+18=18 A, = (-1)**(18) = 18

Now a,=2a,=-3a,=5 A, =-12,A,,=22,A =18

8) all A31 + a12 A32 + a13 A33
=2 (~12) + (=3) (22) + 5(18) = —24—66 + 90 = 0

|EXERCISE 4.4
Write Minors and Cofactors of the elements of following determinants:
2 -4 _la ¢
3 Wy g

1. ()

2. ()

o O+ O
o+ O

0
0 (ii)
1

o w K
(6]
I
=

3. Using Cofactors of elements of second row, evaluate A =

w = 0

B
¥R

5
2
1
1
Using Cofactors of elements of third column, evaluate A = |1
1

N < x DM O W

a; & A3

IfA=|ay 8y ay andA”. is Cofactors of a;, then value of A isgiven by
83 83 agx

(A) a]_’L'A\?;l-‘_ a12 A32 + a13 A33 (B) a‘ll'A\:I_’I.-‘_ a12 A21 + a13 A31

(C) a"21 AJ_’L+ a"22 A12 + a23 Al3 (D) a‘ll'A\:I_’I.-'_ a21 A21 + a31 A31

4.6 Adjoint and Inverseof aMatrix

In the previous chapter, we have studied inverse of a matrix. In this section, we shall
discuss the condition for existence of inverse of amatrix.

To find inverse of amatrix A, i.e., A™ we shall first define adjoint of a matrix.

o1
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4.6.1 Adjoint of a matrix

Definition 3 The adjoint of a square matrix A = [a”.]nxn is defined as the transpose of
thematrix [A] ., whereA, isthe cofactor of the element a, . Adjoint of the matrix A
is denoted by adj A.

; ap a3
Let A=lay a, axg
83 83 g3
All A12 A13 All A21 A31
Then adjA=Transposeof | A,; A, A | =|AL A, Ay
A31 A32 A33 A13 A23 A33
, : 2 3
Example 23 Findadj A for A = 1 4
Solution Wehave A, =4,A,=-1,A, =-3,A,=2
Hence adj A= A Aﬂ} :{4 _3}
A=A, Ayl |1 2
Remark For a square matrix of order 2, given by
o ay alz}
[ &1 8

Theadj A can also be obtained by interchanging a,, and a,, and by changing signs

ofa,and a,, i.e,
gL

Change sign Interchange
We state the following theorem without proof.
Theorem 1 If A be any given square matrix of order n, then
A(adj A) = (adj A) A = |A]T,

where | istheidentity matrix of order n
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Verification
&, 3y Qg A Ax Ay
Let A=|3 3p 3| thenadj A=|An Axn Ay
A Ay Ay A Ap Ag

Since sum of product of elements of a row (or a column) with corresponding
cofactorsis equal to |A | and otherwise zero, we have

Al 0 0 100
A(adjA)=| 0 |A] 0|=1|aAl [0 1 O|=|AI
0 0 [A 001

Similarly, we can show (adj A) A = |A| |
Hence A (adj A) = (adj A) A = |A| |

Definition 4 A square matrix A is said to be singular if |A| = 0.

1 2
For example, the determinant of matrix A = [ 4 8} iszero

HenceA isasingular matrix.

Definition 5A square matrix A is said to be non-singular if |A| #0

L A=t % |A|—12—4 6=—2%0
et =|g 4|-Then A=, , =4-6=-220

HenceA isanonsingular matrix

We state the following theorems without proof.

Theorem 2 If A and B are nonsingular matrices of the same order, then AB and BA
are also nonsingular matrices of the same order.

Theorem 3 The determinant of the product of matrices is equal to product of their
respective determinants, that is, |AB| = |A| |B|, whereA and B are square matrices of
the same order

Al 0 0
Remark We know that (adj A)A=|A| =] 0 |A] 0 ||A]#0
0 0 |A
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Writing determinants of matrices on both sides, we have

Al 0 0
(i A)A[ = {0 [A] O
0 0 |A
10
ie. |(adj A)| |A|:|A|3O 1 (Why?)
001
e (adj A)[ A =[AF (1)
ie l(adj A)| = |A ]2

In generd, if A isa square matrix of order n, then |adj (A)|=|A["~L.

Theorem 4 A square matrix A isinvertibleif and only if A isnonsingular matrix.
Proof Let A beinvertible matrix of order n and | be the identity matrix of order n.
Then, there exists a square matrix B of order n such that AB = BA =1

Now AB=1. So|AB|=I| or |A| B =1 (since|l|=1|AB|=|A|B)
Thisgives |A|# 0. Hence A is nonsingular.

Conversely, let A be nonsingular. Then |A| =0

Now A (adj A) = (adj A) A = |A| I (Theorem 1)
1 . 1 .
or A —adJAjz(—adeJAzl
(IAI Y
1.
or AB:BA:I,WhereBzmadJA
. : 1
Thus Aisinvertibleand At = madJA
13 3
Example241f A= |1 4 3|, then verify that A adj A = |A|I. Also find A=,
13 4

Solution We have |A| =1(16-9) -3 (4-3)+3(3-4)=1#0

2021-22



130 MATHEMATICS

NowA_ =7, A,=-1,A,=-1,A =-3 A =1A_=0A, =-3A_=0,
A,=1
7 -3 -3
Therefore ajA=|-1 1 O
-1 0 1
1 3 3][ 7 -3 -3
Now A@dA)=|1 4 3[|-1 1 0
13 4||-1 0 1
[7-3-3 -3+3+0 -3+0+3
=|7-4-3 -3+4+0 -3+0+3
| 7-3-4 -3+3+0 -3+0+4
1 00 1 00
=10 1 0|=() |0 1 0|=]Al.I
001 001
7 -3 -3 7 -3 -3
1
Also At L oadja =3-1 1 o|=[-1 1 0O
A !

-1 0 1 |-1 0 1

-1 3

2 3|1 -2||-1 5
Solution We have AB = { H }{ }

2 3 1
Example 25 If A = L _4} and B ={ } then verify that (AB)* = B A
1 -4||-1 3 5 -14

Since, |AB| =-11 0, (AB) exists and is given by

1 1[-14 -5 1{14 5}
1= —adi (AB)=—— =
(AB)* = g | (AB) 11{_5 _} 15 1

Further, |A| =—11+0and |B| =1+ 0. Therefore, A~ and B* both exist and are given by

1[-4 3] . [3 2
A—l:—— ,B =
11]-1 2 11
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Therefore B’lA’lz—i 32|43 __ 1 -4 - _1j14 5
1111 1(|-1 2 111 -5 - 1115 1

Hence (AB)! =B*A*

(2 3
12
wherel is2 x 2 identity matrix and O is2 x 2 zero matrix. Using this equation, find A=.

2 3|[2 3] [7 12
Solution We have A2=A A= =
1 2]|1 2| |4 7

Example 26 Show that the matrix A = } satisfies the equation A2— 4A + 1 = O,

5 {7 12} {8 12} {1 0} {0 0}
Hence A°—4A+I1= - + = =0
4 7 4 8 01 00
Now A2—4A +1=0
Therefore AA-4A =—1|
or A AAY)-4AAT=—1A* (Post multiplying by A because |A| # 0)
or AAAY -4 =-At
or Al -4 =-A"
4 0] |2 3 2 -3
o AT = A=A = {o 4}{1 2} ) {—1 2}
4 |12 -8
Hence A :{—l 2}
|EXERCISE 4.5
Find adjoint of each of the matricesin Exercises 1 and 2.
1 -1 2
1. {1 2} 2.12 3 5
34 -2 0 1
Verify A (adj A) = (adj A) A =|A| | in Exercises 3 and 4
1 -1 2
A I
1 0 3
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Find the inverse of each of the matrices (if it exists) given in Exercises5to 11.

11.

12.

13.

14.

15.

16.

17.

18.

(2 -2 -1 5 123
43} 6. 32} 71024
- - 0 05
1 0 O (2 1 3 1 -1 2
33 0 914 -10 10 |0 2 -3
52 -1 -7 2 1 3 2 4
1 0 0
0 cosa sno
_Osinoc—cosoc

6 8
} and B = [7 9} . Verify that (AB)* = B AL

3 1
If A= [_1 2}, show that A2 —5A + 71 = O. Hence find A=

3 2
For the matrix A = L J , find the numbersa and b such that A%+ aA + bl = O.
1 1 1
For thematrixA=|1 2 -3
2 -1 3
Show that A%—6A%+ 5A + 11 | = O. Hence, find A
2 -1 1
fA=|-1 2 -1
1 -1 2

Verify that A® — 6A2 + 9A — 41 = O and hence find A~

Let A be anonsingular square matrix of order 3 x 3. Then |adj A | is equal to
(A) |A] (B) |AP ©) |AP (D) 3|A]

If Alisan invertible matrix of order 2, then det (A) isequal to

1
(A) det(d) B @ ©1 (D) 0
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4.7 Applicationsof Determinantsand M atrices

In thissection, we shall discussapplication of determinantsand matricesfor solving the
system of linear equationsin two or three variables and for checking the consistency of
the system of linear equations.

Consistent system A system of equationsis said to be consistent if its solution (one
or more) exists.

Inconsistent system A system of equations is said to be inconsistent if its solution
does not exist.

[« Note|In this chapter, we restrict ourselves to the system of linear equations
having unique solutionsonly.

4.7.1 Solution of system of linear equations using inverse of a matrix
L et usexpressthe system of linear equations as matrix equations and solve them using
inverse of the coefficient matrix.

Consider the system of equations
ax+by+cz=d
ax+by+c,z=d,
ax+by+c,z=d,

a b ¢ X d,
Let A=|a b, ¢ |, X=y|adB=|d,
a; by ¢ z d,

Then, the system of equations can be written as, AX =B, i.e,,
a b ¢l |x d,
a b c||ly|l=|d
& b G|z d,
If A isanonsingular matrix, then itsinverse exists. Now

AX=B
or A1 (AX)=A"B (premultiplying by A=)
or (ATA) X =A1B (by associative property)
or IX=A"B
or X=A*1B

Thismatrix equation provides unique solution for the given system of equationsas
inverse of amatrix isunique. Thismethod of solving system of equationsisknown as
Matrix Method.
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If A isasingular matrix, then |A|= 0.
In this case, we calculate (adj A) B.

If (adj A) B # O, (O being zero matrix), then solution does not exist and the
system of equationsis called inconsi stent.

If (adj A) B = O, then system may be either consistent or inconsistent according
asthe system have either infinitely many solutions or no solution.

Example 27 Solve the system of equations
2Xx+5y=1
X+2y=7
Solution The system of equations can be written in the form AX = B, where

i el

Now, |A| =—11= 0, Hence, A is nonsingular matrix and so has a unigue solution.

1 1 2 A
Note that AT="713 »
1] 2 -5|1
Therefore X=AB=-—
11/-3 2 ||7
. m 1[-33] [3
i.e =—-— =
y 11| 11 -1
Hence x=3,y=-1
Example 28 Solve the following system of equations by matrix method.
3X—-2y+32=8
2X+y—z=1
Ax—-3y+22=4
Solution The system of equations can be written in the form AX = B, where
3 -2 3 X 8
A=|2 1 -1, X=|y|andB=|1
4 -3 2 z 4

We see that
|A| =3(2-3)+24+4)+3(-6-4)=-17%0
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Hence, A isnonsingular and so itsinverse exists. Now

A, =-1, A,=-8, A,=-10
A21 =5 Azz =-6 Azs =
A31 =1, A32 =9, A33 =
1 -1 -5 -1
Therefore Al= _ﬁ -8 -6 9
-10 1 7
. -1 -5 -1||8
S0 X=A'"B=-—| -8 -6 9|1
17
-10 1 71||4
X 1 =17 1
y 17
z -51 3
Hence x=1,y=2andz=3.

Example 29 The sum of three numbersis6. If we multiply third number by 3 and add
second number toit, weget 11. By adding first and third numbers, we get doubl e of the
second number. Represent it algebraically and find the numbers using matrix method.

Solution Let first, second and third numbers be denoted by X, y and z, respectively.
Then, according to given conditions, we have
X+y+z=6
y+3z=1
X+z=2y orx—2y+z=0
This system can be written asA X = B, where

1 1 1 x 6
A= |0 1 3| X=|y|andB=|11
1 21 z 0
Here |A|=1(1+6) —(0—3)+(0-1) = 9= 0. Now we find adj A
A =1(1+6)=7, A,=—(0-3)=3, A,=-1
A,=—(1+2=-3,  A,=0, A,=-(-2-1)=3
A, =(B-1)=2 A,=-(3-0=-3 A, ,=(1-0=1
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7 3 2
Hence ajA=]3 0 -3
-1 3 1
7 3 2
Thus Atz = ad(A)=~3 0 -3
Al 4 3 1
Since X=A1B
7 3 276
x=23 o =s|nn
94 3 1 |0
x 42-33+0] 9 1
or yl_ 1|18+ 0+0|_1|18]|_|2
z| 9 |-6+3:3+0| °|27| |[3
Thus x=1y=22=3

1. x+2y=2
2X+3y=3
4. x+y+z=1

2X+3y+2z2=2
ax+ay+2az=4

7. Bx+2y=4
7x+3y=5
10. 5x+2y=3
3X+2y=5

EXERCISE 4.6
Examine the consistency of the system of equationsin Exercises 1 to 6.
2. 2x—-y=5 3. x+3y=5
X+y=4 2Xx+6y=28
5 3xy-22=2 6. 5x—y+4z=5
2y—z=-1 2X+3y+5z2=2
3x—-5y=3 5x-2y+6z=-1
Solve system of linear equations, using matrix method, in Exercises 7 to 14.
8. X-y=-=2 9. 4x-3y=3
3x+4y=3 3X-5y=7
11. 2x+y+z=1 12. x—y+z=4
x—2y—z=g 2X+y—-3z=0
3y-52=9 X+y+z=2

13. 2x+3y+3z=5

X—2y+z=-4
X-y—22=3

14, X—-y+2z=7

3X+4y—-52=-5

2X—y+3z=

12
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2 3 5
15. If A=|3 2 —4| findA Using A solve the system of equations
1 1 2
2Xx—-3y+5z2=11
X+2y—4z= -5
X+y—-2z= -3

16. Thecost of 4 kg onion, 3 kg wheat and 2 kg riceisZ 60. The cost of 2 kg onion,
4 kg wheat and 6 kg riceisZ 90. The cost of 6 kg onion 2 kg wheat and 3 kg rice
is¥ 70. Find cost of each item per kg by matrix method.

Miscellaneous Examples
Example 30 If a, b, ¢ are positive and unequal, show that value of the determinant
a b c
A=|b ¢ aisnegative.
c ab

Solution Applying C, — C + C, + C, to the given determinant, we get

a+b+c b ¢ 1 b c
A=|a+b+c ¢ a =(a+b+c)|l ¢ a
a+b+c a b 1 ab
1 b c
=(@+b+c)|0 c-b a-c|(AppyingR,»R~-R,andR,—>R~R)
0 a-b b-c

=(@+b+c)[(c-b)(b-c)-(a-c)(a—b)] (ExpandingaongC)
(@+ b+ c)(—at—b*~c2+ab + bc + ca)

-1
> (@a+ b+ ¢) (2a2+ 2b?+ 2¢? — 2ab — 2bc — 2ca)

%1 @+ b+ c)[(a-b)*+ (b—-c)*+ (c-a)]

which is negative (sincea+ b+ c>0and (a—b)? + (b—c)?+ (c—a)*> 0)
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Example 31 If a, b, ¢, arein A.B, find value of

2y+4 5y+7 8y+a
3y+5 6y+8 9y+b
4y+6 7y+9 10y+c

Solution Applying R, — R, + R,— 2R, to the given determinant, we obtain

0 0 0

3y+5 6y+8 9y+b | - (gnceob=a+0)
4y+6 7y+9 10y+c

Example 32 Show that
(y+2)  xy 2
A=| X (x2) YZ |=2xyz (x+Yy+2)°
@ yz (x+y)
Solution Applying R, = xR, R, —» YR,,R, — ZR, to A and dividing by xyz, we get

x(y+z) Xy X’z
1 . )
A=—| X y(x+2z)  yz
xyz 2 2 2
Xz yz z(x+y)

Taking common factors x, y, zfrom C, C, and C,, respectively, we get

(y+z)) X X’
A=y (x+2) ¥
Xyz , , 2
z z (x+y)

ApplyingC, - C~-C, C, - C~C,,we have

(y+ z)2 X2 —(y+ z)2 X2 —(y+ z)2
A=| V2 (x+2)°—y? 0

v 0 (x+y): =22
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Taking common factor (x +y + 2) from C, and C,, we have

(y+2) x—(y+2) x=(y+2)
A=(x+y+22| Y (x+z)-y 0
z 0 (x+y)—12

ApplyingR, - R — (R, +R,), we have

2yz -2z -2y
A=(X+y+2? |y X-y+z 0
z 0 X+y-z

Applying C, — (C, + % C)and C, — C3+%C1 , We get

2yz 0 0
A=(X+y+2? |y x+z y?
2 ZZ
Z = Xty
y

Finally expanding along R , we have
A=(x+y+2?(2yz) [(x+2) (x+y) -y = (x+y+2)?(2y2) (¥ +xy+x2)
=(x+y+2°(2xy2)

1 1 2 2 0 1
Example33Useproduct [0 2 3| | 9 2 3| tosolvethesystem of equations
3 2 4 6 1 2
X—y+2z=1
2y—-3z=1
X-2y+4z=2

1 -1 2||-2 0 1
Solution Consider theproduct |0 2 -3|| 9 2 -3
3 -2 4 6 1 -2
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[—2— 9+12 0-2+2 1+3-4 1 00
=| 0+18-18 0+4-3 0-6+6/=|0 1 O
| —6-18+24 0-4+4 3+6-8 0 01

-1

(1 1 2] -2 0 1

Hence 0 2 3| =|19 2 -3

13 -2 4] 6 1 -2

Now, given system of equations can be written, in matrix form, asfollows
1 -1 2][x 1
0 2 3||y|l=]|1
3 2 4]|z 2

x [1 -1 271 2 0 1
or y =|{0 2 -3| [1|=|9 2 3
z 3 -2 4 L 6 1 2
—2+0+2 0
=| 9+2-6|=|5
6+1-4 3]
Hence x=0,y=5andz=3
Example 34 Prove that
a+bx c+dx p+0ox acp
A=lax+b ox+d px+q|=@1-x*)|b d q
u % w u v

Solution Applying R, =R, =X R, to A, we get

all-x%) c(@-x*) p@a-x3
A=| ax+b cx+d px+q
u \ W

a c p
= 1-x)|ax+b ox+d px+q
u v w
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Applying R, = R, —x R, we get
acop
A=(1-x)b d q

u v

Miscellaneous Exercises on Chapter 4

X sin6 coso
1. Provethat the determinant|-sin®  —x 1 | isindependent of 6.
coso 1 X
a a bc 1 a &
2. Without expanding thedeterminant, provethatlb b* cal = [1 b* b’|.
c ¢ ab 1 ¢ ¢

coso cosp  cosa SN} —sina
3. Evauate| -sinf cosf3 0

sino cosp  sinasinf}  coso
4. |If a, b and c are real numbers, and

b+c c+a a+tb
A=|C+a a+b b+c| =0,

a+b b+c c+
Show that eithera+b+c=0o0ra=b=c.

X+a X X
5. Solvetheequation | X X+a X |=0,a#0
X X  X+a
a bc ac+c’

6. Provethat [@°+ab b’ ac | = 4da%’c?
ab b’+bc c’

3 -1 1 1 2 =2
7. Ifa+=|-15 6 -5|andB=|-1 3 0 |, find(AB)"
5 2 2 0 2 1
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. Verify that

a P, e

1 2
8. LeteA=| 2 3
1 1

(i) [adj A]™ = adj (A7) (i) A=A
X Yy X+Yy

9. EBEvaluate| y X+y X
X+y X y

1 x y

10. Evauae|l x+y Yy
1 x x+vy

Using properties of determinantsin Exercises 11 to 15, prove that:

o o PB+y
1. B B v+ =(B-v) (y—a) (@—P) (@+B+7)
Y v o+

=

X X 1+ px
12y vy 1+py’| =@ +pxy2 (x=Y) (y—2) (z—X), where p is any scalar.
1+ pZ

3a —-atb -—-at+c
13. |-b+a 3b  -b+c| =3@+b+c)(ab+ bc + ca)
—c+a —-c+b 3c

1 1+p  1+p+q sino. coso. cos(a+38)
14. |2 3+2p 4+3p+2q| =1 15  [snp cosp cos(B+3)/=0

3 6+3p 10+6p+3q siny cosy cos(y+3)
16. Solvethe system of equations

E+§+E =4

X y z
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E_E_FE =1
X Yy Z
6,3 _2_,
X Yy Z

Choose the correct answer in Exercise 17 to 19.
17. If a, b, c, arein A.P, then the determinant

X+2 X+3 X+2
X+3 Xx+4 x+2biS
X+4 X+5 Xx+2c

(A) O (B) 1 (C) x (D) 2x
x 0 0
18. If x,y, zarenonzero real numbers, thentheinverseof matrix A=|{0 y O0]is
0 0 z
x* 0 0 x* 0 0
(A) |0 y* O (B) xz| 0 y* 0
o z*% 0o 0 Zz*°
x 00 1 00
1 1
) —|0y O (D) —|0 1 0
Y210 0 2 2o 01
1 sn® 1
19. LetA=|-sin® 1 sn6| where0<0<2r. Then
-1 -sn® 1
(A) Det(A)=0 (B) Det(A) € (2, )
(C) Det(A)e (2,4) (D) Det(A) e [2, 4]
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Summary

¢ Determinant of amatrix A =[a,], ., isgivenby |a,| = a,

¢ Determinant of a matrix A=|:a11 aﬂ} isgiven by
ay Ay

a; o

A=l
1 Gy

=a,a,—-a,a,

a b ¢
¢ Determinantof amatrix A=|a, b, c,|isgivenby (expandingaongR,)
a; by G

b, ¢
b; G

&,

a b ¢
A: =
Al=|a, b, c|=4a N

a; by G
For any square matrix A, the |A| satisfy following properties.
¢ |A’|=]|A|, where A" = transpose of A.
¢ If we interchange any two rows (or columns), then sign of determinant
changes.

¢ If any two rowsor any two columns areidentical or proportional, then value
of determinant is zero.

¢ If wemultiply each element of arow or acolumn of adeterminant by constant
k, then value of determinant ismultiplied by k.

¢ Multiplying a determinant by k means multiply elements of only one row
(or one column) by k.

* If A=[a]5, then|k. A|=K*[A|

¢ If dementsof arow or acolumn in adeterminant can be expressed as sum
of two or more elements, then the given determinant can be expressed as
sum of two or more determinants.

¢ If to each element of arow or acolumn of adeterminant the equimultiples of
corresponding elements of other rows or columns are added, then value of
determinant remains same.

-

o2 o
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Area of atriangle with vertices (x, y,), (X, ¥,) and (X,, y,) is given by

x oy 1
A= > X Yy, 1
X Y3 1

Minor of an element a, of the determinant of matrix A is the determinant
obtained by deleting i row and j*" column and denoted by M.

Cofactor of &, of given by A, = (- 1) M,

Value of determinant of amatrix A isobtained by sum of product of elements
of arow (or acolumn) with corresponding cofactors. For example,

[Al=a, Ay +a,A,+a,A
If elements of onerow (or column) are multiplied with cofactors of elements

of any other row (or column), then their sum is zero. For example, a,, A, + &,
A22 + a‘ls A23 =0

Q& Qp 83 Ay, A, Ay
If A=|8; 85 ay| then adjA=|A;, A, A |,whereA, is
8 85 g A A, A

cofactor of a,

A (adj A) = (adj A) A= |A| I, where A is square matrix of order n.

A square matrix A is said to be singular or non-singular according as
|[A|=0o0r |A]=0.

If AB = BA =1, where B is square matrix, then B is called inverse of A.
Also A% =B or B*=A and hence (AH)*=A

A square matrix A hasinverseif and only if A isnon-singular.

A (ad] A)

® If a1x+bly+clz=dl

ax+b,y+c,z=d,
ax+b,y+c,z=d,
then these equations can be written asA X = B, where

a b ¢ X d;
A=la, b, ¢, [,X=|ylandB=|d,
a b g z ds
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4 Unique solution of equation AX = B isgiven by X =A™ B, where |A| #0.

¢ A system of equation is consistent or inconsistent according as its solution
exists or not.

@ For asguare matrix A in matrix equationAX = B
(i) |A|#0, there exists unique solution
(i) |A|=0and (adj A) B # 0, then there exists no solution
(i) |[A]=0and (adjA) B =0, then system may or may not be consistent.

Historical Note

The Chinese method of representing the coefficients of the unknowns of
several linear equations by using rods on a calculating board naturally led to the
discovery of simple method of elimination. The arrangement of rodswas precisely
that of the numbersin adeterminant. The Chinese, therefore, early devel oped the
idea of subtracting columns and rows as in simplification of a determinant
Mikami, China, pp 30, 93.

Seki Kowa, the greatest of the Japanese Mathematicians of seventeenth
century in hiswork ‘Kai Fukudai no Ho' in 1683 showed that he had the idea of
determinants and of their expansion. But he used thisdevice only in eliminating a
quantity from two equationsand not directly in the solution of aset of Simultaneous
linear equations. T. Hayashi, “The Fakudoi and Determinants in Japanese
Mathematics,” in the proc. of the Tokyo Math. Soc., V.

Vendermonde wasthefirst to recognise determinantsasindependent functions.
He may be called the formal founder. Laplace (1772), gave general method of
expanding adeterminant in termsof its complementary minors. In 1773 Lagrange
treated determinants of the second and third orders and used them for purpose
other than the solution of equations. In 1801, Gauss used determinants in his
theory of numbers.

The next great contributor was Jacques - Philippe - Marie Binet, (1812) who
stated the theorem relating to the product of two matrices of m-columns and n-
rows, which for the special case of m= n reduces to the multiplication theorem.

Also on the same day, Cauchy (1812) presented one on the same subject. He
used theword ‘ determinant’ initspresent sense. He gavethe proof of multiplication
theorem more satisfactory than Binet's.

The greatest contributor to the theory was Carl Gustav Jacob Jacobi, after
this the word determinant received its final acceptance.
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CONTINUITY AND

DIFFERENTIABILITY

+ The whole of science is nothing more than a refinement
of everyday thinking.” — ALBERT EINSTEIN ¢

5.1 Introduction

This chapter is essentially a continuation of our study of
differentiation of functions in Class XI. We had learnt to
differentiate certain functionslike polynomial functionsand
trigonometric functions. In this chapter, we introduce the
very important concepts of continuity, differentiability and
relations between them. We will also learn differentiation
of inversetrigonometric functions. Further, weintroduce a
new class of functions called exponential and logarithmic
functions. These functions lead to powerful techniques of
differentiation. Weillustrate certain geometrically obvious
conditionsthrough differential calculus. Inthe process, we
will learn some fundamental theoremsin thisarea.

5.2 Continuity

Sir Issac Newton
(1642-1727)

We start the section with two informal examples to get afeel of continuity. Consider

thefunction
if x<0
Fdmitx
2,if x>0

Thisfunction isof course defined at every
point of thereal line. Graph of thisfunctionis
givenin the Fig 5.1. One can deduce from the

graph that the value of the function at nearby —9(0,1)

points on x-axis remain close to each other

except at x = 0. At the points near and to the
leftof O, i.e, at pointslike—0.1,—0.01,—0.001,
thevalue of thefunctionis 1. At the points near
andtotheright of O, i.e., a pointslike0.1, 0.01,
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0.001, thevalue of thefunctionis 2. Using thelanguage of |eft and right hand limits, we
may say that the left (respectively right) hand limit of f at 0 is 1 (respectively 2). In
particular the left and right hand limits do not coincide. We also observethat the value
of thefunction at x = 0 concideswith theleft hand limit. Note that when wetry to draw
the graph, we cannot draw it in onestroke, i.e., without lifting pen from the plane of the
paper, we can not draw the graph of thisfunction. In fact, we need to lift the pen when
we cometo 0 from left. Thisisoneinstance of function being not continuous at x = 0.
Now, consider the function defined as

F(x) 1if x#0
()= 2,if x=0

Thisfunction is also defined at every point. Left and the right hand limitsat x =0
are both equal to 1. But the value of the
function at x = 0 equals 2 which does not
coincide with the common value of the left
and right hand limits. Again, we note that we
cannot draw the graph of the function without
lifting the pen. Thisisyet another instance of < >
afunction being not continuous at x = 0. I

Naively, we may say that a function is 30
continuous at afixed point if we can draw the Y’
Fig5.2

graph of thefunction around that point without
lifting the pen from the plane of the paper.

Mathematically, it may be phrased precisely asfollows:

Definition 1 Suppose fisareal function on a subset of the real numbersand let ¢ be
apoint in the domain of f. Then fiscontinuous at c if

limf ()= f (c)

Moreelaborately, if theleft hand limit, right hand limit and the value of thefunction
at x = cexist and equal to each other, then f is said to be continuous at x = ¢. Recall that
if the right hand and left hand limits at x = ¢ coincide, then we say that the common
valueisthelimit of thefunction at x = ¢. Hence we may also rephrase the definition of
continuity as follows: a function is continuous at x = c if the function is defined at
x = ¢ and if the value of the function at x = ¢ eguals the limit of the function at
x = c¢. If fisnot continuous at ¢, we say f is discontinuous at ¢ and c is called a point
of discontinuity of f.
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Example 1 Check the continuity of the function f given by f(x) = 2x + 3at x = 1.

Solution First note that the function is defined at the given point x = 1 and itsvalueis5.
Then find the limit of the function at x = 1. Clearly

limf (x)=lim(2x+3)=2(1)+3=5
x—1 X—1
Thus lim f (x)=5= f(1)

Hence, f is continuous at x = 1.

Example 2 Examine whether the function f given by f(x) = x2is continuous at x = 0.

Solution First note that the function is defined at the given point x = 0 and itsvalueisO.
Then find the limit of the function at x = 0. Clearly

limf(x)= limx?=0%=0
x—0 x—0
Thus Li_r)Tgf(x):O: f(0)
Hence, f is continuous at x = 0.

Example 3 Discuss the continuity of the function f given by f(x) = | x| at x = 0.
Solution By definition

X, if x=0
Clearly the function isdefined at 0 and f(0) = 0. Left hand limit of fat Ois

{—x, if x<0
f(x) =

lim f(x)=lim(-x)=0

x—0" x—0"
Similarly, theright hand limitof fatOis

lim f(x)=limx=0

x—0" x—0"

Thus, the left hand limit, right hand limit and the val ue of the function coincide at
x = 0. Hence, fis continuous at x = 0.

Example 4 Show that the function f given by

X +3, if x£0
1) =14, if x=0

is not continuous at x = 0.

2021-22



150 MATHEMATICS

Solution The function is defined at x = 0 and itsvalue at x = 0is 1. When x # O, the
functionisgiven by apolynomial. Hence,
limf(x) = lim(x*+3)=0°+3=3
x—0 x—0
Sincethelimit of f at x =0 doesnot coincidewith f(0), thefunction isnot continuous
at x = 0. It may be noted that x = 0 isthe only point of discontinuity for this function.
Example 5 Check the points where the constant function f(x) = k is continuous.

Solution Thefunction isdefined at all real numbers and by definition, itsvalue at any
real number equals k. Let ¢ be any real number. Then
limf(x) = limk=k

X—C X—C

Sincef(c) =k = lim f(x) for any real number c, the function f is continuous at

X—C

every real number.

Example 6 Prove that the identity function on real numbers given by f(x) = x is
continuous at every real number.

Solution The function is clearly defined at every point and f(c) = c for every rea
number c. Also,

limf(x) = limx=c
X—C X—C
Thus, LI_T: f(x) = ¢ = f(c) and hence the function is continuous at every rea number.
Having defined continuity of afunction at a given point, now we make a natural

extension of thisdefinition to discuss continuity of afunction.

Definition 2 A real function fissaid to be continuousif it is continuous at every point
in the domain of f.

This definition requires a bit of elaboration. Suppose f is a function defined on a
closed interval [a, b], then for f to be continuous, it needs to be continuous at every
pointin[a, b] including the end points a and b. Continuity of f at a means

lim f(x)=f(a)
and continuity of f at b means
Iirp_ f(X) =f(b)

Observe that lim f(x) and IirE f (X) do not make sense. As a consequence
X—>

X—a

of this definition, if f is defined only at one point, it is continuous there, i.e., if the
domain of f is a singleton, f is a continuous function.

2021-22



CONTINUITY AND DIFFERENTIABILITY 151

Example 7 Isthe function defined by f (x) = | x |, a continuous function?

Solution We may rewrite f as

-Xx, if x<0
FO) = X, if x=0

By Example 3, we know that f is continuous at x = O.
Let c be areal number such that ¢ < 0. Then f(c) = —c. Also

le_>nlf(x) = le_>ng (-x)=-c (Why?)
Since lim f(x) = f(c), f iscontinuous at all negative real numbers.
X—C
Now, let ¢ be areal number such that ¢ > 0. Then f(c) = c. Also
M09 = mx=e (Why?)
Since lim f(x) = f(c), f is continuous at all positive real numbers. Hence, f
X—C

iscontinuousat al points.
Example 8 Discuss the continuity of the function f given by f(x) = x® + x*— 1.

Solution Clearly fisdefined at every real number canditsvalueat cisc®+ c>—1. We
also know that

limf(x) = lim(C+x*-D)=c3+c* -1
X—C X—C
Thus lim f (x) = f(c), and hencef iscontinuous at every real number. Thismeans
X—C
fisacontinuous function.
1

Example 9 Discuss the continuity of the function f defined by f (x) = e x# 0.
Solution Fix any non zero real number ¢, we have
1

Iimf(x)zlimlz—

X—C Xx—Cc X C

1
Also, sinceforc#0, f(C)=E,Wehave lim f (x) = f (c) and hence, fiscontinuous
X—C

at every point in the domain of f. Thusf isa continuous function.
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We takethis opportunity to explain the concept of infinity. Thiswedo by analysing

1
thefunctionf (x) = % near X = 0. To carry out thisanalysiswefollow the usual trick of

finding the value of thefunction at real numberscloseto 0. Essentially wearetryingto
find theright hand limit of f at 0. We tabulate thisin the following (Table 5.1).

Table5.1

x | 1] 03 02| 01=10*% 0.01=102| 0.001=103 10"
f(x)[ 1| 3333..] 5 10 100 =107 1000=10°* | 10"

We observe that as x gets closer to 0 from the right, the value of f(x) shoots up
higher. Thismay be rephrased as: the value of f (x) may be made larger than any given
number by choosing a positive real number very closeto 0. In symbols, we write

lim f(X)=+o0
x—0"

(to beread as: the right hand limit of f (x) at 0 is plusinfinity). We wish to emphasise
that + .0 isSNOT area number and hence theright hand limit of f at O does not exist (as
areal number).

Similarly, the left hand limit of f at O may be found. The following table is self
explanatory.

Table5.2
X -1 -03 [ -02| -10" - 107 -103 | - 10"
fx) | -1| -=3333.] -5 | -10 | -10° ~10° | —100
From the Table 5.2, we deduce that the Y

value of f(x) may be made smaller than any
given number by choosing a negative real
number very close to 0. In symbols,
we write

lim f(X)=—c

x—0" X’
(toberead as: theleft hand limit of f(x) at Ois
minusinfinity). Again, wewish to emphasise
that — o0 iSNOT area number and hence the
left hand limit of f at O doesnot exist (asareal
number). The graph of thereciprocal function
givenin Fig 5.3 isageometric representation
of the above mentioned facts.
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Example 10 Discuss the continuity of the function f defined by

) = X+ 2,if x<1
X = x—2,if x>1

Solution Thefunctionf isdefined at all points of thereal line.
Case11f c <1, thenf(c) =c+ 2. Therefore, lim f (x) =lim(x+2)=c+ 2
X—C X—C

Thus, fiscontinuousat al real numberslessthan 1.

Case 2 If ¢ > 1, then f(c) = ¢ — 2. Therefore, Y
1,3)
limf(x)=lim(x-=2)=c—-2=1f(c)
X—C X—C

Thus, fiscontinuous at all pointsx > 1.

Case 3 If ¢ = 1, then the left hand limit of f at

x=1is X

limf(X)=lim(x+2)=1+2=3 a,-1)
Xx—1 Xx—1

Theright hand limitof fat x=11is T+

Iinl] f(x)= Iinl](x—2)=1—2=—1 A
X—! X—>
Sincetheleft and right hand limitsof fat x =1 Fig 5.4

donot coincide, f isnot continuousat x= 1. Hence
x=listheonly point of discontinuity of f. Thegraph of thefunctionisgiveninFig5.4.

Example 11 Find all the points of discontinuity of the function f defined by
X+2,if x<1

f(x) = 0, if x=1

x—2,if x>1

> <

1,3)

Solution Asinthe previous example wefind that f
is continuous at all real numbers x # 1. The left
hand limitof fatx=11is

IirI] f(x)= IiT(x+2)=1+2=3

X—> x—=1"

Theright hand limitof fat x=11is
limf(x)=Ilim(x-2)=1-2=-1
x—1* x—1"

Since, theleft and right hand limitsof fatx =1
do not coincide, fis not continuous at x=1. Hence v
x = 1 isthe only point of discontinuity of f. The _
graph of the functionisgivenin the Fig 5.5. Fig 55
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Example 12 Discuss the continuity of the function defined by

X+ 2,if x<0
69 = —Xx+2,if x>0

Solution Observe that the function is defined at al real numbers except at 0. Domain
of definition of thisfunctionis

D,uD,where D, ={xe R:x<0} and
D,={xe R:x>0}

Case 1 If ce D,, then limf(x)=lim (x + 2)
X—C X—C

=c+2=1f(c) and hencefiscontinuousin D,. X’

Case 21f ce D, then [Imf(x)=lim (—x+ 2)
X—C X—C

=—c+2=1f(c) and hence f is continuous in D,
Sincefiscontinuousat all pointsin the domain of f,
we deduce that f is continuous. Graph of this \
function isgivenin the Fig 5.6. Note that to graph Fig5.6
thisfunction we need to lift the pen from the plane

of the paper, but we need to do that only for those points where the function is not
defined.

Example 13 Discuss the continuity of the function f given by

X, if x=0 ¥
f = —2,4) f---meeen
® X%, if x<0 ( )i

Solution Clearly the function is defined at

every real number. Graph of the function is

giveninFig5.7. By inspection, it seems prudent

to partition the domain of definition of f into X5

three digjoint subsets of thereal line.

Let D,={xe R:x<0},D,={0} and Y
D,={xe R:x>0} Fig5.7

LD

Case 1 Atany pointin D , we have f(x) = x* and it is easy to see that it is continuous
there (see Example 2).

Case 2 At any point in D,, we have f(x) = x and it is easy to see that it is continuous
there (see Example 6).
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Case 3 Now we analyse the function at x = 0. The value of the function at 0isf(0) = 0.
Theleft hand limit of fatOis
lim f(x)=limx*=0*=0

x—0" x—0"

Theright hand limitof fat Ois
lim f(x)=limx=0
x—0"

x—0*

Thus lim f (x)=0= f(0) and hence f is continuous at 0. This means that f is
x—0

continuous at every point in its domain and hence, f isa continuous function.
Example 14 Show that every polynomial function is continuous.

Solution Recall that a function p is a polynomial function if it is defined by
p(x) =a,+a x+ ... +a x"for some natural number n, a_ # 0and a € R. Clearly this
function is defined for every real number. For afixed real number c, we have

lim p(x) = (0

By definition, p is continuous at c. Since ¢ isany real number, p is continuous at
every real number and hence p is a continuous function.

Example 15 Find all the points of discontinuity of the greatest integer function defined
by f(x) = [X], where [X] denotes the greatest integer less than or equal to x.

Solution First observe that f is defined for al real numbers. Graph of the function is
given in Fig 5.8. From the graph it looks like that f is discontinuous at every integral
point. Below we explore, if thisistrue.

Y

N

(0, 3) - *—0
©,2) T —o
0,1) + e—o

(3,0 (1,020  40)

X'¢ —t—— —t——t>
(-4,0) (-2,0) (1,0 (3,00 (5,0

(0]
(09 _1)
—o +(0,-2)
—o0 T (0,-3)

v
Yi
Fig5.8
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Case 1 Let ¢ beareal number which isnot equal to any integer. It isevident from the
graph that for al real numbers close to ¢ the value of the function is equal to [c]; i.e.,

lim f (x) =lim[x] =[c].Alsof(c) =[c] and hencethefunctionis continuous at all real
X—C X—C

numbers not equal to integers.
Case 2 Let ¢ be an integer. Then we can find a sufficiently small real number
r>0suchthat [c—r] =c—1whereas[c+r] =cC.
This, in terms of limits mean that
limf(x)=c-1, limf(x)=c
X—C" X—C
Since these limits cannot be equal to each other for any c, the function is
discontinuousat every integral point.
5.2.1 Algebra of continuous functions

In the previous class, after having understood the concept of limits, we learnt some
algebraof limits. Analogoudly, now wewill study somealgebraof continuousfunctions.
Since continuity of afunction at apoint isentirely dictated by the limit of thefunction at
that point, it is reasonable to expect results analogous to the case of limits.

Theorem 1 Suppose f and g be two real functions continuous at a real number c.
Then

(1) f+giscontinuousat x =c.
(2) f—giscontinuousat x = c.
(3) f.giscontinuousat x = c.

4 [iJ is continuous at X = ¢, (provided g(c) # 0).
g

Proof We are investigating continuity of (f + g) at x = c. Clearly it is defined at
X = ¢. We have

IXi_r]g(f +0)(x) = IXi_r]g[f(x)+g(x)] (by definition of f + g)

= IXI_r]g f(X)+|Xi_r]gg(X) (by thetheorem on limits)

=f(c) + g(c) (asf and g are continuous)
= (f+9) (0 (by definition of f + g)
Hence, f + g is continuous at x = c.
Proofs for the remaining parts are similar and left as an exercise to the reader.
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Remarks

(i) Asaspecia case of (3) above, if f isaconstant function, i.e., f(X) = A for some
real number A, then the function (A . g) defined by (A . @) (X) = A . g(X) isalso
continuous. In particular if A =—1, the continuity of fimplies continuity of —f.

(i) Asaspecia case of (4) above, if f isthe constant function f(x) = A, then the

function % defined by %(x) =ﬁ is also continuous wherever g(x) # 0. In

particular, the continuity of g impliescontinuity of % .

The above theorem can be exploited to generate many continuousfunctions. They
alsoaid indeciding if certain functions are continuous or not. Thefollowing examples
illustratethis:

Example 16 Prove that every rational function is continuous.
Solution Recall that every rational function f is given by

f(x) :M, g(x)=0
a(x)
where p and g are polynomial functions. The domain of fis all real numbers except
pointsat which qiszero. Since polynomial functionsare continuous (Example 14), fis

continuous by (4) of Theorem 1.
Example 17 Discuss the continuity of sine function.
Solution To see this we use the following facts
[imsinx=0
x—0
We have not proved it, but isintuitively clear from the graph of sin x near 0.

Now, observe that f(x) = sin x is defined for every real number. Let ¢ be a real
number. Put x = ¢ + h. If X — ¢ we know that h — 0. Therefore

lim f(x) = limsinx

X—C X—C
= Ll_r>1(1)5|n(c+ h)
= Ling[sinccosh+coscsinh]
= lim[sinccosh] + lim[coscsinh]

h—0 h—0
=sinc+0=sinc="f(c)
Thus lim f(x) = f(c) and hence f is a continuous function.
X—C
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Remark A similar proof may be given for the continuity of cosine function.

Example 18 Prove that the function defined by f (x) = tan x is a continuous function.

Solution The function f(x) = tan x = % _Thisis defined for all real numbers such

T
that cos x # 0, i.e, X # (2n +1)§ . We have just proved that both sine and cosine
functions are continuous. Thus tan x being a quotient of two continuous functionsis
continuous wherever it is defined.

An interesting fact is the behaviour of continuous functions with respect to
composition of functions. Recall that if f and g are two real functions, then

(fog) (¥ =f(9()
is defined whenever the range of g is asubset of domain of f. The following theorem
(stated without proof) captures the continuity of composite functions.

Theorem 2 Suppose f and g are real valued functions such that (f o g) is defined at c.
If giscontinuous at ¢ and if f is continuous at g (c), then (f o g) is continuous &t c.

Thefollowing examplesillustrate thistheorem.
Example 19 Show that the function defined by f (x) = sin (x?) isacontinuous function.

Solution Observe that the function is defined for every real number. The function
f may be thought of as a composition g o h of the two functions g and h, where
g(x) =sinxand h(x) = x2. Since both g and h are continuous functions, by Theorem 2,
it can be deduced that f is a continuous function.

Example 20 Show that the function f defined by
fO) =11 —x+x]},
where x isany real number, is acontinuous function.
Solution Definegby g(x) =1 —x+ |x| and h by h(x) = |x]| for al real x. Then
(hog) (x) =h(g(x)
=h(-x+[x)
= [1=-x+ [x[[=1(X)

In Example 7, we have seen that h is a continuous function. Hence g being a sum
of apolynomial function and the modulus function is continuous. But then f being a
composite of two continuous functionsis continuous.
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|EXERCISE 5.1

Provethat the function f (x) = 5x — 3 iscontinuousat x =0, at x=—3and at x = 5.
Examine the continuity of the functionf(x) =2x—1at x= 3.
Examinethefollowing functionsfor continuity.

(@ f(x)=x-5 (b) f(x)=é,x¢5

2
xX°—25
c) f(xX) = , X#-5 d f(xX)=|x-5
(© f09==—¢ @ f()=Ix-5|
Prove that the function f(x) = X" is continuous at x = n, where n is a positive
integer.

Isthe function f defined by

f(x)={x’ if x<1

5 if x>1
continuous at X = 0?At x = 1?At x =27

Find all points of discontinuity of f, wheref isdefined by

6.

8.

10.

12.

13.

%3 if x<2 [x]+3, if x<-3
x+3, if x< .
f(xX)= _ 7. f(X)=4 —2%, if —3<x<3
2x-3, if x>2 )
6x+2, if x>3
X it x 20 X if x<0
f(X)=1 x 9. f(X)=1]x]
0, if x=0 -1, if x>0
£ () {X"‘l if x>1 x3-3, if x<2
X) = . 11. f(x)= ’
X +1if x<1 ) X2 +1, if x>2

X2, if x>1

Isthe function defined by

£ (x) = X+5, ?f x<1
x-=5, if x>1

10 4
f(x)={x 1, if x<1

acontinuous function?
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Discuss the continuity of the function f, where f is defined by

3 if 0<x<1 2x, if x<0
14. f(X)=<4, if 1<x<3 15. f(X)=40, if 0<x<1
5, if 3<x<10 4x, if x>1
-2, if x<-1
16. f(x)=42x if -1<x<1
2, if x>1

17. Find the relationship between a and b so that the function f defined by
£ (x) = ax+1, ?f Xx<3
bx+3, if x>3

iscontinuous at x = 3.
18. For what value of A isthe function defined by

2 . <
F(x)= A (X" —2x), ff x<0
4x +1, if x>0
continuous at X = 0? What about continuity at x = 1?

19. Show that the function defined by g (x) = x—[X] is discontinuous at al integral
points. Here [X] denotes the greatest integer less than or equal to x.

20. Isthefunction defined by f(X) = x2—sin x + 5 continuous at X = ©?
21. Discussthe continuity of thefollowing functions:
(@ f(x) =sinx+cosx (b) f(x) =sinx—cosx
(c) f(X)=sinx.cosx
22. Discussthe continuity of the cosine, cosecant, secant and cotangent functions.
23. Findall pointsof discontinuity of f, where
(%) = S—ZX, if x<0
x+1 if x=0
24. Determineif f defined by
£ = xzsin%, if x=0
0, if x=0
isacontinuousfunction?
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25. Examine the continuity of f, where f is defined by
-1, if x=0

Find the values of k so that thefunction fiscontinuous at theindicated point in Exercises
26 t0 29.

f(x)z{sinx—cosx, if x£0

kcosx . T
o |fx¢§ -
26. f(x)=4"" ax=
3, if x=2
2
f(0)= ko, if x<2
27. 3 if x> ax=2
£(x) = kx+1, if x<m
28. “lcosx, if x>w ax=n
£(x) = kx+1, if x<5
29. "~ 13x-5, if x>5 ax=>5
30. Find the values of a and b such that the function defined by
5 if x<2
f(x)=<ax+b, if 2<x<10
21, if x>10

isacontinuous function.
31. Show that the function defined by f (x) = cos (x?) is a continuous function.
32. Show that the function defined by f(x) = | cos x| is a continuous function.
33. Examinethat sin | x| isacontinuous function.
34. Find all the points of discontinuity of f defined by f(x) = |x|—|x+ 1|.

5.3. Differentiability

Recall the following facts from previous class. We had defined the derivative of areal
function asfollows:

Supposefisareal functionand cisapointinitsdomain. Thederivativeof fat cis
defined by

lim f(c+h)—f(c)
h—0 h
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d
provided this limit exists. Derivative of f at ¢ is denoted by f ’(c) or &( f(X) .. The

function defined by
f(x+h)—f(x)
h
wherever the limit exists is defined to be the derivative of f. The derivative of f is

/(9 =lim

d : dy ..
denoted by f”(x) or &(f (X)) or if y = f(x) by o y’. The process of finding
derivative of afunction is called differentiation. We also use the phrase differentiate
f(X) with respect to x to mean find f’(x).

The following rules were established as a part of algebra of derivatives:
1) uUzxvw=uzVv
(2) (uv) =u’v+uv (Lebnitz or product rule)

3) (Hj - u’v—2W , wherever v # 0 (Quotient rule).

% %
Thefollowing table givesalist of derivatives of certain standard functions:
Table5.3
f(x) X" sinx COS X tan x
f(x) nx"-1 COS X —sinx | sec? x

Whenever we defined derivative, we had put a caution provided the limit exists.
Now the natural questionis; what if it doesn’t? The question isquite pertinent and sois

f(c+h)—
h

itsanswer. If lim f©) does not exist, we say that fisnot differentiable at c.

h—0
In other words, we say that afunctionfisdifferentiableat apoint cinitsdomainif both

lim f(c+h)—f(c) and lim f(c+h)—f(c)
h—0~ h h—0* h

to bedifferentiableinaninterval [a, b] if itisdifferentiable at every point of [a, b]. As
in case of continuity, at the end pointsa and b, wetake theright hand limit and | eft hand
limit, which are nothing but left hand derivative and right hand derivative of thefunction
at a and b respectively. Similarly, afunction is said to be differentiable in an interval
(a, b) if itisdifferentiable at every point of (a, b).

arefiniteand equal. A functionis said
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Theorem 3 1If afunctionfisdifferentiable at apoint ¢, thenitisalso continuous at that
point.
Proof Sincef is differentiable at ¢, we have

lim f(x) f(c)_ £(c)
But for x # ¢, we have
F(x) —f(c) = %.(x—q
Therefore lim{f (- f(0)] = ii_rﬂ[%.(x—c)}
or im{01-lim{ (@) = im| L= 1O im0y
=/(c).0=0
or lerrl f(x) =f(c)

Hence f is continuous at x = C.
Corollary 1 Every differentiable function is continuous.

We remark that the converse of the above statement is not true. Indeed we have
seen that the function defined by f (x) = | x| is a continuous function. Consider the | eft
hand limit

lim f(0+h)— f(O):—_h

h—0~ h h

=-1

Theright hand limit
lim f(0+h)— f(0) zbzl
h—0" h h

, . _— . f(0+h)-1f(0)
Since the above left and right hand limits at O are not equal, L@)f

does not exist and hence f is not differentiable at 0. Thus f is not a differentiable
function.
5.3.1 Derivatives of composite functions

To study derivative of composite functions, we start with an illustrative example. Say,
we want to find the derivative of f, where

f(x) =(2x+1)°
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One way isto expand (2x + 1)2 using binomial theorem and find the derivative as
apolynomial function asillustrated below.

d d 3
&f(x) = &[(2x+1) ]

= di (8X% +12x° + 6x+1)
X

= 24x% + 24x + 6
=6 (2x + 1)
Now, observe that f(x) =(hog) (X
where g(x) =2x+ 1 and h(x) = 3. Put t = g(x) = 2x + 1. Then f(x) = h(t) = t. Thus
df dh dt
o " B@r1p=3@x+1p.2=30 2=

The advantage with such observationisthat it ssimplifiesthe calculation in finding
the derivative of, say, (2x + 1)*®. We may formalise this observation in the following
theorem called the chain rule.

Theorem 4 (Chain Rule) Let f bearea valued function which isacomposite of two
dt dv
functionsuandv; i.e, f=vou. Supposet = u(x) and if both o and m exist, we have

df dv dt
dx  dt dx
We skip the proof of thistheorem. Chain rule may be extended asfollows. Suppose
fisareal valued function which is a composite of three functionsu, vand w; i.e.,

f=(wou)ov.Ift=v(x) and s=u(t), then

o _dwou) ot _dw ds dt

dx dt dx ds dt dx

provided all the derivativesin the statement exist. Reader isinvited to formulate chain
rule for composite of more functions.

Example 21 Find the derivative of the function given by f(x) = sin (x?).

Solution Observe that the given function is a composite of two functions. Indeed, if
t = u(x) = x2and v(t) = sin t, then
f(x) = (vou) (X) = v(u(x)) = v(x® = sin x
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Put t = u(x) = X2. Observe that %:cost and %: 2x exist. Hence, by chain rule

X
ﬂ ﬂ ﬂ =cost - 2X
dx dt dx
It isnormal practice to expressthe final result only in terms of x. Thus
df
= cost - 2x = 2X cosX?
dx
Alternatively, We can also directly proceed as follows:

dy

. d,.
=sn(¥) = L =—(9nx?
y () v OIX( )

d
= Cos X2 ax (X3 = 2x cos x2

Example 22 Find the derivative of tan (2x + 3).
Solution Let f(x) = tan (2x + 3), u(x) = 2x + 3 and v(t) = tant. Then
(vou) (X) =v(u(x)) =v(2x + 3) =tan (2x + 3) = f(X)

dv
Thusfisacomposite of two functions. Putt = u(x) = 2x + 3. Then m =sec’t and

% =2 exist. Hence, by chain rule
X

ﬂzﬂ ﬂ_2$c (2x+3)
dx dt dx

Example 23 Differentiate sin (cos (X?)) with respect to x.

Solution Thefunction f (x) = sin (cos (x?)) isacomposition f (X) = (w o v o u) (x) of the
three functions u, v and w, where u(x) = x2, v(t) = cost and w(s) = sin s. Put

t = u(x) = x> and s = v(t) = cos t. Observe that d—choss,ﬁz—sintand ﬂ=2x
ds dt dx

exist for al real x. Hence by a generalisation of chain rule, we have

df _dw ds dt _ 0 = o in 2
x ds dt dx " (6089) . (=sint). (29 = —2xsinx. cos (cos x°)
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Alternatively, we can proceed as follows:
y =sin (cos x?)

dy_d g 2 = 2 9 cos 2
Therefore B dx sin (cos X?) = cos (cos X?) ix (cos x?)

cos (cos X?) (—sin x?) % €9)

=—sin x2 cos (cos X?) (2x)
= — 2x sin X2 cos (cos X?)

|EXERCISE 5.2|
Differentiate the functions with respect to x in Exercises 1 to 8.
1. sn(x®*+5) 2. cos(sinx) 3. sin(ax + b)
sin (ax+b) _
4. sec (tan (4/x)) 5. cos(cx+d) 6. cos X . sir? ()

2y/cot(x?) 8. cos(v/x)

Prove that the function f given by

f(X) =|x=1,xe R
isnot differentiable at x = 1.
10. Provethat the greatest integer function defined by

f(xX) =[¥,0<x<3
isnot differentiableat x=1 and x = 2.

5.3.2 Derivatives of implicit functions

Until now we have been differentiating various functions given in the formy = f (x).
But it is not necessary that functions are always expressed in this form. For example,
consider one of the following relationships between x and y:

X-y-n=0

X+snxy—-y=0
In the first case, we can solve for y and rewrite the relationship asy = x —x. In
the second case, it does not seem that thereisan easy way to solvefor y. Nevertheless,
there is no doubt about the dependence of y on x in either of the cases. When a

relationship between x and y is expressed in a way that it is easy to solve for y and
writey = f(X), we say that y is given as an explicit function of x. In the latter case it
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isimplicit that y isafunction of x and we say that the relationship of the second type,
above, gives function implicitly. In this subsection, we learn to differentiate implicit
functions.

Example 24 Find & if x—y=m.

dx
Solution One way isto solve for y and rewrite the above as
y=X-—T
dy
But then — =1
! ox
Alternatively, directly differentiating the relationship w.r.t., X, we have
d drm
—(X—- - —
oY=

drn
Recall that o means to differentiate the constant function taking value ©

everywhere w.r.t., x. Thus

d d

dX( ) dx(yO
whichimpliesthat
dy dx 1

dx  dx
Example 25 Find % if y+siny =cosx.

Solution We differentiate the relationship directly with respect to x, i.e.,

dy d . d

—+—(9ny) = —(cosX

dx dx( Y) dx( )
whichimpliesusing chainrule

dy dy

—+C0Sy-— =—

dx y dx Snx

o dy ~ sinx

Thisgives & - Licosv cosy
where y(@n+1)n
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5.3.3 Derivatives of inverse trigonometric functions
We remark that inverse trigonometric functions are continuous functions, but we will
not prove this. Now we use chain rule to find derivatives of these functions.

Example 26 Find the derivative of f given by f(x) = sin™! x assuming it exists.
Solution Lety =sint x. Then, x =siny.
Differentiating both sides w.r.t. x, we get

1:cosyﬂ
dx
o d_1 _ 1
whichimpliesthat X~ cosy cos(sSnx)

Observethat thisis defined only for cosy # 0, i.e., sim?t x # —g% e, x#-1,1,

i.e,xe (-1, 1).
To makethisresult abit more attractive, we carry out the following manipulation.
Recall that for x e (—1, 1), sin (sin x) = x and hence

cofy=1—-(sny)?=1-(sn(sin'x)?=1-x2
Also, sincey e (—gg) cosy is positive and hence cosy = /1— x2
Thus, for x e (-1, 1),

dy 1 1
dx cosy . /1—x?

Example 27 Find the derivative of f given by f(x) = tan™ x assuming it exists.

Solution Lety =tan™ x. Then, x = tan y.
Differentiating both sides w.r.t. x, we get

1:sec2y%

whichimpliesthat

ﬂ_ 1 1 _ 1 1
dx sec’y 1+tan’y 1+ (tan(tan™'x))?> 1+ X
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Finding of the derivativesof other inversetrigonometric functionsis|eft asexercise.
Thefollowing tablegivesthe derivatives of theremaining inversetrigonometric functions
(Table5.4):

Table5.4
f(X) cosx cot™x secx cosecx
-1 1 1 -1
O e | 1@ | M-t e -1
Domainof f* | (-1, 1) R (=00, —1) U (1, o0) | (—o0, —1) U (1, o)
| EXERCI SE 5.3

Find — dy inthefollowing:

1. 2x+ 3y=sinx 2. 2x+ 3y=sny 3. ax+ by?=cosy
Xy+y?=tanx+y 5 X+ xy+y*=100 6. X+ xy+xy?+y3=81

2X
7. Sin2y+ COS Xy = K 3. sSin?x + COSZy:]_ 9. y:S'n_l [1+X2j

3x—x3J 1 1
10. y=tan?}| —= |, ———=<X<—4=
y (1—3x2 J3 J3

11. y= cosl{l X j 0<x<1
1+ x?

12. y=sin l{l X J,0<x<l
1+ X2

13. Yy=cos ( 2X j—1<x<1
1+ X2

-1 2 1 1
(2x\/1—x )’_ﬁ< X<ﬁ

14.

y—Sec‘l[ ! j0<x<i
15. \/E
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5.4 Exponential and L ogarithmic Functions

Till now we have learnt some aspects of different classes of functionslike polynomial
functions, rational functions and trigonometric functions. In this section, we shall

learn about a new class of (related) Y

A

functionscalled exponential functionsand
logarithmic functions. It needs to be
emphasized that many statements made
inthissection aremotivational and precise
proofs of these are well beyond the scope
of thistext.

The Fig 5.9 gives a sketch of

Y=H09 =Xy =500 =2, y =, = x° /
andy =f (x) = x*. Observethat the curves
get steeper as the power of X increases. x’« ‘ »X
Steeper the curve, faster is the rate of v
growth. What thismeansisthat for afixed Y’
increment in the value of x(> 1), the Fig 5.9
increment in the value of y = f (x) increases as nincreases for n =1, 2, 3, 4. It is
conceivable that such a statement istrue for al positive values of n, wheref (x) = x".
Essentially, this means that the graph of y = f_(x) leans more towards the y-axis as n
increases. For example, consider f, (x) = x* and f (x) = x*. If x increases from 1 to
2, f,, increases from 1 to 2'° whereas f, increases from 1 to 2'°. Thus, for the same
increment in x, f . grow faster than f, .

Upshot of theabovediscussionisthat the growth of polynomial functionsisdependent
on the degree of the polynomial function — higher the degree, greater is the growth.
Thenext natural questionis: Isthere afunction which growsfaster than any polynomial

function. The answer isin affirmative and an example of such afunctionis
y =f(x) = 10~
Our claimisthat thisfunction f grows faster than f_(x) = x* for any positive integer n.
For example, we can prove that 10" grows faster than f,, (x) = x'®. For large values
of x like x = 10°, note that f | (x) = (10°)** = 10°° whereas f(10%) = 110" = 10,

Clearly f(x) is much greater than f  (x). It is not difficult to prove that for all
x>10% f(x) >, (X). But wewill not attempt to give aproof of thishere. Similarly, by
choosing large values of x, one can verify that f(x) grows faster than f_(x) for any
positiveinteger n.
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Definition 3 The exponential function with positive base b > 1 is the function
y="f(x) =b
Thegraph of y = 10*isgiveninthe Fig 5.9.
It isadvised that the reader plotsthis graph for particular values of blike 2, 3 and 4.

Following are some of the salient features of the exponential functions:

(1) Domain of the exponential functionis R, the set of al real numbers.

(2) Range of the exponential function isthe set of all positive real numbers.

(3) The point (0, 1) is aways on the graph of the exponential function (thisis a

restatement of the fact that b° = 1 for any real b > 1).

(4) Exponential function is ever increasing; i.e., as we move from left to right, the
graph rises above.

(5) For very large negative values of x, the exponentia functionisvery closetoO. In
other words, in the second quadrant, the graph approaches x-axis (but never
meets it).

Exponential function with base 10 is called the common exponential function. In
the Appendix A.1.4 of Class X, it was observed that the sum of the series

1+ < + 1 +...
v 2
isanumber between 2 and 3 and is denoted by e. Using this e asthe base we obtain an
extremely important exponential functiony = e

This is called natural exponential function.

It would beinteresting to know if theinverse of the exponential function existsand
has nice interpretation. This search motivates the following definition.

Definition 4 Let b > 1 be areal number. Then we say logarithm of ato baseb is x if
b*=a.

Logarithm of a to base b is denoted by log, a. Thuslog, a = xif b*=a. Let us
work with afew explicit examplesto get afeel for this. We know 23 = 8. In terms of
logarithms, we may rewrite this aslog, 8 = 3. Similarly, 10* = 10000 is equivalent to
saying log,, 10000 = 4. Also, 625 = 5% = 25% is equivalent to saying log, 625 = 4 or
log,, 625 = 2.

On adlightly more mature note, fixing a baseb > 1, we may look at logarithm as
a function from positive real numbers to all real numbers. This function, called the
logarithmic function, is defined by

log,: R*— R
X — log x=y if b=x
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Asbeforeif the base b = 10, we say it Y y = log,x

»
»

is common logarithms and if b = e, then y =log,x

we say it is natural logarithms. Often

. . . y =log;,x
natural logarithm is denoted by In. In this
chapter, log x denotes the logarithm ,0)
function to base g, i.e., In x will bewritten X+ Tp >X

assmply logx. TheFig 5.10 givestheplots
of logarithm function to base 2, eand 10.

Some of the important observations
about the logarithm function to any base y

YI

b> 1 arelisted below: Fig5.10

D

2
3)
(4)

©)

(6)

We cannot make a meaningful definition of logarithm of non-positive numbers
and hence the domain of log functionis R*.

Therange of log function isthe set of all real numbers.
The point (1, 0) isaways on the graph of the log function.

Thelog functionisever increasing,
i.e.,, as we move from left to right
the graph rises above.

For x very near to zero, the value

of log x can be made lesser than

any given real number. In other X+
words in the fourth quadrant the
graph approachesy-axis (but never
meets it).

Fig 5.11 givesthe plot of y = e*and
y=Inx. Itisof interest to observe

that the two curves are the mirror Fig5.11
images of each other reflected in theliney = x.

Two propertiesof ‘log’ functions are proved below:

D

There is a standard change of base rule to obtain log, p in terms of log, p. Let
log, p=a,log, p=Pandlog, a=y. Thismeansa® =p, bP =pand b’ = a.
Substituting the third equation in thefirst one, we have

(b =be =p
Using thisin the second equation, we get
b =p = b™
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B

whichimplies B=ayora= ; But then

log, p

'og, p = log,a

(2) Another interesting property of the log function is its effect on products. Let

log, pg = . Then b = pq. If log, p = B and log, q =, then b = p and b’ = q.
But then b* = pg = bPbY = bF+
whichimpliesa = +v,i.e,

log, pq = log, p + log, q
A particularly interesting and important consequence of thisiswhen p=g. In
this case the above may be rewritten as

log, p* = log, p +log, p=2log p
An easy generalisation of this (Ieft as an exercise!) is

log, p" =nlog p

for any positive integer n. In fact thisistrue for any real number n, but we will
not attempt to prove this. On the similar linesthe reader isinvited to verify

X
|09b§ =log, x —log, y

Example 28 Isit true that x = €%9* for all real x?

Solution Firgt, observethat thedomain of log functionisset of all positivereal numbers.
So the above eguation is not true for non-positive real numbers. Now, let y = €°9% If
y >0, wemay takelogarithm which givesuslogy =log (€°9¥) =log x. loge=log x. Thus
y = X. Hence x = €°9* is true only for positive values of x.

One of the striking properties of the natural exponential function in differential
calculusisthat it doesn’t change during the process of differentiation. Thisis captured
in the following theorem whose proof we skip.

Theorem 5*

d
(1) Thederivative of e w.r.t., xises i.e, dx () = e

d 1
(2) Thederivative of log x w.r.t., xis 1; i.e, —(logx)=—.
X dx X

* Please see supplementary material on Page 286.
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Example 29 Differentiate the following w.r.t. x:

(i) e~ (i) sin(logx),x>0 (i) cos™ (e (iv) eosx
Solution
(i) Lety=e™ Using chainrule, we have
Yo e
dX_e dx( X)=—€
(i) Lety=sin(logx). Using chain rule, we have
dy d cos (logx)

o ° cos (logx)- » (logx) =

(i) Lety=cos® (). Using chain rule, we have

dy _ _—1.i(e><)_ -

dx  f1-(e")? X 1-
(iv) Lety=e™* Using chainrule, we have

ﬂ — ACOSX - H COSX

vl e>”". (-=snx)=—(gnx) €

| EXERCISE 5.4

Differentiate the following w.r.t. x:

eX

2 es'n X 3 eX
sinx :
4. sin (tanrt e*) 5. log (cos €) 6. &+ +..+e°
COSX
7. \/e&, x>0 8. log (logx),x>1 0. @, x>0

10. cos(logx +€), x>0

5.5. Logarithmic Differentiation

In this section, we will learn to differentiate certain special class of functionsgivenin
theform

y=f(x) = [u(x]"®
By taking logarithm (to base €) the above may be rewritten as

logy = v(x) log [u(x)]

2021-22



CONTINUITY AND DIFFERENTIABILITY 175

Using chain rule we may differentiate thisto get

l.ﬂ:\,(x) 1 u'(x) + V' (X) - log [u(X)]
y dx u(x)
whichimpliesthat
dy | V(X
o y{ 200 U(X)+V(X)- Iog[U(X)]}

The main point to be noted in this method is that f(x) and u(x) must always be
positive as otherwisetheir logarithms are not defined. Thisprocessof differentiationis
known as logarithms differentiation and isillustrated by the following examples:

Example 30 Differentiate /w W.Lt. X
3% +4x+5
_ (x=3) (X* +4)
Solution Let Y=, ———
(3x° +4x+5)

Taking logarithm on both sides, we have

1
logy= ~[log (x—3) +log (¢ + 4) —log (3¢ + 4x+ 5)]

Now, differentiating both sidesw.r.t. X, we get

1dy__[ 1, 6x+4 }

(x-=3) x° +4 3 +4x+5

1 2X 6x+4
< |

(x— 3) NG +4 3x? +4x+5

1 /(x—3)(x2+4) 1 2x  6x+4
T2V 3% +4x+5 | (x=3) x*+4 3% +4x+5

Example 31 Differentiate a w.r.t. X, where a is a positive constant.
Solution Let y = a. Then

logy =xlog a
Differentiating both sides w.r.t. x, we have

ldy

ydx = =loga
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d
or &y =yloga
Th i(ax) = a|
us Ix =a‘loga
. d X d xloga xloga d
—(@*) = —(e =€ —(xloga
Alternatively dX( ) dx( ) dx( ga)

=elva Joga=a*loga.
Example 32 Differentiate x3"*, x > 0 w.r.t. x.
Solution Let y = x8"x, Taking logarithm on both sides, we have

logy =sinxlog x

ldy = d d .
—.— = sinx— (logx) +log x— (snx
Therefore y ok dx( gX) +log dx( )
1y = (sinx) 1+Io X COSX
or ydx = M g
dy {sinx }
— = y| ——+ cosxlogx
or i y ” g

inx| SINX
XX {— + cosx log x}
X

Xsinx—l SN X+ Xs’nx

-cosx logx

Example 33 Find % if y*+x +x=ab

Solution Given that y* + X/ + x* = &P,
Putingu=y,v=xandw=x, wegetu+v+w=a’

Therefore %+d_v+d_vv=
dx dx dx
Now, u = y*. Taking logarithm on both sides, we have
logu=xlogy

Differentiating both sides w.r.t. x, we have
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3%— xi(lo )+lo i(x)
Uik ok 9y Ty
= x1~g+logy~1
y dx
du X dy x| X dy
— —ul——+logy |[=y*|——+lo
D0 vl (ydx QYJ y {ydx QY} (2
Alsov =x
Taking logarithm on both sides, we have
logv=ylog x
Differentiating both sides w.r.t. x, we have
1o y—(Iogx)+Iogxﬂ
v dx dx
= y~i+logx~ﬂ
X dx
dv _ [y dy}
— = V| =+logx—
= dx [x J dx
y dy}
= x¥| Z+logx—=
[X g i - (3)
Agan w=x*

Taking logarithm on both sides, we have
logw = x log x.
Differentiating both sides w.r.t. x, we have

1w xi(lo X)+10 x~i(x)
wodx o ax 9 9
= x-1+logx~1
X
| W @
i.e ix =w ( 0g X)
=x*(1+logx) .. (4
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From (1), (2), (3), (4), we have

X dy y dy
yx(;&+logyj+xy(;+logx&j +x(L+logx) =0
X—1 Y ﬂ - X y-1 X
or (x.yt+x.logx) dx——x(1+logx)—y.x —y*logy
dy —[y“logy+ y. XY+ x*(@+log X)]
Therefore v X,y + % logx
| EXERCISE 55|
Differentiate the functions given in Exercises 1 to 11 w.r.t. X.
. o - (x=1 (x-2)
. COSX . COS2X . COS (x—3) (x—4) (x-5)
3. (log x)eosx 4, X — 2snx
AN
5 (x+3)2.(x+4)3. (x+5* 6. (x+;) +x X
7. (log X)* + xlo9x 8. (sinx*+sint /x
X +1
9. SinX 4 1 €OS X 10 XXCOSX+_
X (sinx) Z_1
1
11. (xcosx)* + (Xsinx)*
_ dy T ,
Find i of the functions given in Exercises 12 to 15.
12, w+y=1 13. y*=x
14. (cos x)Y = (cos y)* 15. xy=ex-y

16. Findthe derivative of thefunction givenby f(x) = (1 +X) (1 +x3) (1 +x*) (1 + X5
and hence find f’(2).

17. Differentiate (x2 —5x + 8) (X + 7x + 9) in three ways mentioned below:
(i) by using product rule
(i) by expanding the product to obtain asingle polynomial.
(iii) by logarithmic differentiation.
Do they all give the same answer?
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18. If u, vand w are functions of x, then show that

d e & ey W
dX(u.v.w)—dxv.w u'dx'W u.vdx
intwo ways- first by repeated application of product rule, second by logarithmic

differentiation.

5.6 Derivativesof Functionsin Parametric Forms

Sometimesthe relation between two variablesis neither explicit nor implicit, but some
link of athird variable with each of thetwo variables, separately, establishesarelation
between the first two variables. In such a situation, we say that the relation between
them isexpressed viaathird variable. Thethird variableis called the parameter. More
precisely, a relation expressed between two variables x and y in the form
x=f(t), y = g(t) issaid to be parametric form with t as a parameter.

In order to find derivative of function in such form, we have by chain rule.

dy _ dy ox

dt — dx dt

dy ¥ d

& _ d X
or o % (Whenever o ;toj

dt

dy g’(t)(dy , dx j _

— = as—=g'(t)and—= f’(t ’
Thus o Pm g'(t) o (t) | [provided f(t) # O]
Example34Findd—,ifxzacose,yzasine.

X

Solution Given that
X=acosh,y=asn6

Theref X asng, Y —acoso
erefore 48 =—asn ' 46 =acos
dy )
acos
Hence ﬂ—ﬁ=—=—cote

dx  dx —asine
de
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Example 35 Find gi if x=at? y = 2at.

Solution Given that x = at?, y = 2at

dx dy
S0 at =2at and E—Za
dy v 2 1
ay _dt _ca_ 1
Therefore - OX  2at 1
dt

Example 36 Find ‘;z:, if x=a (0 +sin0),y=a(l—cosh).

Solution We hav fdx—a1+co 0 & =a(sino
ution We ede—( S)’de_( )
ino 0
asin
Therefore 7dy:_9 = = tang

d —tn
dx  dX a(l+cose) 2
d

D

It may be noted here that

without directly involving themain variablesxandyy.

is expressed in terms of parameter only

2 2 2
Example 37 Find ;ﬂ if x3+y3=as3.
X

Solution Let x=acos® 0,y =asin® 6. Then
2 2 2 2
(acos’0)3 + (asin®0)3
2 2
a3(cos’0+(sin’0) = a3

x
@

+

<
@

1]

2
Hence, x = a cos®0, y = a Sin®0 is parametric equation of x3+y3=a

dx

B . dy _ .
Now 40 =—3acos0snOand 40 =3asin? O cosh

AN
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dy
dy ge 3asin?6cosd \P
_:—:—Z—tane:_3_
Therefore dx = dX —3acos’0sin® X
de
[EXERCISE 5.6/

If xandy are connected parametrically by the equations given in Exercises 1 to 10,

without eliminating the parameter, Find :i .

1. x=2at? y=at 2. X=acosO,y=bcos6

4
3. Xx=s8nt,y=cos2t 4, x:4t,y:T
5. X=c0sB—-cos20,y=sinB—sin20

_ sin®t cos’t
6. x=a(®@—-snB),y=a(l+cos6) 7. x:m,)Fm

t
8. X=a(COSt+|Ogtan§)y:asint 9. x=asech,y=btano

10. x=a(cosO+0sn0), y=a(sino—0 cosb)

11, 1f x=+a™", y=+a® ", show tha ¥ =_Y
dx X

5.7 Second Order Derivative

Let y =f(x). Then

dy _.,
5 =10 (1)

If f'(x) isdifferentiable, we may differentiate (1) again w.r.t. x. Then, the left hand

d(d
side becomes o (d—ij which is called the second order derivative of y w.r.t. x and

2
is denoted by % . The second order derivative of f(x) isdenoted by f”(x). It isalso
X
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denoted by D?y or y” ory, if y = f(x). We remark that higher order derivatives may be
defined similarly.
2

dy

Example 38 Find —- " Jif y=x3+tanx.
X2

Solution Given that y = x® + tan x. Then

% = 3x% + sec? X
2
Therefore d_g/ = 9 (3¢ 1sec?x)
dx dx

=6X+ 2 SeC X . SeC X tan X = 6xX + 2 sec? X tan X

2
Example 39 If y = A sin x + B cos x, then prove that %+ y=0.
X

Solution We have

% =A cosx—Bsinx
d?y d .
and y:&(Acosx—Bsmx)
=—-Asnx—-Bcosx=-y
d?y
Hence — +y=0

dx?
2
Example 40 If y = 3e* + 2e*, prove that %—5%+6y:0.
X X

Solution Given that y = 3e* + 2e*. Then

% = 6e” + 66 = 6 (e + &%)
d?y
Therefore o = 12e* + 18e* = 6 (2e* + 3e¥)
d’y . dy
Hence e + 6y = 6 (2> + 3e¥)

—30(e*+e*)+63e*+2e*)=0
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2
Example 41 If y = sin't x, show that (1 —x?) d—Z—xﬂzo.
dx dx
Solution We havey = sin'x. Then
dy _ 1
& J@-x)
or «/(1—X2)(;—di=1
% a0
dx Cdx
d’y dy d
1-x%) —+—=2-—(J1-x))=0
or Jady S5+ 22 (a-)
d d 2X
o -X) T g =0
dx”  dx 21— x2
Hence (1—X2)ﬂ—xﬂ=0
x> dx
Alternatively, Given that y = sinx, we have
Y= ie, (1) y2 =1
So (1-%%). 2%y, + ¥/ (0-2X) =0
Hence (1-x)y,—xy,=0
| EXERCISE 5.7
Find the second order derivatives of the functions given in Exercises 1 to 10.
1. X*+3x+2 2. x* 3. X.cosX
4. logx 5. X3 log x 6. e“sin5x
7. €*cos 3x 8. tantx 9. log(logx)
10. sin(logx) d%y

11. If y=5cosx—3sinx, prove that F+ y=0
X
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2

12. Ify=cos*x, Find %intermsofyalone.
X
13. Ify=3cos(log x) +4sin (log x), show that x*y, + xy, +y=10
d2
14. If y = Ae™ + Be™, show that KZ_(W n)é—‘iﬂhy:o

d2y
15. If y=500e™ + 600e ™, show that s =49y

d2y dy 2
16. If & (x+ 1) =1, show that —2=(—j
dx dx

17. If y = (tan*x)? show that (x* + 1)y, + 2x (x* + 1) y, = 2

5.8 Mean Value Theorem

In this section, we will state two fundamental results in Calculus without proof. We
snall aso learn the geometric interpretation of these theorems.

Theorem 6 (Rolle's Theorem) Let f : [a, b] — R be continuous on [a, b] and
differentiable on (a, b), such that f(a) = f(b), where a and b are some real numbers.
Then there exists some c in (a, b) such that f’(c) = 0.

InFig5.12 and 5.13, graphsof afew typical differentiable functions satisfying the
hypothesis of Rolle'stheorem are given.

N

Fig5.12 Fig5.13

Observe what happens to the slope of the tangent to the curve at various points
between a and b. In each of the graphs, the slope becomes zero at |east at one point.
That is precisely the claim of the Rolle's theorem as the slope of the tangent at any
point on the graph of y = f (X) is nothing but the derivative of f (x) at that point.
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Theorem 7 (Mean Value Theorem) Let f : [a, b] — R be a continuous function on
[a, b] and differentiable on (a, b). Then there exists some c in (a, b) such that

ro-10-1@

Observethat the Mean Value Theorem (MVT) isan extension of Rolle’stheorem.
L et usnow understand ageometric interpretation of the MV T. The graph of afunction
= f(x) isgiven in the Fig 5.14. We have aready interpreted f’(c) as the slope of the

fb)-f(a)
b-a

isthe slope of the secant drawn between (a, f(a)) and (b, f(b)). The MVT states that

thereisapoint cin (a, b) such that the slope of the tangent at (c, f(c)) is same as the

slope of the secant between (a, f(a)) and (b, f(b)). In other words, thereisapoint cin
(a, b) such that the tangent at (c, f(c)) is parallel to the secant between (a, f(a)) and

(b, 1(0)).

tangent to the curvey =f(x) at (c, f(c)). FromtheFig 5.14 it isclear that —~——~

Y
N
b, (b))
,_Q
N (@£ ()
\@ﬂ
X'<€ G - X
YI
Fig5.14

Example 42 Verify Rolle's theorem for the functiony =x2+ 2, a=—2and b= 2.

Solution Thefunctiony = X2 + 2 iscontinuousin [- 2, 2] and differentiablein (— 2, 2).
Also f(— 2) = f( 2) = 6 and hence the value of f(x) at — 2 and 2 coincide. Rolle's
theorem states that thereisapoint c € (— 2, 2), where f’(c) = 0. Since f'(x) = 2x, we
getc=0. Thusat c=0,wehavef(c)=0andc=0¢e (-2, 2).

Example 43 Verify Mean Vaue Theorem for the function f () = x2 intheinterval [2, 4].

Solution Thefunction f (X) = x2iscontinuousin[2, 4] and differentiablein (2, 4) asits
derivative f’(x) = 2xisdefined in (2, 4).
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Now, f(2)=4andf(4) = 16. Hence
f(b)—f(a) 16-4
b-a 4-2

MVT statesthat thereisapoint ¢ € (2, 4) such that f(c) = 6. But f’(x) = 2xwhich
impliesc =3. Thusat c = 3 € (2, 4), we have f’(c) = 6.

6

| EXERCISE 5.8

1. Verify Rolle's theorem for the function f(X) = x2+ 2x—8, x e [— 4, 2].

2. Examineif Rolle'stheoremisapplicable to any of the following functions. Can
you say some thing about the converse of Rolle'stheorem from these example?

(i) f(¥) =[x] forxe [5, 9] (i) f(x) =[x] forxe [-2, 2]
(i) f(x) =x*—1forx e [1, 2]

3. Iff:[-5 5 — R isadifferentiable function and if f’(x) does not vanish
anywhere, then prove that f(— 5) # f(5).

4. Verify Mean Value Theorem, if f(X) = x? —4x — 3 in the interval [a, b], where
a=landb=4

5. Verify Mean Vaue Theorem, if f(X) = x®— 5x2 — 3x in theinterval [a, b], where
a=landb=3. Findal ce (1, 3) for which f’(c) = 0.

6. Examinetheapplicability of MeanValue Theoremfor al threefunctionsgivenin
the above exercise 2.

Miscellaneous Examples

Example 44 Differentiate w.r.t. X, the following function:

(i) 3x+2+ﬁ (i) e *+3costx (i) log, (log x)
X
Solution

1 1

1 = ) -=
(i) Lety= V3X+2+———= (3x+2)2+(2X" +4) 2
V2x2 +4
Note that this function is defined at al real numbers x>—§ . Therefore

dy 1 21 d ( 1) 2 ot d
2 22 (3x+2)? —(Bx+2)+| —= |2 +4) 2 (2 +4
et )* g )+ 35 ) * g )
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3

1 -2 1,0z oo
==(3x+2) 2-(—-| = |(2x"+4) 2-4x
2 2
B 3 3 2X
T 2U3x+2 3
NIE2 (0 )

2
Thisisdefined for al real numbers X>—§.

(i) Let y=e=*+3cos'x
Thisisdefined at every real number in [-1,1]. Therefore
dy _ eseczx~i(sec2x)+3[— 1 j
dx

dx 1-x°

dx

X, Zsecxi (secx)+3| — !
dx 1- %2

:Zsecx(secxtanx)eseczx+3[— ! j

J1-x2
1
1- X2

Observe that the derivative of the given function isvalid only in (— 1, 1) asthe
derivative of cos? x existsonly in (— 1, 1).

log (logx)
(i) Lety=log, (logx) = W (by change of base formula).

_ Zseczxtanxe“”zx+3[—

The function is defined for all real numbers x > 1. Therefore

dy __1.d
&= T axloa loax)

“log7 logx dx

1
~ xlog7logx
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Example 45 Differentiate the following w.r.t. x.

(i) cost(snx) (i) tan—l( sinx ) i) sin‘l( 2x+1J

1+ cosx 1+ 4%

Solution

(i) Letf(x)=cos™*(sinx). Observethat thisfunctionisdefined for al real numbers.
We may rewrite this function as

f(xX) =cos™ (sin x)

salatal

T
=——=X
2

Thus f'(x) =—1

(ii) Letf(x):tan—l( Shx ).Observethat this function is defined for al redl
1+ cosx

numbers, where cos x # — 1; i.e, a al odd multiplies of w. We may rewrite this

functionas
f(x) = tan‘l[ sl )

1+ cosx

tan

- tant tan[éﬂzZ
2 2

is not equal to zero. Thusf’(x) =

2x+1

(i) Letf(x)=sin? (1+ 7

j . Tofind the domain of thisfunctionweneed to find all

X+1

xsuch that —1< — <1. Since the quantity in the middle is always positive,

1+4
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X+1

we need to find all x such that < 1,i.e,dl xsuchthat 221 < 1+ 4, We

X =

1+4

. . 1 S .
may rewrite thisas 2 < > + 2¢which is true for al x. Hence the function

is defined at every real number. By putting 2* = tan 6, this function may be
rewritten as

. _2x+1i|
f(x) = sin*
6 L1+ 4"

= sin‘l_—zx'2 }
_1+(2X )2

= sn

4] 2tan® }
| 1+tan®@
=sin~![sin 26]
=20 =2tan (2
;z.di(ZX)
1+(2¢)" dx
2
1+ 4
_ 2*"'og2
R e
Example 46 Find f’(x) if f(x) = (sinx)s"*for all 0 < x <.

Solution The function y = (sin x)s"*is defined for all positive real numbers. Taking
logarithms, we have

Thus f'(x) = 2-

+(2%)log2

logy =log (sin X)*"*=sin xlog (sin X)

iy _d (sinxlog (sin x))

Then
ydx  dx

=cosxlog (sinx) + sin x i~i(sinx)
9 " sinx dx

=cosx log (sin x) + cos x
=(1+log (sinx)) cosx
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Thus % =y((1 +log (sinx)) cosx) = (1 + log (sin X)) ( sin x)s"* cos x

Example 47 For a positive constant a find % , where

t+} 1 a
y=a !, and x= t+¥
Solution Observe that both y and x are defined for al real t # 0. Clearly

1
d _d (aH%) —a ti(w%}loga

dt  dt dt
1
= atth (l—tizjloga
. dx 17" d 1
Smilaly a =a t+z a t+¥

o )

dx
a;tOonIyift;ti1.Thusfort;til,
dy t+¥1 1 1 |
ﬂzi_ a 2 oga
dX % - 1 a-1 1
at a[”J ' (112)

t+
a 'loga

a-1
aft+1]
t

Example 48 Differentiate sin? X w.r.t. s,

1
t

du/dx
[/ dx

Solution Let u (x) = Sir? x and v (X) = e, We want to find 99 _ . Clearly

%—2 dﬂ— COs X { —_ q Cos X
ix sin X cos x an dx_e (-sinx)=—(sinx) e
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du 2sinxcosx  2c0SX

Thus —_— = -
dv  —sinxe®* %%

Miscellaneous Exercise on Chapter 5

Differentiate w.r.t. X the function in Exercises 1 to 11.

1. (3¢ -9+ 5)° 2. sin®x + cos® x
3. (5x)3cos 4. sini(x \/x),0<x<1
cos X
5. ,—2<X<?2
N2X+7
\/1+sinx+\/1—sinx} T
cot™ eyl
6 L/l+sinx—\/1—sinx 0sx<3
7. (log x)loox, x> 1
8. cos (acosx + b sin x), for some constant a and b.
9. (sin X —cos x) Enx-cosx) E<x<E
4 4

10. xX*+x@+ a*+ a3 for somefixeda>0and x>0

11. x)‘2‘3+(x—3)Xz forx>3

12 Find ¥ ify=12 (1-cost), x= 10 (t—sint), —F<t<®
dx 2772

13. Find %,ify=9n—1x+swl 1—x%2,0<x<1

14. If x\1+y+y+1+x=0,for,—1<x<1, provethat
dy 1

(14
15. If (x—a)* + (y—b)> = c? for some ¢ > 0, prove that

dx?
is a constant independent of a and b.

N w
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16.

17.

18.

19.

20.

21.

22.

23.

MATHEMATICS

2
If cosy =xcos(a+y), with cosa # + 1, prove that ﬂ:w.
dx sina
d?y

Ifx=a(cost+tsint)andy =a(sint—t cost), find v
X

If f(x) = | x , show that f ”(x) exists for all real x and find it.

Using mathematical induction prove that di(x”)znx”‘1 for all positive
X

integers n.
Using thefact that sin (A + B) =sinA cosB + cosA sin B and the differentiation,
obtain the sum formulafor cosines.

Doesthere exist afunction whichis continuous everywhere but not differentiable
at exactly two points? Justify your answer.

f(x) 9(x) h(x) 00 g'(x) h(x)

if y=| | m n |, provetha —=| | m n
dx

a b ¢ a b c

2
If y= eacos’lx ,—1<x<1, show that (1_ XZ)H_ Xg_azy: 0-
dx*  dx

Summary

A real valued functionis continuousat apoint initsdomainif thelimit of the
function at that point equalsthe value of the function at that point. A function
iscontinuousif it iscontinuous on the whole of itsdomain.

Sum, difference, product and quotient of continuous functionsare continuous.
i.e, if f and g are continuous functions, then

(f£0) (x) =f(x) £ g(x) is continuous.
(f.g) () =f(X) . g(x) is continuous.

(ij (¥ = 1o : :
g g(x) (wherever g(x) # 0) is continuous.

¢ Every differentiable function is continuous, but the converseisnot true.
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¢ Chainruleisruleto differentiate composites of functions. If f=vou, t=u(X)

and if both E and ﬂ exist then
dx dt

8 07 &
dx dt dx
¢ Following are some of the standard derivatives (in appropriate domains):
9 (gntx)=—t 9 (costx)=— L
dx 1-x2 dx 1-x2
9 (ot = L e
dx 1+x dx 1+x
_ 1 d -1

—(sectx) = —(cosecx)= ———
X X~y1- X2 dx XA/ x% -1
d (&) = & d 1
== =€ —(logx) ==
dx dx( 9%) X

¢ Logarithmic differentiationisapowerful techniqueto differentiate functions
of the form f(x) = [u (x)]V®. Here both f (x) and u(x) need to be positive for

this technique to make sense.

@ Rolle’sTheorem: If f: [a, b] - R iscontinuouson [a, b] and differentiable
on (a, b) such that f(a) = f(b), then there exists some c in (a, b) such that

f/(c) = 0.

® Mean Value Theorem: If f : [a, b] — R is continuous on [a, b] and
differentiable on (a, b). Then there exists some c in (a, b) such that

f’(c)=

f(b)- f (a)

b-a

4

> —
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Chapter

12079CHO6

APPLICATION OF
DERIVATIVES

+«» With the Calculus as a key, Mathematics can be successfully applied
to the explanation of the course of Nature.” — WHITEHEAD ¢

6.1 Introduction

In Chapter 5, we have learnt how to find derivative of composite functions, inverse
trigonometric functions, implicit functions, exponential functionsand logarithmic functions.
Inthischapter, wewill study applicationsof thederivativein variousdisciplines, e.g., in
engineering, science, social science, and many other fields. For instance, wewill learn
how the derivative can be used (i) to determine rate of change of quantities, (ii) to find
the equations of tangent and normal to acurveat apoint, (iii) to find turning pointson
the graph of a function which in turn will help us to locate points at which largest or
smallest value (locally) of afunction occurs. Wewill also usederivativetofindintervals
on which afunctionisincreasing or decreasing. Finally, we use the derivative to find
approximate value of certain quantities.

6.2 Rate of Change of Quantities

ds
Recall that by the derivative o e mean the rate of change of distance s with

respect to thetimet. In asimilar fashion, whenever one quantity y varies with another

quantity x, satisfying some rule y = f (x), then %{l (or f” (X)) represents the rate of

dy
change of y with respect to x and 3 (or f” (x,)) represents the rate of change
X

X=
of y with respect tox at x= X, .

Further, if two variablesx and y are varying with respect to another variablet, i.e.,
if x=f(t)and y=g(t), then by Chain Rule

ﬂ—ﬂ% f%;to
ax  dt/ at’ '
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Thus, the rate of change of y with respect to x can be calculated using the rate of
change of y and that of x both with respect to t.

Let us consider some examples.

Example 1 Find the rate of change of the area of a circle per second with respect to
itsradiusr whenr =5 cm.

Solution The area A of acircle with radiusr is given by A = nr2. Therefore, the rate

. . L dA d _ ,
of change of the area A with respect to its radiusr is given by E:E(m )=2nr .

Whenr = 5 cm, E=107t. Thus, the area of the circle is changing at the rate of

10n cm?/s.
Example 2 The volume of a cube is increasing at a rate of 9 cubic centimetres per

second. How fast is the surface area increasing when the length of an edge is 10
centimetres ?

Solution Let x be the length of a side, V' be the volume and S be the surface area of
the cube. Then, V = x® and S = 6x?, where x is a function of time t.

dv _
Now 0 9cm?/s (Given)
dav d d dx
Therefore 9 o dt( ) dx( ) ” (By Chain Rule)
= 3X2 %
dt
&_3 )
or e .. (1)
dS d,_, d, o dx ,
— = —(6x°)=—(6Xx")-—
Now m dt( ) dx( ) m (By Chain Rule)
3 36
_12x 2 |22 -
[ij x (Using (1))
ds
Hence, when x=10cm, i 3.6cm?/s
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Example 3 A stone is dropped into a quiet |ake and waves move in circles at a speed
of 4cm per second. At the instant, when the radius of the circular waveis 10 cm, how
fast is the enclosed area increasing?

Solution The area A of acircle with radiusr is given by A = nr?. Therefore, the rate
of change of area A with respect to timet is

Lol i(nrz)—i(nrzrﬂ conr & By Chain Rul
dt T a - o (By Chain Rule)
o dr
Itisgiventhat a = 4cm/s

dA
Therefore, whenr = 10 cm, e =21 (10) (4) = 80=n

Thus, the enclosed areaisincreasing at the rate of 80n cm?/s, when r = 10 cm.

(;_dyx ispositiveif y increases asx increases and is negative if y decreases

as X iNcreases.

Example 4 The length x of arectangle is decreasing at the rate of 3 cm/minute and
thewidth yisincreasing at the rate of 2cm/minute. When x =10cm and y = 6¢m, find
the rates of change of (a) the perimeter and (b) the area of the rectangle.

Solution Sincethe length x is decreasing and the width y isincreasing with respect to
time, we have

%z—Scm/min and ﬂz 2cm/min
dt dt
(@) The perimeter P of arectangleisgiven by
P=2(x+y)
drP dx dy .
— = 2| —+— |=2(-3+2)=-2cm/min
Therefore & (dt + dt) (-3+2) |
(b) TheareaA of therectangleis given by
A=x.y
dA  dx dy
Therefore — = — Y+ X—=
a T
=-3(6) +10(2) (asx=10cmandy=6cm)
=2cm?/min
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Example 5 Thetotal cost C(x) in Rupees, associated with the production of x units of
anitemisgiven by
C(x) = 0.005 x* —0.02 x2 + 30x + 5000
Find the marginal cost when 3 units are produced, where by margina cost we
mean the instantaneous rate of change of total cost at any level of outpuit.

Solution Since marginal cost is the rate of change of total cost with respect to the
output, we have

dc
Marginal cost (MC) = = 0.005(3x%) — 0.02(2x) + 30
When x =3, MC = 0.015(3%) — 0.04(3) + 30

=0.135-0.12 + 30 =30.015
Hence, the required marginal cost is¥ 30.02 (nearly).

Example 6 Thetotal revenuein Rupees received from the sale of x units of a product
is given by R(x) = 3x*> + 36x + 5. Find the marginal revenue, when x = 5, where by
margina revenue we mean the rate of change of total revenue with respect to the
number of items sold at an instant.

Solution Since marginal revenueisthe rate of change of total revenue with respect to
the number of units sold, we have

drR
Marginal Revenue (MR) = &=6x+36
When x =5, MR =6(5) + 36 = 66
Hence, the required marginal revenue is3 66.
| EXERCISE 6.1
1. Find the rate of change of the area of a circle with respect to its radius r when
(@ r=3cm (b) r=4cm

2. The volume of a cube is increasing at the rate of 8 cm®/s. How fast is the
surface area increasing when the length of an edge is 12 cm?

3. Theradiusof acircleisincreasing uniformly at the rate of 3 cm/s. Find the rate
at which the area of the circleisincreasing when the radiusis 10 cm.

4. An edge of avariable cube isincreasing at the rate of 3 cm/s. How fast is the
volume of the cube increasing when the edge is 10 cm long?

5. A stoneisdropped into a quiet lake and waves move in circles at the speed of
5 cm/s. At the instant when the radius of the circular wave is 8 cm, how fast is
the enclosed areaincreasing?
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The radius of acircleisincreasing at the rate of 0.7 cm/s. What is the rate of
increase of its circumference?

The length x of a rectangle is decreasing at the rate of 5 cm/minute and the
widthyisincreasing at therate of 4 cm/minute. When x=8cm andy = 6¢cm, find
the rates of change of (&) the perimeter, and (b) the area of the rectangle.

A balloon, which dwaysremainsspherical oninflation, isbeinginflated by pumping
in 900 cubic centimetres of gas per second. Find the rate at which the radius of
the balloon increases when the radiusis 15 cm.

A balloon, which alwaysremains spherical hasavariableradius. Find therate at
which itsvolume isincreasing with the radius when the later is 10 cm.

A ladder 5 m long is leaning against awall. The bottom of the ladder is pulled
along the ground, away from thewall, at the rate of 2cm/s. How fast isits height
on the wall decreasing when the foot of the ladder is4 m away from the wall ?
A particle moves along the curve 6y = x3 +2. Find the points on the curve at
which the y-coordinate is changing 8 times as fast as the x-coordinate.

1
Theradiusof an air bubbleisincreasing at the rate of 5 cm/s. At what rateisthe

volume of the bubble increasing when the radiusis 1 cm?

3
A balloon, which always remains spherical, has a variable diameter > (2x+1) .

Find the rate of change of its volume with respect to x.

Sand ispouring from apipeat therate of 12 cm¥s. Thefalling sand formsacone
onthe ground in such away that the height of the coneisalwaysone-sixth of the
radius of the base. How fast is the height of the sand cone increasing when the
height is4 cm?
The total cost C(x) in Rupees associated with the production of x units of an
itemisgiven by

C(x) = 0.007x¢ — 0.003x2 + 15x + 4000.
Find the marginal cost when 17 units are produced.
The total revenue in Rupees received from the sale of x units of a product is
givenby

R(x) = 13x% + 26x + 15.

Find the marginal revenue when x=7.

Choose the correct answer for questions 17 and 18.

17.

Therate of change of the area of acircle with respect toitsradiusr at r =6 cmis
(A) 10rn (B) 12n (C) 8n (D) l1=n
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18. The total revenue in Rupees received from the sale of x units of a product is

givenby
R(X) = 3x2 + 36x + 5. The marginal revenue, when x = 15is
(A) 116 (B) 9% (©) 20 (D) 126

6.3 Increasing and Decreasing Functions

Inthissection, wewill usedifferentiation to find out whether afunctionisincreasing or
decreasing or none.

Consider the function f given by f (X) = x4, x € R. The graph of thisfunctionisa
parabola asgiveninFig 6.1.

Valueslefttoorigin Valuesrightto origin
X [ f(X)=x X X | fx=x
-2 4 0 0
_S J 1 1
2 4 £ 2 4
xl]
-1 1 . height of 1 1
1 1 graph at x, 3 9
2 4 X'+ 2 — ol 1 xolz X | 2 4
0 0 T 2 4
as we move from left to right, the v as we move from left to right, the
height of the graph decreases Y height of the graph increases

Fig 6.1

First consider the graph (Fig 6.1) to the right of the origin. Observe that as we
movefrom left to right along the graph, the height of the graph continuously increases.
For thisreason, the function is said to be increasing for the real numbersx > 0.

Now consider the graph to the left of the origin and observe here that as we move
from left to right along the graph, the height of the graph continuously decreases.
Consequently, the function is said to be decreasing for the real numbers x < 0.

We shall now give the following analytical definitions for a function which is
increasing or decreasing on an interval.
Definition 1 Let | be an interval contained in the domain of area valued function f.
Then fissaid to be
(i) increasingon |l if x, <x,inl =f(x) <f(x) foral x, x, e I.
(i) decreasing on I, if x,, X, in | =f(x) <f(x) for dl x, x, € I.
(ii) constant on 1, if f(x) = cfor al x € 1, where c is a constant.

2021-22



200 MATHEMATICS

(iv) decreasingon | if x, <x,inl = f(x)>f(x) foral x, x, € I.
(v) strictly decreasingon | if X, <x, inl = f(x) >f(x) foral x, x, e 1.
For graphical representation of such functions see Fig 6.2.

| / \‘t{\ |
X< X X OJ, X X<g X
/ Y’
Y’ MY
Srictly Increasing function  Strictly Decreasing function Neither Increasing nor
() (ii) Decreasing function
(iii)
Fig 6.2

We shall now define when afunction isincreasing or decreasing at a point.

Definition 2 Let x, be apoint in the domain of definition of areal valued function f.
Then f issaid to be increasing, decreasing at X if there exists an open interval |
containing X, such that f isincreasing, decreasing, respectively, in .

Let usclarify thisdefinition for the case of increasing function.

Example 7 Show that the function given by f(x) = 7x — 3 isincreasing on R.

Solution Let x; and X, be any two numbersin R. Then
X <X, = X <7X, = 7X, —3<7X,-3= f(x) <f(x)
Thus, by Definition 1, it followsthat fisstrictly increasingon R.

We shall now givethefirst derivativetest for increasing and decreasing functions.
The proof of this test requires the Mean VValue Theorem studied in Chapter 5.

Theorem 1 Let f be continuous on [a, b] and differentiable on the open interval
(a,b). Then

(@) f isincreasingin[a,b] if f'(x) > 0 for each x € (a, b)

(b) f isdecreasingin[a,b] if f’(xX) <0 for each x € (a, b)

(c) f isaconstant functionin[ab] if f’(x) = 0 for each x € (a, b)
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Proof (a) Let x, X, € [a, b] be such that x, < X..

Then, by Mean Value Theorem (Theorem 8 in Chapter 5), there exists a point ¢
between x, and X, such that

f(x) —f(x) = £(0) (X, — X)
ie f(x) —f(x) >0 (asf’(c) > O (given))

i.e f(x) >f(x)
Thus, we have

<X f(x) f(x), fordlx,x, [ab]
Hence, f isanincreasing function in [a,b].

The proofs of part (b) and (c) are similar. It isleft as an exercise to the reader.

Remarks

Thereis amore generalised theorem, which states that if f¢(x) > O for x in an interval
excluding theend pointsand fiscontinuousin theinterval, then fisincreasing. Similarly,
if f¢(x) < O for x in an interval excluding the end points and f is continuous in the
interval, then f is decreasing.

Example 8 Show that the function f given by
f(X) = -3 +4x,xe R
isincreasingon R.
Solution Note that
f'(X) =3¢ —-6x+4
=3(x*-2x+1)+1
=3(x—1)>+1>0, inevery interval of R
Therefore, the function fisincreasing on R.
Example 9 Prove that the function given by f(x) = cos x is
(a) decreasingin (0, w)
(b) increasingin (w, 2r), and
(c) neither increasing nor decreasing in (0, 2m).
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Solution Note that f’(x) = —sin x

(8 Sincefor eachx e (0, ), sin x>0, we havef’(x) < 0and sof is decreasing in
(O, m).

(b) Sincefor eachx e (m, 2r), sSinx <0, we havef’(x) >0and so fisincreasing in
(7, 2m).

(c) Clearly by (a) and (b) above, f isneither increasing nor decreasing in (0O, 2r).

Example 10 Find the intervals in which the function f given by f(X) = x2—4x + 6is

(a) increasing (b) decreasing
Solution We have :
—© 2 +0o0
f(x) = xX-4x+6 _
or f/(x) = 2x—4 Fig6.3

Therefore, f/(X) = 0 gives x = 2. Now the point x = 2 divides thereal line into two
digointintervalsnamely, (—e, 2) and (2, «) (Fig 6.3). Intheinterval (—oo, 2), f’(X) = 2x
—-4<0.

Therefore, f isdecreasing in thisinterval. Also, in theinterval (2,00), f’(x)>0
and so the function f isincreasingin thisinterval.

Example 11 Find theintervalsin which the function f given by f (X) = 4x® — 6x2 — 72x
+30is(a) increasing (b) decreasing.

Solution We have

f(x) = & —-6x°—72x+ 30

or f/(X) = 12¢—-12x—72
12(x2 — x — 6)
12(x-3) (x + 2)

Therefore, f/(x) = 0 givesx = —2, 3. The } }
pointsx =—2and x = 3dividestheredl lineinto ~ -2 3 +oo
threedisjoint intervals, namely, (oo, —2), (-2, 3) Fig6.4
and (3, ).
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Intheintervals (—oo, —2) and (3, «0), f’(X) is positive whilein theinterval (-2, 3),
f’(x) is negative. Consequently, the function f is increasing in the intervals
(=0, —2) and (3, =) whilethe function isdecreasing in theinterval (—2, 3). However,
fisneither increasing nor decreasing in R.

Interval Sign of f’(x) Nature of function f

(o0, —2) = E=>0 fisincreasing
(-2,3 ) H#H <0 f is decreasing
(3, ) (+)(+)>0 fisincreasing

T
Example 12 Find intervalsin which the function given by f (x) = sin 3x, Xe€ [O’E} is
(a) increasing (b) decreasing.

Solution We have

f(x) =sin3x
or f’(X) = 3cos 3x
’ . 4 2 . T STC T
Therefore, f/(X) =0givescos 3x = 0whichinturngives 3X=E,7 (as xe O’E
. . 3r U T . T . T
implies 3xe | 0,— |). So X=— and < . Thepoint X=— dividestheinterval [O,—}
2 6 2 6 2
T f f f
into two digoint intervals {O,—j and (E,E : 0 o I
6 62 6 2
Fig6.5

T
Now, f’(x)>0 for all X€ {Ogj asogx<%:>og3x<g and f’(x)<0 for

T T
al Xe (—,—) asE<x<E:>E<3x<%.
6 2 6 2 2 2
. N LS . . [®mm
Therefore, fisincreasing in [OEJ and decreasing in (E’E)'
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i
Also, thegivenfunctioniscontinuousat x=0and X=— . Therefore, by Theorem 1,

T T
fisincreasingon | 0.~ | and decreasingon | =:7 |.
6 6 2
Example 13 Find the intervals in which the function f given by
f(X) =sinx+cosx, 0<x<2n
isincreasing or decreasing.

Solution We have

f(X) = sinx + cos X,
or f’(X) =cosx—sinx
T
Now f’(x)=0 givessinx=cosxwhich gives that X=—, — as 0< x<2xn
i T 5r
Thepoints X:Z and X=—-

2 dividetheinterval [0, 2] into threedigoint intervals,

: 5 0
pmay. [0, (5.5 ) na 27 !

sm

2T
4
Fig6.6
, ( T 5r
Notethat f’(X)>0if xe {O,—ju(T,Zn}
- . : T o
or f isincreasing in the intervals {Ozj and (T,ZR}
Also

£/(x)<0 if xe(7t 5")

or

f isdecreasing in 17
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Interval Signof f’(x) Nature of function
T

{O’Zj >0 f isincreasing
(E 51) . .
1’2 <0 f isdecreasing
51

[7124 >0 f isincreasing

|EXERCISE 6.2|

Show that the function given by f (x) = 3x + 17 isincreasing on R.
Show that the function given by f (X) = e>*isincreasing on R.
Show that the function given by f (X) = sinxis

T T
(a) increasingin [OEJ (b) decreasingin [Eﬁj
(c) neither increasing nor decreasing in (O, )
Find the intervalsin which the function f given by f(x) = 2x2—3x s

(@) increasing (b) decreasing
Find the intervals in which the function f given by f(x) = 23 —-3x>—-36x + 7 is
(@) increasing (b) decreasing

Find the intervals in which the following functions are strictly increasing or
decreasing:
(@ x+2x-5 (b) 10-—6x—2x2
(c) -2 -9 —-12x+1 (d 6—-9x—x2
(€) (x+1)*(x-3)
2X . . . .
Show that y=Ilog(1+ X)—m, X > —1, is an increasing function of x
throughout itsdomain.
Find the values of x for which'y = [x(x — 2)]? is an increasing function.

Prove that y:ﬂ—e isanincreasing function of g in O,E .
(2+ cos6) 2

Provethat the logarithmic functionisincreasing on (0, ).
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Prove that the function f given by f(x) = x> —x + 1 is neither strictly increasing
nor decreasing on (— 1, 1).

Which of the following functions are decreasing on 0,% ?

(A) cos x (B) cos 2x (C) cos 3x (D) tan x
On which of the following intervalsis the function f given by f (X) =x'® + sin x—1
decreasing ?
T T
(A) (0,1 (B) E,n ©) O’E (D) None of these

For what values of a the function f given by f(x) =x2 + ax + 1lisincreasing on
[1,2]?
Let | be any interval digoint from [-1, 1]. Prove that the function f given by

f(xX)= x+% isincreasingon .

Prove that the function f given by f(x) = log sin x isincreasing on (og) and

decreasing on (gnj

Prove that the function f given by f (X) = log |cos x| is decreasing on (Ogj and
. . (371: j

increasing on > 2n .

Prove that the function given by f (x) = x* —3x2 + 3x — 100 isincreasing in R.

Theinterval inwhichy = x2 e*isincreasing is
(A) (Foo,0)  (B) (=200 (O (2~) (D) (0,2

6.4 Tangentsand Normals

In this section, we shall use differentiation to find the equation of the tangent line and
the normal lineto acurve at agiven point.

Recall that the equation of a straight line passing through a given point (X, y,)

having finite lope misgiven by

y-y,= m(x—xo)
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Note that the slope of the tangent to the curvey =1 (X)

at the point (x,, y,) is given by %} (=1'(x)). So
(x0:Y0)

the equation of the tangent at (x,, y,) tothecurvey=f(x)
isgiven by
y-— yo = f,(XO)(X - Xo)
Also, sincethennormal isperpendicular to the tangent,
the slope of the normal to the curvey =f(x) at (x,, Y,) is

1 _ Fig6.7
)’ if f’(x,)#0. Therefore, the equation of the

normal to the curvey =f(x) at (x,, y,) isgiven by

y_yo: f,(

1
%) (X=%)

i.e. (Y= ¥o) F(0) + (x=%) =0
|@— Note|If atangent line to the curvey = f (x) makes an angle 6 with x-axisin the
dy

positivedirection, then v slope of the tangent = tan® .

Particular cases

(i) If slope of the tangent lineis zero, then tan 6 = 0 and so 6 = 0 which meansthe
tangent lineis parallel to the x-axis. In this case, the equation of the tangent at

the point (x,, y,) isgivenby y =y,.

@ Ife —>g , then tan 6 — <, which meansthe tangent lineis perpendicular to the

x-axis, i.e., parale to the y-axis. In this case, the equation of the tangent at
(X, Y,) isgiven by x=x (Why?).

Example 14 Find the slope of the tangent to the curve y =x® —xat x = 2.

Solution The slope of the tangent at x = 2 is given by

dy 2
o * 3x —1]X:2_11.
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Example 15 Find the point at which the tangent to the curve y=+/4x—3 -1 hasits

2
slope§.
Solution Slope of tangent to the given curve at (X, y) is
dy 1 = 2
— = —(4x-3)24=
dx 2( ) Jax-3
2
The slopeisgivento be 3
2 2
= Vax-3 7 3
or 4x—-3=9
or x=3
Now Y=+v4Xx-3-1 Sowhenx=3, y=44(3 -3-1=2.

Therefore, the required point is (3, 2).
Example 16 Find the equation of all lines having slope 2 and being tangent to the curve

2

y+m= 0.

Solution Slope of the tangent to the given curve at any point (X,y) isgiven by
dy 2
dx  (x-23)?

But the ope isgiven to be 2. Therefore

2 j—
-9 °

or x=3)32=1

or x—3=%1

or Xx=2,4

Now x =2 givesy =2 and x = 4 givesy = — 2. Thus, there are two tangentsto the
given curve with slope 2 and passing through the points (2, 2) and (4, — 2). The equation
of tangent through (2, 2) isgiven by

y—2=2(x-2)
or y—-2x+2=0
and the equation of the tangent through (4, — 2) is given by
y-(=2) =2(x-4)
or y—-2x+10=0
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2 2

Example 17 Find pointson the curve XZ + % =1 at whichthetangentsare (i) parallel
tox-axis (ii) parallel to y-axis.
X2 y2
Solution Differentiating 7 +E =1 with respect to x, we get
X, 2ydy
2 25dx
dy 25X
or & = 4 y
(i) Now, thetangent isparallel to the x-axisif the slope of the tangent is zero which
2 2

gives _—255:0.Thisisp0$ibleif x=0. Then —+y—:lfor x =0 gives
4y 4 25

0

y?=25,i.e,y=+5.
Thus, the points at which the tangents are parallel to the x-axis are (0, 5) and
(0, -5).
(i) Thetangent lineisparale to y-axisif the slope of the normal is 0 which gives
2 2

4y . X Yy .
L .e,y=0. —+—=1 = =+2
e 0,i.e,y=0. Therefore, 2 o8 fory=0givesx 2. Hence, the

points at which the tangents are parallel to the y-axisare (2, 0) and (-2, 0).
Example 18 Find the equation of the tangent to the curve y= #_(:_3) at the

point where it cuts the x-axis.

Solution Note that on x-axis, y = 0. So the equation of the curve, wheny = 0, gives
x = 7. Thus, the curve cutsthe x-axis at (7, 0). Now differentiating the equation of the
curve with respect to x, we obtain

dy _ 1-y(2x-5)

- (x-2(x=3y W)

or dx =

ﬂ} 1-0 _ 1
70 ()@ 20
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1
Therefore, the slope of the tangent at (7, 0) is 20" Hence, the equation of the

tangent at (7, 0) is
1
—0=—(x-7 or 20y-x+7=0
y o*= 7 y
2 2
Example 19 Find the equations of the tangent and normal to the curve x2 + y3 =2
a (1, 1).

2 2
Solution Differentiating x3 + y3 = 2 with respect to x, we get

-1 -1
_X3 +Ey3 ﬂ = 0
3 37 dx
dy 1
Y__(Yp
Therefore, the slope of the tangent at (1, 1) is %} =-1
wy

So the equation of the tangent at (1, 1) is
y—1=-1(x-121) or y+x—-2=0
Also, the slope of the normal at (1, 1) isgiven by
-1 _1
slope of thetangent at (1,1)
Therefore, the equation of the normal at (1, 1) is
y—1=1(x-1) or y—-x=0

Example 20 Find the equation of tangent to the curve given by

x=asn’t, y=bcos*t - ()
, T
at a point where t:E'
Solution Differentiating (1) with respect to t, we get
%=3asin2tcost and ﬂ:—Sbcosztsint
dt dt
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dy
dy ¢t —3bcos’tsint —b cost
or —=—_ = =—=
dx OdX T 3agn’tcost a sint
dt

T
Therefore, slope of thetangent at t = > is

Also, when t :% , x=aandy = 0. Hence, the equation of tangent to the given

curve at t:% ,l.e,a(a 0)is

y—-0=0(x—a),i.e,y=0.

| EXERCISE 6.3
1. Find the slope of the tangent to the curvey = 3x* —4x at X = 4.

2. Find the slope of the tangent to the curve yz))((—_;, x#2 at x=10.

3. Find the slope of the tangent to curve y = x® — x + 1 at the point whose
x-coordinateis 2.

4. Find the slope of the tangent to the curve y = x® —3x + 2 at the point whose
x-coordinateis 3.

5. Find the slope of the normal to the curve x = acos’, y=asin® at e=%.

6. Find the slope of the normal to the curve x=1-asin®,y=bcos’ @ at ng-

7. Find points at which the tangent to the curve y=x*—-3x2—9x + 7 isparallel to
the x-axis.

8. Findapoint onthecurvey = (x—2)? at which thetangent isparallel to the chord
joining the points (2, 0) and (4, 4).
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

MATHEMATICS

Find the point on the curvey = x® — 11x + 5 at which thetangent isy = x —11.
Find the equation of al lines having slope —1 that are tangents to the curve

y:i,x;tl.

Find the equation of all lines having slope 2 which are tangents to the curve

1
=—— ,Xx#3.
y -3
Find the equations of all lines having slope 0 which are tangent to the curve
y=—
X2 —2x+3

2 2

Find points on the curve % + % =1 at which the tangents are

(i) parallel tox-axis (i) parallel toy-axis.
Find the equations of the tangent and normal to the given curvesat theindicated
points:
(i) y=x*—6x+ 13— 10x + 5at (0, 5)
(i) y=x*—6x+ 13— 10x + 5 at (1, 3)
i) y=x*at (1, 1)
(iv) y=x2at (0, 0)

. T
(v) x=cost,y=sgintat t=—

Find the equation of the tangent line to the curvey = X2 — 2x +7 which is
(@) pardlel totheline2x—y+9=0
(b) perpendicular to the line 5y — 15x = 13.

Show that the tangents to the curvey = 7x® + 11 at the points where x = 2 and
=—2arepardlel.

Find the points on the curve y = x® at which the slope of the tangent is equal to
the y-coordinate of the point.

For the curve 'y = 4x® — 2x8, find al the points at which the tangent passes
throughtheorigin.

Find the points on the curvex® + y> — 2x— 3 = 0 at which the tangents are paral l el
to the x-axis.

Find the equation of the normal at the point (am?,an®) for the curve ay? = x2.
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21. Find the equation of the normalsto the curvey = x® + 2x + 6 which are parallel
tothelinex+ 14y + 4 =0.

22. Findtheequations of the tangent and normal to the parabolay? = 4ax at the point
(at?, 2at).
23. Prove that the curves x = y? and xy = k cut at right angles* if 8k* = 1.

2 2
24. Findthe equations of the tangent and normal to the hyperbola X—2 - % =1atthe
a

point (X, Y,)-

25. Find the equation of thetangent tothe curve y = +/3x— 2 whichisparallel tothe
line 4x—2y+5=0.

Choose the correct answer in Exercises 26 and 27.

26. The slope of the normal tothecurvey =2x2+ 3sinxat x=0is

1 1
(A) 3 ®) 3 ©-3 () -3

27. Theliney =x+ 1isatangent to the curve y? = 4x at the point
(A) 1.2 (B) (2.1 © @1-2 D) (-12

6.5 Approximations
In this section, wewill use differentialsto approximate values of certain quantities.

Letf: D — R, D c R, beagivenfunction )
and let y = f(x). Let Ax denote a small Q(x+Ax,y+Ay)
increment in x. Recall that theincrementiny S (x +dx, y +dy)
corresponding to theincrement in x, denoted
by Ay, isgiven by Ay =f (x + AX) —f (x). We
definethefollowing

() Thedifferential of x, denoted by dx,is  —
defined by dx = Ax.

(i) The differential of y, denoted by dy, X< X
is defined by dy = f(x) dx or '
Fig6.8
dy:[ﬂij.
dx

*  Two curvesintersect at right angleif the tangentsto the curves at the point of intersection
are perpendicular to each other.
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Incasedx = Axisrelatively small when compared with x, dy isagood approximation
of Ay and we denote it by dy = Ay.

For geometrical meaning of Ax, Ay, dxand dy, one may refer to Fig 6.8.

|@== Note|In view of the above discussion and Fig 6.8, we may note that the

differential of the dependent variable is not equal to the increment of the variable
where as the differential of independent variable is equal to the increment of the
variable.

Example 21 Use differential to approximate /36.6 -
Solution Take y=+/x.Let x=36 and let Ax = 0.6. Then

AY = x+AX —/x =/36.6 —/36 =/36.6 - 6

or \36.6 =6+ Ay
Now dy is approximately equal to Ay and is given by

dy
dy:( )Ax—zf(o )—2\/7 (0.6) = 0.05 (as y=+/x)

Thus, the approximate value of /36,6 is6 + 0.05 = 6.05.
1
Example 22 Use differential to approximate (25)°.
1
Solution Let y=x3. Let x=27 and let Ax=—2. Then
L1 1 1 1
Ay = (X+AX)3-x3 = (25)3 - (27)% =(25)% -3
1
or (253 = 3+ Ay
Now dy is approximately equal to Ay and is given by
1

N A 3
dy—[dxjAX 33(2) (as y=x3)

(-2)= _—3 =-0.074
3((27)%)?
1
Thus, the approximate value of (25)3 isgiven by

3+ (—0.074) = 2.926
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Example 23 Find the approximate value of f(3.02), wheref(x) = 3x*> + 5x + 3.
Solution Let x = 3 and Ax = 0.02. Then
f(3.02) = f(x + AX) = 3(X + AX)? + 5(x + AX) + 3
Note that Ay = f (x + AX) —f (X). Therefore
f(x+Ax) =f(x) + Ay
=f(x) + f'(X) AX (as dx = AX)

or f(3.02) = (3x? + 5x + 3) + (6x + 5) Ax

= (3(3)2+5(3) +3) +(6(3) +5) (0.02) (asx=3,Ax=0.02)
(27 + 15+ 3) + (18 + 5) (0.02)
45 + 0.46 = 45.46
Hence, approximate value of f(3.02) is45.46.

Example 24 Find the approximate change in the volume V of acube of side x meters
caused by increasing the side by 2%.

Solution Note that

V =x3
d —_ ﬂ AX = 2
or V = ax = (3x%) Ax
= (3x?) (0.02x) = 0.06x¢ m? (as 2% of x is 0.02x)

Thus, the approximate change in volumeis 0.06 X3 m3,

Example 25 If the radius of a sphere is measured as 9 cm with an error of 0.03 cm,
then find the approximate error in calculating its volume.

Solution Let r be the radius of the sphere and Ar be the error in measuring the radius.
Thenr =9 cm and Ar = 0.03 cm. Now, the volume V of the sphereis given by

V =—mr
v,
or g - A
dv
Therefore av = [E jAf = (4nr®)Ar

= 4n(9)? (0.03) = 9.72n cm?
Thus, the approximate error in calculating the volume is 9.721 cm?.
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| EXERCISE 6.4

Using differentials, find the approximate value of each of the following up to 3
places of decimal.

(i) v25.3 (i) 495 (i) 0.6
1 1 1
(iv) (0.009)3 (v) (0.999)¥ (vi) (15)4
1 1 1
(vii) (26)3 (vii) (255)4 (ix) (82)4
1 1 1
() (401)2 (xi) (0.0037)2 (xii) (26.57)3
1 3 1
(xiii) (81.5)* (xiv) (3.968)2 (xv) (32.15)5

Find the approximate value of f(2.01), where f (x) = 4x® + 5x + 2.

Find the approximate value of f(5.001), where f(x) = x® — 7x? + 15.

Find the approximate change in the volume V of a cube of side x metres caused
by increasing the side by 1%.

Find the approximate change in the surface area of a cube of side x metres
caused by decreasing the side by 1%.

If theradius of asphereis measured as 7 mwith an error of 0.02 m, then find the
approximate error in calculating its volume.

If the radius of asphereis measured as9 mwith an error of 0.03 m, then find the
approximate error in calculating its surface area.

If f(x) = 3x2 + 15x + 5, then the approximate value of f (3.02) is

(A) 47.66 (B) 57.66 (C) 67.66 (D) 77.66

The approximate change in the volume of a cube of side x metres caused by
increasing the sideby 3% s

(A) 0.06 x*m* (B) 0.6x* m* (C) 0.09x® m*(D) 0.9x® m?

6.6 Maximaand Minima

In this section, we will use the concept of derivatives to calculate the maximum or
minimum values of variousfunctions. In fact, wewill find the ‘turning points' of the
graph of a function and thus find points at which the graph reaches its highest (or
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lowest) locally. The knowledge of such pointsisvery useful in sketching the graph of
agiven function. Further, wewill a so find the absol ute maximum and absol ute minimum
of afunction that are necessary for the solution of many applied problems.
Let us consider the following problemsthat arise in day to day life.
(i) The profit from a grove of orange treesis given by P(x) = ax + bx?, where a,b
are constants and x is the number of orange trees per acre. How many trees per
acrewill maximisethe profit?

(i) A ball, thrown into the air from a building 60 metres high, travels along a path

2
givenby h(x) =60+ x— % , Wherex isthe horizontal distancefrom the building

and h(x) is the height of the ball . What is the maximum height the ball will
reach?

(i) An Apache helicopter of enemy is flying along the path given by the curve
f(X) =x2+ 7. A soldier, placed at the point (1, 2), wants to shoot the helicopter
when it is nearest to him. What is the nearest distance?

In each of the above problem, thereis something common, i.e., wewish to find out
the maximum or minimum values of thegiven functions. In order to tackle such problems,
we first formally define maximum or minimum values of a function, points of local
maximaand minimaand test for determining such points.

Definition 3 Let f be afunction defined on an interval 1. Then

() fissaidtohaveamaximumvalueinl, if there existsapoint cin| such that
f(c)>f(x),foral xe I.
The number f (c) is called the maximum value of fin | and the point ciscaled a
point of maximum value of fin I.

(b) f issaidtohaveaminimumvalueinl, if there existsapoint cin | such that
f(c) <f(x), foralxe l.
The number f (c), inthiscase, iscalled the minimum vaue of fin| and the point
C, inthis case, is called a point of minimum value of f inl.

(c) fissadto have an extreme value in | if there exists a point ¢ in | such that
f (c) is either amaximum value or aminimum valueof f in|.

The number f(c), inthiscase, iscalled anextremevalueof f inl and the point ¢
is called an extreme point.

Remark InFig 6.9(a), (b) and (c), we have exhibited that graphs of certain particular
functions help usto find maximum value and minimum value at apoint. Infact, through
graphs, we can even find maximum/minimum value of afunction at apoint at which it
isnot even differentiable (Example 27).
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~ i
Y’ (a)

Fig6.9

Example 26 Find the maximum and the minimum val ues,
if any, of the functionf given by

f(x) =x%4 xe R.
Solution From the graph of the given function (Fig 6.10),
we have f(x) =0if x=0.Also
f(X) >0, foral xe R.
Therefore, the minimum value of f is0 and the point
of minimumvalue of fisx = 0. Further, it may be observed X

from the graph of the function that f has no maximum
value and hence no point of maximum valueof f inR.

If we restrict the domain of fto [-2, 1] only,

then f will have maximum value(—2)? =4 at x = — 2.

2

,X

T 32-10 123
4
Y’
Fig6.10

Example 27 Find the maximum and minimum values Y
of f,if any, of thefunctiongivenby f(x) = |x|, xe R.

Solution From the graph of the given function
(Fig6.11) , notethat
f(x) >0, foral xe Rand f(x) =0 if x=0.

Therefore, the function f hasaminimumvalue0 X330 13 3
and the point of minimum value of fisx = 0. Also, the

graph clearly showsthat f has no maximum valuein Y’
R and hence no point of maximum valuein R. Fig6.11
@) :f v;tla re;tri ctthedomain of fto[—2, 1] only, then f will have maximum value
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(i) One may note that the function f in Example 27 is not differentiable at
x=0.

Example 28 Find the maximum and the minimum values, if any, of the function
givenby
f(x) =x,xe (0, 1).

Solution The given function is an increasing (strictly) function in the given interval
(0, 1). Fromthe graph (Fig 6.12) of thefunctionf, it Y
seems that, it should have the minimum value at a 1
point closest to 0 onitsright and the maximum value
at a point closest to 1 on its left. Are such points
available? Of course, not. It isnot possibleto locate
such points. Infact, if apoint x; is closest to 0, then

we find %<Xo for al x,e(0,1). Also, if x, is X5 >X

1
i1 v f()=xin (0,1)
5> % foral x €(0). Fig6.12

Therefore, the given function has neither the maximum value nor the minimum
valueintheinterval (0,1).

closest to 1, then

Remark The reader may observe that in Example 28, if we include the points 0 and 1
inthedomainof f,i.e, if weextend thedomain of f to[0,1], thenthefunction f has
minimum value 0 at x =0 and maximumvalue 1 at x = 1. Infact, we have thefollowing
results (The proof of these results are beyond the scope of the present text)

Every monotonic function assumes its maximum/minimum value at the end
points of the domain of definition of the function.

A more general result is

Every continuous function on a closed interval has a maximum and a minimum
value.

By a monotonic function f in an interval |, we mean that f is either
increasing in | or decreasingin|.

M aximum and minimum values of afunction defined on aclosed interval will be
discussed later in this section.

Let us now examine the graph of afunction as shown in Fig 6.13. Observe that at
pointsA, B, C and D on the graph, the function changes its nature from decreasing to
increasing or vice-versa. These points may be called turning points of the given
function. Further, observethat at turning points, the graph haseither alittlehill or alittle
valley. Roughly speaking, the function has minimum value in some neighbourhood
(interval) of each of the points A and C which are at the bottom of their respective
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X' € o : - >X

Fig6.13
valleys. Similarly, the function has maximum value in some neighbourhood of points B
and D which are at the top of their respective hills. For this reason, the pointsA and C
may be regarded as points of local minimum value (or relative minimum value) and
points B and D may beregarded as pointsof local maximumvalue (or relative maximum
value) for the function. The local maximum value and local minimum value of the
function arereferred to aslocal maximaand local minima, respectively, of thefunction.

We now formally givethefollowing definition

Definition 4 Let f beareal valued function and let c beaninterior pointin thedomain
of f. Then

(@) ciscaledapoint of local maxima if thereisan h > 0 such that
f(c) >f(x), foral xin(c—h,c+h),x=c
The value f(c) is called the local maximum value of f.
(b) ciscaledapoint of local minimaif thereisan h > 0 such that
f(c) <f(X), foral xin(c—h,c+h)
The value f(c) is called the local minimum value of f .

Geometrically, theabove definition statesthat if x=cisapoint of local maximaof f,
then the graph of f around c will be as shown in Fig 6.14(a). Notethat thefunctionf is
increasing (i.e., f’(x) > 0) intheinterva (c—h, ¢) and decreasing (i.e., f’(x) <0) inthe
interval (c, ¢ + h).

This suggests that f’(c) must be zero.

Y f©=0
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Similarly, if cisapoint of local minimaof f, then the graph of f around c will be as
shownin Fig 6.14(b). Heref isdecreasing (i.e., f’(x) < 0) intheinterval (c—h, c) and
increasing (i.e., f’(x) > 0) inthe interval (c, c + h). This again suggest that f ’(c) must

be zero.

The above discussion lead usto the following theorem (without proof).

Theorem 2 Let f beafunction defined on an open interval 1. Supposec € | be any
point. If f hasalocal maximaor alocal minimaat x = c, then either f /(c) =0 or f isnot

differentiable at c.

Remark The converse of above theorem need
not betrue, that is, apoint at which the derivative
vanishes need not be a point of local maxima or
local minima. For example, if f (x) = x3, thenf "(X)
=3x?and so f ’(0) = 0. But 0 is neither a point of
loca maximanor apoint of local minima(Fig 6.15).

A point cin the domain of afunction
fat which either f’(c) =0or fisnot differentiable
is called a critical point of f. Note that if f is
continuous at ¢ and f’(c) = 0, then there exists
anh>0suchthat fisdifferentiableintheinterval

(c—h, c+h).

X!

Y

f)=x

X
point of inflection

Y/
Fig6.15

We shall now give aworking rule for finding points of local maxima or points of

local minimausing only thefirst order derivatives.

Theorem 3 (First Derivative Test) Let f be afunction defined on an open interval |.

Let f be continuous at acritical point cinl. Then

(i) If f/(x) changes sign from positive to negative as x increases through ¢, i.e., if
f’(X) > 0 at every point sufficiently closeto and to theleft of ¢, and f’(X) <O at
every point sufficiently close to and to the right of ¢, then c isa point of local

maxima.

(i) If f/(x) changes sign from negative to positive as x increases through ¢, i.e,, if
f’(X) < 0 at every point sufficiently closeto and to theleft of ¢, and f’(X) > O at
every point sufficiently close to and to the right of ¢, then c isa point of local

minima.

(iii) 1f f’(x) does not change sign as x increases through c, then ¢ is neither a point of
local maximanor a point of local minima. Infact, such apoint is called point of

inflection (Fig 6.15).
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|@= Note|If cisapoint of local maximaof f, then () isalocal maximum value of
f. Similarly, if cisapoint of local minimaof f, then f(c) isalocal minimum vaueof f.

Figures6.15 and 6.16, geometrically explain Theorem 3.

point of
local maxima
point of non differentiability
N f(c)=0 and point of local maxima
e

point of non differentiability

point . Lo
" of local and point of local minima
0, C, C, C, C,
Y!
Fig 6.16

Example 29 Find all points of local maxima and local minima of the function f
givenby
f(X) =x®=3x+ 3.
Solution We have
f(X) =x—-3x+3
or f’'(x) =3¢ -3=3(x-1) (x+1)
or f') =0atx=1landx=-1
Thus, x =+ 1 aretheonly critical pointswhich could possibly bethe pointsof local
maxima and/or local minimaof f . Let usfirst examine the point x = 1.

Notethat for values closeto 1 and to theright of 1, f/(x) >0 and for values close
to 1 and to the left of 1, f’(X) < 0. Therefore, by first derivative test, x = 1 isapoint
of local minimaand local minimum valueisf (1) = 1. In the case of x = —1, note that
f’(x) > 0, for values close to and to the left of —1 and f’(x) < O, for values close to and
totheright of — 1. Therefore, by first derivativetest, x=—1isapoint of local maxima
and local maximum valueis f(-1) =5.

Valuesof x Sign of f’(x) =3(x—1) (x + 1)
to the right (say 1.1 etc.) >0
Closetol |5 theleft (say 0.9 etc) <0
to theright (say —0.9 etc.) <0
Closeto—1 |\ 5 the left (say 1.1 etc) >0
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Example 30 Find all the points of local maxima and local minima of the function f
givenby
f(x) = 2 — 6x% + 6x +5.
Solution We have
f(x) =2¢—-6x2+6x+5
or f/(X) =6x° —12x+ 6 =6(x — 1)2
or f'x) =0 a x=1
Thus, x=1istheonly critical point of f.Weshall now examinethispoint for local
maximaand/or local minimaof f. Observethat f '(x) > O, for all xe R and in particular
f’(x) > 0, for values close to 1 and to the left and to the right of 1. Therefore, by first

derivative test, the point x = 1 is neither a point of local maxima nor a point of local
minima. Hence x = 1 isapoint of inflexion.

Remark One may note that since f’(x), in Example 30, never changesits sign on R,
graph of f has no turning points and hence no point of local maximaor local minima.

We shall now give another test to examine local maxima and local minima of a
given function. Thistest is often easier to apply than the first derivative test.

Theorem 4 (Second Derivative Test) Let f be afunction defined on an interval |
andce |. Letf betwicedifferentiable at c. Then

(i) x=cisapoint of local maximaif f’(c)=0andf”(c) <0
Thevauef (c) islocal maximum value of f.

(i) x=cisapoint of local minimaif f’(c)=0 andf”(c) >0
In this case, f (c) islocal minimum value of f.

(i) Thetest failsif f’(c) = 0and f”(c) = 0.

In this case, we go back to the first derivative test and find whether c is a point of
local maxima, local minimaor apoint of inflexion.

Y
Asf is twice differentiable at ¢, we mean . T .
second order derivative of f exists at c. @x__ 5

W&
Example 31 Find local minimum value of the function f 1N
givenby f(x) =3+ x|, xe R.
Solution Notethat thegivenfunctionisnot differentiable X< ——+gr————X
at x =0. So, second derivativetest fails. Let ustry first
derivative test. Note that O isacritical point of f. Now _ Y
to theleft of 0, f(x) = 3—xand sof’(x) =—1 < 0. Also Fig6.17
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totheright of 0, f(xX) =3+ xand so f’(x) =1 > 0. Therefore, by first derivative test,
x=0isapoint of loca minimaof f andlocal minimumvaueof f isf (0) =3.

Example 32 Find local maximum and local minimum valuesof thefunction f given by

f(X) =3¢+ 43— 12¢ + 12
Solution We have
f(X)=3x*+4E-12¢2 + 12

or f/(x) =12¢ + 12 - 24x = 12x (x — 1) (x + 2)
or f’'x) =0atx=0,x=1andx=-2.
Now f7(X) =36x% + 24x — 24 = 12(3x* + 2x — 2)

f7(0) =-24<0
f7(1) =36>0
f7(=2) = 72>0

or

Therefore, by second derivative test, x = 0isapoint of local maxima and local
maximum value of fat x=0isf (0) = 12 whilex =1 and x = — 2 are the points of local
minimaand local minimum valuesof fat x=—1and -2 aref (1) = 7 and f (-2) = 20,
respectively.

Example 33 Find all the points of local maxima and local minima of the function f
givenby

f(X) = 2x® — 6x2 + 6X +5.
Solution We have

f(x) =23 - 6x2 + 6x +5

{f’(x) =6x2 — 12X+ 6=6(x—1)
or

f7(x)=12(x-1)
Now f’(x) = 0 gives x =1. Also f”(1) = 0. Therefore, the second derivative test
failsin this case. So, we shall go back to the first derivative test.
We have aready seen (Example 30) that, using first derivative test, x =1 is neither
apoint of local maximanor apoint of local minimaand soitisapoint of inflexion.

Example 34 Find two positive numbers whose sum is 15 and the sum of whose
squaresisminimum.

Solution Let one of the numbers be x. Then the other number is (15 — x). Let S(x)
denote the sum of the squares of these numbers. Then
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S(X) = X% + (15 — x)? = 2x* — 30x + 225
or S(x)=4x-30
S(x)=4

Now S'(x) =0gives x=1—25 .Also S”(l—zsjz 4> 0. Therefore, by second derivative

test, x= 1—25 isthe point of local minimaof S. Hence the sum of squares of numbersis

minimum when the numbers are 1—25 and 15— E = E .

2 2

Remark Proceeding as in Example 34 one may prove that the two positive numbers,

whose sum is k and the sum of whose squares is minimum, are g andg .

Example 35 Find the shortest distance of the point (0, c) from the parabolay = x?,

where% <c<5.

Solution Let (h, k) be any point on the parabolay = x2. Let D be the required distance
between (h, k) and (O, ¢). Then

D =4/(h-0)? +(k—c)? =\/h? + (k—c)? - (1)
Since (h, k) lies on the parabolay = x?, we have k = h?. So (1) gives

D=D(k) = \k+(k—c)?

or DK = 1+2(k-c)
2\Jk+ (k—c)?
Now D'(K) = Ogives k=21

c
Observe that when k < ,then 2(k—c)+1<0, i.e, D'(k)<0.Also when

2c-1 . L . 2c-1
k> > ,then D’(K) > 0. So, by first derivativetest, D (k) isminimumat k = )
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Hence, the required shortest distance is given by

D[2°_1j=J2°_1+[2°_1—§f:=JZE:1

2 2 2 2

The reader may note that in Example 35, we have used first derivative
test instead of the second derivative test as the former is easy and short.

Example 36 Let AP and BQ be two vertical poles at 2

pointsA and B, respectively. If AP=16m,BQ=22m
and AB = 20 m, then find the distance of a point R on
AB from the point A such that RP* + RQ? is minimum.

16m
22m

Solution Let R be apoint on AB such that AR = x m.
Then RB = (20 —x) m (asAB =20 m). From Fig 6.18, s
we have A m R (gp—om
RP> = AR? + AP 20m

and RQZ = RB2 + BQZ Fig 6.18
Therefore RP? + RQ? = AR? + AP? + RB? + BQ?

=x2 + (16)% + (20 — x)? + (22)?

= 2x* —40x + 1140
Let S=§(xX) = RP? + RQ? = 2x* — 40x + 1140.

Therefore S'(x) = 4x —40.

Now S'(x) = 0 gives x = 10. Also S”(x) = 4 > 0, for al x and so S”(10) > 0.
Therefore, by second derivativetest, x = 10 isthe point of local minimaof S. Thus, the
distance of R fromA onAB isAR =x=10 m.

Example 37 If length of three sides of atrapezium other than base are equal to 10cm,
then find the area of the trapezium when it is maximum.

Solution Therequired trapeziumisasgivenin Fig 6.19. Draw perpendiculars DP and

D 10 cm C
§

S, G
~ [
2

A [ 1 ]

xem P 10 cm Q xcm B
Fig6.19
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CQonAB. Let AP=xcm. Note that AAPD ~ ABQC. Therefore, QB = x cm. Also, by
Pythagoras theorem, DP= QC = /100 — x? . Let A be the area of the trapezium. Then

1
A=A = 5 (sum of parallel sides) (height)

_ % (2x+10+10)(+100- )
= (x+10)(+100- %)
or A(X) = (x+10)i+ (v100-x2)
27100 - x?
—2x? —10x+100
T 100-x2
Now A’(X) =0gives2x* + 10x—100=0, i.e, x =5and x=-10.
Since x represents distance, it can not be negative.
0o, x =5. Now
—2X)
V100 - x? (—4x —10) — (=2x? —10x +100) 29
prn 24/100- x?
A"(¥) = 2
100-—x
2x3 —300x —1000 o
= 3 (onsimplification)
(100— x?)2

2(5)° —300(5)—1000  —2250 30

A”(5) = = =
or ®) w0 VB B

Thus, area of trapezium is maximum at x =5 and the areaiis given by
A(5) = (5+10)4/100— (5)2 = 1575 = 753 cm?

Example 38 Prove that the radius of the right circular cylinder of greatest curved
surface area which can be inscribed in a given cone is half of that of the cone.

Solution Let OC = r betheradius of the cone and OA = h beits height. Let acylinder
with radius OE = xinscribed in the given cone (Fig 6.20). The height QE of the cylinder
isgiven by

<0
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QE EC _
ﬁ:& (since AQEC ~ AAOC)
QE r-x
o h — r
h(r — x
or QEzﬁ

r
Let S be the curved surface area of the given
cylinder. Then

2nxh(r-x) 2

S =S = fh (rx—x?)

Fig6.20

S’(x):z%h(r—ZX)

or
—4tmh

S'(x) =

2 2

point of maximaof S. Hence, theradius of the cylinder of greatest curved surface area
which can be inscribed in agiven coneis half of that of the cone.

r r
Now S'(x) = 0 gives X=—. Since S’(x) < O for all x, S”[%j<0. So X=— isa

6.6.1 Maximum and Minimum Values of a Function in a Closed Interval
Let us consider afunction f given by
f(x) =x+2,xe (0,1)
Observethat thefunctioniscontinuouson (0, 1) and neither hasamaximum value

nor has a minimum value. Further, we may note that the function even has neither a
local maximum value nor alocal minimum value.

However, if we extend thedomain of f totheclosedinterval [0, 1], thenf still may
not have alocal maximum (minimum) valuesbut it certainly does have maximum value
3 =1(1) and minimum value 2 = f(0). The maximum value 3 of f at x =1 is caled
absolute maximum value (global maximum or greatest value) of f on the interval
[0, 1]. Similarly, the minimum value 2 of f at x = 0is called the absolute minimum
value (global minimum or least value) of f on [0, 1].

Consider the graph given in Fig 6.21 of acontinuous function defined on a closed
interval [a, d]. Observe that the function f has a local minima at x = b and local
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}(
| i@ e if© (),
X< - ¢ ° —>
Q a b c
Y'
Fig6.21

minimumvalueisf (b). Thefunction also hasalocal maximaat x = cand local maximum
valueisf (c).
Also from the graph, it is evident that f has absolute maximum value f (a) and

absolute minimum value f (d). Further note that the absolute maximum (minimum)
value of f isdifferent from local maximum (minimum) value of f.

We will now state two results (without proof) regarding absolute maximum and
absol ute minimum values of afunction on aclosed interval |.

Theorem 5 Let f be a continuous function on an interval | = [a, b]. Then f has the
absolute maximum value and f attains it at least once in |. Also, f has the absolute
minimum value and attainsit at least oncein .

Theorem 6 Let f be a differentiable function on a closed interval | and let ¢ be any
interior point of . Then

(i) f’(c)=0if fattainsits absolute maximum value at c.

(i) f’(c)=0if fattainsitsabsolute minimum value at c.

Inview of theaboveresults, we havethefollowing working rulefor finding absolute
maximum and/or absolute minimum values of a function in a given closed interval
[a, b].

Working Rule

Sep 1: Find al critical points of f in the interval, i.e., find points x where either
f’(x)=0 orf isnot differentiable.

Sep 2: Takethe end points of the interval.

Sep 3: At al these points (listed in Step 1 and 2), calculate the values of f.

Sep 4: ldentify the maximum and minimumvaluesof f out of thevaluescalculatedin
Step 3. Thismaximum valuewill be the absol ute maximum (greatest) val ue of
f and the minimum value will be the absolute minimum (least) value of f.
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Example 39 Find the absol ute maximum and minimum values of afunction f given by
f(xX) = 2¢ — 15x% + 36x +1 on theinterval [1, 5].
Solution We have
f(x) =23 -15x*+ 36x + 1
or f'(X) =6x2—30x+36=6(Xx—3) (x—2)
Note that f'(x) = 0 gives x=2and x= 3.

We shall now evaluate the value of f at these points and at the end points of the
interval [1, 5], i.e,ax=1,x=2,x=3andat x=5. So
f(1)=2(1%-15(1»)+36(1) +1=24
f(2)=2(2°)-15(22)+36(2) +1=29
f(3)=2(3)-15(3%) +36(3) +1=28
f(5)=2(5°) —15(5%) +36(5) + 1 =56
Thus, we conclude that absolute maximum value of fon[1, 5] is 56, occurring at
x =5, and absolute minimum value of f on [1, 5] is 24 which occursat x = 1.

Example 40 Find absolute maximum and minimum values of afunction f given by
4 1
f(x)=12x3 -6x%, xe[-1 1]
Solution We have
4 1

f(x) = 12x3 — 6x3

> 2 2(8x-))

or f’(x) = 16x3 =z
x3 x3

1
Thus, f’(X) = 0 gives X= 3 Further note that f "(x) is not defined at x = 0. So the
1
critical pointsare x =0 and x=§. Now evaluating the value of f at critical points

1
x=0, § and at end points of the interval x = -1 and x = 1, we have

4 1
f(-1) = 12(-1)3 —6(-1)2 =18
f(0) =12(0)—6(0) =0
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1 4 1
(0)-s-43f-
8 8 8 4
4 1

f(1) = 12(1)3 -6(1)3 =6
Hence, we conclude that absolute maximum value of f is 18 that occursat x = -1

— 1
and absolute minimum value of f is 79 that occursat X= § .

Example 41 An Apache helicopter of enemy is flying along the curve given by
y=x%2+ 7. A soldier, placed at (3, 7), wants to shoot down the helicopter when it is
nearest to him. Find the nearest distance.

Solution For each value of x, the helicopter’s position is at point (x, X2 + 7).
Therefore, the distance between the helicopter and the soldier placed at (3,7) is

\/(x—3)2 +(P+T7-7)2ie, J(x=3)%+x*.
Let f(X) =(x=3)2+x*
or f/(X) =2(x=3) + 4 =2(x—-1) (2¢ + 2x + 3)
Thus, f’(x) =0 givesx =1 or 2¢¢ + 2x + 3 = 0 for which there are no real roots.
Also, there are no end points of theinterval to be added to the set for which f” is zero,

i.e., thereis only one point, namely, x = 1. The value of f at this point is given by
f(1) =(1-3)?+ (1)* =5. Thus, the distance between the solider and the helicopter is

Ji@=5.

Notethat /5 iseither amaximum value or aminimum value. Since

JT(0) = J(0-3%+(0)* =3>+/5,

it follows that /5 is the minimum value of ./f(x).Hence, /5 is the minimum
distance between the soldier and the helicopter.

|EXERCISE 6.5|
1. Find the maximum and minimum values, if any, of the following functions
givenby
(i) f)=(2x-1)*+3 (i) f(X) =9+ 12x+2
(i) f(x)=—(x-1)2+10 (iv) gx)=x+1
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Find the maximum and minimum values, if any, of the following functions
givenby

() f()=Ix+2]-1 (i) g(¥) =—|x+1|+3

(i) h(x)=sin(2x) +5 (iv) f(x) =|sin4x + 3|

(V) h=x+1,xe (-1,1)
Find thelocal maximaand local minima, if any, of thefollowing functions. Find
also thelocal maximum and the local minimum values, as the case may be:

(i) f(x)=x2 (i) g(x) =x®—3x

(i) h(x):sinx+cosx,o<x<g
(iv) f(x) =sinx—cosx, 0<x<2n

2
(V) f()=x—6x2+9x+15 (Vi) g(X)=g+;, x>0

(vii) g(x)= Zi2 (Vi) f(x)=xJ1-x, O0<x<1
Provethat thefollowing functions do not have maximaor minima:
(i) f(x) = e (i) g(x) =log x
@({ii) h(x)=x+x2+x+1
Find the absol ute maximum val ue and the absol ute minimum val ue of thefollowing
functionsinthegivenintervals:
() f)=x3,xe [-2, 2] (i) f(x) =sinx+cosx,xe [0, 7]

(iii) f(x) :4x—%x2, xe [—2,%} (iv) f(x)=(x-1D?+3, xe[-3]]

Find the maximum profit that a company can make, if the profit function is
givenby
p(x) =41 —72x - 18%
Find both the maximum val ue and the minimum value of
3t —8x% + 12x% —48x + 25 on theinterval [0, 3].

Atwhat pointsintheinterval [0, 2r], doesthe function sin 2x attain its maximum
value?

What is the maximum value of the function sin X + cos x?

Find the maximum value of 23 — 24x + 107 in the interva [1, 3]. Find the
maximum value of the same function in[-3, —1].
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Itisgiventhat at x= 1, thefunction x*—62x? + ax + 9 attainsits maximum value,
ontheinterval [0, 2]. Find the value of a.

Find the maximum and minimum values of x+ sin 2xon [0, 2x].
Find two numbers whose sum is 24 and whose product is as large as possible.
Find two positive numbers x and y such that x +y = 60 and xy? is maximum.

Find two positive numbers x and y such that their sum is 35 and the product x?y®
isamaximum.

Find two positive numbers whose sum is 16 and the sum of whose cubes is
minimum.

A sguare piece of tin of side 18 cm is to be made into a box without top, by
cutting asguare from each corner and folding up the flapsto form the box. What
should be the side of the square to be cut off so that the volume of the box isthe
maximum possible.

A rectangular sheet of tin 45 cm by 24 cm isto be made into a box without top,
by cutting off square from each corner and folding up the flaps. What should be
the side of the square to be cut off so that the volume of the box is maximum ?

Show that of all the rectanglesinscribed in agiven fixed circle, the square has
the maximum area.

Show that the right circular cylinder of given surface and maximum volumeis
such that its height is equal to the diameter of the base.

Of all the closed cylindrical cans(right circular), of agiven volume of 100 cubic
centimetres, find the dimensions of the can which has the minimum surface
area?

A wire of length 28 m is to be cut into two pieces. One of the piecesisto be
made into a square and the other into acircle. What should be the length of the
two pieces so that the combined area of the square and the circle is minimum?

Prove that the volume of the largest cone that can be inscribed in a sphere of

8
radiusRis 57 of the volume of the sphere.

Show that the right circular cone of least curved surface and given volume has

an altitude equal to V2 timetheradius of the base.
Show that the semi-vertical angle of the cone of the maximum volume and of

givenslant height is tan~2+/2..
Show that semi-vertical angle of right circular cone of given surface area and

. .o 4(1
maximum volumeis sin 1(5 )
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Choose the correct answer in Questions 27 and 29.
27. Thepoint on the curve X2 = 2y which is nearest to the point (0, 5) is

(A) (¥2,4  (B) (/2,00 (O) (0,00 (D) (2.2

. 1-x+ X% .

28. For al real values of x, the minimum val ue of — s
1+ X+ X

1

(A) O B) 1 © 3 D) 3

1
29. Themaximumvaueof [X(X-1)+1]®, o< x<1is

1

1
wE ey o1 oo

Miscellaneous Examples

Example 42 A car startsfrom apoint Pat timet = 0 seconds and stops at point Q. The
distance x, in metres, covered by it, in t secondsis given by

x:tz(Z—ij
3

Find the time taken by it to reach Q and also find distance between P and Q.

Solution Let v be the velocity of the car at t seconds.

Now X = t2[2_£J
3
dx
Therefore V=g T dt—t2=t(4-1)

Thus,v=0givest =0and/ort = 4.

Nowv=0at Paswell asat Qandat Pt =0. So, at Q, t = 4. Thus, the car will
reach the point Q after 4 seconds. Also the distance travelled in 4 secondsis given by

X, =& 2-2)_16[2]-21
t=4 3 3) 3
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Example 43 A water tank hasthe shape of an inverted right circular conewithitsaxis
vertical and vertex lowermost. Its semi-vertical angle is tan™(0.5). Water is poured
into it at a constant rate of 5 cubic metre per hour. Find the rate at which the level of
the water isrising at the instant when the depth of water in the tank is4 m.

Solution Letr, hand o be asin Fig 6.22. Then tanoc:%-

afr
<0 o = tan 1[3)
But o =tan?(0.5) (given)
or L—05
h - .
_h
or r= 2
Let V bethe volume of the cone. Then
1 , 1 (hY
==mr‘h==m|— | h
v 3 3 (2)
Theref ﬂ_in_kﬁ@ by Chain Rul
erefore G - dnl 12 " (by Chain Rule)
:Ehzﬁ
4 dt
Now rate of change of volume, i.e., (jj_\t/ =5m¥handh=4m.
T, .., dh
= 2 (4)°. —
Therefore 5 4() m
or @ :i:§n1/h TCZQ
dt 4t 88 7

Thus, the rate of change of water level is % m/h.

Example 44 A man of height 2 metreswalks at auniform speed of 5 km/h away from
alamp post which is 6 metres high. Find the rate at which the length of his shadow
increases.
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Solution In Fig 6.23, Let AB be the lamp-post, the B
lamp being at the position B and let MN bethe man
at aparticular timet and let AM = | metres. Then,
MS is the shadow of the man. Let MS = s metres.

Note that AMSN ~ AASB
MS MN A
or A_S = ﬁ
Fig 6.23

or AS=3s(asMN =2and AB = 6 (given))
Thus AM =3s—s=2s. ButAM =1
So l=2s
Therefore da_ Zd—S

dt dt

5
Since % =5km/h. Hence, the length of the shadow increases at the rate 5 km/h.

Example 45 Find the equation of the normal to the curvex? = 4y which passes through
the point (1, 2).
Solution Differentiating x? = 4y with respect to x, we get
dy _ x
dx 2
Let (h, k) be the coordinates of the point of contact of the normal to the curve
x2 = 4y. Now, slope of the tangent at (h, k) is given by

E&} _h
dx k) 2
-2

Hence, dope of the normal at (h, k) = T

Therefore, the equation of normal at (h, k) is
-2
y_k: ?(X—h) (1)
Since it passes through the point (1, 2), we have

2—k=_—hz(1—h) or k=2+§(1—h) "2
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Since (h, K) lies on the curve x* = 4y, we have
h? = 4k - (3)
From (2) and (3), we have h =2 and k = 1. Substituting the valuesof hand kin (1),
we get the required equation of normal as

y—1=_72(x—2) or x +y =3

Example 46 Find the equation of tangents to the curve

y=cos(X+Yy),—2n < X< 21
that are parallel tothelinex + 2y = 0.

Solution Differentiating y = cos(x + y) with respect to x, we have

dy _ -sn(x+y)

dx ~ 1+sin(x+y)

or slope of tangent at —M
P 9 %)= 1+sin(x+Y)

Sincethetangentsto the given curve are paralel to thelinex + 2y = 0, whose slope

" h
is =, we have

—sin(x+y) -1

1+sin(x+y) ~ 2
or sn(x+y)=1

T

or x+y:nn+(—1)”?nez
Then y=cos(x +y) = cos[mw(—l)” gj ne Z

=0,foralne Z

Also, since —2n < x<2n, we get x=_—:23n and x:%. Thus, tangents to the

- T
given curve are paralel to the line x + 2y = 0 only at points [%O} and (E’OJ'

Therefore, the required equation of tangents are
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-1 3n
y—0=—|X+— | or 2x+4y+3n=0

2 2
. _Y,m
an y-0= > > or 2x+4y-m=0
Example 47 Find intervalsin which the function given by
a_ 4.3 o2 36
= —X —=X"-3X"+—x+11
M9 =35 5

is (@) increasing (b) decreasing.
Solution We have

3., 4, ., 36
= —X ——X"-3X"+—x+11
M) =10" "5 5
3 .4, 36
(x) = — (4x7) ——(3x°) —3(2X) + —
Therefore f/(x) 10( ) 5( )—3(2X) =
6 e
= g(x—l)(x+ 2)(x=3)  (onsimplification)
Now f’(x) =0givesx=1,x=-2,0rx=3. The ' '
pointsx =1, — 2, and 3divide thereal lineinto four ~ —2 1 3
digoint intervals namely, (— =, —2), (- 2, 1), (1, 3) Fig6.24

and (3, «) (Fig 6.24).
Consider the interval (— oo, —2), i.e,, when —eco < X < —2.
Inthiscase, wehavex—1<0,x+2<0andx—-3<0.
(In particular, observe that for x = =3, f'(X) = (x—1) (x+2) (x=3) = (—4) (- 1)
(-6)<0
Therefore, f'(X) <Owhen —c <x<-2
Thus, the function f is decreasing in (— oo, — 2).
Consider theinterval (—2, 1), i.e, when —2<x<1.
Inthiscase, wehavex—1<0,x+2>0and x—3<0
(In particular, observe that for x =0, f’(x) = (x—1) (x + 2) (x—3) = (-1) (2) (-3)
=6>0)
So f’(x) >0when—-2<x<1
Thus, fisincreasingin (-2, 1).
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Now consider the interval (1, 3), i.e.,, when 1 < x < 3. In this case, we have

Xx—1>0,x +2>0andx-3<0.

o, f’(X) <Owhen1<x<3.

Thus, fisdecreasingin (1, 3).

Finally, consider theinterval (3, «0), i.e., when x> 3. Inthiscase, wehavex—1>0,
x+2>0and x—3>0.Sof’(x) >0when x> 3.

Thus, f isincreasingintheinterval (3, o).
Example 48 Show that the function f given by

f(x) =tan*(sinx + cosx), x>0
isalwaysanincreasing functionin (0%)

Solution We have
f(x) =tan’(sinx + cosx), x>0

1 .
Therefore f/(x) = : 5 (Cosx—sinx)
1+ (SinX+ CcosXx)
_ COSX—sinx smplificati
= oranox (onsimplification)
0 . Tc

Note that 2 + sin 2x > 0 for all xin O’Z :
Therefore f’(x) >0 if cosx—sinx>0
or f’(x) >0 if cosx>sinx orcotx>1
Now cotx>1iftanx<1,i.e.,if0<x<%

Thus /(x>0 in (o,%)

Hencefisincreasing functionin (O, %)
Example 49 A circular disc of radius 3 cm is being heated. Due to expansion, its

radius increases at the rate of 0.05 cm/s. Find the rate at which its area is increasing
when radiusis 3.2 cm.
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Solution Let r be the radius of the given disc and A be its area. Then

A=mr?
%—anﬂ by Chain Rul
or e at (by Chain Rule)

d
Now approximate rate of increase of radius = dr = FzAt =0.05cm/s.

Therefore, the approximate rate of increase in areais given by
dA dr
= —(At) = 2nr| — At
dA = g (40 [dt j

=2n(3.2) (0.05) = 0.320r cm?/s (r = 3.2.cm)

Example 50 An open topped box isto be constructed by removing equal squaresfrom
each corner of a3 metre by 8 metre rectangular sheet of aluminium and folding up the
sides. Find the volume of the largest such box.

Solution Let x metre be the length of aside of the removed squares. Then, the height
of the box isx, length is 8 — 2x and breadth is 3 — 2x (Fig 6.25). If V(X) isthe volume
of the box, then

x| [ |x
. Ta
' Mo\
_____ $2¢ i x| 2=
X [ 8—2x
(a) (b)
Fig 6.25

V(X)) =x(3-2%) (8—2x)
= 48 — 222 + 24x

Therefore V'(X) =12x% — 44x + 24 = 4(x—3)(3x - 2)
V’(X) = 24x— 44
Now V’(x) = 0 gives x= 3,% . But x# 3 (Why?)

2
Thus, we have X=§. Now V”[éjz 24[§j—M=—28<0.

2021-22



APPLICATION OF DERIVATIVES 241

Therefore, x=§ is the point of maxima, i.e., if we remove a square of side %

metre from each corner of the sheet and make a box from the remaining sheet, then
the volume of the box such obtained will bethelargest and it isgiven by

RO

T o7

X
Example 51 Manufacturer can sell x items at a price of rupees (5— mj each. The

X
cost price of xitemsisRs (g + 500) . Find the number of items he should sell to earn

maximum profit.

Solution Let S(x) be the selling price of x items and let C(x) be the cost price of x
items. Then, we have

2

X X

= [5-X |x=sx-X_
SX ( 100) 100

X
and C(x) = §+500

Thus, the profit function P(x) isgiven by

= S(X)-C(x)=5x———-—-500
P(x) = S(x) - C(x) 1005
ie P() = EL N S
" 57 100
or o 24 X
X) = ———
() 5 50

Now P'(x) = 0 gives x = 240. Also P’(x) =;—é. So P’(240) =;—é< 0

Thus, x = 240 is a point of maxima. Hence, the manufacturer can earn maximum
profit, if hesells240 items.
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Miscellaneous Exercise on Chapter 6

Using differentials, find the approximate val ue of each of thefollowing:

@) (E )4 (b) (33)‘%
81

Show that the function given by f (x) = logx has maximum at x = e.
X

The two equal sides of an isosceles triangle with fixed base b are decreasing at
therate of 3 cm per second. How fast is the area decreasing when the two equal
sides are equal to the base ?

Find the equation of the normal to curve x? = 4y which passes through the point
1, 2.
Show that the normal at any point ¢ to the curve
X=acosh +absnd,y=asnd —ad cosd
isat a constant distance from the origin.
Find the intervalsin which the function f given by

4s8inX— 2X— XCOSX

24 cosx

f(x) =
is(i) increasing (ii) decreasing.

Find theintervalsin which the function f given by f (x) = x° +i3, x#0is
X

(i) increasing (i) decreasing.
X2 y2
Find themaximum areaof anisoscelestriangleinscribed intheellipse?+g =1
with its vertex at one end of the major axis.
A tank with rectangular base and rectangular sides, open at the top is to be
constructed so that its depth is2 m and volumeis 8 m2. If building of tank costs
Rs 70 per sg metres for the base and Rs 45 per square metre for sides. What is

the cost of least expensive tank?

The sum of the perimeter of acircle and square isk, where k is some constant.
Prove that the sum of their areasis least when the side of square is double the
radius of the circle.
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A window isin the form of arectangle surmounted by a semicircular opening.
Thetotal perimeter of thewindow is 10 m. Find the dimensions of thewindow to
admit maximum light through the whol e opening.

A point on the hypotenuse of atriangleis at distance a and b from the sides of
thetriangle.

2 2 3
Show that the minimum length of the hypotenuseis (a§ I b§)5 .

Find the points at which the function f given by f (x) = (x—2)* (x + 1)% has
(i) loca maxima (i) local minima
(ili) pointof inflexion
Find the absol ute maximum and minimum values of the function f given by
f(x) =cosx +sinx, xe [0, «]
Show that the altitude of the right circular cone of maximum volume that can be

4
inscribed in a sphere of radiusr is 3
Let f be afunction defined on [a, b] such that f’(x) > O, for al x € (a, b). Then
provethat f isan increasing function on (a, b).

Show that the height of the cylinder of maximum volumethat can beinscribedin

asphereof radiusRis 2R . Also find the maximum volume.

NE

Show that height of the cylinder of greatest volume which can beinscribed in a
right circular cone of height h and semi vertical angle o is one-third that of the

4
cone and the greatest volume of cylinder is Enh3 tan’ o,

Choose the correct answer in the questions from 19 to 24.

19.

20.

A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314
cubic metre per hour. Then the depth of the wheat isincreasing at the rate of

(A) 1m/h (B) 0.Lm/h
(C) 11mh (D) 0.5m/h

The slope of the tangent to the curve x = t? + 3t — 8, y = 2t> — 2t — 5 at the point
(2-1is

22 6 7 -6
(A) - (B) 7 © s (D) —
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21.

22.

23.

24.

MATHEMATICS

Theliney = mx + 1 isatangent to the curve y? = 4x if the value of mis

(A) 1 (B) 2 € 3 (D) %
The normal at the point (1,1) onthe curve2y + X2 = 3is
(A) x+y=0 (B) x—y=0

(C) x+y+1=0 (D) x—-y=1

The normal to the curve x2 = 4y passing (1,2) is

(A) x+y=3 (B) x—y=3

(C) x+y=1 (D) x—-y=1

The points on the curve 9y? = x5, where the normal to the curve makes equal
intercepts with the axes are

8 -8

(A) [‘LigJ B) 43

© [‘HSJ (D) [i‘hg]
Summary

¢ If aquantity y varieswith another quantity x, satisfying somerule y= f (x),

then (;_dyx (or f’(x)) represents the rate of change of y with respect to x and

dy
dx (or f’(x))) represents the rate of change of y with respect to x at
X=X0

=7

¢ |If two variablesx and y are varying with respect to another variablet, i.e., if

x= f(t) and y = g(t), then by Chain Rule
dy dy /dx _  dx

ax dt/ dt’ " ot

¢ A function f issaid to be

(@) increasing onaninterval (a, b) if
X, <X, in(a b) = f(x) <f(x) foral x, x, € (a b).
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Alternatively, if f’(x) > 0 for each x in (a, b)
(b) decreasing on (a,b) if
X, <X, in(a b) = f(x) > f(x) fordl x, X, € (a, b).
(c) constantin (a, b), if f(x) =cfor al x e (a, b), where c is a constant.
The equation of the tangent at (X, y,) tothecurvey =f (x) is given by

Y=Yo =—} (X=X%p)
dx (%0:Yo)

If % does not exist at the point (X,,Y,) , then the tangent at this point is

parallel to the y-axis and its equation is X = X,

If tangent to acurvey =f (x) at x = X, is parallél to x-axis, then %} =0.
X Jye,

Equation of the normal to the curvey = f (x) at apoint (x,,Y,) isgiven by

- __—1()(_ )
(%:Y0)

dx

If (;_dyx at the point (x,,Y,) IS zero, then equation of the normal isx = x.

If % at thepoint (x,,Y,) doesnot exist, then the normal isparallel to x-axis

anditsequationisy =y,.
Let y = f(X), Ax be a small increment in x and Ay be the increment in y
corresponding to the increment in x, i.e., Ay = f(x + Ax) — f(X). Then dy
givenby

dy = f’(x)dx or dyz(y)Ax.

dx

isagood approximation of Ay when dx = Ax isrelatively small and we denote
it by dy = Ay.
A point ¢ in the domain of a function f at which either f’(c) = 0 or f is not
differentiable is called a critical point of f.
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¢ First Derivative Test Let f be afunction defined on an open interval |I. Let

f be continuous at acritical point cinl. Then

(i) Iff’(x) changessign from positive to negative as x increases through c,
i.e, if f’(x) >0 at every point sufficiently close to and to the left of c,
and f’(X) < 0 at every point sufficiently close to and to the right of c,
then cis apoint of local maxima.

(i) If f’(x) changes sign from negative to positive as x increases through c,
i.e, if f’(X) <0 at every point sufficiently close to and to the left of c,
and f’(x) > 0 at every point sufficiently close to and to the right of c,
then cisapoint of local minima.

(i) 1f f’(X) does not change sign as x increases through c, then ¢ is neither
apoint of local maximanor apoint of local minima. Infact, such apoint
is called point of inflexion.

Second Derivative Test Let f be a function defined on an interva | and
ce |. Letf betwice differentiable at c. Then

(i) x=cisapoint of local maximaif f’(c) =0andf”(c) <0
The valuesf (c) islocal maximum value of f.
(i) x=cisapoint of local minimaif f’(c) =0and f ”(c) >0
In this case, f (c) islocal minimum value of f.
(i) Thetest failsif f’(c) = 0and f”(c) = 0.
In this case, we go back to thefirst derivative test and find whether c is
apoint of maxima, minimaor apoint of inflexion.
Working rulefor finding absol ute maximaand/or absolute minima

Sep 1: Find al critical points of f in the interval, i.e., find points x where
either f’(x) = 0 or f is not differentiable.

Siep 2:Take the end points of the interval.
Siep 3: Atall these points (listed in Step 1 and 2), calculate the values of f.

Step 4: Identify the maximum and minimum values of f out of the values
calculated in Step 3. This maximum value will be the absolute maximum
valueof f and the minimum valuewill be the absolute minimum valueof f.
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Appendix 1

(PROOFSIN MATHEMATICS)

«»*Proofs are to Mathematics what calligraphy is to poetry.
Mathematical works do consist of proofs just as
poems do consist of characters.

— VLADIMIR ARNOLD «

A.1.1 Introduction

In Classes X, X and X1, we have learnt about the concepts of a statement, compound
statement, negation, converse and contrapositive of a statement; axioms, conjectures,
theorems and deductive reasoning.

Here, wewill discussvarious methods of proving mathematical propositions.

A.1.2 What isa Proof?

Proof of amathematical statement consists of sequence of statements, each statement
being justified with adefinition or an axiom or aproposition that is previously established
by the method of deduction using only the allowed logical rules.

Thus, each proof isachain of deductive arguments each of which hasits premises
and conclusions. Many atimes, we prove aproposition directly from what isgivenin
the proposition. But some timesit is easier to prove an equivalent proposition rather
than proving the proposition itself. This leads to, two ways of proving a proposition
directly or indirectly and the proofs obtained are called direct proof and indirect proof
and further each has three different ways of proving which is discussed below.
Direct Proof Itisthe proof of apropositioninwhich we directly start the proof with
what isgivenin the proposition.

(i) Sraight forward approach Itisachain of argumentswhich leadsdirectly from
what isgiven or assumed, with the help of axioms, definitionsor aready proved
theorems, to what isto be proved using rules of logic.

Consider thefollowing example:
Example 1 Show that if X* —5x+ 6 =0, thenx=3 or x = 2.
Solution x* —5x + 6 = 0 (given)

2021-22



248 MATHEMATICS

= (Xx—3) (x—2) = 0 (replacing an expression by an equal/equivalent expression)
= X—3=0o0rx—2=0 (from the established theorem ab = 0 = either a = 0 or
b=0,fora binR)

= X—-3+3=0+3o0r x—2+2=0+ 2 (adding equal quantitieson either side of the
equation does not alter the nature of the
equation)

= x+0=3orx+0=2 (using theidentity property of integers under addition)

= Xx=3orx=2(using theidentity property of integers under addition)

Hence, X2 —5x+ 6 =0 impliesx=3 or x = 2.

Explanation Let p bethe given statement “x2—5x + 6 = 0" and q be the conclusion
statement “x =3 or x = 2".

From the statement p, we deduced the statement r:“(x — 3) (x — 2) = 0" by
replacing the expression x? — 5x + 6 in the statement p by another expression (x — 3)
(x—2) which is equal to x* —5x + 6.

There arise two questions:

(i) How does the expression (x — 3) (x —2) is equal to the expression x? — 5x + 6?
(i) How can we replace an expression with another expression which is equal to
the former?

Thefirst oneisproved in earlier classes by factorization, i.e.,
X—BX+6=xX-3X-2X+6=x(X—-3)2(X—-3) =(X-3) (x—2).
The second oneis by valid form of argumentation (rules of logic)

Next this statement r becomes premises or given and deduce the statement s
“Xx—=3=00rx—2=0" and the reasons are given in the brackets.

This process continuestill we reach the conclusion.

The symbolic equivalent of the argument is to prove by deduction that p = q
istrue.

Starting with p, wededucep=r =s= ... = q. Thisimpliesthat “p = q" istrue.

Example 2 Prove that the functionf: R - R
defined by f(x) = 2x + 5 isone-one.
Solution Note that afunction f is one-one if
f(x) =f(x,) = x =X, (definition of one-one function)
Now, given that f(x) =f(x),i.e,2x+5=2x,+5
= 2x,+5—5 = 2x,+5-5 (adding the same quantity on both sides)
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= 2x+0=2x,+0
= 2x, = 2X, (using additiveidentity of real number)

2 2 .. .
= 5 X = 5 X, (dividing by the same non zero quantity)
= Xl = X2

Hence, the given function is one-one.
(i) Mathematical Induction

Mathematical induction, isastrategy, of proving aproposition whichisdeductivein
nature. The whole basis of proof of this method depends on the following axiom:

For agiven subset Sof N, if
(i) thenatural number 1 € S and
(i) the natural number k + 1 e Swhenever ke S, then S=N.

According to the principle of mathematical induction, if a statement “S(n) istrue
for n=1" (or for some starting point j), and if “S(n) istruefor n=Kk” impliesthat “ S(n)
istrueforn=k+1" (whatever integer k> j may be), then the statement istrue for any
positive integer n, for al n>j.

We now consider some examples.

Example 3 Show that if

cos® sinb cosn® snnH
A= —-sin® cosH ,then A= -sin n® cosnH

Solution We have

[ cosn® sinno
P(n) : A" = —snn® cosné
[ cos® sin6
. 1 —
We note that P(1): A= |—sin® cosO

Therefore, P(1) is true.
Assume that P(K) istrue, i.e.,

cosk 0 sinke}

Ak —
P(k): A _[—sinke cosk 6

2021-22



250 MATHEMATICS

We want to prove that P(k + 1) is true whenever P(K) istrue, i.e.,
cos(k+1)6 sn(k+1)6

—sin(k +1)6 cos (k+1)6

Now Ak = Ak A

Since P(K) is true, we have

P(k + 1) :Akﬂ:[

cosk 0 sinke} [ cos 6 sine}

Ak+1: ) .
—-sink ® cosk 6 —-sin® cos 0

[ cosk © cos®—sink®sino cosk ©sin®+sink 6 cosO
| —sink©®cos6—-cosk®sin® —sink®sin®+cosk 6 cosd
(by matrix multiplication)

[cos(k+1)6 sin(k+1)6
= | —sin(k +1)6 cos (k +1) e}

Thus, P(k + 1) is true whenever P(K) is true.

Hence, P(n) istruefor al n> 1 (by the principle of mathematical induction).
(iii) Proof by cases or by exhaustion

Thismethod of proving astatement p=> qis possible only when p can be split into
severa cases, 1, St (say) sothat p=r v sv t(where“ v ” isthe symbol for “OR”).

If the conditionals r=q;
S=0q;
and t=gq
are proved, then (r v s v t) = @, isproved and so p = ¢ is proved.

The method consists of examining every possible case of the hypothesis. It is
practically convenient only when the number of possible cases are few.

Example 4 Show that in any triangle ABC,
a=bcosC+ccosB

Solution Let p be the statement “ABC is any triangle” and q be the statement
“a=bcosC + ccosB”

Let ABC be atriangle. From A draw AD a perpendicular to BC (BC produced if
necessary).

Aswe know that any triangle has to be either acute or obtuse or right angled, we
can split p into three statementsr, sand t, where
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r : ABCisan acute angled triangle with £ C is acute.

s: ABCisan obtuse angled triangle with £ C is abtuse.

t: ABCisaright angled triangle with £ Cisright angle.
Hence, we prove the theorem by three cases.

When ~ Cis acute (Fig. AL.1). A
From theright angled triangle ADB,
BD
AB =cosB c b
i.e BD = AB cos B
=ccosB
: : B a [ C
From theright angled triangle ADC, D
cD Fig AL1.1
AC =cosC
i.e CD=ACcosC
=bcosC
Now a=BD + CD
=ccosB+bcosC .. (1)

When £ Cisobtuse (FigA1l1.2).
From theright angled triangle ADB,

BD
E =cos B
i.e BD = AB cos B
=ccosB

From theright angled triangle ADC,

o
AC

cos £ ACD

cos (180° - C)
—cosC
i.e CD= -ACcosC

= —-bcosC
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Now a= BC=BD-CD
ie a= ccosB - (—-bcosC)
a= ccosB+bcosC
When £ Cisaright angle (Fig A1.3).
From theright angled triangle ACB,

BC
AB =cosB
i.e BC =AB cosB
a=ccosB,
and b cos C = b cos 90°= 0. Fig A13
Thus, we may write a=0+ccosB
=bcosC +ccosB .. (3)

From (1), (2) and (3). We assert that for any triangle ABC,
a=bcosC+ccosB
By case (i), r = qis proved.
By case (ii), s= qis proved.
By case (iii), t = q is proved.
Hence, from the proof by cases, (r v s v t) = qisproved, i.e, p= qisproved.

Indirect Proof Instead of proving the given proposition directly, we establish the proof
of the proposition through proving a proposition which is equivalent to the given
proposition.

(i) Proof by contradiction (Reductio Ad Absurdum) : Here, we start with the
assumption that the given statement is false. By rules of logic, we arrive at a
conclusion contradi cting the assumption and henceit isinferred that the assumption
iswrong and hence the given statement is true.

Let usillustrate this method by an example.
Example 5 Show that the set of all prime numbersisinfinite.

Solution Let Pbethe set of al prime numbers. We take the negation of the statement
“the set of all prime numbersisinfinite”, i.e., we assume the set of al prime numbers

to be finite. Hence, we can list all the prime numbersas P, P,, P,,..., P, (say). Note

that we have assumed that there is no prime number other than P, P, P,,..., P, .
Now consider N = (P, P,P,...P) +1..(1)

Nisnotinthelist asN islarger than any of the numbersin thelist.

N iseither prime or composite.
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If N isaprime, then by (1), there exists a prime number which is not listed.

Ontheother hand, if N iscomposite, it should have aprime divisor. But none of the
numbersin the list can divide N, because they all leave the remainder 1. Hence, the
prime divisor should be other than the onein thelist.

Thus, in both the cases whether N is a prime or a composite, we ended up with
contradiction to the fact that we have listed all the prime numbers.

Hence, our assumption that set of all prime numbersisfiniteisfalse.
Thus, the set of al prime numbersisinfinite.

Observe that the above proof also uses the method of proof by cases.

(i) Proof by using contrapositive statement of the given statement

Instead of proving the conditional p = @, we prove its equivalent, i.e.,
~(g= ~p. (students can verify).

The contrapositive of aconditional can be formed by interchanging the conclusion
and the hypothesis and negating both.

Example 6 Prove that the function f : R = R defined by f (x) = 2x + 5 is one-one.

Solution A function is one-one if f(x,) = f(x,) = X, = X,.

Using thiswe have to show that “2x,+ 5=2x, + 5" = “x, =x,". Thisis of theform
p= g, where, pis2x+5=2x,+5and q: X, =X, We have proved thisin Example 2
of “direct method”.

We can also prove the same by using contrapositive of the statement. Now
contrapositive of this statement is ~ q = ~ p, i.e., contrapositive of “ if f (x ) =f(x),
then x, = x,” is “if x, #x,, then f(x) = f(x,)".

Now X, #X,

= 2X, # 2X,

= 2X+5#2X,+5
= f(x) #f(x,).

Since“~q= ~p”, isequivaent to “p = q” the proof is complete.
Example 7 Show that “if amatrix A isinvertible, then A isnon singular”.

Solution Writing the above statement in symbolic form, we have
p = q, where, pis“matrix A isinvertible” and qis“A isnon singular”

Instead of proving the given statement, we proveits contrapositive statement, i.e.,
if A'isnot anon singular matrix, then the matrix A isnot invertible.
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If A isnot anon singular matrix, then it meansthe matrix A issingular, i.e.,
|A[=0
adj A
|A

Then Al = doesnot exist as|A|[=0

Hence, A isnot invertible.

Thus, we have proved that if A isnot anon singular matrix, then A isnot invertible.

i.e,~gq=-~p.

Hence, if amatrix A isinvertible, then A isnon singular.

(iii) Proof by a counter example
In the history of Mathematics, there are occasions when all attempts to find a
valid proof of astatement fail and the uncertainty of thetruth value of the statement
remainsunresolved.

Insuch asituation, itisbeneficial, if wefind an exampleto falsify the statement.
The exampleto disprove the statement is called acounter example. Since the disproof
of aproposition p = qismerely a proof of the proposition ~ (p = q). Hence, thisis
also amethod of proof.

Example 8 For each n, 22" +1isaprime (N € N).
This was once thought to be true on the basis that

22 +1=22+ 1=5isaprime.
22 +1=2+1=17isaprime.

27 +1=2%+1=257isaprime,
However, at first sight the generalisation looksto be correct. But, eventually it was

shown that 2% +1 = 2%+ 1= 4294967297
which isnot aprime since 4294967297 = 641 x 6700417 (aproduct of two numbers).

So the generalisation “For each n, 2% +1 isaprime (ne N)” isfase,

Just thisone example 2% +1issufficient to disprovethegeneralisation. Thisisthe
counter example.

Thus, we have proved that the generalisation “For each n, 2% +1 is a prime
(ne N)” isnot true in general.
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Example 9 Every continuous function is differentiable.
We consider some functions given by
(i) f(=x
(i) g(x) =€
@iy h(x) =sinx
These functions are continuous for all values of x. If we check for their
differentiability, we find that they are al differentiable for al the values of x. This
makesusto believethat the generalisation  Every continuousfunctionisdifferentiable”
may betrue. But if we check the differentiability of the function given by “¢ (x) = | x|
which is continuous, we find that it is not differentiable at x = 0. This means that the
statement “ Every continuous function is differentiable” is false, in general. Just this
onefunction” ¢ (X) = | x| issufficient to disprove the statement. Hence, “¢ (X) = | X[
iscalled a counter exampleto disprove “ Every continuous functionis differentiable’.
O/

—_— ... —_—
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Appendix 2

(MATHEMATICAL MODELLING )

A.2.1 Introduction

In class X1, we have learnt about mathematical modelling as an attempt to study some
part (or form) of somereal-life problemsin mathematical terms, i.e., the conversion of
aphysical situation into mathematics using some suitabl e conditions. Roughly speaking
mathematical modellingisan activity in which we make modelsto describe the behaviour
of various phenomenal activitiesof our interest in many waysusing words, drawingsor
sketches, computer programs, mathematical formulae etc.

In earlier classes, we have observed that solutions to many problems, involving
applications of various mathematical concepts, invol ve mathematical modelling in one
way or the other. Therefore, it isimportant to study mathematical modelling asaseparate
topic.

In this chapter, we shall further study mathematical modelling of some real-life
problems using techniques/resultsfrom matrix, calculus and linear programming.

A.2.2 Why Mathematical M odelling?

Students are aware of the solution of word problemsin arithmetic, al gebra, trigonometry
and linear programming etc. Sometimes we solve the problemswithout going into the
physical insight of the situational problems. Situational problems need physical insight
that isintroduction of physical laws and some symbolsto compare the mathematical
results obtained with practical values. To solve many problemsfaced by us, we need a
technique and thisis what is known as mathematical modelling. Let us consider the
following problems:

(i) Tofindthewidth of ariver (particularly, when it isdifficult to crosstheriver).

(i) To find the optimal angle in case of shot-put (by considering the variables
such as : the height of the thrower, resistance of the media, acceleration due to
gravity etc.).

(i) Tofindthe height of atower (particularly, whenit isnot possibleto reach thetop
of the tower).

(iv) Tofind the temperature at the surface of the Sun.
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v)

(vi)
(vii)

(viii)

(i)
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Why heart patients are not allowed to use lift? (without knowing the physiology
of ahuman being).

To find the mass of the Earth.

Estimate the yield of pulses in India from the standing crops (a person is not
allowed to cut al of it).

Find the volume of blood inside the body of aperson (apersonisnot allowed to
bleed compl etely).

Estimate the population of Indiain theyear 2020 (apersonisnot allowed to wait
till then).

All of these problems can be solved and infact have been solved with the help of
M athematics using mathematical modelling. Infact, you might have studied the methods
for solving some of themin the present textbook itself. However, it will beinstructiveif
you first try to solve them yourself and that too without the help of Mathematics, if
possible, you will then appreciate the power of Mathematics and the need for
mathematical modelling.

A.2.3 Principlesof Mathematical M odelling

Mathematical modelling isaprincipled activity and so it has some principlesbehind it.
These principles are almost philosophical in nature. Some of the basic principles of
mathematical modelling arelisted below in termsof instructions:

(i)
(if)
(iii)
(iv)
v)
(Vi)

(vii)

(viii)

I dentify the need for the model. (for what we are looking for)
List the parameters/variables which are required for the model.
Identify the available relevent data. (what is given?)

Identify the circumstances that can be applied (assumptions)

I dentify the governing physical principles.

[dentify

(@) theeguationsthat will be used.

(b) thecalculationsthat will be made.

(c) thesolutionwhichwill follow.

Identify tests that can check the

(a) consistency of the model.

(b) utility of themode.

I dentify the parameter values that can improve the model.
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The above principles of mathematical modelling lead to the following: steps for
mathematical modelling.

Sep 1: Identify the physical situation.

Sep 2: Convert the physical situation into a mathematical model by introducing
parameters/ variables and using various known physical laws and symbols.

Sep 3 Findthe solution of the mathematical problem.

Sep 4: Interpret the result in terms of the original problem and compare the result
with observations or experiments.
Sep 5: If theresult isin good agreement, then accept the model. Otherwise modify
the hypotheses / assumptions according to the physical situation and go to
Step 2.
The above steps can a so be viewed through the following diagram:

Solution of
Original
Problem

Physical |Introduce|(Mathematicall Solve |Mathematical|Interpret
Situation »  Model Solution >

v

Physical'
Laws and Symbols

Accept the | In Good Ag.lz(iement

Model Compare wit

*--._Observation

Modify ) PP
Hypothesis | Not in Good Agreement

Fig A.21
Example 1 Find the height of agiven tower using mathematical modelling.

Solution Step 1 Given physical situation is “to find the height of a given tower”.

Sep 2 Let AB be the given tower (Fig A.2.2). Let PQ be an observer measuring the
height of the tower with hiseyeat P. Let PQ =h and let height of tower be H. Let o
be the angle of elevation from the eye of the observer to the top of the tower.

A
S
________ H-h
——————— H
15

P )(x l q v
............. B T

Wi —

? vl ] )
Q FigA.2.2 B
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Let I=PC=QB

N o = AS_H-h

ow ano = 5=

or H=h+Iltanha - (D

Step 3 Note that the values of the parameters h, | and o (using sextant) are known to
the observer and so (1) givesthe solution of the problem.

Sep 4 Incase, if thefoot of thetower isnot accessible, i.e., when | isnot knownto the
observer, let B be the angle of depression from P to the foot B of the tower. So from
APQB, we have

_PQ_h o=
tanB_QB IorI h cot B

Step 5isnot required in this situation as exact values of the parametersh, |, o and
are known.

Example 2 Let a business firm produces three types of products P, P, and P, that
usesthreetypes of raw materialsR,, R, and R,. Let the firm has purchase orders from
two clients F, and F,. Considering the situation that the firm has a limited quantity of
R, R, and R,, respectively, prepare a mode! to determine the quantities of the raw
material R;, R, and R, required to meet the purchase orders.

Solution Step 1 The physical situation iswell identified in the problem.

Sep 2 Let A be amatrix that represents purchase orders from the two clients F, and
F,. Then, A is of the form

RRR
I:l [. ° .}
A=
F2 ° ° °
Let B be the matrix that represents the amount of raw materids R, R, and R,,
required to manufacture each unit of the products P, P, and P,. Then, B is of theform

R,R,R

3
P[e
B=P,|*
P,|e
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260 MATHEMATICS

Sep 3 Note that the product (which in this case is well defined) of matricesA and B
isgiven by thefollowing matrix

Rl RZ R3
Fl {. . .}
AB=
F2 ° . °
which in fact gives the desired quantities of the raw materials R}, R, and R, to fulfill
the purchase orders of the two clients F, and F,.

Example 3 Interpret the model in Example 2, in case

340
10 15 6

A= ,B=17 9 3
10 20 O

5 12 7

andthe availableraw materialsare 330 unitsof R, 455 unitsof R, and 140 unitsof R,.
Solution Note that

340

10 15 6 7 9 3
AB 3 10 20 O
5 12 7

Rl RZ RS

_R|165 247 87

" F|170 220 60
This clearly shows that to meet the purchase order of F, and F,, the raw material
requiredis 335 units of R,, 467 unitsof R, and 147 units of R, which ismuch morethan
the available raw material. Since the amount of raw material required to manufacture

each unit of the three products is fixed, we can either ask for an increase in the
available raw material or we may ask the clients to reduce their orders.

Remark If we replace A in Example 3 by A, given by

A_9126
17110 20 O

i.e, if the clients agree to reduce their purchase orders, then

912 67> %0
AIBZLO ” 0} 79 3 :[141 216 78}
£ 10 7 170 220 60
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This requires 311 units of R,, 436 units of R, and 138 units of R, which are well
below the available raw materials, i.e., 330 unitsof R, 455 unitsof R, and 140 units of
R,. Thus, if the revised purchase orders of the clients are given by A, then the firm
can easily supply the purchase orders of the two clients.

| &= Note|One may further modify A so as to make full use of the available
raw material.

Query Can we make amathematical model with agiven B and with fixed quantities of
the availableraw material that can help thefirm owner to ask the clientsto modify their
ordersin such away that the firm makes the full use of its available raw material ?

The answer to thisquery isgiven in the following example:
Example 4 Suppose P, P, P, and R, R, R,aeas in Example 2. Let the firm has

330 unitsof R, 455 unitsof R, and 140 units of R, availablewithit and |et the amount
of raw materialsR, R, and R, required to manufacture each unit of the three products

isgiven by
Fi

How many units of each product ist
material ?

Solution Step 1 The situation iseasily identifiable.

Py

;U0 O

N

o Ol N4 W

B=

K o »d
\jwow;U

emade so asto utilisethefull availableraw

Step 2 Suppose the firm produces x units of P, y units of P, and z units of P,. Since
product P, requires 3 unitsof R, P, requires 7 unitsof R, and P, requires 5 unitsof R,
(observe matrix B) and the total number of units, of R, availableis 330, we have

3x + 7y + 5z = 330 (for raw material R))
Similarly, wehave
4x + Qy + 127 = 455 (for raw materia R)
and 3y + 7z =140 (for raw materid R))
This system of equations can be expressed in matrix form as

37 5 ||x 330
4 9 12||y| =455
140

o
w
~
N
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Sep 3 Using elementary row operations, we obtain

10 0][x] [20
010||lyl=|35
00 1||z 5

Thisgivesx =20, y = 35 and z= 5. Thus, the firm can produce 20 units of P, 35
units of P, and 5 units of P,to make full use of its available raw material.

Remark One may observe that if the manufacturer decides to manufacture according
to the available raw material and not according to the purchase orders of the two
clientsF, and F, (asin Example 3), he/she is unable to meet these purchase orders as
F, demanded 6 units of P, where as the manufacturer can make only 5 units of P,.

Example 5 A manufacturer of medicinesis preparing a production plan of medicines
M, and M, There are sufficient raw materials available to make 20000 bottles of M,
and 40000 bottles of M,, but there are only 45000 bottles into which either of the
medicines can be put. Further, it takes 3 hours to prepare enough material to fill 2000
bottles of M, it takes 1 hour to prepare enough material to fill 1000 bottles of M, and
there are 66 hours available for this operation. The profit is Rs 8 per bottle for M, and
Rs 7 per bottle for M.. How should the manufacturer schedule his/her production in
order to maximise profit?

Solution Step 1 To find the number of bottles of M, and M, in order to maximise the
profit under the given hypotheses.

Sep 2 Let x be the number of bottles of type M, medicine and y be the number of
bottles of type M, medicine. Since profit is Rs 8 per bottle for M, and Rs 7 per bottle
for M., therefore the objective function (which isto be maximised) is given by

Z=Z(XYy)=8x+7y
The objectivefunction isto be maximised subject to the constraints (Refer Chapter
12 on Linear Programming)

x<20000
y< 40000
X+ y<45000 ¢
3x+ y< 66000 - (1)
x=0,y=>0

Step 3 The shaded region OPQRST is the feasible region for the constraints (1)
(Fig A.2.3). The co-ordinates of vertices O, P, Q, R, Sand T are (0, 0), (20000, 0),
(20000, 6000}, (10500, 34500), (5000, 40000) and (0, 40000), respectively.

2021-22



MATHEMATICAL MODELLING 263

= 20,000

wn X

(5,000, 40,000)

-

y=40,000

—R (10,500, 34,500)

Q (20,000, 6,000)
e > X

»
“ +
X X
v - 2
P (20,000, 0) \ \\‘6‘
% *G,
o %
z
Fig A.2.3
Note that
ZaP(0,0=0

Z at P (20000, 0) = 8 x 20000 = 160000

Z at Q (20000, 6000) =8 x 20000 + 7 x 6000 = 202000
Z at R (10500, 34500) =8 x 10500 + 7 x 34500 = 325500
Z at S= (5000, 40000) = 8 x 5000 + 7 x 40000 = 320000
Zat T =(0,40000) =7 x 40000 = 280000

Now observe that the profit is maximum at x = 10500 and y = 34500 and the
maximum profit isT 325500. Hence, the manufacturer should produce 10500 bottles of
M, medicine and 34500 bottles of M, medicine in order to get maximum profit of
¥ 325500.

Example 6 Suppose acompany plansto produce anew product that incur some costs
(fixed and variable) and let the company plans to sell the product at a fixed price.
Prepare amathematical model to examine the profitability.

Solution Sep 1 Situationisclearly identifiable.
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Sep 2 Formulation: We are given that the costs are of two types: fixed and variable.
Thefixed costs are independent of the number of units produced (e.g., rent and rates),
while the variable costs increase with the number of units produced (e.g., material).
Initially, we assume that the variable costs are directly proportional to the number of
units produced — this should simplify our model. The company earn acertain amount
of money by sdllingitsproductsand wantsto ensurethat it ismaximum. For convenience,
we assume that all units produced are sold immediately.

The mathematical model
Let x = number of units produced and sold
C = total cost of production (in rupees)
| = income from sales (in rupees)
P = profit (in rupees)
Our assumptions above state that C consists of two parts:
(i) fixed cost = a (in rupees),
(i) variable cost = b (rupees/unit produced).

Then C=a+ bx .. (1)
Also, income | depends on selling price s (rupees/unit)
Thus | =sx .. (2
The profit P is then the difference between income and costs. So
P=1-C
=sx— (a+ bx)
=(s—b)x—-a .. (3

We now have a mathematical model of the relationships (1) to (3) between
thevariablesx, C, I, P, a, b, s. These variables may be classified as:

independent X
dependent CIlP
parameters a b, s

The manufacturer, knowing X, a, b, s can determine P.
Sep 3 From (3), we can observethat for the break even point (i.e., make neither profit

nor loss), he must have P=0, i.e,, x:ib units.
S_
Seps4 and 51nview of the break even point, one may conclude that if the company

. a . .
produces few units, i.e., less than x:—b units, then the company will suffer loss
S_
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and if it produces large number of units, i.e.,, much more than ib units, then it can

make huge profit. Further, if the break even point provesto be unrealistic, then another
model could betried or the assumptions regarding cash flow may be modified.

Remark From (3), we aso have

dp =s-b
dx
This means that rate of change of P with respect to x depends on the quantity
s—b, which is the difference of selling price and the variable cost of each product.
Thus, in order to gain profit, this should be positive and to get large gains, we need to
produce large quantity of the product and at the same time try to reduce the variable
cost.

Example 7 Let atank contains 1000 litres of brine which contains 250 g of salt per
litre. Brine containing 200 g of salt per litreflowsinto thetank at therate of 25 litres per
minute and the mixture flows out at the same rate. Assume that the mixture is kept
uniform al the time by stirring. What would be the amount of salt in the tank at
any timet?

Solution Step 1 The situation is easily identifiable.

Sep 2 Lety =y (t) denote the amount of salt (in kg) in thetank at timet (in minutes)
after the inflow, outflow starts. Further assume that y is a differentiable function.

Whent =0, i.e., before the inflow—outflow of the brine starts,
y =250 g % 1000 = 250 kg
Note that the change in y occurs due to the inflow, outflow of the mixture.

Now the inflow of brine brings salt into the tank at the rate of 5 kg per minute
(as 25 x 200 g = 5 kg) and the outflow of brine takes salt out of the tank at the rate of

y y . : . .
25| = |=—L _J
(1000j 0 kg per minute (as at timet, the salt inthetank is 1000 ko).

Thus, the rate of change of salt with respect to t is given by
dy y
— =5-—— ?
qt 20 (Why?)
dy 1
—+—y =

or 40y 5 - (D
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This givesamathematical model for the given problem.

Sep 3 Equation (1) isalinear equation and can be easily solved. The solution of (1) is
givenby

t
ye$=200efo +Cory(t)=200+Ce % . (2
where, cisthe constant of integration.
Note that when t = 0, y = 250. Therefore, 250 =200 + C
or C=50
Then (2) reduces to

_t
y=200+50 e © )

y—200 -

—F =€
or 50

t
o ew _ 0
y—200
50
Therefore t = 40log, . (4
y—200

Here, the equation (4) givesthetimet at which the salt in tank isy kg.

t
Siep 4 Since e “ isaways positive, from (3), we conclude that y > 200 at all times
Thus, the minimum amount of salt content in the tank is 200 kg.
Also, from (4), we concludethatt > 0if and only if 0<y—200<50i.e., if and only

if 200 <y <250i.e., theamount of salt content in the tank after the start of inflow and
outflow of the brine is between 200 kg and 250 kg.

Limitations of Mathematical Modelling

Till today many mathematical modelshave been devel oped and applied successfully
to understand and get an insight into thousands of situations. Some of the subjectslike
mathematical physics, mathematical economics, operationsresearch, bio-mathematics
etc. are amost synonymous with mathematical modelling.

But there are still alarge number of situations which are yet to be modelled. The
reason behind this is that either the situation are found to be very complex or the

2021-22



MATHEMATICAL MODELLING 267

The development of the powerful computers and super computers has enabled us
to mathematically model alarge number of situations (even complex situations). Due
to these fast and advanced computers, it has been possible to prepare more realistic
models which can obtain better agreements with observations.

However, wedo not have good guidelinesfor choosing various parameters/ variables
and also for estimating the val ues of these parameters/ variablesused in amathematical
model. Infact, we can prepare reasonably accurate modelsto fit any data by choosing
fiveor six parameters/ variables. We require aminimal number of parameters/ variables
to be able to estimate them accurately.

Mathematical modelling of large or complex situationshasits own specia problems.
These type of situations usually occur in the study of world models of environment,
oceanography, pollution control etc. Mathematical modellers from all disciplines —
mathematics, computer science, physics, engineering, social sciences, etc., areinvolved
in meeting these challenges with courage.

— % —
L X4
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ANSWERS

|[EXERCISE 1.1|

1. (i) Neither reflexivenor symmetric nor transitive.
(i) Neither reflexive nor symmetric but transitive.
(i) Reflexiveand transitive but not symmetric.
(iv) Reflexive, symmetric and transitive.
(v) (a) Reflexive, symmetric and transitive.
(b) Reflexive, symmetric and transitive.
(c) Neither reflexive nor symmetric nor transitive.
(d) Neither reflexive nor symmetric but transitive.
(e) Neither reflexive nor symmetric nor transitive.
3. Neither reflexive nor symmetric nor transitive.
5. Neither reflexive nor symmetric nor transitive.

9. (H{1,5,9}, (i){1} 12. T, isrelatedto T,
13. Theset of al triangles 14. Thesetof al linesy=2x+c,ce R
15. B 16. C
|[EXERCISE 1.2|
1. No
2. (1) Injectivebut not surjective (i) Neither injectivenor surjective

(i) Neither injectivenor surjective (iv) Injective but not surjective
(v) Injectivebut not surjective

7. (1) One-oneand onto (i) Neither one-one nor onto.

9. No 10. Yes 11. D 12. A
|[EXERCISE 1.3|

1. gof ={(1,3),(3,1), (43)}

3. () (gof) (x) =[5]x|-2], (fog) (X) = [5x - 2]

(i) (gof) (x) = 2%, (fog) (x) = 8x
4. Inverseof fisfitself
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6.

11.
13.
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(i) No, sincef ismany-one (i) No, since g is many-one.
(i) Yes, since h is one-one-onto.

2
flisgivenby f1(y) = Y Jy=1 7. f—lisgivenbyf—l(y)=y—

l1-y 4
f-lisgivenby f=(a)=1,f1(b)=2andf(c) = 3.
(©) 14. (B)
| EXERCISE 1.4

1. () No (i) Yes (i) Yes (v) Yes (v) Yes

N

11.
12.

© N o ok

(i) *isbinary but neither commutative nor associative
(i) = isbinary, commutative but not associative
(iif) = isbinary, both commutative and associative
(iv) *isbinary, commutative but not associative

(v) =*isbinary but neither commutative nor associative
(vi) *not binary

Al 1] 2345
11122111
21| 2|21]2]|2
3(1|2]3]3 |3
41|23 |4a]|a
5| 1| 2[3]4]s

() @*3)*4=1and2* (3*4)=1 (i) Yes (i) 1

Yes

(i) 5*7=3520*16=80 (ii) Yes (iii) Yes (ivi (v)1

No 8. =xisboth commutative and associative; = does not have any identity in N
(i) , (iv), (v) are commutative; (v) isassociative. 10. (V)

I dentity element does not exist.

(i) False (i) True 13. B
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11.
15.
19.

13.

13.

17.
21.

15.

MATHEMATICS

_y-7
Ql(y)——10

Xt — 6% + 10x% — 3X
(i) F={(3 a), (2, b), (1, )}, (ii) Ftdoesnot exist

Yes
B

P al® oy ol

U ola

Miscellaneous Exercise on Chapter 1

2. Theinverseof fisfitsalf

8. No

16. A 17. B
|EXERCISE 2.1
2. L 3. 2
"6 "6
s T .z
3 %
10, = T
C 4 T4
14. B
EXERCISE 2.2
b Ty o X
. 2—SEC_ X 2
10, 3tant2 1n, =
4
1 1
14. = 15. *—
5 J2
18, Y 19. B
- .

Miscellaneous Exercise on Chapter 2

N

0O ola

17. C
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NE



|EXERCISE 3.1

() 3x4 (i) 12 (iii) 19, 35, -5, 12,E

ANSWERS 271

2

1x24,2%x12,3x8,4%x6,6%x4,8%x3,12x2,24%x1;,1x13,13%x1

1x18,2%x9,3%x6,6%x3,9%x2,18x1;1x55x1

2 9 1
. 2 . 5
() 9 (ii) 2 (i)
Z 8 2 1
L2
1101
] 2 ; 2 10 -1 -2
.(i)§2§1(ii)§i;§
4 7 32
L 2 2]
(i) x=1, y=4, z=3
(i) x=4, y=2, z=0 or x=2, y=4,2z=0
(i) x=2, y=4, z=3
a=1,b=2c=3,d=4
C 9. B 10. D
|EXERCISE 3.2

3 7 11
- () A+B:[1 7} (ii) A—B:[5 _3}

(iii) 3A—c:[§ g @iv) AB:{:i fg’} (v)

24 Zb} [(a+b)?> (b+ c)z}

- () (if)

0 2a (a-0)® (a-b)’
11 11 0 -
(i) |16 5 21 (iv) B J

5 10 9
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- _a2+b2 0 .. 2 3 4 xr __3 _4 1
3. () 0 2+ i) |4 6 8 (i) 8 13 9
- 6 9 12 -
(14 0 42 1 2 3 _
14 -6
. 18 -1 56 1 45
(i) v) V) |, 5}
-2 70 2 2 0 L
-1 -2 0
4 A+B= 71,B-C= -1 3
3 -1 4
0 0O
5. |0 0 O [1 0}
0 0O 01
2 2] [2 1
50 20 | 5 5 v = 5 5
70 %= 4 Y g (i) - u“
5 5
-1 -1
8. Xz[ 2 } 9. x=3,y=3 10. x=3,y=6,z=9,t=6
11. x=3,y=-4 12. x=2,y=4,w=3,z=1
1 -1 -3
15 |71 71 101 97 k=1
-5 4 4
19. (@) 15000, 15000 (b) ¥5000, ¥25000
20. 320160 21. A 22. B
|EXERCISE 33|
-1 V3 2
. 1 |12 |5 5 3
1. () [5 > —1} (ii) {_1 3} (iii) s 6
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[—4
4
1
10. (i) A=
i)y A
(iii)
1. A
3
5
1. | -2
| 5
-7
4 5
2
7. 5
1
10.
2

ANSWERS 273

0000 a
9 0 0 O0|,]-a 0 c
0 00||-b —c O
0 2
+
1l |-2 o
2 2 0 0 O
2 3 —1]/+]/0 0 o
-1 3 0 0 O
1 5] 5 3]
2 2 2 2
2 2|42
-2 2|+|— 0 3 . 1 2] [0 3
(iv) A= +
_3 2 2 |-3 0
2 2| 1= =3 o0
12.
|EXERCISE 3.4
1 -1 7 -3
2. | 4 5 3. 2 1]
4 1] (3 -5
> |7 2] ° |11 2]
4 -5] (7 -10
8. | 5 n 9. 2 3
-1 3
1. |21 12. Inverse does not exist.
2
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13.

15.

18.

10.

11.

15.

MATHEMATICS

2 3

1 2} 14. Inverse does not exist.

___2 0 g’_ [ -2 3]

5 5 5 5 3 -1 1
-1 1 -2 4 1 _ _
— - 0| 16 |=— o =| 17. |7 6 5
5 5 5 25 25 5 _2 2
212 3 1 9

|5 5 5] | 5 25 25]

D

Miscellaneous Exercise on Chapter 3
X:i‘i =+ — 7=+ i
27 f e

x=—1 9. x=%4J3
(a) Total revenuein the market - | =3 46000

Total revenue in the market - || =¥53000

(b) 15000, T 17000

X_1—2
o o 13. C

() 18

14.

B

| EXERCISE 4.1|

2. () 1, (i) X=X +2

() —12, (i) 46, (iii) 0, (iv) 5

(i) x=%+/3, (i) x=2

C 16.

| EXERCISE 4.2|

C
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| EXERCISE 4.3|
L1 AT
() > (i) 2,(|||) 5
() 0,8 (i) 0,8 4. (i) y=2x (i) x—3y=0 5. (D)
| EXERCISE 4.4|

. () M;=3,M,=0, M, =-4,M,=2A =3 A,=0A, =4A_ =2
(i) M,=d,M,=b, M, =c, M,=a
A= d, AlZ:—b, A,=-C A, =a
. (@) M=1,M_=0,M_,=0,M,=0,M_=1,M_=0,M, =0,M_=0,M_=1,
A =LA =0 A=0A,=0A=1A=0 A, =0, A =0, A =1
i) M,=11,M_=6, M =3 M =4M,=2M,=1 M =-20,M_=-13,M_=5
A1, A =-6A =3 A=4 A =2 A =-1A=-20A_=13A =5

7 4. X=y)(Yy—=2 (z-X) 5. (D)
| EXERCISE 45|
3 1 -11
4 -2 5 1 13 2
3 1 X > 1al-4 2
6 2 5
) & . 10 -10 2 1—3 0 0
1—133_1 7_1—005—4 8,%3—10
0 0 2 -9 -2 3
-1 5 3 20 1 1 0 0
%1—4 23 12| 10. 9 2 -3 11. 0 coso sno
1 -11 -6 6 1 -2 0 snoa —coso
-3 4 5
112 - Al=Llog 1 _4
211 3 14. a=—4,b=1 15. =1 -1 -
5 -3 -1

2021-22



276

16.

10.

12.
14.

15.

16.

17.

MATHEMATICS

1 31 -1
-1 3 1
4

-1 1 3
Consistent
Consistent
x=2,y=-3
:__’]_’y:4

17. B 18. B
EXERCISE 4.6
2. Consistent 3. Inconsistent
Inconsistent 6. Consistent
o xS g2, o6 19
' 1n’ y 11 ' 11’ y 11

1 3
11. x=1, Y=+, Z=

x=2,y=-1,z=1

x=2,y=12=3

0O 1 -2
-2 9 -23
-1 5 -13

,X=1y=2,2=3

cost of onions per kg=3 5
cost of wheat per kg =3 8
cost of riceperkg =% 8

—2(¢ +y)

13. x=1y=2,z=-1

Miscellaneous Exercise on Chapter 4

5 X—_—a

3
10. xy
18. A
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14.
15.

16.
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23.
24.

26.

29.
34.
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|[EXERCISE 5.1

fiscontinuousat x = 3
(&, (b), (c) and (d) are all continuous functions
fiscontinuous at x = 0 and x = 2; Not continuous at x = 1

Discontinuous at x = 2 7. Discontinuousat x =3
Discontinuousat x =0 9. Nopoint of discontinuity
No point of discontinuity 11. Nopoint of discontinuity
fisdiscontinuousat x =1 13. fisnot continuousat x =1

fisnot continuousat x=1and x=3
x = 1listheonly point of discontinuity

) 2
Continuous 17. a=b+§

For no value of A, fiscontinuousat x =0 but f is continuous at x = 1 for any
value of A.

fiscontinuousat X =1 21. (3), (b) and (c) are all continuous
Cosine function is continuous for all x € R; cosecant is continuous except for

X = nhm, N € Z; secant is continuous except for x = (2n+1)g, ne Z and

cotangent function is continuous except for x=nm,ne Z
Thereisno point of discontinuity.

Yes, fiscontinuousfor all xe R 25. fiscontinuousfor al xe R
3 -2
k=6 27. k=-— 28. k=—
4 T
9
k=g 30. a=2,b=1
Thereisno point of discontinuity.
|[EXERCISE 5.2|
2x cos(x? + 5) 2. —cosxsn(sinx) 3. acos(ax + b)
sec(tan/x).tan (tan+/x ) .sec® \/x

2Jx

a cos(ax + b) sec(cx + d) + c sin(ax + b) tan(cx + d) sec(cx + d)
10x* sinx® cosx® cos — 3x2 siné sin? x®
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11.

15.

MATHEMATICS

-22x . sinVx
sinx?y/sin2x? ' 2Ux
|EXERCISE5.3
COSX — 2 5 2 . a
3 ~ cosy-3 2by+siny
sec’ x—y . _(2x+y) (X% +2xy+Y?)
X+2y-1 - (x+2y) (¢ +2xy+3y?)
ysinxy sin2x 2
: —— g, = 9, >
SiN2y—xsnxy sin2y 1+x
2 1o, =2 {3 —=
1+ x2 C 14X NG
2
1-x2
EXERCISE 54|
X [ sn-1
€ (sinx—cosx) e X
——— 2 Xx£m,ne Z 2. ——,Xe(-11
sin?x N (=19
e 4 e *cos(tante ™)

1+e 2

—etane, € #(2n+1) g,n eN 6. e +2x +3x% +4x%e +5x‘e”

el 1
,X>0 ,X>1
4 xe™ xlog x
- (xsnx~|ogx-|;cosx), x>0 10. - fi¢ sin(logx+€*),x> 0
x(log x) X
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|[EXERCISE 55|
— COS X COS 2X €os 3X [tan x + 2 tan 2x + 3 tan 3x]

1 xX-D(x-2) 1 N 1 1 1 1
2\ (x=-3)(x=4)(x-5 | x-1 x-2 x-3 x-4 x-5

COSX

(Iog X)COSX |:—
xlog x

X< (1 + log x) —25"x cos x log 2
(x+3) (x+4)? (x+5)° (9 + 70x + 133)

1Y] x*-1 1 1 (x+1-logx
X+— >—+log(x+=) [+ X | ————
X )| x*+1 X X

(log Xy [1 +log x . log (log X)] + 2x'°1 . logx

1 1
(sinx)*(xcotx+logsinx) + =
2 x—x?

—sinxlog(logx)}

.| sinx . . .
X s [—+cosx|ogx}+ (sin x)«sx [cos x cot X —sin x log sin X]
X

4x

x*oxTcos X . (L+1logx) —xsinxlogX]| - ———~
[cosx. (1 +logX) 9% ~ 7

_ 1 xcot Xx+1-log(xsin x)
(x cos x)*[1 —x tan x + log (x cos X)] + (x sin x) * >

X
_yxy—1+y><|ogy 13 Y y—xlogy

x¥ logx+xy ** "~ x| x=ylogx

ytan x+logcosy 15 y(x-1)

xtan y+logcosx ©x(y+))

1 2X 43 8x7}
1+X)(Q1+x) @A+ (1+x8 + + + : f/(1) = 120
( ) ( ) ( ) ( )[1+x 1+x2 1+x* 1+X8 @)

BEx* —20x3 + 45x2 — 52x + 11

|EXERCISE 5.6

o | T
=

t2 2. 3. —4snt 4. =5
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12.

10.

11.

MATHEMATICS

C0s6—2c0s26 0
Ecosece 10. tan®
a
|[EXERCISE 5.7|
2 2. 380 x® 3. —XCcosx—2snx
1
Z 5 x(5+6logx) 6. 2e*(5cos5x—12 sin 5x)
2X
9e> (3 cos3x—4sin 3x) 8. —m
_ (L+logx) 0 _sin(logx) +cos (log x)
(xlogx)? ' X
— cot y cosec? y

Miscellaneous Exercise on Chapter 5

27 (3¢ -9x + 5)% (2x -3 2. 3sinx cosx (Sinx — 2 cos*x)
(5x) 3052 [M - 6sin2xlog SX}
X

1 X
3 [ . L,
2\N1-x¢ \/4—X2«/2X+7 (2)(4_7)g
1
> 7. (Iogx)'°9x[1+m},x>l

X X

(asinx—bcosx) sin(acosx+ bsinx)
(Sinx — cosx)snx-cesx (cosx + sinx) (1 + log (Sinx — cos X)), Sinx > cosx

X (1+logx) +ax**+a*log a
2

X 3+ 2xlog(x— 3)}

2 _ 2
x*< 3 {X—?’+ 2xlog x}+ (x—3)* {
X
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sec’t T

,0<t<—
at 2

900 cm?/s

8 /
5 Cm/s

21 cmd/s

%20.967

12. gcot— 13. 0 17.
|EXERCISE 6.1
1. (@) 6mcm?cm (b) 8m cm?cm
8
2. 3 cm?/s 3. 60m cm?/s 4.
5. 80r cm¥s 6. l.4mcm/s
7. (8 —2cm/min (b) 2cm?/min
1
8. po cm/s 9. 400r cm¥cm 10.
-31
11. (4,11) and (—41T) 12.
27
13 LaeEx+)? 14 2 cs 15.
8 487
16. %208 17. B 18.
|EXERCISE 6.2|
4 3 b 0,3
@ (g (b) | =
5. (@ (-e,-2)and(3,~) (b (-273)
6. (a) decreasingfor x<—1andincreasing for x>—1

(b)
(c)

X>-1

(d)

, : 9
increasing for X<-——

2

2

2021-22
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9
and decreasing for X> 5



282 MATHEMATICS

(e) increasingin (1, 3) and (3, «), decreasing in (— o, 1) and (- 1, 1).

8. O0<x<landx>2 12. A,B
13. D 14. a>-2 19. D
|EXERCISE 6.3|

1. 764 2. = 3.1 4. 24

. i . .
—a
5.1 6. o 7. (3,-20)and (-1, 12)
8. (31 9. (2-9)

10. (i) y+x+1=0andy+x-3=0
11. No tangent to the curve which has slope 2.

1
12. y=§ 13. (i) (0,x4) (i) (3,0
14. (i) Tangent: 10x+y=15; Normal: x — 10y + 50 =0
(i) Tangent:y=2x+ 1, Normal: x +2y—-7=0
(i) Tangent:y =3x—2; Normal: x+3y—4=0
(iv) Tangent:y=0; Normal: x=0

(v) Tangent:x+y —/2=0; Norma x=y
15 (@ y-2x—3=0 (b 36y+12x—-227=0

19. (1,22 20. 2x+3my—an?(2+3m) =0
21. xX+14y—-254=0, x+14y+86=0
22. ty=x+at’, y=—tx+ 2at + at®
X% _Y¥% Y=Y  X=%
24, a2 b2 1 a2y0 b2X0
25. 48x—-24y=23 26. D 27. A
|EXERCISE 6.4
1. (i) 5.038 (i) 7.035 @iy 0.775
(iv) 0.208 (v) 0.999 (vi) 1.968
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(Vi) 2.962 (viii) 3.996 (ix) 3.009
(x) 20.025 (xi) 0.060 (i) 2.948
(xiii) 3.004 (xiv) 7.904 (xv) 2.001

2. 2821 3. —34.995 4. 0.03 m?

5. —0.12 X2 2 6. 3.92mm? 7. 216 M?

8. D 9. C

|EXERCISE 6.5

1. (i) MinimumVaue=3 (i) Minimum Value=-2

(i) MaximumValue=10 (iv) Neither minimum nor maximum value
2. () Minimum Value=-1; No maximum value

(i) Maximum Vaue=3; Nominimumvalue

(i) Minimum Vaue = 4; Maximum Value= 6

(iv) Minimum Value =2; Maximum Vaue=4

(v) Neither minimum nor Maximum Value
3. (i) loca minimumat x =0, local minimumvalue=0

(i) local minimumatx=1, local minimum value=-2

loca maximumat x=—1, loca maximumvaue=2

T

(ifi) local maximum at X:Z’ local maximumvalue= /2
3n

(iv) local maximum at X=7, local maximumvalue= /2

n
local minimum at X=7 local minimumvalue=—./2

(v) loca maximumatx=1, local maximumvaue=19
local minimumat x=3, local minimumvalue=15
(vi) local minimumat x =2, local minimumvaue=2
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1
(vii) local maximumatx=0, loca maximumvaue= 5

2.3

(viii) local maximum at x=§, local maximum value= o

5. (i) Absoluteminimumvalue=-8, absolute maximumvalue=38
(i) Absoluteminimumvalue=-1, absolute maximumvaue= /2

(ii) Absolute minimum value=-10, absolute maximum value=38
(iv) Absoluteminimumvalue=19, absolute maximumvalue=3

6. Maximum profit= 113 unit.

7. Minimaat x=2, minimum value=-39, Maximaat x = 0, maximum value = 25.
T 5n .

8. At X=Zand7 9. Maximumvalue= /2

10. Maximum at x = 3, maximum value 89; maximum at X =—2, maximum value= 139
11. a=120

12. Maximum at X = 2, maximum vaue=2r; Minimum at x= 0, minimum vaue=0

13. 12,12 14. 45,15 15. 25,10 16. 8,8
17. 3cm 18. x=5cm
1 1
21. radius= (@T cm and height = ZK@Tcm
T T

112 28n
22. cm, cm 27. A 28. D 29. C

n+4 4

Miscellaneous Exercise on Chapter 6
1. (@) 0677 (b) 0.497
3. b3 cmis 4. x+y-3=0
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6 Y 0 E d% <xX<?2 i E<X<%
- () < X< 5 and 5 <xX<2m (||)2 5
7. () x<-landx>1 (i) —1<x<1
8. #ab 9. Rs1000
11. 1 th-ﬂ beadth-£

L _n+4m’ ' _7t+4m

: : 2 .

13. (i) local maximaat X=; (i) loca minimaat x =2

(i) point of inflection at x =-1

5

14. Absolute maximum = Z’ Absolute minimum =1
17 4R 19. A 20. B 21. A
. 3\/§ . . .
22. B 23. A 24. A

4

> —
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( SUPPLEMENTARY MATERIAL )

CHAPTER 5

Theorem 5 (To be on page 173 under the heading Theorem 5)
(i) Derivative of Exponential Function f (x) = e

If f(x) = e, then
' . f(x+Ax)— f(X)
e = lm—
. eX+AX eX
= lim
AXx— 0 A X
N - S |
= e’ -lim
Ax— 0 A X

— X : . AN — KN
e-l[S'“CQL'm) ™ =1]

d X X
Thus, —(e")=¢".
dx

(i) Derivativeof logarithmic functionf(x) = log x.

If f(x) = log x, then
i . log,(x+ Ax)-log, x
foo = Lim, Ax
Ioge(1+ij
= lim X
Ax— 0 AX
Ioge(1+ AX]
[im £l
= Ax— 0 X Aix
X
= log,(1+ h) _

= — [since lim 1]
X h—0

h

This log, x =
WS gk et T
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