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Foreword

The National Curriculum Framework (NCF), 2005, recommendsthat children’slife
at school must be linked to their life outside the school. This principle marks a
departure from the legacy of bookish learning which continues to shape our system
and causes agap between the school, home and community. The syllabi and textbooks
developed on the basis of NCF signify an attempt to implement thisbasic idea. They
also attempt to discourage rote learning and the maintenance of sharp boundaries
between different subject areas. We hope these measures will take us significantly
further in the direction of achild-centred system of education outlined inthe National
Policy on Education (1986).

The success of this effort depends on the steps that school principals and
teachers will take to encourage children to reflect on their own learning and to
pursue imaginative activities and questions. We must recognise that given space,
timeand freedom, children generate new knowledge by engaging with theinformation
passed on to them by adults. Treating the prescribed textbook as the sole basis of
examination is one of the key reasons why other resources and sites of learning are
ignored. Inculcating creativity and initiative is possible if we perceive and treat
children as participants in learning, not as receivers of afixed body of knowledge.

These aims imply considerable change in school routines and mode of
functioning. Flexibility inthedaily time-tableis as necessary asrigour inimplementing
theannual calendar so that the required number of teaching daysare actually devoted
to teaching. The methods used for teaching and evaluation will aso determine how
effectivethistextbook provesfor making children’slife at school ahappy experience,
rather than a source of stress or boredom. Syllabus designers have tried to address
the problem of curricular burden by restructuring and reorienting knowledge at
different stageswith greater consideration for child psychology and thetimeavailable
for teaching. The textbook attempts to enhance this endeavour by giving higher
priority and space to opportunities for contemplation and wondering, discussion in
small groups, and activities requiring hands-on experience.

TheNationa Council of Educational Research and Training (NCERT) appreciates
the hard work done by the Textbook Development Committee responsible for this

2020-21



book. We wish to thank the Chairperson of the advisory group in Science and
Mathematics, Professor J.V. Narlikar and the Chief Advisor for this book
Professor PK. Jain for guiding the work of this committee. Several teachers
contributed to the development of this textbook; we are grateful to their principals
for making this possible. We are indebted to the institutions and organisations which
have generously permitted us to draw upon their resources, material and personnel.
We are especially grateful to the members of the National Monitoring Committee,
appointed by the Department of Secondary and Higher Education, Ministry of Human
Resource Development under the Chairpersonship of Professor Mrina Miri and
Professor G.P. Deshpande, for their val uable time and contribution. As an organisation
committed to the systemic reform and continuous improvement in the quality of its
products, NCERT welcomes comments and suggestions which will enable us to
undertake further revision and refinement.

Director
New Delhi National Council of Educational
20 December 2005 Research and Training
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Appendix 1

INFINITE SERIES

A.1.1 Introduction

As discussed in the Chapter 9 on Sequences and Series, a sequence a,, a,, ..., @, ...
having infinite number of termsis called infinite sequence and itsindicated sum, i.e.,
a +a,+a,+..+a +..iscaled aninfinte series associated with infinite sequence.
This series can al so be expressed in abbreviated form using the sigmanotation, i.e.,

ata ta+. .. +an+...=zak
k=1

In this Chapter, we shall study about some special types of series which may be
required in different problem situations.
A.1.2 Binomial Theoremfor any | ndex
In Chapter 8, we discussed the Binomial Theorem in which the index was a positive
integer. In this Section, we state a more general form of the theorem in which the
index is not necessarily awhole number. It givesus aparticular type of infinite series,
called Binomial Series. We illustrate few applications, by examples.

We know the formula

(1+x)"="C, +"C, x+... +"C X

Here, nis non-negative integer. Observe that if we replace index n by negative

integer or afraction, then the combinations "C, do not make any sense.

We now state (without proof), the Binomial Theorem, giving aninfinite seriesin
which the index is negative or afraction and not a whole number.

Theorem The formula

m(m-1 m(m-1)(m-2
(1+x)" =1+ mx+ (m=-1) o, mM-B(m=2) 5,
12 123

holds whenever || <1.
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INFINITE SERIES 413

Remark 1. Note carefully the condition | x | < 1, i.e., — 1< x < 1 is necessary when m
is negative integer or a fraction. For example, if wetakex= —2andm= —2, we
obtain

(1-2)° =1+ (—2)(—2)+%(—2)2 +...

or 1=1+4+12+...
Thisisnot possible

2. Notethat there areinfinite number of termsin the expansion of (1+ x)™, when m
isanegative integer or afraction

e efe]

a" [1+ mg+% (gjz +}

m(m-1
12

Consider (a+b)"

a™ +ma™ b+ ) a™ %+ ...

b
5| <L or equivalently when| b | <|al.

Thisexpansion isvalid when

The general term in the expansion of (a + b)™is

m(m-1)(m-2)...(m-r +1)a™ b’
1.23.r
We give below certain particular cases of Binomial Theorem, when we assume

|X| <1, these are left to students as exercises:
L L+Xt=1—-x+x2—x¥+...
2 (1-X1=1+x+x2+x3+...
3 (1+X)72=1-2x+3¢ — 3C+...
4, (1 — X)2=1+X+3C+3+ ...

Example 1 Expand [1—%) ’ , when | x| < 2.
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414 MATHEMATICS

Solution We have

TN
T
| <
~
N
1"
[EY
+
- |
N |
TN
[
I\’|><
N—
+
= N
N
N
|
N | X
\_/N
+

X 3x°
I+—+—+..

A.1.3 Infinite Geometric Series
From Chapter 9, Section 9.5, a sequence a,, a,, a,, ..., a_ is caled GP, if
% =r (constant) for k=1, 2, 3, ..., n=1. Particularly, if we take a, = a, then the

resulting sequence g, ar, ar?, ..., ar! istaken asthe standard form of GP, whereais
first term and r, the common ratio of GP.
Earlier, we have discussed the formula to find the sum of finite series
a+ar+ar?+ ..+ar""twhichisgiven by
a(l—r”)
W

In this section, we state the formula to find the sum of infinite geometric series
atar+ar?+..+ar" !+ .. andillustrate the same by examples.

Let us consider the GP. 1, % g

2
Herea=1,r = E.Wehave

2 n
Si=—— =3[1—(§” . (1)
173

2 n
Let us study the behaviour of [5) as n becomes larger and larger.
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INFINITE SERIES 415

n 1 5 10 20

2 n
[§ ) 0.6667 0.1316872428 | 0.01734152992 0.00030072866

n
We observe that as n becomes larger and larger, [5) becomes closer and closer to

2 n
zero. Mathematically, we say that as n becomes sufficiently large, (5) becomes

2 n
sufficiently small. In other words, as N — oo, [5) — 0. Consequently, we find that

the sum of infinitely many termsisgivenby S=3.
Thus, for infinite geometric progression a, ar, ar?, ..., if numerical value of common
ratior islessthan 1, then

a(l—r”) a  ar’
Sh= 1-r  ~ 1-r 1-r

n

— 0. Therefore,

: . ar
Inthiscase, " 0 @ n— o« since |r|<1 and then 1

a
Sq—)ﬁ aS N—oo.

Symbolically, sum to infinity of infinite geometric seriesis denoted by S. Thus,

a
we have  S=——
1-r
For example
1 1
(i) Ht-++5+.=—F7F=2
2 2 1_}
2
(i) 1_1+i_i+ 1 1 2
2 3 - - T a
2 22 2 l_(_l) 1.1 3
2 2
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416 MATHEMATICS

Example 2 Find the sum to infinity of the GP. ;
-5 5 -5

4°16 64

. -5 1
Solution Here a=7 and rZ_Z'AISO [r]<1.

]
Hence, the sum to infinity is %:%:—1.
4

A.1.4 Exponential Series
Leonhard Euler (1707 — 1783), the great Swiss mathematician introduced the number
einhiscalculustextin 1748. The number eisuseful incalculusas minthestudy of the
circle.

Consider thefollowing infinite series of numbers

1+1 l+1+1+... (D
21 3 4

The sum of the series given in (1) is denoted by the number e

Let us estimate the value of the number e.

Sinceevery term of the series (1) ispositive, itisclear that itssumisalso positive.

Consider the two sums

1+i+i+ +i+

atate ety - (2

1 1 1 1
and ?+?+?+....+F+... .. (3)
Observe that

- di 1 hich

3!—Gan 2= whic glves3| >

) d 3= = hich

ey, an > g W ich gives — 2 23

i_1 d — hich

5 = 120 an 24 16,W ich gives —; 5 24.
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INFINITE SERIES 417

Therefore, by analogy, we can say that

H<F’Whenn>2

We observe that each term in (2) isless than the corresponding termin (3),

1 1 1 1 1 1 1 1
Therefore §+Z+§+".+ﬁ < ?4‘?4‘?4‘...4‘ 2n—l+"' (4)
' 1+1+1 '
Adding 1 5 |on both sides of (4), we get,
1 1) [1 1 1 1 )
I+—+— || =F+—+—+..+—+..
o2 3 41 5l n!
<{(l+1+i]+(%+%+%+...+ l_ +j} - (9)
no2) (22 22 2 2"t
1 1 1 1 1
=<1+ 1+§+§+?+§+...+2H+...
:1+i1:1+2 =3
==
2

Left hand side of (5) representsthe series (1). Thereforee<3andalsoe>2and
hence2<e<3.
Remark The exponential seriesinvolving variable x can be expressed as
) x x* X X"
€ =1l4+—+—+—+.+—+..
o2 3 n!

Example 3 Find the coefficient of x2 in the expansion of e**3 as a series in
powers of X.

Solution In the exponential series

replacing x by (2x + 3), we get
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418 MATHEMATICS

2
(2x+3) . (2x+3) .
1 2!

e2x+3 =1+

_(2x+3)"  @+2%)" _.
Here, the general term is — = B This can be expanded by the
n! !

Binomial Theorem as
i'[s” +7C, 3 (2%) +" C, 32 (2X)F 4t (2x)”}.
n!

n n—-2n~2
2
Here, the coefficient of X?is ZT . Therefore, the coefficient of X2 in the whole

seriesis

0o nC 3n—222 oo n 1 3n—
P M

& L
oo 3n—2
- 2;—@_2)! [usngn!=n(n—1) (n — 2)!]
— 2{1+§+§+§+..}
123
= 2e%.

Thus 2€® is the coefficient of X2 in the expansion of e>*,
Alternatively > = ¢ . e

ee{ + 2, (297 + (2x° +}
~ 1 2! 3!

2
32 53
Thus, the coefficient of x2 in the expansion of €3 is € 'E—Ze

Example 4 Find the value of €, rounded off to one decimal place.

Solution Using the formula of exponential series involving x, we have
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INFINITE SERIES 419
Putting x = 2, we get

5 2 22 22 2t 22 20
e=1l+—+—+—+—+—+—+...
o2t 3 4 5 6

=1+2+2+£'+%+i+i+
3 3 15 45
> the sum of first seven terms > 7.355.

On the other hand, we have

2[222 2 24J25[222 2 J
e<|l+—+—+—+— +—|1+—+=+—=+..
21 3 4

2
_ 7+i(1+1+(1) J ] I N R S
5

Thus, € lies between 7.355 and 7.4. Therefore, the value of €, rounded off to one
decimal place, is7.4.

A.15 LogarithmicSeries

Another very important seriesis|ogarithmic serieswhichisalso in theform of infinite
series. We state the following result without proof and illustrate its application with an
example.

Theorem If | x| <1, then

x2 X
log. (1+ X)=X——+——...

The series on the right hand side of the above is called the logarithmic series.

The expansion of log, (1+X) isvalid for x = 1. Substituting x = 1 in the
expansion of log, (1+x), we get
1

11
log,2=1-—+——+...
e 2 3 4
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420 MATHEMATICS

Example51f o, B aretheroots of the equation x* — px+q=0, prove that

2, @2 3, R3
o+ +
BX2+0‘ Bxs_
2 3

Ioge(1+ PX + qxz):(oc+[3)x—

aZXZ a3x3 BZXZ B3X3
Solution Right hand side = | 0X~———+— _'"}{BX_TJFT_'"

log, (1+ ax) + log (1+ Bx)
= log, (1+ (ou+B) x+apx? )

= log, (1+ px+0x*) = Left hand side.
Here, we have used the facts oo+ =p and af=q . We know this from the

given roots of the quadratic equation. We have also assumed that both |ax|< 1 and
1Bx|<1.

4

® —

o,
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Appendix 2

MATHEMATICAL MODELLING

A.2.1 Introduction

Much of our progress in the last few centuries has made it necessary to apply
mathematical methodsto real-life problemsarising from different fields—beit Science,
Finance, Management etc. The use of Mathematics in solving rea-world problems
has become widespread especially dueto theincreasing computational power of digital
computers and computing methods, both of which have facilitated the handling of
lengthy and complicated problems. The process of translation of a real-life problem
into a mathematical form can give a better representation and solution of certain
problems. The process of translation is called Mathematical Modelling.

Here we shall familiaries you with the steps involved in this process through
examples. We shall first talk about what amathematical model is, then we discussthe
stepsinvolvedin the process of modelling.

A.2.2 Preliminaries

Mathematical modellingisan essential tool for understanding theworld. In olden days
the Chinese, Egyptians, Indians, Babylonians and Greeks indulged in understanding
and predicting the natural phenomena through their knowledge of mathematics. The
architects, artisans and craftsmen based many of their works of art on geometric
prinicples.

Suppose a surveyor wants to measure the height of atower. Itisphysically very
difficult to measure the height using the measuring tape. So, the other optionisto find
out the factorsthat are useful to find the height. From his knowledge of trigonometry,
he knows that if he has an angle of elevation and the distance of the foot of the tower
to the point where he is standing, then he can calcul ate the height of the tower.

S0, hisjob isnow simplified to find the angle of elevation to the top of the tower
and the distance from the foot of the tower to the point where he is standing. Both of
which are easily measurable. Thus, if he measures the angle of elevation as 40° and
the distance as 450m, then the problem can be solved as given in Example 1.
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422 MATHEMATICS

Example 1 Theangle of elevation of the top of atower from apoint O on the ground,
which is450 m away from the foot of the tower, is40°. Find the height of the tower.

Solution We shall solve thisin different steps.

Sep 1 Wefirst try to understand the real problem. In the problem atower isgiven and
its height is to be measured. Let h denote the height. It is given that the horizontal
distance of the foot of the tower from a particular point O on the ground is450 m. L et
d denotes this distance. Then d = 450m. We also know that the angle of elevation,
denoted by 0, is40°.

Thereal problem isto find the height h of the tower using the known distance d
and the angle of elevation 6.

Sep 2 Thethree quantities mentioned in the problem are height,
distance and angle of elevation.

Sowelook for arelation connecting these three quantities.
Thisisobtained by expressing it geometrically in the following
way (Fig 1).

AB denotes the tower. OA gives the horizontal distance h
from the point O to foot of the tower. ZAOB is the angle of
elevation. Then we have

h 0440 A
tan6=— orh=dtan 6 .. (1) 450 m
d Fig1

Thisis an equation connecting 6, h and d.

Step 3 We use Equation (1) to solve h. We have 6 = 40°. and d = 450m. Then we get
h = tan 40° x 450 = 450 x 0.839 = 377.6m

Sep 4 Thuswe got that the height of the tower approximately 378m.

Let us now look at the different steps used in solving the problem. In step 1, we
have studied the real problem and found that the problem involves three parameters
height, distance and angle of elevation. That means in this step we have studied the
real-life problem and identified the parameters.

In the Step 2, we used some geometry and found that the problem can be
represented geometrically as given in Fig 1. Then we used the trigonometric ratio for
the “tangent” function and found the relation as

h=dtan 0

S0, inthisstep we formul ated the problem mathematically. That meanswe found
an equation representing the real problem.
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MATHEMATICAL MODELLING 423

In Step 3, we solved the mathematical problem and got that h = 377.6m. That is

we found

Solution of the problem.
In the last step, we interpreted the solution of the problem and stated that the

height of the tower is approximately 378m. We call thisas

Interpreting the mathematical solution to the real situation
In fact these are the steps mathematicians and others use to study various real-

life situations. We shall consider the question, “why isit necessary to use mathematics
to solvedifferent situations.”

Here are some of the examples where mathematics is used effectively to study

various situations,

1

Proper flow of blood isessential to transmit oxygen and other nutrientsto various
parts of the body in humanbeingsaswell asin all other animals. Any constriction
in the blood vessel or any change in the characteristics of blood vessels can
change the flow and cause damages ranging from minor discomfort to sudden
death. The problemisto find the rel ationshi p between blood flow and physiol ogical
characteristics of blood vessel.

In cricket athird umpire takes decision of aLBW by looking at the trajectory of
aball, smulated, assuming that the batsman isnot there. Mathematical equations
arearrived at, based on the known paths of balls beforeit hits the batsman’s leg.
Thissimulated model is used to take decision of LBW.

Meteorology department makes weather predictions based on mathematical
models. Some of the parameters which affect change in weather conditions are
temperature, air pressure, humidity, wind speed, etc. Theinstruments are used to
measure these parameters which include thermometers to measure temperature,
barometers to measure airpressure, hygrometers to measure humidity,
anemometers to measure wind speed. Once dataare received from many stations
around the country and feed into computersfor further analysisand interpretation.

Department of Agriculture wants to estimate the yield of rice in Indiafrom the
standing crops. Scientists identify areas of rice cultivation and find the average
yield per acre by cutting and weighing crops from some representative fields.
Based on some statistical techniques decisions are made on the average yield of
rice.

How do mathematicians help in solving such problems? They sit with expertsin
the area, for example, a physiologist in the first problem and work out a
mathematical equivalent of the problem. Thisequivalent consists of one or more
equations or inegualities etc. which are called the mathematical models. Then
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solvethemodel and interpret the solution in terms of the original problem. Before
we explain the process, we shall discuss what a mathematical model is.

A mathematical model is arepresentation which comprehends a situation.
Aninteresting geometric model isillustrated in thefollowing example.

Example 2 (Bridge Problem) Konigsberg isatown on the Pregel River, which in the
18th century was a German Island C

town, but now isRussian. Within
the town are two river islands
that are connected to the banks
with seven bridges as shown
in(Fig2).

Peopletried to walk around
the town in a way that only
crossed each bridge once, but it
proved to be difficult problem.
Leonhard Euler, a Swiss
mathematician in the service of
the Russian empire Catherinethe Great, heard about the problem. In 1736 Euler proved
that the walk was not possible to do. He proved this by inventing a kind of diagram
called a network, that is made up of vertices River bank
(dotswherelines meet) and arcs (lines) (Fig3). A

He used four dots (vertices) for the two
river banks and the two islands. These have
been marked A, B and C, D. The seven lines Island C Island D
(arcs) are the seven bridges. You can see that
3bridges(arcs) jointoriverbank, A, and 3join

River Bank B

Island D

to riverbank B. 5 bridges (arcs) join to island River bank
C, and 3jointoisland D. This means that all B
the vertices have an odd number of arcs, so Fig3

they are called odd vertices (An even vertex
would have to have an even number of arcsjoining to it).

Remember that the problem was to travel around town crossing each bridge only
once. On Euler’s network this meant tracing over each arc only once, visiting all the
vertices. Euler proved it could not be done because he worked out that, to have an odd
vertex you would have to begin or end the trip at that vertex. (Think about it). Since
there can only be one beginning and one end, there can only betwo odd verticesif you
are to trace over each arc only once. Since the bridge problem has 4 odd vertices, it
just not possibleto do!
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After Euler proved his Theorem, much River bank
water hasflown under the bridgesin Konigsberg. A
In 1875, an extrabridge wasbuilt in Konigsberg,
joining the land areas of river banks A and B

(Fig4). Isit possible now for the Konigsbergians 1s1and € Island D
to goround the city, using each bridge only once?
Herethesituation will beasin Fig 4. After )
the addition of the new edge, both the vertices Rlve%ba"k
A and B have become even degree vertices. Fig4

However, D and C still have odd degree. So, it
ispossiblefor the K onigsbergiansto go around the city using each bridge exactly once.

Theinvention of networks began anew theory called graph theory which is now
used in many ways, including planning and mapping railway networks (Fig 4).

A.2.3 What isMathematical M odelling?

Here, we shall define what mathematical modelling is and illustrate the different
processesinvolved in thisthrough examples.

Definition Mathematical modelling is an attempt to study some part (or form) of the
real-life problem in mathematical terms.

Conversion of physical situation into mathematics with some suitable
conditions is known as mathematical modelling. Mathematical modelling is
nothing but a technique and the pedagogy taken from fine arts and not from the
basic sciences. L et usnow understand the different processesinvolved in Mathematical
Modelling. Four steps are involved in this process. As an illustrative example, we
consider the modelling done to study the motion of asimple pendulum.

Understanding the problem

Thisinvolves, for example, understanding the processinvolved in the motion of smple
pendulum. All of usarefamiliar with the simple pendulum. Thispendulumissimply a
mass (known as bob) attached to one end of a string whose other end is fixed at a
point. We have studied that the motion of the simple pendulum is periodic. The period
depends upon the length of the string and accel eration dueto gravity. So, what we need
to find is the period of oscillation. Based on this, we give a precise statement of the
problem as

Satement How do we find the period of oscillation of the simple pendulum?
The next step isformulation.

Formulation Consists of two main steps.
1. Identifying the relevant factors In this, we find out what are the factors/
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parametersinvolved in the problem. For example, in the case of pendulum, thefactors
areperiod of oscillation (T), themass of the bob (m), effectivelength (I') of the pendulum
which isthe distance between the point of suspension to the centre of mass of the bob.
Here, we consider thelength of string aseffectivelength of the pendulum and acceleration
due to gravity (g), which is assumed to be constant at a place.

So, we haveidentified four parametersfor studying the problem. Now, our purpose
isto find T. For this we need to understand what are the parameters that affect the
period which can be done by performing a simple experiment.

We take two metal balls of two different masses and conduct experiment with
each of them attached to two strings of equal lengths. We measure the period of
oscillation. We make the observation that there is no appreciable change of the period
with mass. Now, we perform the same experiment on egqual mass of balls but take
strings of different lengths and observe that thereis clear dependence of the period on
the length of the pendulum.

This indicates that the mass mis not an essential parameter for finding period
whereas the length | is an essential parameter.

This process of searching the essential parameters is necessary before we go
to the next step.

2. Mathematical description This involves finding an equation, inequality or a
geometric figure using the parameters already identified.

In the case of simple pendulum, experimentswere conducted in which thevalues
of period T were measured for different values of |. These values were plotted on a
graph which resulted in a curve that resembled a parabola. It implies that the relation
between T and | could be expressed

T2 =K (1)

2
It wasfound that k = % . This gives the equation

|
T=2n "
e - (2

Equation (2) givesthe mathematical formulation of the problem.

Finding the solution Themathematical formulation rarely givestheanswer directly.
Usually we have to do some operation which involves solving an equation, cal cul ation
or applying atheorem etc. In the case of simple pendulumsthe solution involves applying
theformulagivenin Equation (2).
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The period of oscillation calculated for two different pendulums having different
lengthsisgivenin Table 1

Tablel
| 225 cm 275cm
T 3.04 sec 3.36 sec

The table showsthat for | =225 cm, T = 3.04 sec and for | =275 cm, T = 3.36 sec.

| nter pretation/Validation

A mathematical model is an attempt to study, the essential characteristic of areal life
problem. Many times model equations are obtained by assuming the situation in an
idealised context. The model will be useful only if it explainsall thefactsthat we would
likeit to explain. Otherwise, we will reject it, or else, improveit, then test it again. In
other words, we measure the effectiveness of the model by comparing the results
obtained from the mathematical model, with the known facts about the real
problem. This process is called validation of the model. In the case of simple
pendulum, we conduct some experiments on the pendulum and find out period of
oscillation. The results of the experiment are givenin Table 2.

Table2
Periods obtained experimentally for four different pendulums

Mass (gms) Length (cms) Time (secs)
385 275 3.371
225 3.056
230 275 3.352
225 3.042

Now, we compare the measured valuesin Table 2 with the calculated values given in
Table 1.

The difference in the observed values and calculated values gives the error. For

example, for | =275 cm, and mass m= 385 gm,
error = 3.371-3.36 = 0.011
which is small and the model is accepted.

Once we accept the model, we have to interpret the model. The process of
describing the solution in the context of the real situation is called interpretation
of the model. In this case, we can interpret the solution in the following way:

(a) The period is directly proportiona to the square root of the length of the
pendulum.
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(b) Itisinversely proportional to the squareroot of the accel eration dueto gravity.

Our validation and interpretation of thismodel showsthat the mathematical model
isin good agreement with the practical (or observed) values. But we found that there
is some error in the calculated result and measured result. This is because we have
neglected the mass of the string and resistance of the medium. So, in such situation we
look for a better model and this process continues.

This leads us to an important observation. The real world is far too complex to
understand and describe completely. We just pick one or two main factors to be
completely accurate that may influence the situation. Then try to obtain a simplified
model which gives someinformation about the situation. We study the simple situation
with this model expecting that we can obtain a better model of the situation.

Now, we summarise the main processinvolved in the modelling as

(8) Formulation (b) Solution (¢) Interpretation/Validation
The next example shows how modelling can be done using the techniques of finding
graphical solution of inequality.

Example 3 A farm house uses atleast 800 kg of special food daily. The special food is
amixture of corn and soyabean with the following compositions

Table3
Material | Nutrients present per Kg| Nutrients present per Kg | Cost per Kg
Protein Fibre
Corn .09 .02 Rs 10
Soyabean .60 .06 Rs 20

The dietary requirements of the special food stipulate atleast 30% protein and at most
5% fibre. Determine the daily minimum cost of the food mix.

Solution Sep 1 Herethe objectiveisto minimisethetotal daily cost of the food which
is made up of corn and soyabean. So the variables (factors) that are to be considered
are

X = the amount of corn
y = the amount of soyabean
z = the cost
Sep 2 Thelast columnin Table 3 indicates that z, X, y are related by the equation
z=10x + 20y .. (1)
The problem isto minimise zwith thefollowing constraints:
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(@) Thefarm used atleast 800 kg food consisting of corn and soyabean
i.e, x+y>800
. (2
(b) Thefood should haveatleast 30% protein dietary requirement in the proportion
asgiveninthefirst column of Table 3. Thisgives

0.09x + 0.6y > 0.3 (x +) .. (3

(c) Similarly the food should have atmost 5% fibre in the proportion givenin
2nd column of Table 3. Thisgives

0.02x + 0.06 y < 0.05 (x + ) .. (4)
Wesmplify the constraintsgivenin (2), (3) and (4) by grouping all the coefficients
of x,y.
Then the problem can be restated in the following mathematical form.
Satement Minimise z subject to
X +y =800
0.21x—.30y <0
0.03x—.01y >0
Thisgivestheformulation of the model.

Step 3 This can be solved graphically. The shaded region in Fig 5 gives the possible
solution of the equations. From thegraphit isclear that the minimum valueisgot at the

Minimige .

1500 o/ " TTte-al.
1000
N

500

| | |
0 500 1000 1500

Optimum: x = 470.6 kg
y=3294kg
z=Rs 11294

Fig5
point (470.6,329.4) i.e., x=470.6 and y = 329.4.
Thisgivesthevaueof zas z=10 x 470.6 + 20 x 329.4 = 11294
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Thisisthe mathematical solution.

Sep 4 The solution can be interpreted as saying that, “The minimum cost of the
special food with corn and soyabean having the required portion of nutrient contents,
protein and fibre is Rs 11294 and we obtain this minimum cost if we use 470.6 kg of
corn and 329.4 kg of soyabean.”

Inthe next example, weshall discusshow modelling isused to study the popul ation
of acountry at a particular time.

Example4 Suppose apopul ation control unit wantsto find out “ how many people will
be there in a certain country after 10 years’

Sep 1 Formulation We first observe that the population changes with time and it
increases with birth and decreases with deaths.

Wewant to find the population at aparticul ar time. Let t denotethetimein years.
ThenttakesvaluesO, 1, 2, ..., t = 0 standsfor the present time, t = 1 standsfor the next
year etc. For any timet, let p (t) denote the population in that particular year.

Suppose we want to find the population in a particular year, say t, = 2006. How
will we do that. We find the population by Jan. 1st, 2005. Add the number of birthsin
that year and subtract the number of deathsin that year. Let B(t) denote the number of
births in the one year between t and t + 1 and D(t) denote the number of deaths
betweent and t + 1. Then we get the relation

Pt+1)=P()+B(t)-D (t)
Now we make some assumptions and definitions

B(t)
% is called the birth rate for thetimeinterval ttot + 1.

D (t)
P_(t) is called the death rate for thetime interval tto t + 1.

Assumptions

1. The birth rate isthe same for all intervals. Likewise, the death rate is the same
for al intervals. This means that there is a constant b, called the birth rate, and a
constant d, called the death rate so that, for all t > 0,

_B® _b®
b—P(t) and d—P(t) . (D)

2. Thereisnomigrationinto or out of thepopulation; i.e., theonly source of population
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change is birth and death.
Asaresult of assumptions 1 and 2, we deduce that, for t > 0,
P(t+ 1) =P(t) + B(t) — D(t)
= P(t) + bP(t) — dP(t)
=(1+b-d) Pt .. (2
Settingt=0in (2) gives
P(1)=(1+b-d)P(0) .. (3
Settingt = 1 in Equation (2) gives
P2 =Q+b-d)P(2)
=(1+b-d)(1+b-d)P(0) (Using equation 3)
= (1 +b-d)?P0)
Continuing thisway, we get
Pt)=(1+b-d)P(0) .. (4
fort=0,1,2, ... Theconstant 1 + b —d isoften abbreviated by r and called the growth
rate or, in more high-flown language, the Malthusian parameter, in honor of Robert
Malthus who first brought this model to popular attention. In terms of r, Equation (4)
becomes
P(t) = P(O)rt , t=0,1,2, .. .. (5
P(t) is an example of an exponential function. Any function of the form cr ', where c
and r are constants, is an exponential function.
Equation (5) givesthe mathematical formulation of the problem.
Sep 2 — Solution
Suppose the current population is 250,000,000 and the ratesareb = 0.02 and d = 0.01.
What will the population be in 10 years? Using the formula, we cal culate P(10).
P(10) = (1.01)* (250,000,000)
=(1.104622125) (250,000,000)
=276,155,531.25

Sep 3 Interpretation and Validation

Naturally, this result is absurd, since one can't have 0.25 of a person.
So, we do some approximation and conclude that the population is 276,155,531
(approximately). Here, we are not getting the exact answer because of the assumptions
that we have made in our mathematical model.

The above examples show how maodelling isdonein variety of situations using
different mathematical techniques.
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Sinceamathematical model isasimplified representation of areal problem, by its
very nature, has built-in assumptionsand approximations. Obviously, the most important
question is to decide whether our model is a good one or not i.e., when the obtained
results are interpreted physically whether or not the model gives reasonable answers.
If amodel is not accurate enough, we try to identify the sources of the shortcomings.
It may happen that we need a new formulation, new mathematical manipulation and
hence anew evaluation. Thus mathematical modelling can be acycle of themodelling
process as shown in the flowchart given below:

> | ASSUMPTIONS/AXIOMS
FORM U\LLATION
SOLGLTION
INTERPéETATION
N VALIéATION

NO YES
< SATISFIED > STOP

4

® —

o,
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( SETS )

**In these days of conflict between ancient and modern studies; there
must surely be something to be said for a study which did not
begin with Pythagoras and will not end with Einstein; but
is the oldest and the youngest. — G.H. HARDY ¢¢

1.1 Introduction

The concept of set serves as a fundamental part of the
present day mathematics. Today this concept is being used
in almost every branch of mathematics. Sets are used to
define the concepts of relations and functions. The study of
geometry, sequences, probability, etc. requiresthe knowledge
of sets.

The theory of sets was developed by German
mathematician Georg Cantor (1845-1918). He first
encountered setswhileworking on “ problemson trigonometric
series’. In this Chapter, we discuss some basic definitions

. . . Georg Cantor
and operationsinvolving sets. (1845-1918)

1.2 Setsand their Representations
In everyday life, we often speak of collections of objects of a particular kind, such as,
apack of cards, acrowd of people, acricket team, etc. In mathematics also, we come
across collections, for example, of natural numbers, points, prime numbers, etc. More
specially, we examinethefollowing collections:
(i) Odd natural numberslessthan 10,i.e., 1,3,5,7,9
(i) Theriversof India
(i) Thevowelsin the English alphabet, namely, a, €, i, 0, u
(iv) Variouskindsof triangles
(v) Primefactorsof 210, namely, 2,3,5and 7
(vi) Thesolution of the equation: X*—5x + 6 =0, viz, 2 and 3.
We note that each of the above exampleis awell-defined collection of objectsin
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the sense that we can definitely decide whether a given particular object belongsto a
given collection or not. For example, we can say that the river Nile does not belong to
the collection of riversof India. On the other hand, the river Ganga does belong to this
colleciton.

We give below afew more examples of setsused particularly in mathematics, viz.

N : theset of al natural numbers

Z : theset of al integers

Q : thesetof dl rational numbers

R : the set of real numbers

Z* : the set of positive integers

Q* : theset of positive rational numbers, and

R* : the set of positive real numbers.

The symbols for the special sets given above will be referred to throughout
thistext.

Again the collection of five most renowned mathematicians of the world is not
well-defined, because the criterion for determining amathematician as most renowned
may vary from person to person. Thus, it is not awell-defined collection.

We shall say that a set is a well-defined collection of objects.

Thefollowing points may be noted:

(i) Objects, elements and members of a set are synonymous terms.
(i) Setsareusualy denoted by capital lettersA, B, C, X, Y, Z, etc.
(i) The elements of a set are represented by small letters a, b, ¢, X, y, z, etc.
If aisan element of aset A, we say that “ a belongsto A” the Greek symbol
(epsilon) is used to denote the phrase ‘belongsto’. Thus, wewritea e A. If ‘b’ isnot
an element of aset A, wewriteb ¢ A and read “b does not belong to A”.
Thus, inthe set V of vowelsin the English aphabet, ae V but b ¢ V. Inthe set
P of prime factors of 30, 3 Pbut15¢ P.
There are two methods of representing a set :

(i) Roster or tabular form
(i) Set-builder form.

(i) Inroster form, al the elementsof aset arelisted, the elements are being separated
by commas and are enclosed within braces{ }. For example, the set of all even
positive integers less than 7 is described in roster form as {2, 4, 6} . Some more
examples of representing a set in roster form are given below :

(@) Thesetof al natural numberswhich divide42is{1, 2,3, 6,7, 14,21, 42} .
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In roster form, the order in which the elements are listed is immaterial.
Thus, the above set can also be represented as{ 1, 3, 7, 21, 2, 6, 14, 42}.
(b) Theset of all vowelsin the English alphabetis{a, e, i, o, u}.
(c) Theset of odd natural numbersisrepresented by {1, 3,5, . . .}. The dots
tell usthat thelist of odd numbers continueindefinitely.

It may be noted that while writing the set in roster form an element is not

generally repeated, i.e., al the elements are taken as distinct. For example, the set
of lettersforming theword ‘SCHOOL is{ S,C,H, O, L} or {H, O, L, C, S}. Here,
the order of listing elements has no relevance.

(i)  In set-builder form, all the elements of a set possess a single common property

which is not possessed by any element outside the set. For example, in the set

{a, & 1,0, u}, al the elements possess acommon property, namely, each of them

isavowel inthe English a phabet, and no other |etter possessthisproperty. Denoting

this set by V, we write

V ={x: xisavowel in English aphabet}

It may be observed that we describe the element of the set by using a symbol x
(any other symbol likethelettersy, z, etc. could be used) which isfollowed by acolon
“ ", After the sign of colon, we write the characteristic property possessed by the
elements of the set and then enclose the whol e description within braces. The above
description of the set V isread as “the set of all x such that x isavowel of the English
alphabet”. In this description the braces stand for “the set of al”, the colon stands for
“such that”. For example, the set

A ={x: xisanatural number and 3 < x < 10} isread as “the set of all x such that

x isanatura number and x lies between 3 and 10.” Hence, the numbers 4, 5, 6,

7, 8 and 9 are the elements of the set A.

If we denote the sets described in (a), (b) and (c) abovein roster form by A, B,
C, respectively, then A, B, C can also be represented in set-builder form as follows:

A= {x: xisanatura number which divides 42}

B={y:yisavowsel inthe English al phabet}

C={z: zisan odd natural number}

Example 1 Write the solution set of the equation X2+ x —2 = 0 in roster form.

Solution The given eguation can be written as
x=1) x+2)=0,i.e, x=1,-2
Therefore, the solution set of the given equation can be written in roster formas{1, — 2}.

Example 2 Write the set {x : X is a positive integer and x2 < 40} in the roster form.
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Solution Therequired numbersarel, 2, 3, 4, 5, 6. So, the given set in the roster form
is{1,2,34,5,6}.

Example 3 Writetheset A={1, 4,9, 16, 25, . . . }in set-builder form.

Solution We may write the set A as

A ={x: xisthe sguare of a natural number}
Alternatively, we can write

A ={x:x=n% wherene N}

_ 123456, .
Example 4 Writetheset { =, =.,—=,=.= } in the set-builder form.

Solution We see that each member in the given set has the numerator one less than
the denominator. Also, the numerator begin from 1 and do not exceed 6. Hence, in the
set-builder formthe given setis

{x: X:Ll,wherenisanatural number and 1< nSG}
n+
Example 5 Match each of the set on the left described in the roster form with the
same set on the right described in the set-builder form :
() {PR/I,N,CA,L} (a{x:xisapostiveinteger andisadivisor of 18}

@ {0} (b) { x: xisaninteger and x*—9 = 0}
@y {1,2,3,6,9,18} (o) {x:xisaninteger and x + 1= 1}
(iv) {3,-3} (d) {x: xisaletter of the word PRINCIPAL}

Solution Sincein (d), there are 9 lettersin the word PRINCIPAL and two letters Pand |
are repeated, so (i) matches (d). Similarly, (ii) matches (c) as x + 1 = 1 implies
x=0.Also, 1,2,3,6,9, 18 aredl divisors of 18 and so (iii) matches (a). Finaly, x*—9=0
impliesx = 3, =3 and so (iv) matches (b).

|EXERCISE 1.1

1. Which of the following are sets ? Justify your answer.

(i) Thecaoallection of all the months of ayear beginning with the letter J.
(i) The collection of ten most talented writers of India.

(i) A team of eleven best-cricket batsmen of the world.

(iv) Thecollection of al boysinyour class.

(v) Thecollection of al natural numberslessthan 100.

(vi) A collection of novelswritten by the writer Munshi Prem Chand.

(vii) Thecollection of al evenintegers.
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(viii) Thecollection of questionsin this Chapter.
(ix) A coallection of most dangerous animals of the world.
Let A={1, 2, 3, 4,5, 6}. Insert the appropriate symbol € or ¢ in the blank
spaces:
@i 5..A @i 8...A @)y 0...A
(iv) 4...A v) 2...A (vi) 10...A
Write thefollowing setsin roster form:
() A={x:xisaninteger and -3<x<7}
(i) B ={x:xisanatural number lessthan 6}
(i) C={x:xis atwo-digit natural number such that the sum of itsdigitsis 8}
(iv) D ={x:xisaprimenumber whichisdivisor of 60}
(v) E=Thesetof al lettersin the word TRIGONOMETRY
(vi) F=Thesetof al lettersin the word BETTER
Writethefollowing setsin the set-builder form:
(i) (3,6,9,12} (i) {24816,32} (i) {5, 25,125,625}
(iv) {2,4,6,...} (v) {14)9,...100}
List all the elements of the following sets:
(i) A ={x:xisanodd natural number}
(i) B={x:xisaninteger, —% <Xx< g}
(i) C={x:xisaninteger, x*< 4}
(iv) D={x:xisaletter intheword“LOYAL"}
(v) E={x:xisamonth of ayear not having 31 days}
(vi) F={x:xisaconsonant in the English aphabet which precedesk }.
Match each of the set on the left in the roster form with the same set on the right
described in set-builder form:
i {1,2,3,6} (@ {x:xisaprimenumber and adivisor of 6}
i {2,3t (b) {x:xisanodd natural number lessthan 10}
@y {MATHELICS} (c) {x:xisnatura number and divisor of 6}
(v) {1,3,57,9} (d) {x:xisaletter of the word MATHEMATICS}.

1.3 TheEmpty Set
Consider the set

A ={ x:xisastudent of Class XI presently studying in aschool }
We can go to the school and count the number of students presently studying in

Class X1 in the school. Thus, the set A contains afinite number of elements.

We now write another set B as follows:
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B ={ x: xisastudent presently studying in both Classes X and XI }
We observethat astudent cannot study simultaneously in both Classes X and XI.
Thus, the set B contains no element at all.

Definition 1 A set which does not contain any element is called the empty set or the
null set or the void set.
According to this definition, B is an empty set while A is not an empty set. The
empty set is denoted by the symbol ¢ or { }.
We give below afew examples of empty sets.
() LetA={x:1<x<2 xisanatural number}. Then A is the empty set,
because there is no natural number between 1 and 2.
(i) B={x:x*—2=0andxisrationa number}. Then B isthe empty set because
the equation ¥*— 2 = 0 is not satisfied by any rational value of x.
(i) C={x:xisaneven primenumber greater than 2} .Then Cisthe empty set,
because 2 is the only even prime number.
(ivy D={x:x*=4,xisodd}. Then D isthe empty set, because the equation
x?= 4 isnot satisfied by any odd value of x.

1.4 Finiteand Infinite Sets

Let A={127345}, B={a b,cdeqg}

and C ={ menliving presently in different parts of the world}

We observethat A contains 5 elementsand B contains 6 el ements. How many elements
does C contain? Asit is, we do not know the number of elementsin C, but it is some
natural number which may be quite a big number. By number of elements of aset S,
we mean the number of distinct elements of the set and we denoteit by n (S). If n (S)
is anatural number, then S is non-empty finite set.

Consider the set of natural numbers. We see that the number of elements of this
set isnot finite since there are infinite number of natural numbers. We say that the set
of natural numbersis an infinite set. The sets A, B and C given above are finite sets
and n(A) =5, n(B) = 6 and n(C) = some finite number.

Definition 2 A set which is empty or consists of a definite number of elements is
caled finite otherwise, the set is called infinite.
Consider some examples:
(i) Let W bethe set of the days of the week. Then W isfinite.
(i) LetSbethe set of solutions of the equation x*—16 = 0. Then Sisfinite.
(ii) Let G betheset of pointson aline. Then G isinfinite.
When we represent a set in the roster form, we write all the elements of the set
within braces{ }. Itisnot possibleto write all the elements of an infinite set within
braces{ } becausethe numbersof elementsof such aset isnot finite. So, we represent
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SETS 7

someinfinite set intheroster form by writing afew elementswhich clearly indicate the
structure of the set followed ( or preceded ) by three dots.

For example, {1, 2, 3. . .} istheset of natural numbers, {1, 3,5, 7, .. .} istheset
of odd natural numbers, {...—-3,-2,-1,0,1, 2,3, .. .} isthe set of integers. All these
sets areinfinite.

| &= NoteAll infinite sets cannot be described in the roster form. For example, the

set of real numbers cannot be described in this form, because the e ements of this
set do not follow any particular pattern.

Example 6 State which of the following sets are finite or infinite::
() {x:xeNand(x-1)(x-2) =0}
(i) {x:xe Nandx®=4}
(i) {x:xe Nand2x-1=0}
(iv) {x:xe Nandxisprime}
(v) {x:xe Nandxisodd}
Solution (i) Givenset={1, 2}. Hence, itisfinite.
(i) Givenset={2}.Hence, itisfinite.
(i) Given set = ¢. Hence, it isfinite.
(iv) Thegiven setisthe set of all prime numbers and since set of prime
numbersisinfinite. Hence the given setisinfinite
(v) Sincethereareinfinite number of odd numbers, hence, thegivensetis
infinite.
1.5 Equal Sets

Given two setsA and B, if every element of A is also an element of B and if every
element of B is also an element of A, then the sets A and B are said to be equal.
Clearly, the two sets have exactly the same elements.

Definition 3 Two sets A and B are said to be equal if they have exactly the same
elements and we write A = B. Otherwise, the sets are said to be unequal and we write
A #B.
We consider the following examples:
(i) LetA={1,2,3, 4} and B={3,1,4,2}. ThenA=B.
(i) Let A bethe set of prime numberslessthan 6 and Pthe set of prime factors
of 30. Then A and Pareequal, since 2, 3 and 5 are the only prime factors of
30 and a'so these are less than 6.

A set does not change if one or more elements of the set are repeated.
For example, the setsA = {1, 2, 3} and B = {2, 2, 1, 3, 3} are equal, since each
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8 MATHEMATICS

element of A isin B and vice-versa. That is why we generally do not repeat any
element in describing a set.

Example 7 Find the pairs of equal sets, if any, give reasons:
A={0}, B={x:x>15and x <5},
C={x:x-5=0}, D ={x: x2= 25},
E ={x: xisanintegra positive root of the equation x2 — 2x —15 = 0} .

Solution Since 0 € A and 0 does not belong to any of the sets B, C, D and E, it
followsthat, AB,A#C,A=«D,A#E.

Since B = ¢ but none of the other sets are empty. ThereforeB # C, B # D
and B # E. Also C = {5} but -5 € D, hence C # D.

Since E = {5}, C=E. Further, D ={-5, 5} and E = {5}, wefind that, D # E.
Thus, the only pair of equal setsis C and E.

Example 8 Which of the following pairs of sets are equal ? Justify your answer.
(i) X, theset of lettersin “ALLOY” and B, the set of lettersin “LOYAL”.
(i) A={n:ne Zandn’<4} andB ={x:xe Rand ¥*-3x +2=0}.

Solution (i) We have, X ={A,L,L,O,Y},B={L,0,Y,A, L}. Then X and B are

equal sets as repetition of elementsin a set do not change a set. Thus,
X={A,L,0,Y} =B

(iA={-2,-1,0,1,2}, B={1,2}.Since0c Aand0¢ B, A and B arenot equal sets.

|[EXERCISE1.2]

1. Which of thefollowing are examples of the null set
(i) Setof odd natural numbersdivisible by 2
(i) Set of even prime numbers
(i) { x: xisanatural numbers, x<5andx>7}
(iv) {y:y isapoint common to any two parallel lines}
2. Which of thefollowing setsarefiniteor infinite
(i) The set of months of ayear
@i {1,23,..}
@y {1,2,3,...99, 100}
(iv) The set of positive integers greater than 100
(v) The set of prime numbers less than 99
3. Statewhether each of the following set isfinite or infinite:
(i) The set of lineswhich are parallel to the x-axis
(i) Theset of lettersin the English al phabet
(ili) The set of numberswhich are multiple of 5
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(iv) Theset of animalsliving on the earth
(v) Theset of circles passing through the origin (0,0)
4. Inthefollowing, state whether A = B or not:
(i) A={ab,cd} B={dchba}
(i) A={4,812,16} B = {8,4,16,18}
@) A={2,4,6,810 B = { x:xispositive eveninteger and x < 10}
(iv) A={x:x isamultipleof 10}, B = {10,15,20,25,30,...}
5. Arethefollowing pair of setsequal ? Give reasons.
(i) A={2,3}, B= {x:xissolutionof x2 +5x + 6 =0}
(i) A ={ x:xisaletter inthe word FOLLOW}
B ={y:yisaletter in the word WOLF}
6. From the sets given below, select equal sets:
A={24,812}, B={1,23/4, C={4,81214}, D={3142
E={-1, 1}, F={0,a}, G={1,-1}, H={0, 1}

1.6 Subsets
Consider the sets: X = set of al studentsin your school, Y = set of all studentsin your
class.

We notethat every element of Y isalso an element of X; wesay that Y isasubset
of X. Thefact that Y issubset of X isexpressed in symbolsasY < X. The symbol c
stands for ‘isasubset of’ or ‘is contained in'.

Definition 4 A set A is said to be a subset of aset B if every element of A isalso an
element of B.

In other words, A c B if whenever ae A, thenae B. It is often convenient to
usethesymbol “=" which meansimplies. Using this symbol, we can writethe definiton
of subset as follows:

AcBifae A= aeB

We read the above statement as “A is a subset of B if a is an element of A
impliesthat a is also an element of B”. If A is not a subset of B, we write A ¢ B.

We may note that for A to be a subset of B, all that is needed is that every
element of Aisin B. It ispossible that every element of B may or may not beinA. If
it so happensthat every element of B isalsoinA, thenweshall aso haveB c A. Inthis
case, A and B are the same sets so that we have A« Band B ¢ A < A = B, where
“<” isasymbol for two way implications, and isusually read asif and only if (briefly
written as “iff”).

It follows from the above definition that every set A is a subset of itself, i.e.,
A c A. Since the empty set ¢ has no elements, we agree to say that ¢ isa subset of
every set. We now consider some examples :
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10 MATHEMATICS

(i) Theset Q of rational numbersis asubset of the set R of real numbes, and
we write Q c R.
(i) IfAistheset of al divisors of 56 and B the set of all prime divisors of 56,
then B isasubset of A and we write B c A.
(i) LetA={1,3,5} andB ={x: xisanodd natural number lessthan 6} . Then
A c B and B c A and hence A = B.
(iv) LetA={aei,o,u} andB={a,b,c, d}. ThenAisnot asubset of B,
also B is not a subset of A.
Let A and B betwo sets. If Ac Band A =B, then A is called a proper subset
of B and B is called superset of A. For example,
A ={1, 2,3} isaproper subset of B ={1, 2, 3, 4}.
If a set A has only one element, we call it a singleton set. Thus{ a} isa
singleton set.

Example 9 Consider the sets
0,A={1,3}, B={1,59, C={1,35,7,9}.
Insert the symbol c or ¢ between each of the following pair of sets:
i)o...B (i)A...B (ii)A...C (v)B...C
Solution (i) ¢ < B as¢ isasubset of every set.
(i) AgBas3eAand3¢ B

(i) AcCasl,3€ AdsobelongstoC
(iv) B < Caseachelement of B isalso an element of C.

Example 10 LetA={a, e i,0,u} andB ={ a, b, ¢, d}. IsA asubset of B ? No.
(Why?). Is B asubset of A? No. (Why?)

Example 11 Let A, B and C be three sets. If A € B and B < C, is it true that
A c C?. If not, give an example.

Solution No.LetA={1},B ={{1},2} andC={{1}, 2,3}. HereAc BasA={1}
andBcC.ButAzCasle Aand1l¢ C.
Note that an element of a set can never be a subset of itself.

1.6.1 Subsets of set of real numbers
As noted in Section 1.6, there are many important subsets of R. We give below the
names of some of these subsets.

The set of natural numbers N ={1,2,3,4,5,...}

The set of integers z={...,-3,-2,-1,0,1,23,..}

The set of rational numbers Q = { x: x= g ,p,ge Zandq=0}
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p
whichisread“ Q isthe set of all numbersx such that x equal s the quotient a , Where

p and g are integers and g is not zero”. Members of Q include —5 (which can be

essed 2, 33t hich can b essed ! d U
expr as 1),7, > (which can be expr asz)an 3
The set of irrational numbers, denoted by T, is composed of all other real numbers.

Thus T ={x: xe Randx ¢ Q}, i.e, al real numbers that are not rational.

Membersof T include /2 , /5 and .

Some of the obvious relations among these subsets are:
NcZcQQcR, TcR,NgT.

1.6.2 Intervalsassubsetsof R Leta, be R and a< b. Then the set of real numbers
{y:a<y< b} iscaled an open interval and is denoted by (a, b). All the points
between a and b belong to the openinterval (a, b) but a, b themselves do not belong to
thisinterval.

The interval which contains the end points also is called closed interval and is
denoted by [ @, b]. Thus

[a,b]={x:a<x<h}

We can aso have intervals closed at one end and open at the other, i.e.,
[ab)={x:a<x<Db} isanopeninterval fromato b, including a but excluding b.
(a,b]={x:a<x< b} isanopeninterval fromato bincluding b but excluding a
These notations provide an alternative way of designating the subsets of set of

real numbers. For example, if A=(-3,5) and B =[-7, 9], then A c B. The set [ 0, =)

defines the set of non-negative real numbers, while set ( — e, 0 ) defines the set of
negative real numbers. The set (— oo, o) describes the set of real numbersin relation

to aline extending from — oo t0 oo.

On real number line, varioustypes of intervals described above as subsetsof R,

areshownintheFig 1.1.

(a,b) [a,b] [a,b) (a,b)

O O @ @ @ O O @

a b a b a b a b
Figl.1

Here, we note that an interval containsinfinitely many points.

For example, theset {x: xe R,-5<x< 7}, written in set-builder form, can be
written in the form of interval as (-5, 7] and the interval [-3, 5) can be written in set-
builder formas{x: -3 < x < 5}.
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12 MATHEMATICS

The number (b — @) is called the length of any of the intervals (a, b), [a, b],
[a, b) or (a, b].

1.7 Power Set

Consider the set {1, 2}. Let us write down all the subsets of the set {1, 2}. We
know that ¢ is a subset of every set . So, ¢ isasubset of {1, 2}. We seethat {1}
and { 2 }are also subsets of {1, 2}. Also, we know that every set is a subset of
itself. So, { 1, 2} isasubset of {1, 2}. Thus, the set { 1, 2} has, in all, four
subsets, viz. ¢, { 1},{ 2} and { 1, 2}. The set of all these subsetsis called the
power setof { 1, 2}.

Definition 5 The collection of al subsets of aset A is called the power set of A. Itis
denoted by P(A). In P(A), every element is a set.
Thus, asinabove, if A={ 1,2}, then
P(A)={o{1}.{2}.{12}}
Also, notethatn[ P(A) ] =4=22
In general, if A is a set with n(A) = m, then it can be shown that
n[ P(A)] =2m

1.8 Universal Set

Usualy, in a particular context, we have to deal with the elements and subsets of a
basic set which isrelevant to that particular context. For example, while studying the
system of numbers, we areinterested in the set of natural numbersand its subsets such
asthe set of al primenumbers, the set of all even numbers, and so forth. Thisbasic set
is called the “Universal Set”. The universal set is usualy denoted by U, and al its
subsets by the letters A, B, C, etc.

For example, for the set of all integers, the universal set can be the set of rational
numbers or, for that matter, the set R of real numbers. For another example, in human
population studies, the universal set consists of all the peoplein theworld.

|EXERCISE 13|

1. Make correct statements by filling in the symbols c or & in the blank spaces :
() {2,3,4}...{1,2,345} (i){abc}...{bcd}
(i) {x:xisastudent of Class Xl of your school}. . {x: x student of your school}
(iv) {x:xisacircleintheplane} .. {x: xisacirclein the same plane with
radius 1 unit}

(v) {x:xisatriangleinaplane} ...{x: xisarectanglein the plane}
(vi) {x:xisanequilaterd triangleinaplane} ... {x:xisatriangleinthesameplane}
(vii) {x:xisanevennatural number} ... {x:xisaninteger}
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2. Examine whether the following statements are true or false:
(i) {ab}z{bca}
(i) {a e} c{x:xisavowel inthe English a phabet}
@ {1,2,3}c{135}
(ivy {a}c {abc}
(v) {ale{ahbc}
(vi) { x:xisanevennatural number lessthan 6} — { x: xisanatura number
which divides 36}
3. Lea A={12{34},5}. Whichof thefollowing statements areincorrect and why?
(i) {34 cA (i) {3,4 €A @)y {{3,4}cA
(ivy 1eA v) 1cA vi) {1,2,5} c A
(i) {1,2,51 €A (vii) {1,2,3}c A (ix) 0 A
x) ¢ A xi) {0} c A
4. Writedown all the subsets of the following sets
(i) {a} (i) {a b} (i) {1,2,3} (iv) ¢
5. How many elements has P(A), if A = ¢?
6. Writethefollowing asintervals:
() {x:xe R,—4<x<6} (i) {x:xe R,—12<x<-10}
(i) {x:xe R,O<Xx< T} (iv) {x:xe R,3<x<4}
7. Writethefollowingintervalsin set-builder form:
(i) (=30 (i) [6,12] (i) (6,12] (iv) [-23,5)
8. What universal set(s) would you propose for each of the following :
(i) Theset of right triangles. (i) The set of isoscelestriangles.
9. GiventhesetsA={1,3,5},B={2,4,6} and C={0, 2, 4, 6, 8}, which of the
following may be considered as universal set (s) for al thethree setsA, B and C
(i) {0,1,2,3,4,5,6}
(i) ¢
@y {01,2,34,5,6,7,8910}
(iv) {1,23456,7.8}
1.9 Venn Diagrams U

Most of the relationships between sets can be
represented by means of diagramswhich areknown ol
as \enn diagrams. Venn diagrams are named after
the Englishlogician, John Venn (1834-1883). These o5
diagrams consist of rectanglesand closed curves
usually circles. The universal set is represented
usually by arectangle and its subsets by circles.

In Venn diagrams, the elements of the sets

are written in their respective circles (Figs 1.2 and 1.3) Figl.2
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lllustration 1InFig1.2,U={1,2,3, ..., 10} isthe U
universal set of which
A ={2,4,6,8,10} isasubset. el

Illustration 2InFig1.3,U={1,2,3, ..., 10} isthe
universal set of which

A={2468,10} andB ={4, 6} aresubsets, | *°
and also B c A. Figl3

The reader will see an extensive use of the
Venn diagrams when we discuss the union, intersection and difference of sets.

1.10 Operationson Sets

Inearlier classes, we havelearnt how to perform the operations of addition, subtraction,
multiplication and division on numbers. Each one of these operations was performed
on a pair of numbers to get another number. For example, when we perform the
operation of addition on the pair of numbers 5 and 13, we get the number 18. Again,
performing the operation of multiplication on the pair of numbers5 and 13, we get 65.
Similarly, there are some operations which when performed on two sets give rise to
another set. Wewill now define certain operations on sets and examinetheir properties.
Henceforth, we will refer all our sets as subsets of some universal set.

1.10.1 Union of sets Let A and B be any two sets. The union of A and B isthe set
which consists of all the elementsof A and all the el ements of B, the common elements
being taken only once. The symbol ‘U’ is used to denote the union. Symbolically, we
write A U B and usually read as ‘A union B'.

Example12LetA={2,4,6,8 andB ={ 6, 8, 10, 12}. Find A LU B.

Solution Wehave AUB ={2,4,6, 8, 10, 12}

Note that the common elements 6 and 8 have been taken only once while writing
A UB.

Example13 LetA={aei,o,u}andB={4ai,u}. Showthaa AUB =A

Solution Wehave, AuB={4aei,ou} =A.

This example illustrates that union of sets A and its subset B is the set A
itself, i.e., if Bc A,thenAuUB =A.

Example 14 Let X = {Ram, Geeta, Akbar} bethe set of students of Class XI, who are
in school hockey team. Let Y = { Geeta, David, Ashok} be the set of students from
Class X1 who arein the school football team. Find X U Y and interpret the set.

Solution We have, X U'Y = {Ram, Geeta, Akbar, David, Ashok}. Thisis the set of
students from Class X1 who are in the hockey team or the football team or both.
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Thus, we can define the union of two sets as follows:

Definition 6 The union of two sets A and B is the set C which consists of all those
elements which are either in A or in B (including
those which are in both). In symbols, we write. |U
AuUB ={x:xeAorxeB}

The union of two sets can be represented by a A
Venn diagram as shown in Fig 1.4.

The shaded portionin Fig 1.4 representsA U B. B
Some Properties of the Operation of Union AUB
(i) AuB =BuUA (Commutative law) Fig 1.4

@M (AuB)uC=Au(BUC)
(Associative law )
@[y Auod=A (Law of identity element, ¢ isthe identity of L)
(iv) AUA =A (Idempotent law)
(v UUA =U (Law of U)
1.10.2 Intersection of sets Theintersection of setsA and B is the set of all elements
which are common to both A and B. The symbol ‘ ' isused to denote the inter section.

The intersection of two setsA and B is the set of all those elements which belong to
both A and B. Symbolically, wewrite AN B ={x: xe Aandx e B}.

Example 15 Consider the setsA and B of Example 12. Find A n B.

Solution We see that 6, 8 are the only elements which are common to both A and B.
Hence AnB={6,8}.

Example 16 Consider the sets X and Y of Example 14. Find X N Y.

Solution We see that element ‘ Geeta is the only element common to both. Hence,
X NY ={Geeta}.

Examplel7LetA={1,2,3,4,5,6,7,8,9,10} andB={ 2,3,5,7}. FindA nBand
hence show that A N B = B.

Solution WehaveAnB={2,357} =B. We
note that B « A and that A n B = B. U
Definition 7 The intersection of two setsA and B
isthe set of all those elementswhich belong to both A
A and B. Symbolically, wewrite

ANnB={x:xe Aandxe B} B
The shaded portion in Fig 1.5 indicates the ANB
intersection of A and B. Figl15
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If A and B aretwo setssuchthat AN B = ¢, then U
A and B are called digoint sets.

For example, letA={ 2,4,6,8} and
B={1357}. Then A and B are digoint sets,
because there are no € ements which are common to
A and B. The digoint sets can be represented by
means of Venn diagram as shown in the Fig 1.6

In the above diagram, A and B are digjoint sets. Figl6
Some Properties of Operation of Intersection

i) AnB =BnA (Commuitative law).

i (AnB)nC=ANn(BNC) (Associative law).

(i) 6nA=¢,UnA=A (Law of ¢ and U).

(iv) AnA=A (Idempotent law)

v) An(BuC) = (AnB)u(AnC) (Distributivelaw ) i. e,

N distributes over U

This can be seen easily from the following Venn diagrams [Figs 1.7 (i) to (v)].

0] (BUC) (ili) (ANB)

U U

(o ﬁw

(i) ANBUC) (iv) (AnC)

(V) (AnB) U (ANC)
Figs 1.7 (i) to (v)
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1.10.3 Difference of sets The difference of the sets A and B in this order is the set
of elementswhich belong to A but not to B. Symbolically, wewrite A —B and read as
“AminusB”.

Example 18 LetA={1,2,3,4,5,6}, B={24,6,8}.FindA —B and B —A.

Solution We have, A—B ={ 1, 3,5}, sincethe elements 1, 3, 5 belong to A but
not to B and B —A ={ 8}, since the element 8 belongs to B and not to A.
We notethat A —B #B —A.

Example 19LetV ={ a, € i, 0, u } and
B={aikul.FindV-BandB -V U

Solution Wehave,V—-B ={ g 0}, Sncetheelements
e obelongtoV butnottoBand B -V ={ k}, since ‘
the element k belongsto B but not to V.

We note that V — B # B — V. Using the set-
builder notation, we can rewrite the definition of
difference as

A-B={x:xe Aandxe¢ B}

The difference of two sets A and B can be |U B-A

represented by Venn diagram as shown in Fig 1.8.
The shaded portion represents the difference of
the two sets A and B.

Remark The setsA — B, AN B and B — A are |A-B
mutually digoint sets, i.e., theintersection of any of
these two setsis the null set as shown in Fig 1.9.

(ANB)
Fig1.9

|EXERCI SE 14|

1. Findthe union of each of thefollowing pairs of sets:
(i) X={1,35} Y ={1,23}
(i) A=TJaei,ou} B={abc}
(i) A ={x:xisanatura number and multiple of 3}

B ={x: xisanatural number less than 6}
(iv) A={x:xisanatural numberand1<x <6}

B ={x: xisanatural numberand 6 <x< 10}
(v) A={1,2,3,B=¢
LeeA={ab},B={abc.IsAcB?WhatisAuB?
If A and B are two sets such that A < B, then what isA U B ?
4. 1fA={1,2,34},B={3,4,56},C={56,7,8}andD={7,8,9,10}; find

wn
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(i) AuB @M AucC @)y BucC (ivyBuD
(v AuBuC vi) AuBuD (vi) BuCubD

Find the intersection of each pair of sets of question 1 above.
IfA={357911},B={7911,13},C={11, 13,15}and D = {15, 17}, find

() AnB (i) BAC i) ANCAD
iv) AnC (V) BAD Vi) An(BuUC)
(i) AnD Wii) An(BUD) (X (AnB)n(BuUC)

xX) (AuD)n(BuUCQC)
If A={x:xisanatural number}, B ={x:xisaneven natural number}
C ={x:xisan odd natural number}andD = {x : x is a prime number }, find
i) AnB (i) AnC @iy AnD
(ivy BnC (vy BnD (vi) CnD
Which of thefollowing pairs of setsaredigjoint
(i) {1,2,3,4} and{x:xisanatural number and4<x<6}
() {aei,o,u}and{cdef}
(i) {x:xisaneveninteger } and {x: xisan odd integer}
IfA={3,6,9 12, 15,18,21},B={ 4,8,12, 16,20},
C={246,8,10,12,14,16}, D ={5, 10, 15, 20 }; find

() A-B (i) A-C (i) A—D (iv) B-A
(V) C—A (Vi) D—A (i) B—C (i) B=D
(ix) C-B x) D-B (x) C-D (i) D-C
If X={abcd}adY={fb,d, g, find

i) X-Y (i) Y -X (i) XY

If R isthe set of real numbersand Q isthe set of rational numbers, then what is

R-Q?

State whether each of the following statement istrue or false. Justify your answer.
(i) {2,3,4,5}and{ 3, 6} aredigoint sets.

(i) {aei,ou}and{ a b, c, d}aredigoint sets.

@) {2,6,10,14} and{ 3,7, 11, 15} aredigoint sets.

(iv) {2,6,10} and{ 3,7, 11} aredigoint sets.

1.11 Complement of a Set

Let U bethe universal set which consists of all prime numbers and A be the subset of
U which consists of all those prime numbers that are not divisors of 42. Thus,

A=

{x:xe Uandxisnotadivisor of 42}. We seethat 2 U but 2 ¢ A, because

2isdivisor of 42. Similarly,3e Ubut3¢ A,and7e Ubut7¢ A.Now 2,3and 7 are
the only elements of U which do not belong toA. The set of these three prime numbers,
i.e, theset{2, 3, 7} iscalled the Complement of A with respect to U, and isdenoted by
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A’. Sowe have A’={2, 3, 7}. Thus, we see that
A’ ={x:xe Uandx e A}. Thisleadsto the following definition.

Definition 8 Let U be the universal set and A a subset of U. Then the complement of
A isthe set of al elements of U which are not the elements of A. Symboalically, we
write A” to denote the complement of A with respect to U. Thus,
A’={x:xe Uandxe A}.Obviousy A”=U -A
We note that the complement of aset A can be looked upon, aternatively, asthe
difference between a universal set U and the set A.

Example 20LetU = {1,2,3,4,5,6,7,8,9,10} andA={1,3,5,7,9}. FindA".

Solution We notethat 2, 4, 6, 8, 10 arethe only elements of U which do not belong to
A. Hence A'={24,6810}.

Example 21 Let U be universal set of al the students of Class X1 of a coeducational
school and A bethe set of all girlsin Class XI. Find A".

Solution Since A isthe set of al girls, A" isclearly the set of all boysin the class.

If A is a subset of the universal set U, then its complement A” isdso a
subset of U.
Again in Example 20 above, we have A" ={ 2,4,6, 8,10}
Hence (A’Y={x:xe Uandx ¢ A’}
={1,3,5,7,9} =A
Itisclear from the definition of the complement that for any subset of theuniversal
set U, we have (A”) =A

Now, we want to find the results for (A U B )" and A’ n B in the followng
example.
Example22 LetU={1,2,3,4,5,6},A={2,3} and B ={3, 4, 5}.
FindA", B, A" nB’,AuB and henceshowthat ( AUB ) =A'n B".

Solution Clearly A’ ={1,4,5,6},B"={ 1,2,6}. HenceA’ "B’ ={ 1,6}
AlsoAUB ={2,3,4,5},s0that (AUBY ={ 1,6}
(AUBY ={1,6}=A"NB

It can be shown that the above result istrue in genera. If A and B are any two
subsets of the universal set U, then

(AUB) =A"nB".Smilarly,(AnB) = A" UB’.Thesetwo results are stated
inwordsasfollows:
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The complement of the union of two sets is U
the intersection of their complements and the A
complement of the intersection of two sets is the
union of their complements. These are called De
Morgan’s laws. These are named after the
mathematician De Morgan.
The complement A” of a set A can be represented

by aVenn diagram as shown in Fig 1.10. Fig1.10
The shaded portion represents the complement of the set A.

Some Properties of Complement Sets
1. Complement laws: (YAUA” =U (IANA =¢

2. De Morgan’s law: (i)(AuB) =A"nB" (ii)(AnB)Y =A"UB

3. Law of double complementation: (A”) =A

4. Laws of empty set and universal set ¢’ = U and U” = ¢.
These laws can be verified by using Venn diagrams.

|[EXERCI SE 15|

1. LetU={1,23,4,56,7,89},A={12234},B={2 4,68} ad
C={3,4,56}.Find(i)A” (i) B’ (i) (AU C) (iv) AUB) (v) (A

(vi) (B-CY

2. IfUu={ab,cd,e°fag,h}, find the complements of the following sets:
iYA={a b, c} (i)B={d, e f g}
(ii)C={a,c,e g} (ivyD={f,g,h, a}

3. Takingtheset of natural numbersasthe universal set, write down the complements

of thefollowing sets:

(i) {x:xisaneven natura number} (i) { x: xisanodd natural number }

(i) {x:xisapositivemultiple of 3} (iv) { x: xisaprime number }

(v) {x:xisanatural number divisible by 3 and 5}

(vi) { x:xisaperfect square} (vii) { x: xisaperfect cube}

(viii) { x:x+5=8} (ixX){ x:2x+5=9}

xX) {x:x=>7} (xi){x:xe Nand2x+1>10}
4. 1fU={1,234,56,7,89},A={2,4,6,8} andB ={ 2, 3,5, 7}. Verify that

MHAuUBY=A"NnPB (i) AnB)Y=A"uUB’
5. Draw appropriate Venn diagram for each of the following :

(i) (A uBY, (iDA"'nB’, (i) (AnB), (ivVA"uUB’

6. Let U betheset of al trianglesin aplane. If A isthe set of all triangles with at

least one angle different from 60°, what isA’?
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7. Fill inthe blanks to make each of the following atrue statement :
i) AUA'=... (i) ONA=...
@[y AnA"=... (iv) UnA=...

1.12 Practical Problems on Union and

I nter section of Two Sets U
In earlier Section, we havelearnt union, intersection Q

and difference of two sets. In this Section, we will
go through some practical problems related to our
daily life.The formulae derived in this Section will

also be used in subsequent Chapter on Probability (ANB)

(Chapter 16). Fig111
Let A and B befinite sets. If A n B = ¢, then
()n(AuB)=n(A)+n(B) (D)

Theelementsin A U B areeither inA or in B but not in bothasA N B = ¢. So, (1)
followsimmediately.

In generd, if A and B arefinite sets, then

(i)n(AuB)=n(A)+n(B)-n(AnB) - (2

Note that the setsA—B, A n B and B — A are digoint and their unionisA U B
(Fig 1.11). Therefore
n(AuB)=n(A-B)+n(A nB)+n(B-A)
=n(A-B)+ n(AnB)+n(B-A)+n(A nB)-n(A nB)
=n(A)+n(B)-n(A n B), which verifies (2)
(iii) If A, B and C arefinite sets, then
n(AuBuUC)=n(A)+n(B)+n(C)-n(A nB)—-n(B nC)
-n(AnNnC)+n(AnBnC) .. (3
In fact, we have
n(AuBuC)=nA)+n(BuC)-n[ANn(BuC)] [by (2)]
=nA)+n(B)+n(C)-n(B nC)-n[ANn(BuUC)] [by (2]
SinceA Nn(BuC)=(AnB)u(A nC), weget
N[AN(BuC)]l=n(AnB)+n(ANC)-n[(AnB)n(A nQC)]
=n(AnB)+n(AnNnC)-n(AnBnCQC)
Therefore
n(AuBuUC) =n(A)+n(B)+n(C)-n(A nB)-n(B nC)
-n(A nC)+n(A nB nC)
This proves (3).

Example 23 If X and Y are two sets such that X U Y has 50 elements, X has
28 elementsand Y has 32 elements, how many elements does X n'Y have ?
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Solution Given that

N(XuY)=50,n(X)=28 n(Y)=32
nNXNnY)=7?
By using theformula Q
N(XuY)=n(X)+n(Y)-n(XnNY), ’
we find that (XAY)
N(XNY)=n(X)+n(Y)-n(XuUY)
=28+32-50=10 Fig1.12
Alternatively, supposen ( X 'Y ) =k, then
nN(X-Y)=28-k,n(Y—-X)=32-k(by Venndiagramin Fig 1.12)
Thisgives50=n(XuY)=nX-=-Y)+n(X NnY)+n(Y -X)
=(28-k)+k+(32-k)
Hence k = 10.
Example 24 In aschool there are 20 teachers who teach mathematics or physics. Of

these, 12 teach mathematics and 4 teach both physics and mathematics. How many
teach physics ?

Solution Let M denote the set of teachers who teach mathematics and P denote the
set of teacherswho teach physics. In the statement of the problem, theword ‘or’ gives
us a clue of union and the word ‘and’ gives us a clue of intersection. We, therefore,
have
n(MuP)=20,n(M)=12andn(M nP)=4
We wish to determinen ( P).
Using theresult
n(MuUP)=n(M)+n(P)-n (MnNP),
we obtain
20=12+n(P)-4
Thus n(P)=12
Hence 12 teachers teach physics.

Example 25 In a class of 35 students, 24 like to play cricket and 16 like to play
football. Also, each student likes to play at least one of the two games. How many
studentsliketo play both cricket and football ?

Solution Let X be the set of students who like to play cricket and Y be the set of

studentswho like to play football. Then X U'Y isthe set of studentswho liketo play

at least one game, and X N'Y isthe set of studentswho like to play both games.

Given N(X)=24,n(Y)=16,n(XuY)=35nXNY)="?

Using theformulan (X uY)=n(X)+n(Y)—n (XNY), weget
3H=24+16-n(XNY)
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Thus, n(X NnY)=5
i.e, 5 studentslike to play both games.

Example 26 In asurvey of 400 students in a school, 100 were listed as taking apple
juice, 150 as taking orange juice and 75 were listed as taking both apple as well as
orangejuice. Find how many studentsweretaking neither applejuicenor orangejuice.

Solution Let U denote the set of surveyed students and A denote the set of students
taking apple juice and B denote the set of students taking orange juice. Then

n (U) =400, n (A) =100, n (B) = 150 and n (A N B) = 75.
Now n(A"nB’) =n(AuB)
=nU)-n(AuB)
=nU)-n(A)—-n(B)+n(AnB)
=400-100—150 + 75=225
Hence 225 students were taking neither apple juice nor orange juice.

Example 27 There are 200 individual s with a skin disorder, 120 had been exposed to
the chemical C,, 50 to chemical C,, and 30 to both the chemicals C, and C,. Find the
number of individual sexposed to

(i) Chemica C, but not chemical C, (ii) Chemical C, but not chemical C,
(iii) Chemica C, or chemical C,

Solution Let U denote the universal set consisting of individuals suffering from the
skin disorder, A denote the set of individuals exposed to the chemical C, and B denote
the set of individuals exposed to the chemical C.,.

Here n(U)=200,n(A)=120,n(B)=50andn(AnB)=30

(i) From the Venn diagram given in Fig 1.13, we have
A=(A-B)uU(AnB).
n(A)=n(A-B)+n(AnB) (SinceA-B)andA n B aredigoint.)
on(A-B)=n(A)-n(AnB)=120-30=90

Hence, the number of individuals exposed to

chemical C, but not to chemical C, is 90. Y
(ii) From the Fig 1.13, we have
B=(B-A)uU(AnNB). Q
andso, nB)=nB-A)+n(AnB)
(SinceB —A and A nB aredigoint.)
o n(B-A)=n(B)-n(AnB) (ANB)
=50-30= 20 Fig1.13
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Thus, the number of individuals exposed to chemical C, and not to chemical C, is 20.
(iii)  The number of individuals exposed either to chemical C, or to chemical C,, i.e,
n(AuB)=n(A)+n(B)-n(AnB)
=120 + 50 — 30 = 140.

|EXERCISE 16|

1. IfXandY aretwosetssuchthatn (X )=17,n(Y)=23andn(X uY)=38,
findn(XNY).

2. If XandY aretwo setssuch that X U Y has 18 elements, X has 8 elements and
Y has 15 elements ; how many elements does X n'Y have?

3. Inagroup of 400 people, 250 can speak Hindi and 200 can speak English. How
many people can speak both Hindi and English?

4, If Sand T aretwo setssuch that Shas 21 elements, T has 32 elements,and SN T
has 11 elements, how many elements does SuU T have?

5. If XandY aretwo sets such that X has 40 elements, X U 'Y has 60 elements and
X MY has 10 elements, how many elements does Y have?

6. Inagroup of 70 people, 37 like coffee, 52 like tea and each person likes at |east
one of the two drinks. How many people like both coffee and tea?

7. Inagroup of 65 people, 40 likecricket, 10 like both cricket and tennis. How many
like tennis only and not cricket? How many like tennis?

8. In acommittee, 50 people speak French, 20 speak Spanish and 10 speak both
Spanish and French. How many speak at least one of these two languages?

Miscellaneous Examples

Example 28 Show that the set of letters needed to spell “ CATARACT ” and the
set of letters needed to spell © TRACT” are equal.

Solution Let X be the set of lettersin “CATARACT”. Then
X={CA,T,R}
Let Y bethe set of lettersin“ TRACT”. Then
Y={T,RACT}={T,RAC}
Sinceevery elementin X isinY and every element inY isin X. It followsthat X =Y.

Example 29 List al the subsets of theset { -1, 0, 1}.

Solution Let A={-1,0,1}. The subset of A having no element is the empty
set ¢. The subsets of A havingoneelementare{ —1},{ 0}, { 1}. The subsets of
A having two elements are {1, 0}, {-1, 1} ,{0, 1}. The subset of A having three
elementsof A isAitself. So, all thesubsetsof A are ¢, {1}, {0}, {1}, {-1, O}, {-1, 1},
{0,1} and {-1, O, 1}.
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Example 30 Show that Au B= An B implies A=B

Solution Letae A. Thenae AuB. SinceAUB=A NnB,ac A NnB.Soae B.
Therefore, Ac B. Similarly, if be B,thenbe AU B. Since
AuB=AnNnB,be AnB.So,be A. Therefore, B A. Thus, A=B

Example 31 For any sets A and B, show that
P(AnB)=P(A)nP( B).

SolutionLet X e P(ANB). ThenX € AnB. So, X ¢ Aand X c B. Therefore,
XeP(A)andX € P(B)whichimpliesX € P(A)nP(B). ThisgivesP(ANB)
cP(A)nP(B).LeteYe P(A)nP(B). ThenY e P(A)andY € P(B). So,
Y c AandY c B. Therefore,Y ¢ A n B, whichimpliesY € P(A nB). Thisgives
P(A)nP(B)cP(ANB)

HenceP(ANB)=P(A)nP(B).

Example 32 A market research group conducted a survey of 1000 consumers and
reported that 720 consumerslike product A and 450 consumers like product B, what is
the least number that must have liked both products?

Solution Let U be the set of consumers questioned, S be the set of consumers who
liked the product A and T be the set of consumers who like the product B. Given that
n(U)=1000,n(S)=720,n( T)=450
So N(SuT)=n(S)+n(T)—-n(SNT)
=720+450-n(SNT)=1170—-n(SNT)

Therefore, n (Su T ) ismaximumwhenn (SN T)isleast. But Su T < U implies
N(SuT) <n(U)=1000. So, maximum valuesof n (Su T ) is1000. Thus, the least
vaueof n (SN T)is170. Hence, theleast number of consumerswho liked both products
is170.

Example 33 Out of 500 car owners investigated, 400 owned car A and 200 owned
car B, 50 owned both A and B cars. |Is this data correct?

Solution Let U be the set of car owners investigated, M be the set of persons who
owned car A and S be the set of persons who owned car B.

Giventhat n(U) =500,n(M)=400,n(S)=200andn (S M) =50.
Then n(SuM)=n(S)+n(M)-n(Sn M) =200+ 400 — 50 = 550
ButSUM < Uimpliesn(SuM)<n(U).

Thisisacontradiction. So, the given dataisincorrect.

Example 34 A college awarded 38 medals in football, 15 in basketball and 20 in
cricket. If these medalswent to atotal of 58 men and only three men got medalsin all
the three sports, how many received medals in exactly two of the three sports ?
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Solution Let F, B and C denote the set of men who U

received medals in football, basketball and cricket,

respectively. F A B

Thenn(F)=38,n(B)=15n(C)=20 9@&
n(FuBuC)=58andn(FNBNC)=3

Therefore, n(FuBuUC)=n(F)+n(B) C

+n(C)-n(FNnB)-n(FNnC)-n(BNnC)+

n(FABnN C), Figl.14

givesn(FNnB)+n(FnC)+n(BnC)=18

Consider the Venn diagram asgivenin Fig 1.14

Here, a denotes the number of men who got medalsin football and basketball only, b
denotes the number of men who got medalsin football and cricket only, c denotes the
number of men who got medals in basket ball and cricket only and d denotes the
number of men who got medal in al the three. Thus,d=n(FnB N C) =3 and
a+td+b+d+c+d=18

Therefore a+b+c=09,

which is the number of people who got medalsin exactly two of the three sports.

Miscellaneous Exercise on Chapter 1

1.  Decide, among the following sets, which sets are subsets of one and another:
A={x:xe R andxsatisfy x¥* —8x+12= 0},
B={246}, C={24,68,...},D={6}.

2. Ineach of thefollowing, determinewhether the statement istrueor false. If itis
true, proveit. If it isfalse, give an example.

(i) Ifxe AandAe B,thenxe B
(i) IfA cBandBe C,thenAeC
@) IfAcBandBcC,thenAcC
(ivy IfAgBandBz C,thenAzC
(v) Ifxe AandAz B, thenxe B
(vi) IfAcBandxe B,thenxe A
3. LetA, B, and Cbethesetssuchthat AuB =AU CandA N B =An C. Show
that B = C.
4. Show that thefollowing four conditionsare equivalent :
()AcB(i)A—-B=0¢ (iiilAuB=B (vVANnB=A
Show that if Ac B,thenC—-B c C-A.
Assumethat P(A)=P(B). Showthat A=B
7. Isittruethat for any setsA and B, P(A) UP(B)=P(A uB)?Justify your
answer.

oo
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8.  Show that for any setsA and B,

A=(An B) u(A-B)andAu(B-A)= (AuB)
9. Using properties of sets, show that

HAU(A NB)=A (i) An(AuB)=A.

10.  Showthat AnB=An Cneednotimply B=C.

11. LetAandBbesas IfA NnX=BnX=¢0andA u X =B u X for some set
X, show that A = B.

(Hints A=ANn(AuX),B=Bn(BuX)anduseDistributive law )

12. FindsetsA, B and C suchthatA nB, B CandA n C are non-empty
setsandA N B N C =¢.

13.  Inasurvey of 600 studentsin aschool, 150 studentswere found to be taking tea
and 225 taking coffee, 100 were taking both tea and coffee. Find how many
students were taking neither tea nor coffee?

14.  Inagroup of students, 100 students know Hindi, 50 know English and 25 know
both. Each of the students knows either Hindi or English. How many students
are there in the group?

15.  Inasurvey of 60 people, it wasfound that 25 people read newspaper H, 26 read
newspaper T, 26 read newspaper |, 9 read both H and I, 11 read both H and T,
8 read both T and I, 3 read all three newspapers. Find:

(1) the number of people who read at |east one of the newspapers.
(if) the number of people who read exactly one newspaper.

16. Inasurvey it wasfound that 21 peopleliked product A, 26 liked product B and
291liked product C. If 14 peopleliked productsA and B, 12 peopleliked products
Cand A, 14 people liked products B and C and 8 liked al the three products.
Find how many liked product C only.

Summary

Thischapter dealswith some basi ¢ definitionsand operationsinvolving sets. These

are summarised below:

@ A setisawell-defined collection of objects.

¢ A set which does not contain any element is called empty set.

@ A set which consists of a definite number of elements is called finite set,
otherwise, the set is called infinite set.

¢ Two setsA and B are said to be equal if they have exactly the same elements.

¢ A setAissaid to be subset of aset B, if every element of A isalso an element
of B. Intervals are subsets of R.

@ A power set of aset A is collection of all subsets of A. It is denoted by P(A).
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# Theunion of two setsA and B isthe set of all those el ementswhich are either
inA orinB.

¢ The intersection of two sets A and B is the set of all elements which are
common. Thedifference of two setsA and B in thisorder isthe set of elements
which belong to A but not to B.

% The complement of asubset A of universal set U isthe set of al elementsof U
which are not the elements of A.

¢ Forany twosetsAandB, AuB) =A"nB'and(AnB) =A"UB’

¢ If A and B are finite sets such that A N B = ¢, then
n(AuB)=n(A)+n(B).
If A N B# 0, then
n(AuB)=n(A)+n(B)—-n(AnB)

Historical Note

The modern theory of setsis considered to have been originated largely by the
German mathematician Georg Cantor (1845-1918). His papers on set theory
appeared sometimes during 1874 to 1897. His study of set theory came when he
was studying trigonometric series of theforma, sinx+a, sin 2x+a, sin 3x + ...
He published in apaper in 1874 that the set of real numbers could not be put into
one-to-one correspondence wih the integers. From 1879 onwards, he publishd
several papers showing various properties of abstract sets.

Cantor’swork waswell received by another famous mathematician Richard
Dedekind (1831-1916). But Kronecker (1810-1893) castigated him for regarding
infinite set the same way asfinite sets. Another German mathematician Gottlob
Frege, at the turn of the century, presented the set theory as principles of logic.
Till then the entire set theory was based on the assumption of the existence of the
set of al sets. It was the famous Englih Philosopher Bertand Russell (1872-
1970 ) who showed in 1902 that the assumption of existence of aset of all sets
leadsto acontradiction. Thisled to the famous Russell’s Paradox. Paul R.Halmos
writesabout itin hisbook ‘Naive Set Theory’ that “nothing containseverything”.

The Russell’s Paradox was not the only one which arose in set theory.
Many paradoxes were produced later by several mathematicians and logicians.
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As a conseguence of all these paradoxes, the first axiomatisation of set theory
was published in 1908 by Ernst Zermel 0. Another one was proposed by Abraham
Fraenkel in 1922. John Von Neumannin 1925 introduced explicitly the axiom of
regularity. Later in 1937 Paul Bernays gave a set of more satisfactory
axiomatisation. A modification of these axioms was done by Kurt Godel in his
monograph in 1940. Thiswasknown asVVon Neumann-Bernays (VNB) or Godel-
Bernays (GB) set theory.

Despite al these difficulties, Cantor’s set theory is used in present day
mathematics. In fact, these days most of the concepts and resultsin mathematics
are expressed in the set theoretic language.

g

( J—
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(RELATIONSAND FUNCTIONS)

**Mathematics is the indispensable instrument of
all physical research. — BERTHELOT <¢

2.1 Introduction

Much of mathematics is about finding a pattern — a
recognisable link between quantities that change. In our
daily life, we come across many patternsthat characterise
relations such as brother and sister, father and son, teacher
and student. In mathematics also, we come across many
relations such as number mislessthan number n, linel is
paralel tolinem, set A isasubset of set B. Inall these, we
notice that arelation involves pairs of objectsin certain
order. In this Chapter, we will learn how to link pairs of
objectsfrom two setsand then introduce rel ations between :
the two objects in the pair. Finally, we will learn about G.W. Leibnitz
special relations which will qualify to be functions. The (1646-1716)
concept of function is very important in mathematics since it captures the idea of a
mathematically precise correspondence between one quantity with the other.

2.2 Cartesian Productsof Sets

Suppose A isaset of 2 coloursand B isaset of 3 objects, i.e.,
A ={red, bluetand B ={b, c, s},

where b, ¢ and s represent a particular bag, coat and shirt, respectively.
How many pairs of coloured objects can be made from these two sets? s
Proceeding in a very orderly manner, we can see that there will be 6
distinct pairsasgiven below: ¢

(red, b), (red, ¢), (red, s), (blue, b), (blue, c), (blue, s). b
Thus, we get 6 distinct objects (Fig 2.1). ° °

red blue
Let usrecall from our earlier classes that an ordered pair of elements Fig2.1

taken from any two sets P and Q isapair of elements written in small
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brackets and grouped together in aparticular order, i.e., (p,q), pe Pand ge Q. This
leadsto thefollowing definition:

Definition 1 Given two non-empty sets P and Q. The cartesian product P X Q isthe
set of al ordered pairs of elementsfromPand Q, i.e,,

PxQ={(pa):p €PqeQ}
If either P or Q isthe null set, then P x Q will also be empty set,i.e, PXQ=¢

From theillustration given above we note that

A X B ={(red,b), (red,c), (red,s), (blug,b), (blug,c), (blue,s)}.

Again, consider the two sets:

A ={DL, MP, KA}, where DL, MP, KA represent Delhi,
Madhya Pradesh and Karnataka, respectively and B = { 01,02,
03} representing codes for the licence plates of vehiclesissued 02
by DL, MP and KA . 01

If the three states, Delhi, Madhya Pradesh and Karnataka |
were making codes for the licence plates of vehicles, withthe DL MP KA
restriction that the code begins with an element from set A,
which are the pairs available from these sets and how many such
pairswill therebe (Fig2.2)?

The available pairs are:(DL,01), (DL,02), (DL,03), (MP01), (MP,02), (MP,03),
(KA,01), (KA,02), (KA,03) and the product of set A and set B is given by
AxB={(DL,01), (DL,02), (DL,03), (MP01), (MP02), (MP03), (KA,01), (KA,02),

(KA,03)}.

It can easily be seen that there will be 9 such pairsin the Cartesian product, since
there are 3 elementsin each of the setsA and B. This gives us 9 possible codes. Also
note that the order in which these elementsare paired is crucial . For example, the code
(DL, 01) will not be the same as the code (01, DL).

Asafinal illustration, consider the two setsA={a , a,} and b,

B={b, b, b, b} (Fig23). b,
AxB ={(a, b) (a, b). (a, by (&, b) (& b), (& b)), b,
(a, b)), (&, b)}. b,

The 8 ordered pairs thus formed can represent the position of pointsin )
the plane if A and B are subsets of the set of real numbers and it is  a, a,
obviousthat the point inthe position (a,, b,) will be distinct from the point

in the position (b,, a,).

Fig2.2

Fig2.3
Remarks

(i) Two ordered pairsareequal, if and only if the corresponding first elements
are equal and the second elements are also equal.
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(i) If there are p elements in A and q elements in B, then there will be pq
elementsin A X B, i.e., if n(A) =pandn(B) =q, then n(A X B) =pq.

(iii) If Aand B are non-empty setsand either A or B isaninfinite set, thensois
A X B.

(iv) AxAxA={(ab,c):a b, ce A}.Here(a b, c)iscalled an ordered
triplet.

Example 11f (x+1,y—2) =(3,1), find the values of x and y.

Solution Since the ordered pairs are equal, the corresponding elements are equal.
Therefore x+1=3 andy-2=1
Solvingweget x=2andy=3.

Example21f P={a, b, c} and Q ={r}, foomthesetsPx Q and Q X P
Are these two products equal ?

Solution By the definition of the cartesian product,
PxQ= {(ar),(br) (c.nN} andQxP= {(r,a), (r, b), (r, c)}
Since, by the definition of equality of ordered pairs, thepair (a, r) isnot equal to the pair
(r, @), weconcludethat Px Q#Q x P.
However, the number of elementsin each set will be the same.

Example3LetA={1,23},B={3,4} and C={4,5,6}. Find
(i) Ax(BnNCQC) (i) AxB)N(AxC)
(i) AxBuUC (iv) AxB)U(AxC)
Solution (i) By the definition of the intersection of two sets, (B M C) = {4}.
Therefore, A x (B N C) ={(1,4), (2,4), (3,4)}.
(i)  Now (A xB)={(1,3), (1,4), (2,3), (2,4), (3,3), (3,4)}
and (AxC)={(14),(15),(1,6),(24),(25),(26),(34),(35),(3,6)}
Therefore, (AXB)N (AXC) ={(1,4), (2 4),(3,4)}.
(iii)Since, (BuUC)={3,4,5, 6}, wehave
A X (BuUC)={(13),(14), (15), (1,6), (2,3), (2,4), (2,5), (2,6), (3,3),
(34),(35),(39)}.

(iv) Using the sets A X B and A x C from part (ii) above, we obtain
(AXB)UAXC)={(1,3),(1,4),(15),(1,6),(23),(24),(25), (2,6),
(3,3),(3,4),(3,5),(3,6)}.
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Example41f P={1, 2}, foomtheset PX Px P.

Solution Wehave, Px Px P={(1,1,1), (1,1,2), (1,2,1),(1,2,2),(2,1,1), (2,1,2), (2,2,1),
(2,2,2)}.
Example 5 If R isthe set of all real numbers, what do the cartesian products R x R

and R X R X R represent?
Solution The Cartesian product R X R representsthe set R x R={(x, y) : x,y € R}
which represents the coordinates of all the points in two dimensional space and the

cartesian product R X R X R representstheset RX RX R ={(x,y,2) : X, ¥,z€ R}
which represents the coordinates of all the points in three-dimensional space.

Example 6 If AX B ={(p, 9),(p, r), (M, g), (m, r)}, find A and B.

Solution A =set of first elements={p, m}
B = set of second elements = {q, r}.

| EXERCISE 2.1]

3 3
2. If the set A has 3 elements and the set B = {3, 4, 5}, then find the number of
elementsin (AXB).
IfG={7,8 andH={5,4,2},findGxHandH X G
4. State whether each of the following statements are true or false. If the statement
isfalse, rewrite the given statement correctly.
@) fP={mn}andQ={n m}, then Px Q={(m, n),(n, m)}.
(i) If A and B are non-empty sets, then A X B is a non-empty set of ordered
pairs (X, y) such that xe Aandy € B.
@y IfA={1,2},B={3 4}, thenA X (BN 0) = ¢.
5 IfA={-1, 1}, find A XA XA.
IfAXB={(a x),@,Yy), (b, x), (b y)}. Find A and B.
7. LetA={1,2},B={1,2,3,4},C={56} andD ={5, 6, 7, 8}. Verify that
()AX(BNC)=(AxB)n (AxC).(ii)Ax Cisasubset of B xD.
8. LetA={1,2} andB ={3, 4}. WriteA X B. How many subsetswill A X B have?
List them.
9. LetA and B be two sets such that n(A) =3 and n(B) = 2. If (x, 1), (y, 2), (z 1)
areinA X B, find A and B, wherex, y and z are distinct elements.

X 2 51
1. If [—+1,y— j=[§1§j,findthevaluesofxandy.

w

o
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10. The Cartesian product A x A has 9 elements among which are found (-1, 0) and
(0,2). Find the set A and the remaining elements of A X A.

2.3 Relations
Consider thetwo setsP={a, b, c} and Q = { Ali, Bhanu, Binoy, Chandra, Divya} .
The cartesian product of P Q

P and Q has 15 ordered pairs which
can belisted as P x Q ={(a, Ali),
(a,Bhanu), (a, Binay), ..., (¢, Divya)}.
We can now obtain a subset of
P x Q by introducing a relation R
between the first element x and the
second element y of each ordered pair
(x,y) as
R={ (x,y): xisthefirst |etter of the namey, xe P,y e Q}.
Then R ={(a, Ali), (b, Bhanu), (b, Binoy), (c, Chandra)}
A visual representation of this relation R (called an arrow diagram) is shown
inFig2.4.

Definition 2 A relation R from a non-empty set A to a non-empty set B is a subset of
the cartesian product A X B. The subset isderived by describing arelationship between
the first element and the second element of the ordered pairsin A X B. The second
element is called theimage of thefirst element.

o Ali
eBhanu
eBinoy

eChandra
eDivya

Definition 3 The set of all first elements of the ordered pairsin arelation R from a set
A to aset B is called the domain of the relation R.

Definition 4 The set of all second elementsin arelation R fromasetAtoaset B is
called the range of the relation R. The whole set B is called the codomain of the
relation R. Note that range — codomain.

Remarks (i) A relation may be represented algebraically either by the Roster
method or by the Set-builder method.
(i) Anarrow diagram isavisual representation of arelation.

Example 7Let A= {1, 2,3,4,5, 6}. Definearelation R fromA to A by

R={(xy):y= x+1}
(i) Depict thisrelation using an arrow diagram.
(i) Write down the domain, codomain and range of R.

Solution (i) By thedefinition of therelation,
R={(1,2), (2,3),(3,4), (4,5), (5,6)}.
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The corresponding arrow diagramis
showninFig2.5.

(i) We can see that the
domain={1,2,34,5}

Similarly, therange = {2, 3, 4, 5, 6}
and thecodomain={1, 2, 3,4, 5, 6}.

Example 8 The Fig 2.6 shows a relation
between the setsPand Q. Writethisrelation (i) in set-builder form, (i) in roster form.

Fig2.5

What isitsdomain and range? P Q
Solution It is obvious that the relation R is 9 :g

“X is the square of y”. " 5 ﬁ
(i) In set-builder form, R = {(x, y): X % 2
isthesquareof y, xe P ye Q} 025 , F -3
(ii) In roster form, R={(9, 3), - =
(9,-3), (4, 2), (4,-2), (25, 5), (25, 5)} Fig2.6
Thedomain of thisrelationis{4, 9, 25} .
Therange of thisrelationis{—2, 2, -3, 3, -5, 5}.
Note that the element 1 is not related to any element in set P
The set Q isthe codomain of thisrelation.

| @ Note [The total number of relations that can be defined from aset A to aset B
is the number of possible subsets of A X B. If n(A ) = p and n(B) = g, then
n (A x B) = pg and the total number of relationsis 2.

Example9 Let A ={1, 2} and B = {3, 4}. Find the number of relations from A to B.
Solution We have,
AxB={(13),(1,4),(273),(2 4}

Since n (AXB ) = 4, the number of subsets of AXB is 2*. Therefore, the number of
relationsfromA into B will be 24

Remark A relation R from A to A is also stated as arelation on A.

|EXERCISE 2.2 |

1. Let A = {1, 2, 3,...,14}. Define a relation R from A to A by
R={(x,y): 3x—y=0, wherex, ye A}. Write down its domain, codomain and
range.
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2. Definearelation R onthe set N of natural numbersby R={(x,y) : y= x+5,

xisanatural number lessthan 4; x, y € N}. Depict this relationship using roster
form. Write down the domain and the range.

3. A={1 2 3,5 and B = {4, 6, 9}. Define a relation R from A to B by
R ={(x, y): the difference between x and y isodd; x € A,y e B}. WriteR in
roster form.

4. The Fig2.7 shows a relationship
between the sets P and Q. Write this
relation

(i) in set-builder form (i) roster form.
What isits domain and range?

5  LetA={1,2 3 4,6}. Let R bethe
relation on A defined by Fig2.7
{(a,b):a,beA, bisexactly divisible by a}.

A\ 4

(i) WriteRinroster form

(i) Findthedomainof R

(ii) Find the range of R.
6. Determine the domain and range of the relation R defined by
R={(x,x +5):xe {0,1, 2 3,4,5}}.
Writetherelation R = {(x, X®) : xisaprime number lessthan 10} in roster form.
LetA={xy, zZ} and B ={1, 2}. Find the number of relations fromA to B.
9. LetRbetherelationonZ definedby R={(a,b): a, be Z,a—bisan integer}.

Find the domain and range of R.

®© N

2.4 Functions

Inthis Section, we study a special type of relation called function. It isone of the most
important conceptsin mathematics. We can, visuaiseafunction asarule, which produces
new elements out of some given elements. There are many terms such as ‘map’ or
‘mapping’ used to denote afunction.

Definition 5 A relation f from a set A to a set B is said to be a function if every
element of set A has one and only oneimagein set B.

In other words, afunction f is arelation from anon-empty set A to a non-empty
set B such that the domain of f isA and no two distinct ordered pairsin f have the
same first element.

If fisafunction fromA to B and (a, b) € f, thenf (a) = b, where b is called the
image of a under f and a is called the preimage of b under f.
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The function f from A to B is denoted by f: A - B.
Looking at the previous examples, we can easily see that therelation in Example 7 is
not a function because the element 6 has no image.

Again, the relation in Example 8 is not a function because the elements in the
domain are connected to more than oneimages. Similarly, therelationin Example9is
also not a function. (Why?) In the examples given below, we will see many more
relations some of which are functions and others are not.

Example 10 Let N be the set of natural numbers and the relation R be defined on
N suchthat R={(x,y) :y=2x, X ye N}.

What isthe domain, codomain and range of R? Isthisrelation afunction?
Solution The domain of R isthe set of natural numbers N. The codomain isalso N.
The range is the set of even natural numbers.

Since every natural number n has one and only one image, this relation is a
function.

Example 11 Examine each of the following relations given below and state in each
case, giving reasons whether it isafunction or not?
() R={(21),31),(42)}, (i)R={(22),(24),33), (44}
(i)  R={(1,2),(2,3),(34),(4.5),(5,6), (6:7)}

Solution (i) Since2, 3, 4 arethe elementsof domain of R having their uniqueimages,
thisrelation Risafunction.
(i)  Since the same first element 2 corresponds to two different images 2
and 4, thisrelation is not afunction.
(i) Since every element has one and only one image, this relation is a
function.

Definition 6 A function which has either R or one of its subsets asits range is called
areal valued function. Further, if its domain is also either R or a subset of R, it is
caled a real function.

Example 12 Let N be the set of natural numbers. Define areal valued function

f:N-> N by f (x) = 2x + 1. Using this definition, complete the table given below.
X 1 2 3 4 5 6 7

ylf@)=..1fT@=...|fT@)=..1T@=..|TO)=...]T®6)=... |T(7)=..
Solution The completed tableis given by
X 1 2 3 4 5 6 7

y| f()=3] f(2=5(f@)=7| f@)=9|f(B)=11f(6)=13| f(7) =15
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2.4.1 Some functions and their graphs

(i)  Identity function Let R be the set of real numbers. Define the real valued
functionf: R - R by y = f(x) = x for each x € R. Such a function is called the
identity function. Here the domain and range of f are R. The graph isastraight line as
shown in Fig 2.8. It passes through the origin.

Y

Y!
fix)=x
Fig2.8
(i)  Constant function Definethefunctionf: R - Rbyy=f(X) =c, xe R where

cisaconstant and each x € R. Here domain of fis R and itsrangeis{c}.

Y
N

v

N

8
6--
4
2

X' €4+——F+—+—F—F+—+—+—+—>X
8 -6-4-2 |02 4 6 8

Fig2.9
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The graph is a line parallel to x-axis. For example, if f(x)=3 for each xe R, then its
graph will bealineasshowninthe Fig 2.9.

(i)  Polynomial function A functionf: R — R issaid to be polynomial function if
foreachxinR,y = f(x)=a,+ax +ax+ ..+ a X, where nis a non-negative
integer and a, a,, a,,...,.a €R.

The functions defined by f(x) = x* —x*+ 2, and g(x) = x* + /2 X are some examples

2

of polynomial functions, whereas the function h defined by h(x) = x® + 2x isnot a

polynomial function.(Why?)

Example 13 Define the function f: R > R by y = f(X) = x4, x € R. Complete the
Tablegiven below by using thisdefinition. What isthe domain and range of thisfunction?
Draw the graph of f.

X -4|-3|2|1|o0]|1]|2]|]3]| 4
y =10 =x

Solution The completed Tableis given below:

X 4| 3| =2|-1]lo0|1]|2]|3] 4
y=f=x|16| 9| 4| 1|01 | 4|9 |16

Domain of f = {x : xeR}. Range of f = {xz: x € R}. The graph of f is given
by Fig2.10

Y

fo) =x? Fig2.10
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Example 14 Draw the graph of the function f :R — R defined by f (x) = x4, xeR.

Solution We have
f(0) =0, f(1) = 1, f(-2) = -1, f(2) = 8, f(-2) = -8, f(3) = 27; f(-3) = 27, etc.
Therefore, f={(xX%): xeR}. v

Thegraph of fisgiveninFig 2.11.

Y!
fix)=x3
Fig2.11

f(x)

(iv) Rational functions are functions of the type m where f(x) and g(x) are
X
polynomial functions of x defined in adomain, where g(x) # 0.

1
Example 15 Define the real valued function f : R —{0} — R defined by f(X) =

xe R—{0}. Completethe Table given below using thisdefinition. What isthe domain
and range of thisfunction?

X -2 |-15|-1|-05]|025|05( 1 | 15 2
_ 2
Y =X
Solution The completed Tableis given by
X -2 -15 | -1| 05| 025| 05 | 1| 15 2
1
Y= -05|-067 -1| -2 | 4 2 1] 067 05
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The domain is al real numbers except 0 and its range is also all real numbers
except 0. The graph of fisgivenin Fig 2.12.
Y

Y!
=1

Fig2.12

(v) TheModulusfunction Thefunction
f. R—>R defined by f(x) = |x| for each
X € R is called modulus function. For each
non-negative value of x, f(x) isequal to x.
But for negative values of x, the value of
f(X) is the negative of the value of x, i.e.,

>
f(X):{X,X_O
-X,Xx<0

The graph of the modulus functionisgiven
inFig2.13.

(vi) Signum function The function
f:R—R defined by

1if x>0
f(x)=40,if x=0
-1,if x<0
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iscalled the signumfunction. The domain of the signum function isR and therangeis
theset {1, 0, 1}. The graph of the signum function is given by the Fig 2.14.

Y
1 y=1
X' <€ 5 > X
y=-1 -1
Y!
X .
f(x)=~,x‘ OandOfor x =0
Fig2.14
(vii) Greatest integer function X
The function f: R — R defined
by f(X) =[X], x e R assumes the 13 —o0
value of the greatest integer, less 1P o
than or equal to x. Such afunction
is called the greatest integer SN T'T9 5 4 5
function. X'€ SN o+ >X
Fromthedefinition of [X], we —0 -1
can see that —0 42
[X] =—1for-1<x<0 3
[X] = Ofor0O<x<1
[X] = 1for1<x<2 ;{’
X] = 2for2<x<3and
©on X f(x) = [x]
The graph of the function is Fig2.15

showninFig2.15.

2.4.2 Algebraof real functions In this Section, we shall learn how to add two real
functions, subtract a real function from another, multiply areal function by a scalar
(here by a scalar we mean areal number), multiply two real functions and divide one
real function by another.

(i) Addition of tworeal functions Letf: X - Randg: X — R beany two rea
functions, where X < R. Then, we define (f + g): X — R by

(f+g) ) =X +g (), foral xe X.
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(i) Subtraction of areal function from another Letf: X - Randg: X — R be
any two real functions, where X CR. Then, we define (f — g) : X—>R by

(f=g) (X) = f(xX) —g(x), for al x e X.

(i) Multiplication by a scalar Let f: X—R be areal valued function and o be a
scalar. Here by scalar, we mean areal number. Then the product o fisafunction from
X toR defined by (a0 f) (x) = o f (x), xeX.

(iv) Multiplication of tworeal functions The product (or multiplication) of two real
functions :X—R and g:X—R is a function fg:X—R defined by
(fg) (¥ = f(x) g(x), for dl x e X.

Thisis aso caled pointwise multiplication.

(v) Quotient of two real functions Let f and g be two real functions defined from

f
X—R, where X € R. The quotient of f by g denoted by E isafunction defined by ,

[ ]( )—ﬁ provided g(x) # 0, x e X

Example 16 Let f(x) = X “and 9(x) = 2x + 1 be two real functions.Find

f
(f+9) (9, (f—9) (), (fg) (X),[EJ(X)-

Solution We have,
F+g) (=X +2x+1, (-0 ()= X —2x—1,
2
_ 2 A3 2 _ 1
(fg) () =X (X+1)=2X +X, [ ]() 21X * 5

Example 17 Let f(x) = \/x and g(x) = x be two functions defined over the set of non-

negative real numbers. Find (f + g) (X), (f—9) (X), (fg) (x) and [ j (X).

Solution We have
f+a) ()= Jx+x (-9 ¥ = Jx —-x,

X

3 1
(fg) x = VX(X)=x2 and[ ](X) I—x 2 x#0
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| EXERCISE 2.3|
1. Which of the following relations are functions? Give reasons. If it isafunction,
determineits domain and range.
) {21),(51),(81),(11,2),(14,2),(17,2)}
i {22),4,2),(6,3),(84),(10,5),(12,6), (14,7)}
@) {(1,3),(15),(25)}.
2. Findthedomain and range of thefollowing real functions:
@) 9=~ (i) )= yJo-x?.
3. Afunction f is defined by f(x) = 2x -5. Write down the values of
@ f(), (i) f(7), (@) f(3).

4. Thefunction ‘t" which maps temperature in degree Celsius into temperature in

9C

degree Fahrenheit is defined by t(C) = = + 32.
Fnd (i) t(0) (i) t(28) (iii)) t(=10) (iv) Thevalueof C, whent(C) = 212.
5. Find therange of each of the following functions.

i f(x) =2-3x,xe R, x>0.

(i) f(x) =x*+2,xisarea number.

@)y f(x) =x, xisareal number.

Miscellaneous Examples

Example 18 Let R be the set of real numbers.

Definethe real function }{\
f: R=>R by f(x) = x + 10
and sketch the graph of this function.
(0,10)

Solution Here f(0) = 10, f(1) = 11, f(2) = 12, ...,
f(10) = 20, etc., and
f(-1)=9,f(-2) =8, ..., f(-10) =0andsoon. (10,0
Therefore, shape of the graph of the given X ‘/ o
function assumes the form as shown in Fig 2.16.

A\

Remark The function f defined by f(x) = mx +c, ;{’
x e R,iscalled linear function, where mand c are fx) =x+10
constants. Abovefunctionisan exampleof alinear _

. Fig 2.16
function.
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Example 19 Let R be arelation from Q to Q defined by R = {(a,b): a,b € Q and
a—be Z}. Show that
() (@@ e Rfordlae Q
(i) (ab) e Rimpliesthat (b, a) € R
(i) (a,b) e Rand (b,c) € Rimpliesthat (a,c) eR
Solution (i) Since,a—a=0¢ Z, if followsthat (a, @) € R.
(i) (ab) € Rimpliesthat a—b e Z. So, b —a € Z. Therefore,
(b,a) e R
(i) (a, b)and (b, c) € Rimpliesthata—be Z.b—-ce Z. So,
a—-c=(a—b)+ (b—c) e Z. Therefore, (a,c) € R
Example20 Letf={(1,1), (2,3), (0,-1), (-1, -3)} bealinear functionfromZ into Z.
Find f(x).
Solution Sincefisalinear function, f (X) = mx + c. Also, since (1, 1), (0,-1) € R,
f()=m+c=1andf (0) =c=-1 Thisgivesm=2and f(x) = 2x — 1.

x?+3x+5

Example 21 Find the domain of the function f (X) =—;
X“—5x+4

Solution Sincex’ —5x+4= (x—4) (x-1), thefunction fisdefined for all real numbers
except at X = 4 and x = 1. Hence the domain of fisR — {1, 4}.

Example 22 The function f is defined by
1-x, x<0
1 ,x=0
X+1, x>0

f(x) =

Draw the graph of f (X).
Solution Here, f(x)=1-x,x<0,thisgives X
f(—4) =1-(-4)=5;
f(-3) =1-(-3) =4,
f-2) =1-(-2)=3
f(-1) =1-(-1) =2; etc,
and f(1) =2,f(2)=3,f(3)=4
f(4) =5andsoonfor f(x) =x+ 1, x> 0.
Thus, thegraph of fisasshowninFig2.17 Fig2.17
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Miscellaneous Exercise on Chapter 2

X% ,0<x<3

Therelation fisdefinedby f(X)= {3x 3<x<10

X2, 0<x<2
3x,2<x<10
Show that f isafunction and g is not a function.
fAY)-1f@

r1-1

Therelation g is defined by g(X)={

If f (x) = X, find

X2+ 2x+1
x> —8x+12 "

Find the domain and the range of the real function f defined by f (x) = /(x-1) .

Find the domain of the function f (x) =

Find the domain and the range of the real function f defined by f (x) = [x—1 .

2
X
Let f= {[X’h N } X€ R} be afunction from R into R. Determine the range

of f.
Let f, g : R—R be defined, respectively by f(x) = x + 1, g(x) = 2x — 3. Find
f

f +g, f—gand g
Let f = {(1,2), (2,3), (0,-1), (-1, —3)} be a function from Z to Z defined by
f(x) = ax + b, for some integers a, b. Determine a, b.
Let Rbearelationfrom N to N definedby R={(a,b):a,beNanda= bz}.Are
thefollowing true?

() (@ e R,foradlae N (i) (ab) e R,implies(b,a € R

(i) (ab)e R, (b,c) e R implies(ac) € R.
Justify your answer in each case.
LetA={1,2,3,4},B={15911,1516} and f={(1,5), (2,9), (3,1), (4,5), (2,11)}
Arethefollowing true?

(i) fisarelationfromAtoB (i) f isafunctionfromA to B.
Justify your answer in each case.
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. Let f be the subset of Z x Z defined by f = {(ab,a+ b):a be Z}.Isfa

function from Z to Z? Justify your answer.
LetA={9,10,11,12,13} and let f: A—N be defined by f (n) = the highest prime
factor of n. Find the range of f.

Summary

In this Chapter, we studied about relations and functions. The main features of
this Chapter are as follows:
4 Ordered pair A pair of elements grouped together in a particular order.
¢ Cartesian product A x B of two setsA and B is given by
AxB= {(ab):ae A be B}
Inparticular Rx R ={(x,y): X, ye R}
andRxRxR=(xy,2:%XY,ze R}
¢ If(a,b)=(xy),thena=xand b =Y.
¢ If n(A) = p and n(B) = q, then n(A x B) = pq.
*AXO=¢
¢ Ingeneral, Ax B #B xA.

¢ Relation A relation R from a set A to a set B is a subset of the cartesian
product A x B obtained by describing arelationship between the first element
x and the second element y of the ordered pairsin A x B.

¢ Theimage of an element x under arelation Risgiven by y, where(x,y) € R,

¢ The domain of R is the set of al first elements of the ordered pairs in a
relationR.

¢ The range of the relation R is the set of al second elements of the ordered
pairsin arelation R.

¢ Function A function f from a set A to aset B is a specific type of relation for
which every element x of set A has one and only oneimagey in set B.

We write f: A—B, where f(x) = y.
¢ A isthedomain and B is the codomain of f.
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¢ Therange of the function is the set of images.

@ A real function has the set of real numbers or one of its subsets both as its
domain and asits range.

¢ Algebra of functions For functionsf: X — Randg: X — R, we have
(f+9 () =f(X) +9(x),xe X
(f-9) ¥ =f(®) -9, xe X
fog)(® =f(X .gKx),xe X
(k) (x) =k(f(x)),xe X, wherekisarea number.

f f(X)
[aj(x) = W’XE X,gx) =0

Historical Note

The word FUNCTION first appears in a Latin manuscript “Methodus
tangentium inversa, seu de fuctionibus’ written by Gottfried Wilhelm Leibnitz
(1646-1716) in 1673; Leibnitz used the word in the non-analytical sense. He
considered a function in terms of “mathematical job” — the “employee” being
just acurve.

On July 5, 1698, Johan Bernoulli, in aletter to Leibnitz, for the first time
deliberately assigned a specialised use of the term function in the analytical
sense. At the end of that month, Leibnitz replied showing his approval.

Function is found in English in 1779 in Chambers Cyclopaedia: “The
term functionisused in agebra, for an analytical expression any way compounded
of avariable quantity, and of numbers, or constant quantities’.

4
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(TRIGONOMETRICFUNCTIONS)

+*A mathematician knows how to solve a problem,
he can not solve it. — MILNE <¢

3.1 Introduction

Theword ‘trigonometry’ is derived from the Greek words
‘trigon’” and ‘metron’ and it means ‘ measuring the sides of
atriangle’. The subject was originally developed to solve
geometric problemsinvolving triangles. It was studied by
sea captains for navigation, surveyor to map out the new
lands, by engineers and others. Currently, trigonometry is
used in many areas such as the science of seismology,
designing electric circuits, describing the state of an atom,
predicting the heights of tides in the ocean, analysing a
musical tone and in many other areas.

In earlier classes, we have studied the trigonometric AryaBhatt
ratios of acute angles as the ratio of the sides of a right (476-550)
angled triangle. We have also studied the trigonometric identities and application of
trigonometric ratios in solving the problems related to heights and distances. In this
Chapter, wewill generalisethe concept of trigonometric ratiosto trigonometric functions
and study their properties.

3.2 Angles
Angleisameasure of rotation of agiven ray about itsinitial point. Theoriginal ray is

B Vertex Initial side
Q0
> .
o ey,
r‘@‘ '111,1
U
i

0) >A e
Vertex Initial side B

(i)Positive angle Fig 3.1 (i) Negative angle
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called the initial side and the final position of the ray after rotation is called the
terminal side of the angle. The point of rotation is called the vertex. If the direction of
rotationisanticlockwise, theangleissaid to be positiveand if the direction of rotation
isclockwise, thentheangleisnegative (Fig 3.1).

The measure of an angle is the amount of ) Initial side \A
rotation performed to get theterminal sidefrom Terminal Side ,B

the initial side. There are several units for
measuring angles. The definition of an angle Fig 3.2

suggests a unit, viz. one complete revolution from the position of the initial side as
indicated inFig 3.2.

Thisis often convenient for large angles. For example, we can say that arapidly
spinning wheel ismaking an angle of say 15 revolution per second. We shall describe
two other units of measurement of an angle which are most commonly used, viz.
degree measure and radian measure.

1 th
3.2.1 Degree measure If arotation fromtheinitial sideto termina sideis(%) of

arevolution, the angle is said to have ameasure of one degree, written as1°. A degreeis
dividedinto 60 minutes, and aminuteisdivided into 60 seconds. Onesixtieth of adegreeis
called aminute, written as 1, and one sixtieth of aminuteis called asecond, written as1”.
Thus, 1° =60, 1 =60"

Some of the angles whose measures are 360°,180°, 270°, 420°, — 30°, — 420° are
showninFig3.3.

(o] (o]
360 A O 270
@ S5 B< 180 v S>A A
B

(@)

(o]
420 o A A
A NZ_30° > 420
B
Fig 3.3 B
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3.2.2 Radian measure Thereisanother unit for measurement of an angle, called
the radian measure. Angle subtended at the centre by an arc of length 1 unit in a
unit circle (circle of radius 1 unit) is said to have a measure of 1 radian. In the Fig
3.4(i) to (iv), OA istheinitial sideand OB istheterminal side. The figures show the

1 1
angles whose measures are 1 radian, —1 radian, 15 radian and —15 radian.

(ii)

A
Vo]
1
2
o
(iv)

Fig 3.4(i)to(iv)
We know that the circumference of a circle of radius 1 unit is 2x. Thus, one
completerevolution of theinitial side subtendsan angle of 2r radian.

More generally, inacircle of radiusr, an arc of length r will subtend an angle of
1radian. It iswell-known that equal arcs of acircle subtend equal angle at the centre.
Sincein acircleof radiusr, an arc of length r subtends an angle whose measureis 1
radian, an arc of length | will subtend an anglewhose measureis F radian. Thus, if in

acircleof radiusr, an arc of length | subtends an angle 6 radian at the centre, we have

06 =—orl =re.
r
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3.2.3 Relation between radian and real numbers N
Consider the unit circlewith centre O. Let A beany point 1
on the circle. Consider OA as initial side of an angle.
Thenthelength of an arc of thecirclewill givetheradian 11
measure of the angle which the arc will subtend at the
centre of the circle. Consider the line PAQ which is
tangent to the circle at A. Let the point A represent the 0
real number zero, APrepresents positive real number and
AQ represents negative real numbers (Fig 3.5). If we

-1
rope theline AP in the anticlockwise direction along the
circle,and AQintheclockwisedirection, then every real
number will correspond to a radian measure and i

conversely. Thus, radian measures and real numbers can Fig 3.5 Yo
be considered as one and the same.

3.2.4 Relation between degree and radian Since acircle subtends at the centre
an angle whose radian measure is 2n and its degree measure is 360°, it follows that

2rn radian =360° or wradian = 180°
The above relation enables us to express a radian measure in terms of degree
measure and a degree measure in terms of radian measure. Using approximate value

of T as —, we have

7
lradian= =57° 16" approximately.
Also 1° = ﬁ) radian = 0.01746 radian approximately.

The relation between degree measures and radian measure of some common angles
aregiveninthefollowing table:

Degree | 30° 45° 60° 90° 180° 270° 360°
Redi i & i i £
N s 4 3 2 & 2 | =
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Notational Convention
Since angles are measured either in degrees or in radians, we adopt the convention
that whenever we write angle 6°, we mean the angle whose degree measureis 6 and
whenever we write angle 3, we mean the angle whose radian measure is f3.

Note that when an angleis expressed in radians, theword ‘radian’ isfrequently
omitted. Thus, 7 =180° and % =45° arewritten with the understanding that © and %

are radian measures. Thus, we can say that

/I
Radian measure = 180 ¥ Degree measure

180
Degree measure = o x Radian measure

Example 1 Convert 40° 20" into radian measure.
Solution We know that 180° = = radian.

H 400 20/ _401‘d [ L g_ ad —@ ad
ence = 3 egree— 180)( 3 radian = 540 radian.
Theref a0 20 = 2 i

ererore = 540 radian.

Example 2 Convert 6 radians into degree measure.
Solution  We know that = radian = 180°.

, 180 1080x 7
Hence 6 radians = —— x6 degree = —__——degree
T 22
7 7x60
= 343Edegree =343+ minute [as1° =60
2

=343°+38 + bEl minute [as 1’ =60"]

=343° + 38 +10.9” =343°38 11” approximately.
Hence 6 radians = 343° 38" 11” approximately.

Example 3 Findtheradiusof thecirclein which acentral angle of 60° interceptsan

22
arcof length37.4cm (use m =7).
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Solution Herel = 37.4 cm and 6 = 60° = 2 radian = &
ution Herel =37.4cmand @ = = 180 3
|
Hence, by r= 6 , we have
37.4x3  37.4x3x7
r= = =35.7cm
i 22

Example4 Theminute hand of awatchis 1.5 cmlong. How far doesitstip movein
40 minutes? (Use &t = 3.14).

Solution In 60 minutes, the minute hand of awatch completesonerevolution. Therefore,

2 2
in 40 minutes, the minute hand turnsthrough 3 of arevolution. Therefore, 0 = 3 x 360°

4
or ?n radian. Hence, the required distance travelled is given by

l=r09 = 1.5><4—§cm=27tcm=2><3.14cm:6.280m.

Example5 If the arcs of the same lengthsin two circles subtend angles 65°and 110°
at the centre, find the ratio of their radii.

Solution Letr, and r, be the radii of the two circles. Given that

b 13n
0, = 65° = ——~Xx65 = —— radian

180 36
T 221
= = —x110 = — i

and 6, =110 180 36 radian
Let | be the length of each of thearc. Then| = r 6, = r.6,, which gives

36 Xr, = 36 Xr,, i.e, = 13
Hence rir,=22:13.

| EXERCISE 3.1
1. Findtheradian measures corresponding to the following degree measures:
(i) 25° (i) —47°30 (i) 240° (iv) 520°
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2. Find the degree measures corresponding to the following radian measures

(Use n=§).
7

u o - T
0) g (i) - (i) = )
3. A wheel makes360 revolutionsin one minute. Through how many radians does

it turn in one second?
4. Find the degree measure of the angle subtended at the centre of a circle of

22
radius 100 cm by an arc of length 22 cm (Use © = 7).

5. Inacircle of diameter 40 cm, the length of achord is 20 cm. Find the length of
minor arc of the chord.
6. If in two circles, arcs of the same length subtend angles 60° and 75° at the
centre, find the ratio of their radii.
7. Findtheanglein radian through which apendulum swingsif itslengthis 75 cm
and th e tip describes an arc of length
(i) 10cm (i) 15cm (i) 21lcm

3.3 Trigonometric Functions

In earlier classes, we have studied trigonometric ratios for acute angles asthe ratio of
sides of aright angled triangle. We will now extend the definition of trigonometric
ratiosto any anglein termsof radian measureand study them astrigonometric functions.

Consider a unit circle with centre v
at origin of the coordinate axes. Let A
P (a, b) be any point on the circle with
angleAOP=xradian, i.e., length of arc DB p (a, b)
AP=x(Fig 3.6).
We definecosx=aandsinx= b 1 . ¥
Since AOMPisaright triangle, wehave _ C1, OC X \,(1,0) -
OM? + MP? = OPPor @ + P =1 X S olam Ja X
Thus, for every point on the unit circle,
we have
a?+b?=1orcos?x+simx=1 oD
Since one complete revolution
subtends an angle of 2r radian at the ;{/
centre of the circle, ZAOB = % Fig 3.6
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3
ZAOC=mand ZAOD = g .All angleswhich areintegral multiples of g arecalled

guadrantal angles. The coordinates of the points A, B, C and D are, respectively,
(1,0),(0,1), (-1, 0) and (O, -1). Therefore, for quadrantal angles, we have

cos0° =1 sin0° =0,
cosE—O sinE—l
2 2
cost=-1 snt=0
coss—n—o sins—n— 1
2 2
cos2r =1 sn2n=0

Now, if we take one complete revolution from the point P, we again come back to
same point P. Thus, we also observe that if X increases (or decreases) by any integral
multiple of 27, the values of sine and cosine functions do not change. Thus,

sin(2nt +x) =sinX.ne Z, cos(2nt +X) =cosX,-he Z
Further, sinx=0,if X=0,tx, £ 21, 3x, ..., i.e, whenxisanintegra multiple of ©

3n 5n

+ —, ... i.e, cos x vanishes when x is an odd

T
=0,if X=%—=,+ —
and cos x = 0O, if 5 5 >

multiple of g . Thus

sin x = 0implies x = nx, where n is any integer
T
cos x = 0impliesx = (2n + 1) X where n is any integer.
We now define other trigonometric functionsin terms of sine and cosine functions:

1
COSEC X = s’ X # nm, where nis any integer.

SECX = Cosx’x;t @2n+1) %,wheren isany integer.
sinx T . .

tanx = Cosx,x;t(Zn +1)E,Wheren|sany|nteger.

cotx = (;0;;( X # N, where n is any integer.
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We have shown that for all real x, sin°x + cosx =1
It followsthat
1+ tan’x = sec’x (why?)

1 + cot?x = cosec? X (why?)
In earlier classes, we have discussed the values of trigonometric ratios for 0°,
30°, 45°, 60° and 90°. The values of trigonometric functionsfor these anglesare same

asthat of trigonometric ratios studied in earlier classes. Thus, we have the following
table:

| B | Z @ 3r
6 4 3| 2 4 2 %
: 1 1 | 4B
an 0 2 \/E 7 1 0 -1 0
3| 1 1
cos 1 ) 2 5 0 -1 0 1
1 not not
n | 0 | & 1 | V3 |ggined| © | defined| ©
The values of cosec X, sec X and cot x Y
arethereciprocal of thevaluesof sinx, N
cos X and tan X, respectively.
ESpEHivEY OD[B b ws
3.3.1 Sign of trigonometric functions \\
Let P (a, b) be apoint on the unit circle 1
with centre at the origin such that (1,0 C X rb \/(1, 0)
ZAOP = x. If ZAOQ = —x, then the X € o\ fA >X
coordinates of the point Q will be (a, —b) -
(Fig 3.7). Therefore B /
COS (— X) = cos X 0,-1) [D Q(a-b)
and sin(—x)=-sinx
\
Since for every point P (a, b) on Y’
the unit circle, =1 < a< 1 and Fig 3.7
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—1< b<l1l wehave—1<cosx<land-1<sinx<1foralx We havelearntin

previous classes that in the first quadrant (0 < x< % ) aand b are both positive, inthe
second quadrant (% < X <m) a is negative and b is positive, in the third quadrant

3 3
(r<x< g) a and b are both negative and in the fourth quadrant (g <x<2m)ais

positive and b is negative. Therefore, sin x is positive for 0 < x < wt, and negative for

T T 3n
7 <Xx<2m. Similarly, cosxispositivefor 0 <x< o negativefor B < X< - and also

3n
positive for > < X < 2m. Likewise, we can find the signs of other trigonometric

functionsin different quadrants. In fact, we have the following table.

I I [l v
sinx + + - -
COS X + 4 - +
tan x + - + -
COSEC X + + - -
SEC X + - - +
cot x + - + -

3.3.2 Domain and range of trigonometric functions Fromthe definition of sine
and cosine functions, we observe that they are defined for all real numbers. Further,
we observe that for each real number X,

—1<snx<land —1<cosx<1

Thus, domain of y =sinxand y = cos x isthe set of all real numbers and range
istheinterval [-1, 1],i.e,—1<y<1

2020-21



TRIGONOMETRIC FUNCTIONS 59

1

sinx
x#nm,ne Z} andrangeistheset{y:ye R,y >1ory <-—1}. Similarly, thedomain

Since cosec x = , the domain of y = cosec x istheset { x: xe R and

ofy=secxistheset {x:xe Rand x=# (2n + 1) %,ne Z} and range is the set

{y:y e Rjy <—1lory=>1}. Thedoman of y = tan x isthe set {x : x e R and

X#(2n + 1) g n e Z} and range is the set of al real numbers. The domain of

y=cotxistheset {x:x € Randx#nmx, ne Z} and the range is the set of all real
numbers.

T
We further observe that in the first quadrant, as x increases from 0 to o sin X
increases from O to 1, as X increases from % to i, sin x decreases from 1 to 0. In the
3n
third quadrant, asx increasesfrom«t to7 , Sin x decreasesfrom 0 to—land finally, in

3n
the fourth quadrant, sin x increases from —1 to 0 as X increases from - to 2m.

Similarly, we can discuss the behaviour of other trigonometric functions. In fact, we
havethefollowing table:

| quadrant I quadrant 111 quadrant 1V quadrant
sin |increasesfrom0to 1 | decreasesfrom1to 0 | decreasesfrom 0to—1 |increasesfrom—1to 0
cos |decreasesfrom 1to O | decreasesfrom Oto— 1 increases from—1to 0 |increasesfrom 0to 1
tan |increasesfrom 0 to oo | increases from —ooto O | increases from 0 to oo | increases from —ooto 0
cot | decreases from oo to O| decreasesfrom 0 to—oo [ decreases from oo to 0 | decreases from Oto —o
sec  |increasesfrom 1 to oo | increases from —eoto—1| decreases from —1to—oo| decreases from oo to 1
coxC | decreases from oo to 1| increases from 1 to oo | increases from —eoto—1 | decreases from—1to—o

Remark In the above table, the statement tan x increases from 0 to e (infinity) for

T
O<x< —

2
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assumes arbitraily large positive values as x approaches to g . Similarly, to say that

cosec x decreases from —1 to — e (minus infinity) in the fourth quadrant means that

3
cosec x decreases for X € (77T , 2m) and assumes arbitrarily large negative values as

X approachesto 2rt. The symbolse and —eo simply specify certain types of behaviour
of functions and variables.

We have already seen that values of sin x and cos X repeats after an interval of

21. Hence, values of cosec x and sec x will also repeat after an interval of 2. We

Y
A

o N SN e

D R < T AN PN TR N
2
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] Y (] ]
2t/ ;
e NNy,
X
2,-17 2 )
el B ;
%
y=secx y = cosec x
Fig 3.12 Fig 3.13

shall seein the next section that tan (rt + X) = tan x. Hence, values of tan x will repesat
after an interval of m. Since cot x isreciprocal of tan x, its valueswill aso repest after
aninterval of . Using thisknowledge and behaviour of trigonometic functions, we can
sketch the graph of these functions. The graph of these functions are given above:

Example6 If cosx= — §,x|iesinthethird quadrant, find the values of other five
5
trigonometric functions.

. . 3 5
Solution Since cosx = _E , we have secx = —5
Now SiIX + cos?x =1, i.e, Sin’x =1 —cos’x

9 16

or six=1-— = —

X17% T
Hence sinx=x% ﬂ
5

Since x liesin third quadrant, sin x is negative. Therefore

) 4
sinx=-—
X~ 5

which also gives

COseC X = —

NG Né)
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Further, we have

sSnx 4 CoSX 3

tanx=——"=— and cotx=—"=—.
cosx 3 snx 4

5
Example 7 If cot x = — E’ x liesin second quadrant, find the values of other five

trigonometric functions.

12
Solution  Since cot x = —i,wehavetanx =——
12 5
No sec’x = 1+ tan? —1+%—@
W X= X=1T 5 T o5
13
Hence secx:ig

Since x liesin second quadrant, sec x will be negative. Therefore

e 13
X==—,
5
which also gives
5
COSX=——
13
Further, we have
SinxX = tan X cos X = = 2, 12
X= X COS X = (— 5)><(— 13" 13
and COSec 1 13
X=———= .
snx 12

, . 3ln
Example 8 Flndthevalueofsm?.

Solution We know that values of sin x repesats after an interval of 2rt. Therefore

ol

I N
sin 3 =sgin( 3)—S|n3—
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Example 9 Find the value of cos (—1710°).

Solution We know that values of cos x repeats after an interval of 2r or 360°.
Therefore, cos(—1710°) = cos (-1710° + 5 x 360°)
= cos (—1710° + 1800°) = cos 90° = 0.

|EXERCISE 3.2

Find the values of other five trigonometric functionsin Exercises1to 5.

1
1. cosxz—E, x liesin third quadrant.

3

2. sinng,xliesinsecondquadrant.
3

3. cotx:Z,xllesmthlrdquadrant.

13
4. secx= E x liesin fourth quadrant.

5
5. tan X:_E’ x liesin second quadrant.

Find the values of the trigonometric functionsin Exercises 6 to 10.

6. sn765° 7.  cosec (—1410°)
8. tan 19n g sin Hr
. 3 : (- 3 )

157
10. cot (- T)

3.4 Trigonometric Functionsof Sum and Differenceof TwoAngles

Inthis Section, we shall derive expressionsfor trigonometric functions of the sum and
difference of two numbers (angles) and related expressions. The basic resultsin this
connection are called trigonometric identities. We have seen that

1. sn(=x) =—sinx
2. €os (—X) = cos X
We shall now prove some more results:
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3. cos(x+ty)=cosxcosy—sinxsny

Consider the unit circle with centre at the origin. LetX be the angle P,OP,and y be
the angle P,OP,. Then (x + ) is the angle P,OP,. Also let (—y) be the angle P,OP,.
Therefore, P, P,, P, and P, will have the coordinates P (cos X, sin Xx),
P, [cos (X +Y), sin(x +Y)], P,[cos (—Y), sin (-y)] and P, (1, 0) (Fig 3.14).

Y
A

P, (cos x, sin x)

— <

e
X'<€

P, [cos(x + y), sin(x + y)]

P, [cos(-y), sin(-y)] ~——]

Fig 3.14

Consider thetriangles P,OP, and P,OP,. They are congruent (Why?). Therefore,
PP, and P,P, are equal. By using distance formula, we get

P.P,2 =[cosx—cos(-Y)]? + [sin x—sin(-y]?
= (cos X —cosy)? + (sinx + siny)?
= COS X+ COLYy—2COSX COSY + Sin’X + Siny + 2sin x siny
=2-2(cosxcosy—sinxsiny) (Why?)
Alo, P,P2 =[l-cos(x+y)]?+[0—sin(x+Y)?
=1-2cos(Xx+y)+cos’(Xx+y)+sin?(x+y)

=2-2cos(x+Yy)
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Since PP, =PP, wehavePP?=PP2
Therefore, 2 -2 (cosx cosy —sinxsiny) =2 —2 cos (X + Y).
Hence cos(x+Yy) =cosxcosy—sinxsiny

4. cosS(X—y)=cosxcosy+sinxsiny
Replacing y by —y in identity 3, we get
CoS (X + (—y)) =cosx cos (—y) —sinxsin (-Y)
or cos(X—Yy)=cosxcosy+sinxsiny

T .
5. cos (E_X) =sin X
If we replace x by g and y by xin Identity (4), we get

T T . T, ]
cos(E—X) =cos§ COSX + sin P sinx=snx.

T
6. sn (E_X) = COS X

Using the Identity 5, we have

LSV .0 L |
sm(E ) = cos > |2 = COS X.
7. dn(x+y)=snXxcosy+ cosx siny

We know that

sin (x +y) = cos [%—(X+ Y)j = cos [(%—X)—YJ

n . :
= cos(E—X) cosy +sin (E—X)smy

=gnxcosy+cosxsiny
8. sin(x—y)=sSiNnXCOSy—COoSX Siny
If wereplacey by -y, in the Identity 7, we get the result.

9. By taking suitable values of x and y in the identities 3, 4, 7 and 8, we get the
followingresults:

T i i T
cos (E+X) = —snx sin (E+X) = COS X

CoS (T — X) = —Cos X sin (T —Xx) =sinx
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COS (T + X) = — COS X sn (T +x) =—sinXx
Cos (2® — X) = cOoS X sin (2 — X) = —sin x

Similar resultsfor tan x, cot X, sec X and cosec X can be obtained from the results of sin
X and cos X.

10. If none of the angles x, y and (x + y) is an odd multiple of z , then

2
tan x +tan y
tan (x +y) = l1-tan xtan y
Since none of the x, y and (X + y) is an odd multiple of % it follows that cos X,

cosy and cos (x + y) are non-zero. Now

sin(x+y) _sinxcosy+cosxsiny
cos(X+Yy)  cosxcosy—sinxsiny’

tan(x+y) =

Dividing numerator and denominator by cos x cosy, we have

sin xcosy Y cosxsiny
COSXCOSY COSXCOSY

tan (x+y) = cosxcosy sinxsiny
COSXCOSY COSXCOSY
tanx+tany
T l-tanxtany
tan x —tan y
11. tan (x—-y)=

l+tan xtan y
If wereplacey by —y in Identity 10, we get
tan (x—y) =tan [x + ()]
tanx+tan(-y) tanx—tany
- 1-tanxtan(-y) N 1+tanxtany

12. If none of the angles x, y and (x +y) is a multiple of &, then

cot xcot y—1

COt(X+y):—coty+cotx

2020-21



TRIGONOMETRIC FUNCTIONS 67
Since, none of the x, y and (x + y) is multiple of x, we find that sin x sin y and
sin (x +y) are non-zero. Now,

COS(X+Yy) COSXCOsy-—sinxsiny

sin(X+Yy) SiNXCOSy+cosXxsiny

cot (x+vy)=

Dividing numerator and denominator by sinx siny, we have

cot xcoty—1
COL X +Y) = oty + cotx
cot x cot y+1 . . .
13. cot (x —y)= —— if none of angles x, y and x-y isamultiple of ©

cot y —cot x
If wereplacey by —y in identity 12, we get the result

: _ 1-tan?x
14, cos2x =coX—sin2x=2cofXx—1=1-28n’x= ———5—
1+tan”x
We know that
CoS(X+Yy) =Ccosx cosy—sinxsiny
Replacing y by x, we get
COS 2X = COS’X — Sin?X
= cogX— (1 —-cos’x) =2 cosx— 1
Again, COS 2X = COS? X — SI? X
=l-gmx—-sinx=1-2sn?x.
cos? Xx—sin?x
cos” x+sin? x
Dividing numerator and denominator by cos? x, we get

We have COS2X =COF X —SiN?2Xx =

5 1—tan®x X¢nn+n h . int

COS2X= ———, —, where nisan integer

1+tan?x 2 €9
2tan x

. . T . .
15. dn 2x=2snNx cosx = x¢nn+5,where nis an integer

1+tan? x
We have
sin(x+y)=sinxcosy+ cosxsiny
Replacing y by x, we get sin 2x =2 sin X COS X.
2sin XcosXx

Agan SN 2X= "0 xsin? x
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Dividing each term by cos? x, we get

_ 2tanx
SN2X= 7 tan? x
_2dtanx n .
16. tan 2x = 1—tan? x if 2X¢nn+§,where nisan integer
We know that
tanx + tany
@ (X+Y) =1 tanxtany
. 2tan
Replacing y by x , we get tan2x=—;(
1-tan“ x

17. sin 3x =3sinX—4sinx
We have,
sin3x=sin (2x + X)
=sin 2X cOS X + COS 2X Sin X
=2sinXcosxcosX+ (1—2sin?x) sin x
=2snx(1-sin?x) + sinx—2 sin®x
=23NX—29nNX+sinX—2sn*x
=3sinx—4snx
18. cos 3x=4 cos’X — 3 cos X
We have,
C0S 3X = COS (2X +X)
= C0S2X COSX—Sn 2Xsin X
= (2c0s*x — 1) cos X — 2sin X €COS X Sin X
= (2c0s*x — 1) cos X — 2c0s X (1 — cos*X)
= 2C0S*X — COS X — 2C0S X + 2 COS® X
= 4c0s* X — 3C0oS X.

tan3x 3tan x—tan® x 3 LA o
= X#NT+—
19. 1-3tan? x i e 2,w ere nisan integer

We have tan 3x =tan (2x + X)

tan2x+tanx _ 1-tan” x

T l-tan2xtenx ,_2tenx.tanx
1-tan? x
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_ 2tan x+tan x—tan®x _ 3tan x —tan®x

1-tan®x—2tan®x  1—3tan’x
20. (i) cosx + cosy = 2c0S X+ycosX;y
(i) cosx —cosy=— 2sin X+ysin%
L . Xty X—=y
(iii) sinx+siny= 28N ——COS———
2 2
_ _ _ X+y . X-y
(iv) sinx-siny= 200S——Sin——
2 2
We know that
CoS(X+Yy)=cosxcosy—sinxsiny )
and CoS(X—y) =cosxcosy+sinxsiny .. (2
Adding and subtracting (1) and (2), we get
COS (X +y) + cOS(X —Yy) = 2 COSX COSY )]
and CcosS(X+y)—cos(x—y)=—2sinxsiny .. (4
Further sin(x+y)=sinxcosy+cosxsiny .. (5
and Sn(X—Yy) =SiNnXCosy—Ccosxsiny ... (6)
Adding and subtracting (5) and (6), we get
sn(x+y)+sin(x—y)=2sinxcosy .. (7
sn(x+y)—sin(x—y) =2cosxsiny .. (8)

Letx+y=6and x—y = ¢. Therefore
X:[M jand y:[m)
2 2
Substituting the values of x and y in (3), (4), (7) and (8), we get

cos 0 + cos ¢ = 2 cos [%jcos[e—;q)j

coS0 —cos ¢ =—2sn [9+¢jsm[9—¢j
2 2

snO+sn¢ =2sin [GL;)JCOS[G_T(W

2020-21



70 MATHEMATICS

sin®—sin ¢ =2 cos [e;q)jsm[ezq)j

Since 6 and ¢ can take any real values, we can replace 6 by x and ¢ by y.
Thus, we get

X+y  X-y . X+Y . X=Y
COSX+ COSYy =2 Cc0S ——COS——; COSX—COoSy =—2Sn —(—Sin——,
2 2 2 2
X+ X— X+y . X—
sinx+siny=23inTyCOSTy;sinx—siny=ZCosTySInTy.

Remark Asapart of identities given in 20, we can prove the following results:
21. (i) 2cosx cosy=cos(x +Yy)+cos(x—y)

(i) 2sinxsny=cos(x +y)—cos(x—Y)

(iii) 2snxcosy=sn (x+y)+sn (x-yY)

(iv) 2cosxsiny=sn (x+y)—sn (X-Y).
Example 10 Prove that

3sin= %c——4 nﬂcot—zl
6 3 6 4

Solution We have
5n

T
= 3sin— %c——4 n—cot—
LHS= 6 3 6 4

—3x1><2 4s s x1=3-4sd T
= 5 —4sn 6 =3-4sn

1
=3-4x 5 =1=RH.S

Example 11 Find the value of sin 15°.

Solution  We have
sin15° =sin(45°—-30°)
=3sn 45° cos 30° —cos 45° sin 30°
1 Jé 11 \3-1
"2 2 22 2z

13n
Example 12 Find the value of tan 12
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Solution We have

B+ T o ~etan 2T
tan o =tan | T =N g, 4 6

tan " —tan ™ 1—i
_ 4 "6 - \B3_3-1,
- R
I+tanTtan™ 14— +
4 V3

Example 13 Prove that
sin(x+y) tanx+tany
sin(x—y) tanx-tany"

Solution We have

_sSn(x+y) sinxcosy+cosxsiny
sin(x—y) sinxcosy—cosxsiny

Dividing the numerator and denominator by cosx cosy, we get

L.H.S.

sin(x+y) tanx+tany
sin(x—y) tanx-tany-

Example 14 Show that
tan 3 xtan 2 X tan X = tan 3x —tan 2 X —tan x

Solution We know that 3x = 2x + X
Therefore, tan 3x =tan (2x + X)

tan2x+tanx
or tan3x=———

1-tan 2xtan x
or tan 3x —tan 3x tan 2x tan X = tan 2x + tan X
or tan 3x —tan 2x — tan X = tan 3x tan 2x tan X
or tan 3x tan 2x tan X = tan 3x — tan 2x —tan x.

Example 15 Prove that
cos[%+ xj+ cos[%— xj:ﬁ COSX

Solution Using the Identity 20(i), we have
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L.H = CO0S E+x + COS E—x
S 4 4
—+X+——-X E+x—(——x)
=2c0s cos| 4

T 1
—Zcosz COSX = 2 X 2 cosx= f2cosx=RH.S.

COS7X+ COSSOX

———————=~CotX
sSin 7X—sn 5x

Example 16 Prove that

Solution Using the Identities 20 (i) and 20 (iv), we get

7X+ 5x 7X—5Xx
cos

2C0s > ~os)

2
L.H.S. = =——=cotx =R.H.S.
2008 7X+5XSin7X_5X snx

2

Sn5x-2sin3x+sinx
COS5X—C0osX

Example 17 Prove that = tanx

Solution We have

LH.S _§n5x—2sin3x+sinx _ SN5x+sinX—2sin3x
" cosbx—cosx COS5X—COSX

_2sin3xcos2x—2sin3x _ sin3x (cos2x-1)

—2s3n3Xsin 2x SnN3xsin2x

_1-cos2x_ 2sin’x
Sin2x  2sin XCosX

= tanx = RH.S
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Prove that:

3.

5.

| EXERCISE 3.3|
.o T T 2_:_2 2T ECOSZE:§
1. sin 6+cosZ3 tan 2 > 2. 25|n6+cosec2 6 35
cot —+00$05—+3tan27t 6 4. 2sin2%+20032£+2$c22=10
6 6 6 4 4 3
Find the value of:
(i) Sin75° (ii) tan 15°

Provethefollowing:

6. COS % lcos E—y —sin| Z-x lsin E—y =sin(x+Yy)
4 4 4 4

10.

11.

12.
14.
15.

16.

18.

20.

T

tan | —+X 2
4 j_(lﬂanx}

tan n_Xj 1-tan x
4

cos

cos (t+x) cos(—X) — cot’x

. sin (t—Xx) cos(2+x)

3?7[+ x]cos (2n+X) [cot (%—x} cot (2n+ x)} =

sin (n+ 1)xsin (n + 2)x + cos (n + 1)x cos (n + 2)X = cos X

COos %+X —COSs 3——X \fsmx
4 4

Sin? 6X — sin4x = sin 2x sin 10x

SiN2 X+ 2sin 4x + sin 6Xx = 4 cos® X sin 4x

cot 4x (sin 5x + sin 3x)

COS9X — cosbx sin2x
sinl7x — sin3x cos10x
snx—sin X—
snx-sny _ x-y
COSX + COSy 2
sinx—sin3x )

= 2sinX

sin® x— cos® x

17.

19.

21.
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sinbx + sin3x

13. cos? 2x — cos” 6X = Sin 4x sin 8x

=cot X (sin 5x — sin 3x)

=tan4x
€0s5X + cos3x

sin X+ sin3x
— = tan2x
COS X + COS3X

COS4X + COS3X + COS2X
= cot 3x

sindx+ sSnN3x+ sin2x
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22. cotxcot2x—cot 2x cot 3x —cot 3xcot x =1

_ 4tan x (1-tan®x)

- . 24. cos4dx =1 - 8sin® X cos X
1-6tan“x+tan"x

23. tan4x

25. cos6x =32 cos® x—48cos* x + 18 cos? x — 1

3.5 Trigonometric Equations

Equations involving trigonometric functions of a variable are called trigonometric
equations. In this Section, we shall find the solutions of such equations. We have
already learnt that the values of sinx and cosx repeat after an interval of 2 and the
values of tanx repeat after an interval of w. The solutions of atrigonometric equation
forwhichO< x< 2w arecalled principal solutions. The expression involving integer
‘n” which givesall solutions of atrigonometric equation iscalled the general solution.
We shall use ‘Z’ to denote the set of integers.

Thefollowing exampleswill be hel pful in solving trigonometric equations:

3
Example 18 Find the principal solutions of the equation sinx = g
_ 3 . 2m . oL .1 /3
= sn—=9n|n1—-— |=sSin—=—
Solution Weknowthat,sm3 2 and 3 [ﬂ 3) 3" 5
2n

Therefore, principal solutionsare X=% and 3

1
Example 19 Find the principal solutions of the equation tanx = — ﬁ .

. 1
Solution We know that,tanE = i.Thus, tan n—E =—tan£=——
6 3 6 6 /3
T T 1
tan| 2n—-= |=—tan==—-——=
and [Tr 6] 6 NE
51 11n 1
Thus tan—=tan—=-——.
6 6 J3
o . St 11n
Therefore, principal solutions are o and 5

Wewill now find the general solutionsof trigonometric equations. We have aready
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seen that:
sinx =0 gives x= nx, wherene Z

cosx =0 gives x=(2n + 1)% ,Wherene Z.
We shall now provethefollowing results:
Theorem 1 For any real numbers x and y,
snx=snyimpliesx=nn + (-1)"y, wherene Z
Proof  If sSinx=siny,then

X+ X —
y sin—y =0
2

sinx—siny=0 or 2cos

X+ X —
y =0 or sin 2y =0

which gives cos

X+Yy n X—y

Therefore N =@2n+ 1)5 or 2 =nw, wherene Z

i.e X=2n+1) -y orx=2nm +Yy, whereneZ

Hence X=(2n+ r + (-1)*"**y or x = 2nw +(-1)*"y, wheren € Z.

Combining these two results, we get
Xx=nm+ (-1)"y, wherene Z.

Theorem 2 For any real numbers x and y, cos X = cos y, implies x= 2nw + vy,
wherene Z

Proof If cosx = cosy, then
X+y X—y

cosx—cosy=0 i.e, —-2sin sin =0
y 2 2
X+ X —
Thus sin y =0 or sin y =0
2 2
X+y X —
Therefore =nm or =nn, wherene Z
i.e X=2nt -y orx=2nn +y, wherene Z
Hence x=2nmtty wherene Z

Theorem 3 Provethat if x and y are not odd mulitple of % , then

tan x=tany impliesx =nn +y, wherene Z
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Proof If tanx=tany, then tanx—tany=0
sinxcosy—cosxsiny_0

or

COSX COSY
which gives sn(x-y)=0 (Why?)
Therefore X—y=nmie,x=nt+y wherene Z
. . . 3
Example 20 Find the solution of sinx =—7.
. 3 . T . T . 4n
Solution Wehavesinx =—— = —SN_-=38n| t+—_ |=snN—
2 3 3 3
) . 4n ) )
Hence sinx= Sln?,whlch gives

4
X= nn+(—1)”?n, wherene Z.

4 .
?n is one such value of x for which sin x=—§. One may take any

3
other value of x for which sinx = — % . The solutions obtained will be the same

although these may apparently look different.

Solution We have, COSX =
T
Therefore X= 2nni§ ,Wherene Z.

Example 22 Solve tan 2x = —cot[x+%).

Solution We have, tan ZXZ_COt[X+Ej = tan[%+ x+%j
3
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or tan2x = tan[x+%j
5n
Therefore 2X=nn+ X+€, where ne Z
5n
or X=nn+€,wherenez.

Example 23 Solvesin 2x—sin 4x + sin 6x = 0.

Solution The equation can be written as
sin6x+sin2x—sin4x =0

or 2sin4dxcos2x—sindx =0
i.e sindx(2cos2x-1) =0
. 1
Therefore sn4x=0 or COSZX:E
. . T
i.e sindx=0 or cost:cosg
Hence 4X=nm Oor 2X= ZHRi% , whereneZ
. nm T
I.e x=7 or X =nni6,wherenez.

Example 24 Solve2 cos?x +3sinx=0
Solution  The eguation can be written as

2(1-sin? x)+3sinx =0

or 2sin® x—3sinx—2=0
or (2sinx+1) (sinx—2) =0
. 1 .
Hence smx:—E or snx=2
But sinx = 2isnot possible (Why?)
Therefore sinx= . SiﬂE
X = 5> = 6
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Hence, the solutionisgiven by

7
x=nn+(—1)n€n,wherene Z.

| EXERCISE 34
Find the principal and general solutions of thefollowing equations:
1. tanx = \/§ 2. seCcx=2
3. cotx=-4/3 4, cosecx=-2
Find the general solution for each of the following equations:
5. cos4 x=cos2x 6. cos3x+ cosx—cos2x =0
7. sin2x+cosx=0 8. sec® 2x = 1-tan 2x

9. gnx+sn3x+sin5x=0

Miscellaneous Examples

3 12
Example 25 Ifsinx:g, cosy=—E,wherexandybothIieinsecondquadrant,
find the value of sin (x +y).
Solution We know that
sin(Xx+y) =sinxcosy + cosx siny - (D)

] 9 16

Now cos? x=1-smx=1-—=—
25 25

4
Therefore cosx = J_rg.

Since x liesin second quadrant, cos x is negative.

Hence cosx:—ﬂ
5
Now sinzyzl—coszyzl—&:é
169 169
i.e siny:+i
e 3

5
Sincey liesin second quadrant, hencesinyispositive. Therefore, siny = 13 Substituting

thevalues of sinx, siny, cosx and cosy in (1), we get
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. 3(12)( 4\ 5 36 20 56
sin(x+y) =—-x ——J+ ——Jx— = ————=——
5 5) 13 65 65 65
Example 26 Prove that
COSZXCOS%—COSSXCOSQ—ZX=SMSXSM%_

Solution  We have

L.H.S. = % [Zcos 2X cosg— 20039—2X cosBx}

:1 CoS 2x+Z + C0S 2x—Z —C0S %+3x —C0S %—3x
2 2 2 2 2

1 5x 3x 15x x| 1] 5x 15x |
= —|_COS— +COS— —COS— —COS— | = —|_COS— = COS—J
2 2 2 2 2172 2 2

5x 15X 5x 15x) |
1 ERTY 5 5
—| =2sin 2 2 sin 2 2
=2 2 2

. [ 5x) . Bx
= —sinbx 9n —?Jz sn5x sm? = RH.S

Example 27 Find the value of tan %

Solution Let X=2 Then 2x="=
g 1

2tan x

Now tan2x = >
1-tan” X

. 2tanE

or tan—=—8
4 _tan?®

Let y=tan—.Thenl=

y=lg: 1y
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or yY+2y—-1=0
—21242
Therefore y= T\/_ =—1+42
_ T . T .
Since 3 liesin the first quadrant, y = tan 3 ispositve. Hence

tang = \/5—1_

3 3t . X X X
Example 28 If tan X=Z,n<X<?,f|nd the value of smE, cosE and tanE.

. . 3n . .
Solution Since T < X<7, COSX is negative.

3

AI £<§<_
= 2254

X X
Therefore, sin 5 is positive and cos 5 is negative.

9 25
Now sec?x=1+tan’x= 1+—=—
16 16
16 4
Therefore cos’X=_— orcosx=—— (Why?)
25 5
., X 4 9
Now 29N —=1- cosx =1+—=—.
2 5 5
Therefore 'n25 = i
S 10
X 3 Why?
or sin— = —— .
| x L4 1
Agan 2cos? 5 = 1+ cosx = 5 &5
X 1
Therefore cos? — = —
2 10
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X 1
or cos — = ——— (Why?
> an( y?)
sinX
X P 3 -J10
Hence tanzz i—\/_x[ 1 J-—B
cosE 10

Example 29  Prove that cos?x + cosz[x+gj+ cosz[x—%j:g-

Solution  We have

1+ cos[2x+2;} 1+ cos[Zx—z:;t}

L.H.S.

1+ cos 2X
+ +
2 2 2

3+ CoS 2X+ cos(2x+2—;[)+ cos(Zx—Z—;ﬂ

N =

= 3+ COS 2X+ 2c0S 2X cosz—:ﬂ

3+ C0oS 2X + 2¢C0S 2X cos(n—%ﬂ

N =

I
N =

3+ C0S 2X — 2¢0S 2X cos%}

= 1[3+c032x—0032x] _3 . R.H.S.
2 2
Miscellaneous Exercise on Chapter 3
Prove that:

T On 3n 5n
1. 2C0S— COS— + Cc0S— + cos—=0
13 13 13 13

2. (Sn3x+sinx)sinx+ (cos3x—cosx) cosx=0
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. . Xty
3. (cosx+ cosy)?+ (sinx—siny)? = 4 cos’ N
X-y
2
5. sinx+sin3x+ sin 5x + sin 7X = 4 c0S X COS 2X Sin 4x

4. (cosx—cosy)? + (sinx—siny)?=4sin?

(sin 7x + sin 5x) + (sin 9x + sin 3x)
(cos 7x + cos 5x) + (cos 9x + cos 3x)

= tan 6x

. . . . X 3X
7. dn3x+sn 2x—smx=4smxcos§ cos;

X X X
Find sin E cosE andtanz in each of thefollowing :

4 1
8. tanx —g,xinquadrantll 9. cosx:—g,xinquadrantlll

1
I,xinquadrantll

10. sinx

Summary

¢ Ifinacircleof radiusr, an arc of length | subtends an angle of 6 radians, then
l=r6

T
¢ Radian measure = @X Degree measure

180
¢ Degree measure = TX Radian measure

®coX+simx=1

& 1+ tan?x = sec?x

@ 1 + cot?x = cosec? x
@ Cos (2nt + X) = cos X
¢ sin(2nm + x) =sin x
¢ sin(—x)=—sinx

@ COS (—X) = cos x
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®Ccos(x+y)=cosxcosy—sinxsiny
®CosS(X—Yy)=cosxcosy+ sinxsiny

QCOS(%—X) = sinx

¢ sin (%—X) = COS X

#sSin(x+y)=sinxcosy+cosxsiny
¢ sSin(x—y)=sinxcosy—cosxsiny

Qcos[%“(j:—sinx sin [g“(j:cosx
cos (T —X) = — COS X sn(nt —Xx) =sinXx
cos(m +X) =—CoSX sn(t +X) =—sinx
CoS (2 —X) = COS X sin (2r —x) =—sinx

# If none of theangles x, y and (x + y) isan odd multiple of z , then

2
tanx+tany
ten (x+y) = 1-tanxtany
tanx—tany
¢ ten (x—y) = 1+ tanxtany

¢ If none of theangles x, y and (X + y) isamultiple of &, then

cot xcot y—1

S = cot y + cot X

cotxcoty+1
@ cot (x—y) = coty —cot x

1—tanx

= —gn2x = 1= _ TaA =
@ COS2X = COPX —SiN’X = 2coX—1=1—-2s8n?x 1+ tan?x
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. . 2tan x
4 SN2x=28NX COSX =————
1+ tan“x
B 2tanx
@ e X =

@ sin 3x = 3sinX —4sin®X

@ C0S 3X = 4c0os*X — 3cosX

ST

¢ tan 3= T 3tan?x
: X+y  X-y
¢ () cosx+cosy=2c0s — = COS—=
X+Y . X=y

. 3 = _ogn XY gn XY
(i) cosx—cosy sin 5 >

X+Yy X=y

i Snx+Snv=2s s
(i) sinx+sny sm—2 S

X+y . X—
(iv) sinx—siny:ZCosTySlnTy

& () 2cosxcosy=cos(x+y)+cos(x—yY)
(i) —2sinxsiny=cos(X+Yy) —cos (X —Y)
(i) 2sinxcosy=sin(x+y)+sn(x-y)
(iv) 2cosxsny=sin(x+y)—sn((x-y).

¢ sinx =0givesx =nm, wherene Z.

#cosx=0givesx=(2n+1) %,wherene Z.

¢ snx=sinyimpliesx=nn + (-1)"y, wherene Z.
@ cos X = cosy, impliesx=2nn +y, wherene Z.

¢tanx =tanyimpliesx=nn +y, wherene Z.
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Historical Note

The study of trigonometry was first started in India. The ancient Indian
Mathematicians, Aryabhatta (476), Brahmagupta (598), Bhaskara | (600) and
Bhaskara I (1114) got important results. All this knowledge first went from
Indiato middlie-east and from there to Europe. The Greeks had also started the
study of trigonometry but their approach was so clumsy that when the Indian
approach became known, it was immediately adopted throughout the world.

In India, the predecessor of the modern trigonometric functions, known as
thesine of an angle, and the introduction of the sine function representsthe main
contribution of the siddhantas (Sanskrit astronomical works) to the history of
mathematics.

Bhaskara | (about 600) gave formulae to find the values of sine functions
for angles more than 90°. A sixteenth century Malayalam work Yuktibhasa
(period) contains a proof for the expansion of sin (A + B). Exact expression for
sines or cosines of 18°, 36°, 54°, 72° etc., are given by
Bhaskara I1.

The symbols sin x, cos™ X, etc., for arc sin X, arc cos x, etc., were
suggested by the astronomer Sir John EW. Hersehel (1813) The namesof Thales
(about 600 B.C.) isinvariably associated with height and distance problems. He
is credited with the determination of the height of agreat pyramid in Egypt by
measuring shadows of the pyramid and an auxiliary staff (or gnomon) of known
height, and comparing theratios:

H_h tan (sun’s altitude
L i
ST S ( ude)

Thalesis also said to have calculated the distance of a ship at seathrough
the proportionality of sidesof similar triangles. Problems on height and distance
using the similarity property are aso found in ancient Indian works.
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PRINCIPLE OF
MATHEMATICAL INDUCTION

**Analysis and natural philosophy owe their most important discoveries to
this fruitful means, which is called induction. Newton was indebted
to it for his theorem of the binomial and the principle of
universal gravity. — LAPLACE <¢

4.1 Introduction

One key basisfor mathematical thinking is deductive rea-
soning. Aninformal, and exampl e of deductive reasoning,
borrowed from the study of logic, isan argument expressed
in three statements:

(@) Socratesisa man.

(b)  All men are mortal, therefore,

(c) Socratesismortal.

If statements (@) and (b) are true, then the truth of (c) is
established. To make this simple mathematical example,
we could write:

(i) Eightisdivisibleby two.

(i)  Any number divisibleby twoisan even number,

therefore,

(i)  Eight isan even number.

Thus, deduction in a nutshell is given a statement to be proven, often called a
conjecture or a theorem in mathematics, valid deductive steps are derived and a
proof may or may not be established, i.e., deduction is the application of a general
case to a particular case.

In contrast to deduction, inductive reasoning depends on working with each case,
and developing a conjecture by observing incidences till we have observed each and
every case. It is frequently used in mathematics and is a key aspect of scientific
reasoning, where collecting and analysing datais the norm. Thus, in simplelanguage,
we can say the word induction means the generalisation from particular cases or facts.

G. Peano
(1858-1932)
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Inagebraor in other discipline of mathematics, there are certain results or state-
ments that are formulated in terms of n, where n is a positive integer. To prove such
statements the well-suited principle that is used—based on the specific technique, is
known asthe principle of mathematical induction.

4.2 Motivation

In mathematics, we use aform of complete induction called mathematical induction.
To understand the basic principles of mathematical induction, suppose a set of thin
rectangular tiles are placed as shown in Fig 4.1.

Fig4.1

When thefirst tileis pushed in theindicated direction, all thetileswill fall. To be
absolutely surethat all thetileswill fall, it issufficient to know that

(8 Thefirsttilefalls, and

(b) Intheevent that any tile fallsits successor necessarily falls.

Thisisthe underlying principle of mathematical induction.

We know, the set of natural numbers N is a special ordered subset of the real
numbers. In fact, N isthe smallest subset of R with the following property:

A set Sissaidtobeaninductiveset if 1€ Sand x+ 1 e Swhenever xe S. Since
N isthe smallest subset of R which isan inductive set, it follows that any subset of R
that is an inductive set must contain N.

[llustration

Supposewewish to find theformulafor the sum of positiveintegersi, 2, 3,...,n, that is,
aformulawhich will givethevaueof 1 + 2+ 3whenn =3, thevaluel + 2 + 3 + 4,
when n = 4 and so on and suppose that in some manner we are led to believe that the

n(n+1)
2

formulal+2+ 3+..+n= is the correct one.

How can thisformulaactually be proved?We can, of course, verify the statement
for asmany positiveintegral values of n aswe like, but this processwill not prove the
formulafor all values of n. What is needed is some kind of chain reaction which will
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have the effect that once the formula is proved for a particular positive integer the
formulawill automatically follow for the next positiveinteger and the next indefinitely.
Such areaction may be considered as produced by the method of mathematical induction.

4.3 ThePrincipleof Mathematical Induction
Suppose there is a given statement P(n) involving the natural number n such that

(i) The statement is true for n = 1, i.e,, P(1) is true, and

(ii) If the statement is true for n = k (where k is some positive integer), then
the statement is also true for n = k + 1, i.e, truth of P(k) implies the
truth of P (k + 1).

Then, P(n) is true for all natural numbers n.

Property (i) is simply a statement of fact. There may be situations when a
statement is true for all n > 4. In this case, step 1 will start from n = 4 and we shall
verify theresult for n =4, i.e., P(4).

Property (ii) isaconditional property. It does not assert that the given statement
istruefor n =Kk, but only that if it istruefor n =k, then itisalso truefor n=k +1. So,
to provethat the property holds, only provethat conditional proposition:

If the statement istrue for n = k, then it isalso truefor n=k + 1.

Thisissometimesreferred to astheinductive step. The assumption that the given
statement is true for n = k in this inductive step is called the inductive hypothesis.

For example, frequently in mathematics, aformulawill be discovered that appears

tofit apattern like
1=12=1
4=22=1+3
9=3*=1+3+5
16=4=1+3+5+7,etc.

It is worth to be noted that the sum of the first two odd natural numbersis the
square of second natural number, sum of the first three odd natural numbers is the
square of third natural number and so on.Thus, from this pattern it appears that

1+3+5+7+..+(2n-1)=nr?i.g
the sum of the first n odd natural numbersis the square of n.

Let uswrite

P(n:1+3+5+7+..+(2n-1)=n2

We wish to prove that P(n) istrue for al n.

Thefirst step in a proof that uses mathematical induction is to prove that
P (1) istrue. Thisstep is called the basic step. Obviously
1=1%i.e, P(1)istrue.
The next step is called the inductive step. Here, we suppose that P (K) istrue for some
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PRINCIPLE OF MATHEMATICAL INDUCTION 89

positive integer k and we need to prove that P (k + 1) istrue. Since P (K) is true, we
have

1+3+5+7+ ..+ (2k-1) =k )

Consider
1+3+5+7+...+(2k-1) +{2(k+1) -1} -2
=k+ (2k+1) = (k+ 1)2 [Using (1)]

Therefore, P (k + 1) istrue and the inductive proof is now completed.
Hence P(n) is true for all natural numbers n.

Example 1 For al n> 1, prove that

n(n+21) (2n+1)
5 :

Solution Let the given statement be P(n), i.e.,

n(n+1)(2n+1)
6

11+ (2x1+1)  1x2x3
6 6
Assume that P(K) is true for some positive integer K, i.e.,

12+ 22+ R+ 42+, + 2 = w - (1)

We shall now prove that P(k + 1) is aso true. Now, we have
(12 +22 +32 +42 +..+k )+ (k+1)?
k(k+2) (2k+1)+(k+1)2
6
k(k+1) (2k +1)+ 6(k +1)?
6

1P+ 22+ F+H+.+° =

P(n): 12+ 22+ 32+ 42+...+n? =

=1 which istrue.

Forn=1, P(1):1=

[Using (1)]

(k +1) (2k* + 7k +6)
6

~ (k+D(k+1+D{2(k+D)+1
- 6
Thus P(k + 1) is true, whenever P (K) is true.
Hence, from the principle of mathematical induction, the statement P(n) istrue
for al natural numbersn.
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Example 2 Prove that 2"> n for al positive integers n.
Solution Let P(n): 2">n
When n =1, 2>1. Hence P(1) istrue.
Assume that P(K) istrue for any positive integer k, i.e.,

28>k - (1)
We shall now prove that P(k +1) is true whenever P(K) is true.
Multiplying both sides of (1) by 2, we get

2.2 > 2k

ie, 2K1>2k=k+k>k+1

Therefore, P(k + 1) is true when P(K) is true. Hence, by principle of mathematical
induction, P(n) istrue for every positive integer n.

Example 3 For dl n> 1, prove that
1 1 1 1 n

—t—+—+..+ L
12 23 34 nn+1) n+1-

Solution We can write
els n

11
S =
P): 12723734 " nn+) n+1

We note that P(l):izizi , whichistrue. Thus, P(n) istruefor n = 1.
12 2 1+1
Assume that P(K) is true for some natural number k,
1 1 1 1 k
ie., E+E+ﬁ+'"+—k(k+1):k_+1 . (D
We need to prove that P(k + 1) is true whenever P(K) is true. We have
1 1 1 1 1

— et —t—F..+ +
12 23 34 k(k+1) (k+1) (k+2)

1 1 1 1 1
et —+ ..+ +
[1.2 23 34 k(k+1)} (k+1) (K+2)

k 1
=K+l (kD (k+2) [Using (1)]
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_ kk+2+1  (K+2k+D  (k+D)® k+1_ k+1
T k+)(k+2)  (k+D(k+2) T (k+1)(k+2) k+2 (k+1)+1

Thus P(k + 1) istrue whenever P(K) is true. Hence, by the principle of mathematical
induction, P(n) istruefor all natural numbers.

Example 4 For every positive integer n, provethat 7" —3"isdivisible by 4.
Solution We can write
P(n) : 7"—3"isdivisible by 4.
We note that
P(1): 7 -3 =4 which isdivisible by 4. Thus P(n) istruefor n=1
Let P(K) be true for some natural number k,
i.e., P(k) : 7*—3“isdivisible by 4.
We can write 7 — 3= 4d, whered € N.
Now, we wish to prove that P(k + 1) is true whenever P(K) is true.
NOW 7(k+ 1)_3(k+ 1) = 7(k +1) _7.3k + 7.3k_3(k +1)
=7(7=39 + (7-3)3¢ =7(4d) + (7 - 3)3*
=7(4d) + 4.3< = 4(7d + 3¥)
From the last line, we see that 7& *9 — 3k *Vjsdivisible by 4. Thus, P(k + 1) istrue

when P(K) is true. Therefore, by principle of mathematical induction the statement is
true for every positive integer n.

Example 5 Prove that (1 + x)" > (1 + nx), for all natural number n, where x > — 1.
Solution Let P(n) be the given statement,
i.e, P(n): (1+x)">(1+nx), forx>-1.
We note that P(n) istruewhen n=1, since ( 1+x) > (1 + x) for x > -1
Assume that

P(K): (1 +x)¥* > (1 +kx),x>—1istrue. - (1)
We want to prove that P(k + 1) is true for x > —1 whenever P(K) is true. .. (2
Consider theidentity

(L+x)ri=1+x(1+X)
Giventhat x>-1,s0 (1+x) > 0.

Therefore, by using (1 + x)* > (1 + kx), we have
L+x) 1> (1+ k(1 +x)
i.e A +x)*1> (1+ X+ kx+ ke). - (3)
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Here k is a natural number and x> > 0 so that kx* > 0. Therefore
(1 +x+kx+kd) > (1+x+ kx),
and so we obtain
A+x<t >(1+x+kx)
e, (1+x<t > [1+((1+KkxX
Thus, the statement in (2) is established. Hence, by the principle of mathematical
induction, P(n) istruefor all natural numbers.

Example 6 Prove that
2.7"+35"-5 isdivisibleby 24, for al ne N.

Solution Let the statement P(n) be defined as
P(n) : 27"+ 3.5"-5isdivisibleby 24.
We note that P(n) istruefor n=1, since 2.7 + 3.5—-5 = 24, which isdivisible by 24.
Assume that P(K) is true
i.e. 27+ 35<-5=24q,whenge N - ()
Now, we wish to prove that P(k + 1) is true whenever P(k) is true.
We have
2.7+ 351 5 =27« 7'+ 35¢. 5! -5
=7[27+35-5-35“+5]+35<.5-5
=7[24q-3.5+ 5] + 1555
=7x%x249—215+35+155-5
=7 x 24q—6.5<+ 30
=7x249—-6 (5-5)
=7 x 249 —6 (4p) [(B*—5) isamultiple of 4 (why?)]
=7 x24q—-24p
=24 (79-p)
=24 xr;r=7q9-0p, issome natural number. .. (2

The expression onthe R.H.S. of (1) isdivisible by 24. Thus P(k + 1) istrue whenever
P(K) is true.

Hence, by principle of mathematical induction, P(n) istruefor all ne N.
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Example 7 Prove that
n3
P+22+ .. +n > E,ne N
Solution Let P(n) be the given statement.

3
n
i.e,P(n):12+22+ .. +n? >§, ne N

13
We note that P(n) is true for n = 1 since 1* > 3

Assume that P(K) is true

k3
i.e Pk):12+22+ .. +k > 3 (D

We shall now prove that P(k + 1) is true whenever P(K) is true.
Wehave 12+ 22+ 3 + ... + K2+ (k + 1)?

= (12+22+...+ kz) + (k+1) > k—; + (k+1)° [by (1)]

1
=3 [K®+ 3K* + 6k + 3]

:é[(k+1)3+3k+ 2] > % (k+ 1)

Therefore, P(k+ 1) isa so truewhenever P(K) istrue. Hence, by mathematical induction
P(n) istruefor all ne N.

Example 8 Prove the rule of exponents (ab)" = a"b"
by using principle of mathematical induction for every natural number.

Solution Let P(n) be the given statement
i.e.  P(n) : (ab)" = ab".
We note that P(n) is true for n = 1 since (ab)'= a'b.
Let P(k) be true, i.e.,
(ab)x = ab* - (1)
We shall now prove that P(k + 1) is true whenever P(K) is true.
Now, we have

(ab)*"*= (ab)* (ab)
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Therefore, P(k + 1) is also true whenever P(K) is true. Hence, by principle of math-

MATHEMATICS

= (a“ b (ab) [by (D]

= (a. ab) (b*. bY) = a't . bt

ematical induction, P(n) istruefor all ne N.

Provethefollowing by using the principle of mathematical induction for all ne N:

1.

10.

11.

| EXERCISE 4.1 |

n_
1+3+32+...+3”—1=(3—21)

2
13+23+33+ +n3: [M)
1 1 1 2n

1+ + +..t =
1+2) (@+2+3 (@+2+4+3+..n) (n+1)"

n(n+1)(n+2)(n+3)

123 + 234 +...+ n(n+1) (n+2) = ~

(2n-1)3"" +3
—&
n(n+1)(n+ 2)}
——3 |

1.3+23?+3.33+...+ n3=

12+23+34+..+ n(n+l) = [

n(4n? + 6n—1)

1.3+ 35+ 5.7 +...+ (2n-1) (2n+1) = 5

12+222+32°+ ..+n2"=(n-1) 21 + 2.

1 1 1 1 1
S+t —=1-=
2 4 8 2" 2"
1 1 1 1 n

—+—+ +..+ =

25 58 811 Bn-)(3Bn+2) (6n+4)"

1 1 1 1 n(n+3)
+ + +..+ =

123 234 345 7 nn+D)(n+2) 4n+1)(n+2)"
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13.

14.

15.

16.

17.

18.

19.
20.
21.

22.
23.
24.
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a(r"-1
r-1 -~

[1+§j[1+EJ [1+Zj...[1+ (Zn;rl) j: (n+1)?
1 4 9 n
[1+}j[1+ij [1+}j...[1+1j= (n+1) .

1 2 3 n

n(2n-1(2n+1)
3 :

1 1 1 1 n
e e e S =
14 47 7.0 (Bn-2)(3n+1) (3n+1)"

a+ar+ar?+.. . +amt=

P+F+5 + .+ (2n-1)? =

1 1 1 1 n
— =t —..+ =
35 57 79 (2n+)(2n+3) 3(2n+3) -

1
1+2+3+...+n< §(2n+1)2.

n(n+1) (n+5)isamultipleof 3.
101+ 1isdivisible by 11.
xen—y> jsdivisible by x +y.

32 _8n—9isdivisible by 8.
41" —14"isamultiple of 27.
(2n+7)<(n+3)>2

Summary

® Onekey basisfor mathematical thinking is deductive reasoning. In contrast to

deduction, inductive reasoning depends on working with different cases and
developing a conjecture by observing incidences till we have observed each
and every case. Thus, in simple language we can say the word ‘induction’
means the generalisation from particular cases or facts.

@ The principle of mathematical induction isone such tool which can be used to

prove a wide variety of mathematical statements. Each such statement is
assumed as P(n) associated with positive integer n, for which the correctness
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for the case n = 1 is examined. Then assuming the truth of P(k) for some
positive integer k, the truth of P (k+1) is established.

Historical Note

Unlike other concepts and methods, proof by mathematical inductionisnot
theinvention of aparticular individua at afixed moment. It issaid that the principle
of mathematical induction was known by the Pythagoreans.

The French mathematician Blaise Pascal is credited with the origin of the
principle of mathematical induction.

The name induction was used by the English mathematician John Wallis.

L ater the principle was employed to provide aproof of the binomial theorem.

DeMorgan contributed many accomplishmentsin thefield of mathematics
on many different subjects. He was the first person to define and name
“mathematical induction” and developed De Morgan's rule to determine the
convergence of a mathematical series.

G. Peano undertook the task of deducing the properties of natural numbers
from a set of explicitly stated assumptions, now known as Peano’s axioms.The
principle of mathematical induction isarestatement of one of the Peano’saxioms.
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COMPLEX NUMBERS AND
QUADRATIC EQUATIONS

**Mathematics is the Queen of Sciences and Arithmetic is the Queen of
Mathematics. — GAUSS +*

5.1 Introduction

Inearlier classes, we have studied linear equationsin one
and two variablesand quadratic equationsin onevariable.
We have seen that the equation x* + 1 = 0 has no real
solution as x? + 1 = 0 gives X2 = — 1 and square of every
real number is non-negative. So, we need to extend the
real number system to a larger system so that we can
find the solution of the equation X =—1. Infact, themain
objectiveisto solve the equation ax? + bx + ¢ = 0, where
D =b?— 4ac <0, which is not possible in the system of
real numbers.

W. R. Hamilton
5.2 Complex Numbers (1805-1865)

Let us denote /—1 by the symbol i. Then, we have i*=-1. This means that i is a
solution of the equation x> + 1 = 0.
A number of theform a + ib, where a and b are real numbers, is defined to be a

11

For the complex number z=a +ib, aiscalled thereal part, denoted by Re zand
biscalled theimaginary part denoted by Im z of the complex number z. For example,
ifz=2+i5,thenRez=2andImz=5.

Two complex numbersz =a+ibandz,= c+idareequa if a=candb=d.

(-1
complex number. For example, 2+i3, (-1) + j/3, 4+'[—J arecomplex numbers.
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Example L If 4x +i(3x—y) =3 +i (- 6), where x and y are real numbers, then find
the values of x and y.

Solution We have
4x+1i (3x—y)=3+i (-H) - (1)
Equating the real and the imaginary parts of (1), we get
4x=3,3x—y=—-6,
: N _ 3 33
which, on solving simultaneously, give X:Z and y=7.
5.3 Algebraof Complex Numbers
In this Section, we shall develop the algebra of complex numbers.

5.3.1 Addition of two complex numbers Let z =a+iband z, = ¢ + id be any two
complex numbers. Then, the sum z + z, is defined as follows:

z +z,=(a+c)+i(b+d),whichisagainacomplex number.
For example, (2+i3) + (—6+i5)=(2-6)+i (3+5) =-4+i8

The addition of complex numbers satisfy the following properties:

(i) The closure law The sum of two complex numbers is a complex
number, i.e., z, + z, is a complex number for all complex numbers
z, and z,.

(i) The commutative law For any two complex numbers z, and z,,
Z+2,=2+2

(i) The associative law For any three complex numbers z,, z,, z,,
(Z+2)+z,=2+(z,+2).

(iv) The existence of additive identity There exists the complex number
0 + i O (denoted as 0), caled the additive identity or the zero complex
number, such that, for every complex number z, z+ 0=z

(v) The existence of additive inverse To every complex number
z = a + ib, we have the complex number — a + i(— b) (denoted as — 2),
called the additive inverse or negative of z. We observethat z+ (-2) = 0
(theadditiveidentity).

5.3.2 Difference of two complex numbers Given any two complex numbers z, and
z, the difference z-12, is defined as follows:

2-2=2+(2)
For example, 6+3)—(2-)=(06+3)+(-2+i)=4+4i
and 2-1)—-(6+3)=2-)+(-6-3)=—-4-4
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5.3.3 Multiplication of two complex numbersLet z =a+ibandz = c +id be any
two complex numbers. Then, the product z z, is defined as follows:
z,z,= (ac— bd) + i(ad + bc)
For example, (3+1i5) (2+i6) =(3x2—-5%x6)+i(3x6+5%x2)=-24+i28
Themultiplication of complex numbers possessesthefollowing properties, which
we state without proofs.
(i) Theclosurelaw Theproduct of two complex numbersisacomplex number,
the product z, z, is a complex number for all complex numbers z, and z,.
(i) The commutative law For any two complex numbers z, and z,
24=27
(i) The associative law For any three complex numbers z,, z,, z,
(z,2)7,=2 (7 7).
(iv) Theexistenceof multiplicativeidentity There existsthe complex number
1+ 0 (denoted as 1), called the multiplicative identity such that z.1 = z,
for every complex number z.
(v) The existence of multiplicative inverse For every non-zero complex
number z=a+ ib or a + bi(a# 0, b # 0), we have the complex number

a . b 1
+i 1 L o
202 b (denoted by . or z*), caled themultiplicativeinverse

of z such that

Z% =1 (themultiplicativeidentity).
(vi) Thedistributive law For any three complex numbers z, z,, z,,
@ 2z (@z+z)=22+2z7
b) @+z2)z=22+z77

5.3.4 Division of two complex numbers Given any two complex numbers z and z,
Z
where z, =0, the quotient Z—z is defined by

Z 1
A_, 2
Z Z

Forexample,let  z =6+3iand z,=2 I

2 _ (6435 L | -
Then 2—2—[(6+3|) 2_ij:(6+3|) [22+(_1)2+|22+(_1)2]
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= (6+3i)[2?+ij = :—5L|:12—3+i (6+6)] =é(9+12i)

5.3.5 Power of i we know that

== (-)i=-, i*=(?)=(-’=1
5 _(i2)2 2 6 (:2\3 3
i :(| ) i=(-1)%i=i, i :(| ) =(-1)" =-1, etc.
1
itV L [ I N
Also, we have T Tt 1
o1 100 1
| ==—X=-===1, | :—:—:1
A A | i‘ 1

In genera, for any integer k, i* =1, i%+1=j, j%+2=_] j%+3=_j

5.3.6 The square roots of a negative real number
Notethat i?=-1and (—i)?=i2=-1
Therefore, the squareroots of —1 arei, —i. However, by the symbol /—71, we would

meani only.
Now, we can seethat i and —i both are the solutions of the equation x2+ 1 =0or
X2 =-1.

Similarly (Jﬁi)z:(fe)2 2=3(-1)=-3

(—J?%i)2 = (—\/§)2 i2=_3
Therefore, the square roots of -3 are /3 i and —+/3i .
Again, the symbol /3 ismeant to represent +/3i only, i.e., /=3 = +/3i.
Generally, if aisapositivereal number, V—a = a+-1=+ai,

We already know that /ax~/b = /ap for all positivereal number aand b. This

result also holds true when eithera>0,b<0 ora<0, b>0. Whatifa<0,b<0?
Let us examine.

Note that
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i2 =ﬁﬁ=m (by assuming +/a x+/b = /ab for al real numbers)
=1 =1, whichisacontradiction to the fact that i> =—1.
Therefore, \/ax+/b #+/ab if both a and b are negative real numbers.
Further, if any of a and b is zero, then, clearly, \/ax+/b =+/ab =0.
5.3.7 I dentities We prove the following identity
(z,+2,)" =22 + 22 + 27,2,, for all complex numbers z, and z,.

Proof Wehave, (z, +2)*=(z+2)(z+2),
=(z+2)z+(z,+2)z (Distributivelaw)

= Z+22+22,+2 (Distributive law)
= Z2+732,+22,+2 (Commutativelaw of multiplication)
=7 +222,+7

Similarly, we can provethefollowing identities:
0 (z- 22)2 =7 -222+7

(i) (z+2)=2+372+322+2

(i) (z-2)=2-342+32% -2

V) Z-Z=(2+2)(2-2)
In fact, many other identities which aretrue for al real numbers, can be proved
to betruefor all complex numbers.

Example 2 Express the following in the form of a + bi:

0 (—Si)[éij @ (1) (2) (—%if

Solution (i) (—Si)[%ij = %i =—(-1) = g: +i0

o) N4

3
o) (—i)(2i)(—%i) . 2><8X;><8><i5 =2_ée(i2)2 i=%i_
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Example 3 Express (5 — 3i)%in the form a + ib.
Solution We have, (5—-3i)% = 5° -3 x 52x (3i) + 3x 5(3i)?2 - (3i)®
=125- 225i —135+27i =—-10-198i.

Example 4 Express (—\/§+\/—_2)(2\/§—i)in the form of a + ib

Solution We have, (—\/§+\/—72) (2\/§—i) = (—\/§+\/§i)(2\/§—i)
= 6+/3i + 2461 —2i% = (-6+v2)+/3(1+ 2/2)i

5.4 TheModulusand the Conjugate of a Complex Number
Let z=a+ ib be acomplex number. Then, the modulus of z, denoted by | z|, is defined

to bethe non-negativereal number (/32 +p? ,i.e., |Z|= /a2 +p? andthe conjugate
of z, denoted as 7, isthe complex number a— ib,i.e, 7 =a- ib.

For example, |3+i|=V32+12 =410, | 2-5/| =22+ (-5)* =429,

and 34i=3-i, 2-5i=2+5i, 3_5=3-5

Observe that the multiplicative inverse of the non-zero complex number z is
givenby

. 1 a - —b a—ib Z
T a+ib ~ a’+b®> a*+b® ~ a?+b® ~ |z|2
_ 2
or z27=|z|

Furthermore, the following results can easily be derived.
For any two compex numbers z, and z, , we have

0) |zzl=|zllz @ ‘ ‘ | provided | z, | #0

- z\| 7
(i) zz,=212 (@iv) zl+22 zl+22(v) (z_):z_ provided z, # O.
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Example 5 Find the multiplicative inverse of 2 — 3i.
Solution Letz=2- 3i
Then z=2+3iand | z[°=22+(-3)?=13
Therefore, themultiplicativeinverseof 2 —3j isgiven by
Z 2+3 2 3.

5= =—+—i
|z| 13 13 13

zt =

The above working can be reproduced in the following manner also,

1 2+3
T 2-3 (2-3)(2+3)

Z—l

2+3 2+3 2 Ei

T 22-(3)? 13 13 13
Example 6 Express the following in theform a + ib

. 5+~/2i iy
017 (i =
- 5+V2i _5+V2i 1+42 _5+5/2i+/2-2
Solution (i) We have, N BN TN 1_(\@)2

_ 3;6\45 _30+2V2) _ 14243
+

2

o =l

|[EXERCISE 5.1

Express each of the complex number given in the Exercises 1 to 10 in the
forma + ib.

. 3.
1. (W[‘g') 2. % 410 3.
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4. 3(7+i7)+i(7+i7) 5 (L—i)—(-1+i6)

el [l
B (@-iy 3 (%af . (_2_%i)3

Find the multiplicative inverse of each of the complex numbers given in the
Exercises 11 to 13.

11, 4-3i 12. \/§+3i 13. —i
14. Expressthefollowing expressionintheformof a+ib:
(3+iv5) (3-iV5)
(V3++2i)-(V3-iv2)

5.5 Argand Planeand Polar Representation

We already know that corresponding to
each ordered pair of real numbers
(%, y), we get aunique point in the XY-
plane and vice-versawith referenceto a
set of mutualy perpendicular linesknown
asthe x-axisand they-axis. The complex
number x + iy which correspondsto the
ordered pair (X, y) can be represented ® E (-5,-2) ®F(1,-2)
geometrically asthe unique point P(x, y)
in the XY-plane and vice-versa.

Some complex numbers such as
2+4i,-2+3i,0+1i,2+0i,-5-2i and
1 — 2i which correspond to the ordered
pairs (2, 4), (=2, 3), (0, 1), (2, 0), (-5, —2), and (1, — 2), respectively, have been
represented geometrically by the points A, B, C, D, E, and F, respectively in
theFig5.1.

The plane having a complex number assigned to each of its point is called the
complex plane or the Argand plane.

D(2,0)

Yl
Fig5.1
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Obviously, in the Argand plane, the modulus of the complex number

X +iy = \/x? + y* isthe distance between the point P(x, y) and the origin O (0, 0)

(Fig 5.2). The points on the x-axis corresponds to the complex numbers of the form
a + i 0 and the points on the y-axis corresponds to the complex numbers of the form

Y
N
) P(x, y)
%9
<
X € o) >X
(0,0)
v Fig5.2
v ig 5.

0+i b. Thex-axisand y-axisin the Argand plane are called, respectively, thereal axis
and the imaginary axis.
The representation of a complex number z = x + iy and its conjugate
z=x—iyintheArgand plane are, respectively, the points P (x, y) and Q (X, — ).
Geometrically, the point (x, —y) isthe mirror image of the point (x, y) on thereal
axis(Fig5.3).

Y
A P(x,y)
X <€ 5 > X
\,, Q(x,—.}’)
Y
Fig5.3
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5.5.1 Polar representation of a complex Y

number Let the point P represent the non- A P(z)
zero complex number z = x + iy. Let the b

directed line segment OP be of length r and )

6 be the angle which OP makes with the o 0 <
positive direction of x-axis (Fig 5.4). X< 0 >X

We may note that the point P is
uniquely determined by the ordered pair of
real numbers (r, 0), called the polar
coordinates of the point P. We consider
the origin as the pole and the positive
direction of the x axisastheinitia line. Fig5.4

We have, x=r cos 6, y=r sin 6 and therefore, z=r (cos® + i sin 6). The latter

v
Y

is said to be the polar form of the complex number. Here r=,/x?+ y? =|z| is the

modulus of zand 6 is called the argument (or amplitude) of zwhichis denoted by arg z

For any complex number z # O, there corresponds only one value of 6 in
0< 6 < 2r. However, any other interval of length 2, for example—n < 6 <=, can be
such an interval .We shall take the value of 6 suchthat —n < 6 < =, called principal
argument of zand isdenoted by arg z, unless specified otherwise. (Figs. 5.5 and 5.6)

@) (ii) (iii) (iv)
Figs6(—T<0<m)
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Example 7 Represent the complex number z=1+ iv/3 inthe polar form.
SolutionLet1=r cos®, /3 =rsin6
By squaring and adding, we get Y

P(1,43)
rz(cosze+sin26):4 A
ie, r = /4 =2 (conventionaly, r >0) X 0 X
1 T
Therefore, €0SO=—sin0 :ﬁ , Which gives 6 = —
2 2 3 Y’
Fig 5.7

mT .. T
Therefore, required polar formis z=2[cos§+|sm§j

The complex number z =1+i+/3 isrepresented asshown in Fig5.7.

-16 |
Example 8 Convert the complex number 14143 into polar form.

o Thed | ] ~16 -16 ><1—iJ§
e en compliex numper K =
dtion thegv pexnd 1+iv3 T 1+iv3 1-i3

i -16(1-iv3) -16(1-i/3)

= —4(1-iV3)=-4+i43 (Fig5.9).

— 2 -
1—(i\/§) 1+3
Let —4=rc0s0, 4,/3 =rsind P(4,443) X
By squaring and adding, we get 0
16+48= r*(cos’0 +sin’) % > X
which gives =64, ie, r=8
1 NE) ,
Hence cosf=-—, sn@® =— Y
2 2 Fig 5.8
6=n—£=é
3 3

) ) 2 . . 21
Thus, the required polar formis 8 COs—-+18n—=-
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|[EXERCISE 5.2|

Find the modulus and the arguments of each of the complex numbers in
Exercises 1 to 2.

1. z=-1-i3 2. z2=—[3 +I

Convert each of the complex numbers given in Exercises 3 to 8 in the polar form:
3. 1-i 4. —1+i 5 —=1-i

6. -3 7. 3 +i 8.1

5.6 Quadratic Equations
We are already familiar with the quadratic equations and have solved them in the set

of real numbersin the cases where discriminant is non-negative, i.e., = 0,
L et usconsider thefollowing quadratic equation:

ax? + bx + ¢ = 0 with real coefficientsa, b, cand a % 0.

Also, let us assume that the b?—4ac < 0.

Now, we know that we can find the square root of negative real numbersin the
set of complex numbers. Therefore, the solutionsto the above equation areavailablein
the set of complex numbers which are given by

—b++/b? - 4ac _ —b++Jdac—b? |

2a 2a

At thispoint of time, somewould beinterested to know asto how many
roots does an equation have? In this regard, the following theorem known as the
Fundamental theorem of Algebra is stated below (without proof).

“A polynomial equation has at |east oneroot.”

As a consequence of this theorem, the following result, which is of immense
importance, isarrived at:

“A polynomial equation of degree n has n roots.”

X =

Example 9 Solve x2+2=0
Solution Wehave, ¥ +2=0

o x=—2ie,x=+t/-2 = £/2i
Example 10 Solve ¥+ x+ 1=0

Solution Here, ’—4ac=12-4x1x1=1—-4=-3
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~1+J/-3  -1+.3i

2x1 2

Therefore, the solutions are given by x =

Example 11 Solve \/5x% + x++/5=0

Solution Here, the discriminant of the equation is

—4x+5x+5 =1-20=-19
Therefore, the solutions are

—1+/-19  -1+:A19i

25 25
|EXERCI SE 53|
Solve each of thefollowing equations:
1. x+3=0 2. 2+x+1=0 3. X¥+3%+9=0
4. —=x2+x-2=0 5 x2+3x+5=0 6. X¥—x+2=0

7. J2x2+x++2=0 8. J3x%=/2x+3J/3=0

9 X+ X4 =0 10, ¥R+ +1=0

NG NE,

Miscellaneous Examples

(3-2i)(2+3i)
Example 12 Find the conjugate of —(1+ 2)(2-)

_ (3-2)(2+3)
Solution We have , —(1+ 20)(2-1)

6+9 —4i+6 12+5| 4 3
2-i+4i+2  4+3 4 3i

_ 48-36i+20i+15 63-16i _ @ 16

16+9 25 25 25

(3-2)(2+3) _63_ 16,
Therefore, conjugate of m 25+§3| :
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Example 13 Find the modulus and argument of the complex numbers:
1

i’ 1+i

01 (i1)

_ _ L+ 1+ 1+ 1-1+2i
Solution (i) We have, ——= rlx =1 2= =4
1-i 1-i 1+i 1+1
Now, let usput 0 =r cos 6, 1=rsn®
Squaring and adding, r2=1i.e., r =1 so that

cos0=0,sn6=1

T
Therefore, 0 = >

1+i
Hence, the modulus of r is1and the argument is % .

1 1-i 10 1

(i) Wehave 1757 yasi) 1+1 2 2

Let =rcosH,— - =rsno

N~

2

0 =

Proceeding asin part (i) above, weget r =

Sl

i' cos i sin®
J2 J2
Therefore 0 =_—I

1 1 -7
Hence, the modulus of Toi |s\/§,argument|s i

a+ib
Example 14 If x + iy = a_ib prove that X2 + y2 = 1.

Solution We have,

~_(atib)(a+ib)  a*-b*+2abi az—b2+ 2ab
XTIW= (a-ib)(a+ib) = a2+b® ~ a’+b? a’+b?
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a’-b*>  2ab i
a’+b? a’+b?

Sothat, x— iy =
Therefore,

X2+ Y2 = (X + 1Y) (X—iy) = (az—b2)2+ 4a’b" = (a+b%)” =1
(@%+b%? (@%+b??  (a®+b?)?

Example 15 Find real 6 such that
w ispurely real.
1-2isinf

Solution We have,

3+2isin  (3+2isind) (1+ 2i sinb)
1-2isind ~ (1-2ising)(1+2isino)

_ 3+6isin0+2ising—4sin°0 _ 3-4sin’) 8 sind

1+4sin°0 ~ 1+4sin’0 1+4sin’0
We are given the complex number to be real. Therefore
B N Sne=0
1+4sn%g ~ & SNO=
Thus O0=nm,ne Z.
| —
Example 16 Convert the complex number Z=ﬁ in the polar form.
cos—+isin—
3 3
. i—1
Solution We have, z =
1 3.
—4+—i
2 2

_2i-1) 1-V3 2(i+v3-1443) 31 R

T 1443 1-43 1+3 2 2
\/§—1 \/§+l
2

=T Cc0osd,

=rsin@

Now, put
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Squaring and adding, we obtain

rz=(ﬁ—1]2+(\@+1]2: 2((@)2+1) -

= :2
2 2 4 4

J3-1 - J3+1

H - hich gi co=—7=, SNb=——
ence, r = /2 which gives NG NG

Therefore, 6= "+ =" (Why?)
4 6 12

Hence, the polar formis

J2 cosﬁﬂ sinE
12 12

Miscellaneous Exercise on Chapter 5

2573
. 1
1. Evaluate: [I18+[Tj ] s

2. For any two complex numbers z, and z,, prove that
Re(z,z) =Rez Rez —Imz Imz,

1 v 2 3-4
3. Reduce -4 1+ 51 to the standard form .

. [a-ib 2 &+
—\y=,[— X2+ =7
4. 1f X=1ly c_id provethat( yz) 2o

5. Convert thefollowingin the polar form:

: 1+_7'2 . 1+3i
Solve each of the equation in Exercises6to 9.

6. 3X2—4X+2—3?=O 7. x2—2x+g=0

8. 27x?-10x+1=0
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21x%? - 28x+10=0

Ifz=2-i,z,=1+i,find 7 —2,+1]"
(x+i)>2 OE+D”
Ifa+ib= ol 1’ prove that &+ b*= (2x2+1)2'

Letz =2-i,z,=-2+i.Find

(i) e[ z | (i) 27 |
1+2i

Find the modulus and argument of the complex number 13

Find the real numbersx and y if (x—iy) (3 + 5i) is the conjugate of —6 — 24i.

1+i 1-i

Find the modulus of ﬁ—m .

u v
If (x +iy)® = u + iv, then show that ;+;=4(X2 -y?).

B—a

If o and B are different complex numberswith | B|=1, thenfind |1—qp

Find the number of non-zero integral solutions of the equation | 1—i |X =2%.
If (a+ib) (c+id) (e +if) (g +ih) = A +iB, then show that
(@ +b) (¢ + ) (& +17) (¢ + 1) =A% + B

m
1+i
If [:] =1 thenfind theleast positive integral value of m.
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Summary

¢ A number of the form a + ib, where a and b are real numbers, is caled a
complex number, ais called the real part and b is called the imaginary part
of the complex number.

¢letz =a+ibandz =c+id. Then

() z+2,=(a+0c)+i(b+d)
(i) 22 =(ac—bd)+i (ad + bc)

¢ For any non-zero complex number z=a + ib (a# 0, b # 0), there exists the

a . -b 1
+i = 1
complex number 2+ a+b’’ denoted by . or z*, called the

a . b
multiplicative inverse of z such that (a +ib) [a2+b2+la2+b2 =1+i0=1

¢ For any integer k, i* =1, i%**t=j j**2=—1 j%*3=_]j

4 The conjugate of the complex number z=a + ib, denoted by Z , is given by
Z =a-ib.

@ The polar form of the complex number z=x + iy isr (cos® + i sin6), where

X
r=/x*+y? (themodulusof ) and cost = ?,sine = %/ .(8isknown asthe

argument of z. The value of 6, such that — < 6 <m, is called the principal
argument of z
¢ A polynomial equation of n degree has n roots.

¢ The solutions of the quadratic equation ax? + bx + ¢ = 0, wherea, b, c € R,

b+ _h?i
a#0,b?—4ac <0, aegiven by x = b_;l;\/rbl _
a

2020-21



COMPLEX NUMBERS AND QUADRATIC EQUATIONS 115

Historical Note

Thefact that square root of anegative number doesnot exist inthereal number
system was recognised by the Greeks. But the credit goes to the Indian
mathematician Mahavira (850) whofirs sated thisdifficulty dearly. “Hementions
inhiswork ‘ GanitasaraSangraha’ asinthenatureof thingsanegative (quantity)
isnot asquare (quantity)’, it has, therefore, no squareroot” . Bhaskara, another
Indian mathemeatician, asowritesin hiswork Bijaganita, writtenin 1150. “There
isno squareroot of anegative quantity, for itisnot asquare.” Cardan (1545)
consdered the problem of solving

X +y =10, xy = 40.

Heobtainedx=5+ /-15 andy= 5— \/—15 asthesolutionof it, which
wasdiscarded by him by saying that thesenumbersare’ usdless . Albert Girard
(about 1625) accepted squareroot of negative numbersand said that thiswill
enable usto get asmany roots asthe degree of the polynomial equation. Euler
was thefirst to introduce the symbol i for ./—7 and W.R. Hamilton (about
1830) regarded the complex number a+ ib asan ordered pair of real numbers
(a, b) thusgiving it apurely mathematica definitionand avoiding useof theso
called ‘imaginary numbers .

4

® —
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11076CHO6

(LINEARINEQUALITIES )

**Mathematics is the art of saying many things in many
different ways. — MAXWELL %*

6.1 Introduction

In earlier classes, we have studied equationsin one variable and two variables and also
solved some statement problems by translating them in the form of equations. Now a
natural question arises: ‘Isit always possible to translate a statement problem in the
form of an equation? For example, the height of all the students in your classis less
than 160 cm. Your classroom can occupy atmost 60 tables or chairs or both. Here we
get certain statementsinvolving asign ‘<’ (lessthan), ‘>’ (greater than), ‘<’ (lessthan
or equal) and > (greater than or equal) which are known as inequalities.

In this Chapter, we will study linear inequalities in one and two variables. The
study of inequdlitiesisvery useful in solving problemsin thefield of science, mathematics,
statistics, economics, psychology, etc.

6.2 Inequalities
L et usconsider thefollowing situations:

() Ravi goesto market with¥ 200 to buy rice, whichisavailablein packetsof 1kg. The
price of one packet of riceis¥ 30. If x denotes the number of packets of rice, which he
buys, then the total amount spent by him isZ 30x. Since, he hasto buy rice in packets
only, he may not be able to spend the entire amount of X 200. (Why?) Hence

30x < 200

)
Clearly the statement (i) is not an equation as it does not involve the sign of equality.

(if) Reshma has ¥ 120 and wants to buy some registers and pens. The cost of one
register is ¥ 40 and that of a pen is< 20. In this case, if x denotes the number of
registersandy, the number of penswhich Reshmabuys, then the total amount spent by
her is¥ (40x + 20y) and we have

40x + 20y < 120 )
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Sincein thiscase thetotal amount spent may be upto¥ 120. Note that the statement (2)
consists of two statements

40x + 20y < 120 .. (3
and 40x + 20y = 120 .. (4

Statement (3) isnot an equation, i.e., itisaninequality while statement (4) isan equation.
Definition 1 Two real numbers or two algebraic expressions related by the symbol

‘<L < or 2 form an inequality.
Statements such as (1), (2) and (3) above are inequalities.

3<5; 7> 5 arethe examples of numerical inequalities while
Xx<5y>2:x > 3, y< 4 aresome examples of literal inequalities.

3<5<7(read as5is greater than 3 and lessthan 7), 3< x <5 (read asx is greater
than or equal to 3 and lessthan 5) and 2 <y < 4 arethe examples of doubleinegualities.

Some more examples of inequalities are:

ax+b<0 .. (5
ax+b>0 ... (6)
ax+b<0 - (7)
ax+b>0 .. (8)
ax+ hby<c .. (9)
ax+ by>c ... (10
ax+ hby<c .. (1)
ax+ by> c .. (12
a2+ bx+c<0 .. (13)
a2+ bx+c>0 .. (19)

Inequalities (5), (6), (9), (10) and (14) arestrict inequalitieswhileinequalities (7), (8),
(12), (12), and (13) are slack inequalities. Inequalities from (5) to (8) are linear
inequalitiesin one variable x when a # 0, whileinequalitiesfrom (9) to (12) arelinear
inequalities in two variables x and y when a # 0, b # 0.

Inequalities (13) and (14) are not linear (in fact, these are quadratic inequalities
in one variable x when a = 0).

InthisChapter, we shall confine ourselvesto the study of linear inequalitiesin one
and two variablesonly.
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6.3 Algebraic Solutionsof Linear Inequalitiesin One Variable and their
Graphical Representation

Let us consider theinequality (1) of Section 6.2, viz, 30x < 200
Note that here x denotes the number of packets of rice.

Obviously, x cannot be a negative integer or afraction. Left hand side (L.H.S.) of this
inequality is 30x and right hand side (RHS) is 200. Therefore, we have

Forx=0,L.H.S. =30 (0) =0< 200 (R.H.S.)), which istrue.
Forx=1,L.H.S. =30 (1) =30< 200 (R.H.S), whichistrue.
For x=2,L.H.S. =30 (2) = 60 < 200, which istrue.

For x=3,L.H.S. =30 (3) = 90 < 200, which istrue.

For x=4,L.H.S. =30 (4) = 120 < 200, which istrue.

For x=5,L.H.S. =30 (5) = 150 < 200, which istrue.

For x=6, L.H.S. =30 (6) = 180 < 200, whichistrue.
Forx=7,L.H.S. =30 (7) = 210 < 200, which isfalse.

In the above situation, we find that the values of x, which makes the above
inequality a true statement, are 0,1,2,3,4,5,6. These values of x, which make above
inequality atrue statement, are called solutions of inequality and the set { 0,1,2,3,4,5,6}
is called its solution set.

Thus, any solution of an inequality in one variable is a value of the variable
which makes it a true statement.

We have found the solutions of the above inequality by trial and error method
which is not very efficient. Obviously, this method is time consuming and sometimes
not feasible. We must have some better or systematic techniquesfor solving inequalities.
Before that we should go through some more properties of numerical inequalities and
follow them asruleswhile solving theinequalities.

You will recall that while solving linear equations, wefollowed thefollowing rules:

Rule 1 Equal numbers may be added to (or subtracted from) both sides of an equation.

Rule2 Both sides of an equation may be multiplied (or divided) by the same non-zero
number.

In the case of solving inequalities, we again follow the same rules except with a
difference that in Rule 2, the sign of inequality isreversed (i.e., ‘< becomes‘>’, <
becomes*>’ and so on) whenever we multiply (or divide) both sides of an inequality by
anegative number. It is evident from the facts that

3>2while-3<-2,
—-8<—-7while(-8)(-2)>(-7)(-2),i.e, 16> 14.
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Thus, we state thefollowing rulesfor solving an inequality:

Rule 1 Equal numbersmay be added to (or subtracted from) both sides of aninequality
without affecting the sign of inequality.

Rule 2 Both sidesof aninequality can be multiplied (or divided) by the same positive
number. But when both sides are multiplied or divided by a negative number, then the
sign of inequality is reversed.

Now, let us consider some examples.

Example 1 Solve 30 x < 200 when
(i) xisanatural number, (i) x isan integer.

Solution We are given 30 x < 200

X 20 Rule2),ie, x<20/3
20 ~ 30 (Rule?2),i.e, x .

(i) Whenxisanatural number, in this case thefollowing values of x make the
Statement true.
1,2,3,4,5,6.
The solution set of theinequality is{1,2,3,4,5,6} .
(i) When xisan integer, the solutions of the giveninequality are
wn—=3,-2,-1,0,1,2,3,4,5,6
The solution set of theinequality is{...,—3,—2,-1,0, 1, 2, 3,4, 5, 6}

Example 2 Solve 5x — 3 < 3x +1 when

or

(i) xisaninteger, (i) xisarea number.
Solution We have, 5x 3 < 3x + 1
or 5x-3+3<3x+1+3 (Rulel)
or 5x<3x+4
or  5Xx—3x<3x+4-3X (Rulel)
o 2x<4
o x<2 (Rule?2)

(i) When xisan integer, the solutions of the given inequality are
wy,—4,-3,-2,-1,0,1
(i) When xisareal number, the solutions of the inequality are given by x< 2,
i.e, al real numbers x which are less than 2. Therefore, the solution set of
theinequality is X € (— e, 2).
We have considered solutions of inequalitiesin the set of natural numbers, set of
integers and in the set of real numbers. Henceforth, unless stated otherwise, we shall
solvetheinequalitiesin this Chapter in the set of real numbers.
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Example 3 Solve 4x + 3 < 6x +7.

Solution We have, 4K+ 3<6Xx+7
or 4x — 6X < 6X + 4 — 6X
or —2X<4 or x>-2

i.e., al the real numbers which are greater than —2, are the solutions of the given
inequality. Hence, the solution set is (-2, ).

5-2x X

<--5
Example 4 Solve 3 6 >
Solution We have

5—2x£§_5

3 6
or 2(5-2x) < x-30.
or 10-4x<x—-30
or —-b5x<-40, i.e, x > 8

Thus, all real numbers x which are greater than or equal to 8 are the solutions of the
giveninequality, i.e., X e [8, o).

Example 5 Solve 7x + 3 < 5x + 9. Show the graph of the solutions on number line.

Solution We have 7x + 3 < 5x+ 9 or
2x<6orx<3
The graphical representation of the solutionsare givenin Fig 6.1.

T T T
-4-3-2-1 012 3 456
Fig6.1
3X—-4_ x+1 ) )
Example6 Solve 5 ZT—l.Showthegraphofthesolutlonsonnumberllne.
Solution We have
3x—42x+1_1
2 4
3x-4 _x-3
> -
o 2 a4
or 2(3x—-4)=>(x-3
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or 6x—8=>x—-3
or 5x>5 or x>1

The graphical representation of solutionsisgiveninFig 6.2.

>

N N -
W -
A -
N -
o -

Example7 Themarks obtained by astudent of Class XI infirst and second terminal
examination are 62 and 48, respectively. Find the minimum marks he should get inthe
annual examination to have an average of at least 60 marks.

Solution Let x be the marks obtained by student in the annual examination. Then

62+ 48+ X > 60
3
or 110+ x> 180
or x=>70

Thus, the student must obtain a minimum of 70 marks to get an average of at |east
60 marks.

Example 8 Find al pairsof consecutive odd natural numbers, both of which arelarger
than 10, such that their sum isless than 40.

Solution Let x be the smaller of the two consecutive odd natural number, so that the
other oneisx +2. Then, we should have

x> 10 - (1)
and x+(x+2)<40 .. (2
Solving (2), we get

2x+2<40
ie, x<19 .. (3
From (1) and (3), we get

10<x<19

Since x is an odd number, x can take the values 11, 13, 15, and 17. So, the required
possible pairswill be

(11, 13), (13, 15), (15, 17), (17, 19)
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| EXERCISE 6.1]
Solve 24x < 100, when
(i) xisanatura number. (i) xisaninteger.
Solve—12x > 30, when
(i) xisanatural number. (i) xisaninteger.
Solve 5x — 3 < 7, when
(i) xisaninteger. (i) xisarea number.
Solve 3x + 8 >2, when
(i) xisaninteger. (i) xisarea number.

Solve theinequalitiesin Exercises5to 16 for real x.

5.
7.

9.

11.
13.

15.

4X+3<5x+7 6. 3x—-7>5x-1
3x-1)<2(x-3 8. 3(2-x22(1-x%)
x+§+§<11 10. §>§+1

2 3 3 2
3x=2) (2= 12. 13 4 Zl(x—ﬁ)

5 3 2\ 5 3
2(2x+3)-10<6(x—-2) 14. 37—-(3x+5)>9x—-8(x—-23)
X (5x=2) (7x=3) e (2x-1) > (3x-=2) (2-X)
4 3 5 3 4 5

Solvetheinequalitiesin Exercises 17 to 20 and show the graph of the solution in each
case on number line

17.

19.
21.

22.

23.

24.

X—2<2x+1 18. 5x—=3>3x-5
X_(5x=2) (7x-3)
- + o=
3(1-X)<2(x+4) 20 > 3 5

Ravi obtained 70 and 75 marksin first two unit test. Find the minimum marks he
should get in the third test to have an average of at least 60 marks.

To receive Grade ‘A’ in a course, one must obtain an average of 90 marks or
more in five examinations (each of 100 marks). If Sunita's marks in first four
examinationsare 87, 92, 94 and 95, find minimum marksthat Sunitamust obtain
in fifth examination to get grade ‘A’ in the course.

Find all pairsof consecutive odd positive integers both of which are smaller than
10 such that their sum is more than 11.

Find all pairsof consecutive even positiveintegers, both of which arelarger than
5 such that their sum is less than 23.
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25. Thelongest sideof atriangleis 3 timesthe shortest side and thethird sideis2 cm
shorter than thelongest side. If the perimeter of thetriangleisat least 61 cm, find
the minimum length of the shortest side.

26. A man wants to cut three lengths from a single piece of board of length 91cm.
The second length is to be 3cm longer than the shortest and the third length isto
be twice as long as the shortest. What are the possible lengths of the shortest
board if the third piece isto be at least 5cm longer than the second?

[Hint: If x is the length of the shortest board, then x , (x + 3) and 2x are the
lengths of the second and third piece, respectively. Thus, x+ (x+ 3) + 2x<91and
2x>(x+3) +5].

6.4 Graphical Solution of Linear I nequalitiesin Two Variables

In earlier section, we have seen that agraph of an inequality in onevariableisavisual
representation and is a convenient way to represent the solutions of the ineguality.
Now, we will discuss graph of alinear inequality in two variables.

We know that a line divides the Cartesian plane into two parts. Each part is
known as a half plane. A vertical line will divide the planein left and right half planes
and a non-vertical line will divide the plane into lower and upper half planes

(Figs. 6.3 and 6.4).
Y

N
Y Upper half
N A plane

1T

N

Left half | Right half Lower half
plane plane plane
' & I II ~
o o X' €

N
X

0/ I -
A4 v 1/\/

Y’ Y’
Fig6.3 Fig6.4

A point inthe Cartesian planewill either lieonalineor will liein either of the half
planes| or I1. We shall now examine the relationship, if any, of the pointsin the plane
and the inequalities ax + by < c or ax + by > c.

Let us consider theline
ax+by=c, a=#0, b=#0 - (D
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There arethree possibilitiesnamely:
() ax+by=c (i) ax+hby>c (i) ax+hy<ec.

In case (i), clearly, all points (x, y) satisfying (i) lie on the line it represents and

conversely. Consider case (i), let us first assume that b > 0. Consider a point P (a.,p3)

on the line ax + by = ¢, b > 0, so that

ao + bp = c.Take an arbitrary point ,Y\
Q (o, y) inthe haf planell (Fig 6.5). \ ?Q (o,7)
Now, from Fig 6.5, weinterpret, .
Y>p  (Why?)
oo by>bp or ao+by>an+bp
(Why?)
oo ax+by>c X' €
i.e, Q(a,7) satisfies the inequality o
ax + by > c. J
Thus, al the points lying in the half Y’ _
planell abovethelineax + by = c satisfies Fig6.5

the inequality ax + by > c. Conversely, let (o, B) be apoint onlineax + by = c and an
arbitrary point Q(«, y) satisfying

ax+hby>c
so that aoc +by>c
= ao + by>ao + b (Why?)
= Y>P (asb>0)

This means that the point (o, Y) liesin the half planell.

Thus, any pointinthe half planell satisfiesax + by > ¢, and conversely any point
satisfying the inequality ax + by > c liesin half plane ll.

In case b < 0, we can similarly prove that any point satisfying ax + by > cliesin
the half plane |, and conversely.

Hence, we deduce that al points satisfying ax + by > c liesin one of the half
planes |l or | according asb >0 or b < 0, and conversely.

Thus, graph of the inequality ax + by > ¢ will be one of the half plane (called
solution region) and represented by shading in the corresponding half plane.

1 The region containing all the solutions of an inequality is called the
solution region.
2. Inordertoidentify the half plane represented by an inequality, it isjust sufficient
to take any point (a, b) (not online) and check whether it satisfies the inequality or
not. If it satisfies, then theinequality representsthe half plane and shade the region
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which contains the point, otherwise, the inequality representsthat half plane which
does not contain the point within it. For convenience, the point (0, O) is preferred.
3. If aninequality isof thetype ax+ by > c or ax + by < c, then the points on the
line ax + by = c are also included in the solution region. So draw adark line in the
solution region.

4. If aninequality isof theformax + by > cor ax + by < c, then the points on the
lineax + by = c are not to be included in the solution region. So draw a broken or
dotted linein the solution region.

In Section 6.2, we obtained the following linear inequalities in two variables
xandy: 40x+20y < 120 .. (1)
while translating the word problem of purchasing of registers and pens by Reshma.

Let usnow solvethisinequality keeping in mind that x and y can be only whole
numbers, since the number of articles cannot be a fraction or a negative number. In
this case, we find the pairs of values of x andy, which make the statement (1) true. In
fact, the set of such pairs will be the solution set of the inequality (1).

To start with, let x = 0. Then L.H.S. of (1) is

40x + 20y = 40 (0) + 20y = 20y.
Thus, we have
20y<1200ry<6 - (2
For x = 0, the corresponding values of y can be 0, 1, 2, 3, 4, 5, 6 only. In this case, the
solutionsof (1) are(0, 0), (0, 1), (0,2), (0,3), (0,4),
(0,5) and (0, 6). 2

Similarly, other solutions of (1), when
x=1,2and 3 are (1,0), (1,1),(1,2),(1, =
3, L4, (20),.(21),(22.30
Thisisshownin Fig 6.6.

Let us now extend the domain of x and y
from whole numbers to real numbers, and see
what will be the solutions of (1) in this case.
Youwill seethat the graphical method of solution
will be very convenient in this case. For this
purpose, let us consider the (corresponding)
equation and draw its graph.

40x + 20y = 120 .3 X

In order to draw the graph of theinequality
(1), we take one point say (0, 0), in half plane |
and check whether values of x and y satisfy the Y'
inequality or not. Fig6.6

- N W A Sy
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We observe that x = 0, y = 0 satisfy the %
inequality. Thus, we say that the half plane | isthe
graph (Fig 6.7) of theinequality. Since the pointson
theline also satisfy theinequality (1) above, theline

isalso a part of the graph.

Thus, the graph of the given inequality is half
planel including thelineitself. Clearly half planell
is not the part of the graph. Hence, solutions of
inequality (1) will consist of all the pointsof itsgraph

(half planel including theline).

We shall now consider some examples to
explain the above procedure for solving a linear x'

inequality involving two variables.
Example9 Solve 3x + 2y > 6 graphically.

Solution Graph of 3x + 2y = 6 isgiven as dotted linein the Fig 6.8.

Thislinedividesthe xy-planein two half
planes | and Il. We select a point (not on the
line), say (O, 0), which liesin one of the half
planes (Fig 6.8) and determine if this point
satisfiesthe given inequality, we note that

3(0)+2(0)>6

oo 0>6, whichisfase.
Hence, half plane| isnot the solution region of
the given inequality. Clearly, any point on the
line does not satisfy the given strict inequality.
In other words, the shaded half plane 11
excluding the points on the lineisthe solution
region of theinequality.

2

Example 10 Solve 3x — 6 > 0 graphically in

two dimensional plane.

Solution  Graph of 3x — 6 = 0 isgiven in the

Fig6.9.

We select apoint, say (0, 0) and substitutingitin

giveninequality, we seethat:
3(0)—6>0 or—62=>0whichisfalse

Thus, the solution region isthe shaded region on

the right hand side of thelinex = 2.

2020-21

X
Y Fig6.7
Y
P
~1~X‘2 s
‘A\\o*:f
&
2
1
X' <€ > X
ol 1 2 3 456 7
Y’
F|968
Y
A
4
3 o
I
2 %
1
X// } \X
SOl 12 34 5 i
N\
Y' Fig6.9



LINEAR INEQUALITIES

127

Example 11 Solvey < 2 graphically. Y
Solution Graph of y =2 isgiven inthe Fig 6.10.
Let us select a point, (0, 0) in lower half 4 -
planel and putting y = 0 in the given inequality, 3 _,
we see that < . >
1x0<2o0r 0<2 whichistrue. 1 I
Thus, thesolution regionistheshadedregion x« —t—t—t—t > X
below the line y = 2. Hence, every point below Of 12345
the line (excluding all the points on the line) v
determinesthe solution of the given inequality. Fig 6.10
EXERCISE 6.2|
Solvethefollowing inequalitiesgraphically intwo-dimensional plane:
1. x+y<5 2. 2X+y=>6 3. 3X+4y<12
4. y+8=>2x 5 X-y<£2 6. 2x—3y>6
7. =3x+2y>-6 8. 3y—-5x<30 9. y<-2

10. x>-3.

6.5 Solution of System of Linear Inequalitiesin Two Variables

In previous Section, you havelearnt how to solvelinear inequality in one or two variables
graphically. Wewill now illustrate the method for solving asystem of linear inequalities

intwo variablesgraphically through some Y
examples.

Example 12 Solvethefollowing system
of linear inequalitiesgraphically.

X+y>5 .. (1)
X—y<3 .. (2
Solution The graph of linear equation
X+y=5
isdrawninFig 6.11. X'

We note that solution of inequality
(2) isrepresented by the shaded region
above the line x + y = 5, including the
pointsontheline.

On the same set of axes, we draw
the graph of the equation x —y = 3 as Y

Fig6.11
showninFig 6.11. Then we notethat inequality (2) representsthe shaded region above
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thelinex—y = 3, including the points on the line.
Clearly, the double shaded region, common to the above two shaded regions is
the required sol ution region of the given system of inequalities.

Example 13 Solvethe following system
of inequalitiesgraphically

5x + 4y < 40 - (D
X2 .. (2
y>3 .. (3

Solution We first draw the graph of
theline

bx+4y=40, x=2andy=3
Then we note that the inequality (1)
represents shaded region below the line
5x + 4y = 40 and inequality (2) represents
the shaded region right of line x = 2 but
inequality (3) representsthe shaded region
abovetheliney = 3. Hence, shaded region
(Fig6.12) including al the point onthelines
are also the solution of the given system
of thelinear inequalities.

Inmany practical situationsinvolving
system of inequalitiesthevariablex and y
often represent quantitiesthat cannot have
negative values, for example, number of
units produced, number of articles
purchased, number of hours worked, etc.
Clearly, in such cases, x>0,y > 0 and the
solutionregionliesonly inthefirst quadrant.

Example 14 Solve the following system

of inequalities
8x + 3y <100 - (D)
x>0 .. (2
y=0 .. (3
Solution We draw the graph of the line
8x + 3y = 100

Theinequality 8x + 3y < 100 representsthe
shaded region below theline, including the
pointson the line 8x +3y =100 (Fig 6.13).
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Sincex>0,y >0, every pointin the Y
shaded region in the first quadrant,
including the points on the line and
the axes, represents the solution of

the given system of inequalities. 8
7

Example 15 Solve the following 6
system of inequalitiesgraphically 5
X+2y<8 - (1) 4
2Xx+y<8 .. (2 3
x>0 .. (3 2
y>0 .. (4 1

’

Solution We draw the graphs of X
thelinesx+2y=8and 2x +y = 8.
Theinequality (1) and (2) represent
the region below the two lines,
including the point on the respectivelines.

Sincex> 0,y 2> 0, every point in the shaded region in thefirst quadrant represent
asolution of the given system of inequalities (Fig 6.14).

123 4567 8%

Fig6.14

EXERCISE 6.3|
Solvethefollowing system of inequalitiesgraphically:
1. x>23y=>22 2. 3X+2y<12, x>21,y>2
3. 2X+y2>26,3x+4y<12 4. x+y=>24, 2x—-y<0
5 2X—-y>1,x-2y<-1 6. X+y<6, x+y=>4
7. 2X+ y=28, x+2y>10 8. x+y<9,y>x x>0

9. Bx+4y<20, x>1,y>2

10. 3x+4y <60,x+3y<30,x>0, y>0

11. 2x+y=>4, x+y<3, 2x—-3y<6

12, x—2y<3,3x+4y 212, x>0,y>1

13. 4x+3y <60,y>2x, x=3, x,y=0

14, 3x+2y<150,x+4y<80, x<15, y>0,x=>0
15, x+2y<10,x+y>1,x-y<0,x>0,y=>0
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Miscellaneous Examples
Example 16 Solve—8<5x—-3< 7.

Solution Inthiscase, we havetwo inequalities, —8 < 5x—3 and 5x—3 < 7, which we
will solve simultaneously. We have —8<5x-3<7

or -5<5x<10 or -1<x<2
5-3x
Example 17 Solve—-5 < <8.
. 5-3x
Solution We have =5 < 5 <8
or -10<5-3x<16 or -15<-3x<11
or 5>x2> 1
>X>——
3

11
which can be written as ? < x <5

Example 18 Solve the system of inequalities:
X—-7<5+X .. (1)
11-5x<1 - (2
and represent the solutions on the number line.

Solution From inequality (1), we have

3X—-7<5+x
or X<6
)
Also, frominequality (2), we have
11-5x<1
or -5x<-10 ie,x>2 .. (4

If we draw the graph of inequalities (3) and (4) on the number line, we see that the
values of x, which are common to both, are shown by bold linein Fig 6.15.
[ >

< O

&—Ft——+—+o I I O———t+—>
-1 01 23 456 7 89

Fig6.15

Thus, solution of the system arereal numbersx lying between2 and 6 including 2, i.e.,
2<x<6
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Example 19 In an experiment, a solution of hydrochloric acid is to be kept between
30° and 35° Celsius. What istherange of temperaturein degree Fahrenheit if conversion

5
formulaisgivenby C = 9 (F—32), where C and F represent temperature in degree

Celsius and degree Fahrenheit, respectively.
Solution Itisgiven that 30 < C < 35.

5
Putting C= 9 (F-32), we get

5
30< 3 (F-32)<35

or g x (30) < (F-32) < g x (35)
or 54 < (F-32) <63
or 86 <F<95.

Thus, the required range of temperature is between 86° F and 95° F.

Example 20 A manufacturer has 600 litres of a 12% solution of acid. How many litres
of a30% acid solution must be added to it so that acid content in the resulting mixture
will be more than 15% but less than 18%?

Solution Let x litres of 30% acid solution is required to be added. Then
Total mixture = (x + 600) litres

Therefore  30% x + 12% of 600 > 15% of (x + 600)

and 30% x + 12% of 600 < 18% of (x + 600)

or 30% + ol (600) > L (x + 600)
100 100 100

and 30% + 1z (600) < 18 (x + 600)
100 100 100

or 30x + 7200 > 15x + 9000

and 30x + 7200 < 18x + 10800

or 15x > 1800 and 12x < 3600

or X > 120 and x < 300,

i.e 120 < x <300
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Thus, the number of litres of the 30% solution of acid will have to be more than
120 litresbut lessthan 300 litres.

Miscellaneous Exercise on Chapter 6

Solvetheinequalitiesin Exercises 1 to 6.

1. 2<3x—4<5 0 B<-3(2x—4)<12

5 _3<4-c1g 4 15 X%2) g
2 5

5 —12<4—3—);32 6 73(3)(—;11)311_

Solve the inequalities in Exercises 7 to 10 and represent the solution graphically on
number line.

7. Bx+1>-24, 5x-1<24

8. 2(x=1)<x+5 3(x+2)>2-x

9. &X-7>2(xx-6), 6—x>11-2x
10. 5(2x—-7) -3 (2x+3)<0, 2x+19 <6x+47.
11. Asolutionisto bekept between 68° Fand 77° F. What istherangein temperature
in degree Celsius (C) if the Celsius / Fahrenheit (F) conversion formulais given by

F= 9 C+32?

5 :
12. A solution of 8% boric acid isto be diluted by adding a 2% boric acid solution to
it. The resulting mixture isto be more than 4% but less than 6% boric acid. If we have
640 litres of the 8% solution, how many litres of the 2% solution will haveto be added?

13. How many litres of water will haveto be added to 1125 litres of the 45% solution
of acid so that the resulting mixturewill contain more than 25% but |essthan 30% acid
content?

14. 1Q of apersonisgiven by the formula

A 100
X
CA ’

where MA ismental age and CA ischronological age. If 80 <1Q < 140 for agroup of
12 yearsold children, find the range of their mental age.

Q=
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Summary

% Two real numbers or two algebraic expressions related by the symbols<, >, <
or > form an inequality.

@ Equal numbersmay be added to (or subtracted from) both sides of aninequality.

@ Both sidesof aninequality can be multiplied (or divided ) by the same positive
number. But when both sidesare multiplied (or divided) by anegative number,
then the inequality isreversed.

@ Thevaluesof x, which make an inequality atrue statement, are called solutions
of the inequality.

@ Torepresent x < a(or x >a) on anumber line, put acircle on the number a and
dark lineto theleft (or right) of the number a.

@ Torepresent x< a (or x> a) on anumber line, put adark circle on the number
a and dark the line to the left (or right) of the number x.

¢ If an inequality is having < or > symbol, then the points on the line are also
included in the solutions of theinequality and the graph of theinequality lies|eft
(below) or right (above) of the graph of the equality represented by dark line
that satisfies an arbitrary point in that part.

# If an inequality is having < or > symboal, then the points on the line are not
included in the solutions of theinequality and the graph of theinequality liesto
the left (below) or right (above) of the graph of the corresponding equality
represented by dotted line that satisfies an arbitrary point in that part.

# The solution region of asystem of inequalitiesistheregion which satisfiesall
thegiveninequalitiesin the system simultaneously.

L >4
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11076CHOT

‘ PERMUTATIONSAND COMBINATIONS )

**Every body of discovery is mathematical in form because there is no
other guidance we can have — DARWIN +*

7.1 Introduction

Supposeyou have asuitcase with anumber lock. The number
lock has 4 wheels each labelled with 10 digits from O to 9.
Thelock can be opened if 4 specific digitsarearranged in a
particul ar sequence with no repetition. Some how, you have
forgotten this specific sequence of digits. You remember only
the first digit which is 7. In order to open the lock, how
many sequences of 3-digitsyou may haveto check with?To
answer this question, you may, immediately, start listing all
possible arrangements of 9 remaining digits taken 3 at a
time. But, this method will be tedious, because the number
of possible sequences may be large. Here, in this Chapter,
we shall learn some basic counting techniques which will enable us to answer this
question without actually listing 3-digit arrangements. In fact, these techniqueswill be
useful in determining the number of different ways of arranging and sel ecting objects
without actually listing them. Asafirst step, we shall examineaprinciplewhichismost
fundamental to the learning of these techniques.

Jacob Bernoulli
(1654-1705)

7.2 Fundamental Principleof Counting

Let us consider the following problem. Mohan has 3 pants and 2 shirts. How many
different pairs of a pant and a shirt, can he dress up with? There are 3 ways in which
a pant can be chosen, because there are 3 pants available. Similarly, a shirt can be
chosen in 2 ways. For every choice of apant, there are 2 choices of ashirt. Therefore,
there are 3 x 2 = 6 pairs of a pant and a shirt.
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Let us name the three pants as P, P,, P, and the two shirtsas S, S,. Then,
these six possibilitiescan beillustrated inthe Fig. 7.1.

Let us consider another problem 6 Possibilities

of the same type. S, P,S,
Sabnam has 2 school bags, 3 tiffin boxes
and 2 water bottles. In how many ways
can shecarry theseitems (choosing one
each).

A school bag can be chosenin 2
different ways. After a school bag is
chosen, atiffin box can be chosenin 3
different ways. Hence, there are
2 x 3=6 pairsof school bag and atiffin
box. For each of these pairs a water
bottle can be chosenin 2 different ways. Fig7.1
Hence, there are 6 x 2 = 12 different waysin which, Sabnam can carry these items to
school. If we name the 2 school bags as B,, B,, the threetiffin boxesas T,, T,, T, and
the two water bottlesas W, W,, these possibilities can be illustrated in the Fig. 7.2.

12 Possibilities
B 1 T 1 A 1

P,S,

ﬁpzsl
S
N> p.s,

S P.S,

P;S,

B,T,W,
B, T,W,

B,T,W,
B,T;W,

B, T,W,
B,T,W,

B, T,W,
B,T,W,

B,T,W,
B,T;W,

B,T;W,

Fig7.2
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In fact, the problems of the above types are solved by applying the following
principle known asthe fundamental principle of counting, or, simply, the multiplication
principle, which states that

“If an event can occur in m different ways, following which another event
can occur in n different ways, then the total number of occurrence of the events
in the given order is mxn.”

The above principle can be generalised for any finite number of events. For
example, for 3 events, the principleisasfollows:

‘If an event can occur in mdifferent ways, following which another event can
occur in n different ways, following which athird event can occur in p different ways,
then the total number of occurrence to ‘the eventsin the given order ismx n x p.”

In the first problem, the required number of ways of wearing a pant and a shirt
wasthenumber of different ways of the occurence of thefollowing eventsin succession:

(i) theevent of choosing a pant
(i) theevent of choosing a shirt.
In the second problem, the required number of wayswas the number of different
ways of the occurence of the following eventsin succession:
(i) theevent of choosing aschool bag
(i) theevent of choosing atiffin box
(i)  the event of choosing awater bottle.

Here, in both the cases, the eventsin each problem could occur in various possible
orders. But, we have to choose any one of the possible orders and count the number of
different ways of the occurence of the events in this chosen order.

Example 1 Find the number of 4 letter words, with or without meaning, which can be
formed out of the letters of the word ROSE, where the repetition of the lettersis not
alowed.

Solution There are as many words as there are ways of filling in 4 vacant places

D D D D by the 4 letters, keeping in mind that the repetitionisnot allowed. The

first place can befilledin 4 different ways by anyone of the 4 lettersR,0,S,E. Following
which, the second place can be filled in by anyone of the remaining 3 letters in 3
different ways, following which thethird place can befilledin 2 different ways; following
which, the fourth place can befilled in 1 way. Thus, the number of waysin which the
4 places can befilled, by the multiplication principle, is4 x 3 x 2 x 1 = 24. Hence, the
required number of wordsis 24.
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If the repetition of the letters was allowed, how many words can be formed?

One can easily understand that each of the 4 vacant places can be filled in succession
in 4 different ways. Hence, the required number of words = 4 x 4 x 4 x 4 = 256.

Example 2 Given 4 flags of different colours, how many different signals can be
generated, if asignal requires the use of 2 flags one below the other?

Solution There will be as many signals as there are ways of filling in 2 vacant places

in succession by the 4 flags of different colours. The upper vacant place can

befilledin 4 different waysby anyone of the 4 flags; following which, thelower vacant
place can be filled in 3 different ways by anyone of the remaining 3 different flags.
Hence, by the multiplication principle, the required number of signals=4 x 3=12.

Example 3 How many 2 digit even numbers can be formed from the digits
1, 2,3, 4, 5if the digits can be repeated?

Solution There will be as many ways as there are ways of filling 2 vacant places
DD insuccession by thefive given digits. Here, inthiscase, we start filling in unit’s

place, because the options for this place are 2 and 4 only and this can be done in 2
ways, following which theten’s place can befilled by any of the 5 digitsin 5 different
waysasthedigits can berepested. Therefore, by the multiplication principle, therequired
number of two digitseven numbersis2 x 5, i.e,, 10.

Example 4 Find the number of different signalsthat can be generated by arranging at
least 2 flagsin order (one below the other) on avertical staff, if fivedifferent flagsare
available.

Solution A signal can consist of either 2 flags, 3 flags, 4 flags or 5 flags. Now, let us
count the possible number of signals consisting of 2 flags, 3 flags, 4 flagsand 5 flags
separately and then add the respective numbers.

Therewill beasmany 2 flag signalsasthere arewaysof filling in 2 vacant places

in succession by the 5 flags available. By Multiplication rule, the number of

waysisb x 4 = 20.
Similarly, there will be as many 3 flag signals as there are ways of filling in 3

vacant places in succession by the 5 flags.
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The number of waysis5 x 4 x 3 =60.
Continuing the same way, we find that
The number of 4flag signals =5x 4 x 3 x 2 =120
and the number of 5flagsignals =5x 4 x 3 x 2 x 1 =120
Therefore, thereguired no of signals = 20 + 60 + 120 + 120 = 320.

|[EXERCISE 7.1]
1. How many 3-digit numbers can be formed from the digits 1, 2, 3, 4 and 5
assuming that

(i) repetition of thedigitsisallowed?
(i) repetition of thedigitsisnot allowed?

2. How many 3-digit even numberscan beformed fromthedigits1, 2, 3,4, 5, 6if the
digits can be repeated?

3. How many 4-letter code can be formed using the first 10 letters of the English
alphabet, if no letter can be repeated?

4. How many 5-digit telephone numbers can be constructed using the digitsO to 9 if
each number starts with 67 and no digit appears more than once?

5. A coin is tossed 3 times and the outcomes are recorded. How many possible
outcomes are there?

6. Given5flagsof different colours, how many different signals can be generated if
each signal requires the use of 2 flags, one below the other?

7.3 Permutations

In Example 1 of the previous Section, we are actually counting the different possible
arrangements of the letters such as ROSE, REOS, ..., etc. Here, in this list, each
arrangement is different from other. In other words, the order of writing the lettersis
important. Each arrangement is called a permutation of 4 different letters taken all
at atime. Now, if we have to determine the number of 3-letter words, with or without
meaning, which can be formed out of the letters of the word NUMBER, where the
repetition of the letters is not allowed, we need to count the arrangements NUM,
NMU, MUN, NUB, ..., etc. Here, we are counting the permutations of 6 different
letters taken 3 at atime. The required number of words = 6 x 5 x 4 = 120 (by using
multiplication principle).

If the repetition of the letters was allowed, the required number of words would
be6 x 6 x 6 = 216.

2020-21



PERMUTATIONS AND COMBINATIONS 139

Definition 1 A permutation is an arrangement in a definite order of a number of
objects taken some or al at atime.

In thefollowing sub-section, we shall obtain the formulaneeded to answer these
guestionsimmediately.

7.3.1 Permutations when all the objects are distinct

Theorem 1 The number of permutations of n different objects taken r at a time,
where 0 <r <n and the objectsdo not repeat isn(n—-1) (n—-2)...(n—-r + 1),
which is denoted by "P.

Proof There will be as many permutations as there are ways of filling in r vacant

places . by

« I vacant places —

then objects. Thefirst place can befilled in n ways,; following which, the second place
can befilled in (n — 1) ways, following which the third place can befilled in (n — 2)
ways,..., the rth place can be filled in (n — (r — 1)) ways. Therefore, the number of
ways of fillingin r vacant placesin successionisn(n—1) (n—-2) ... (n—(r—1)) or
n(n—-1)(n-2)...(n—-r+1)

Thisexpression for "P. iscumbersome and we need anotation which will helpto
reduce the size of this expression. The symbol n! (read as factorial n or n factorial )
comes to our rescue. In the following text we will learn what actually n! means.

7.3.2 Factorial notation The notation n! represents the product of first n natural
numbers, i.e., theproduct 1 x 2 x 3x ... x (n—1) x nisdenoted asn!. We read this
symbol as‘nfactorial’. Thus, 1 x2x3x4 ... x(n—=1) xn=n!

1=1!
1x2=21
1x2x3=3!
1x2x3x4=4"1andsoon.
Wedefine0! =1
Wecanwrite 5! =5x41=5x4x31=5x4x3x2!
=5x4x3x2x1!
Clearly, for anatural number n
n! =n(n - 1)!
=nin-1)(mn-2)! [provided (n> 2)]
=nn-1)(n-2 (n - 3! [provided (n > 3)]

and so on.
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Example 5 Evaluate (i) 5! (i) 7! (iii) 7! —5!

Solution (i) 5!'=1x2x3x4x5=120
(i) 71=1%x2x3%x4x5x6x7=5040
and (i) 7! — 5!'=5040 — 120 = 4920.

7! 12!
Example 6 Compute (i) g, (ii) (101) (21)

_ 71 7x6x5!
Solution (i) We have 5 5l =7x6=42
121 12x11x(10!)

and W oy @y = oz “°orxu=ee

n!
Example 7 Evaluate r!(n—r)! ,whenn=5,r =2

5!
Solution  We have to evaluate 21(5-2)! (sincen=5,r=2)

51 5 5x4
We have 215-2)17 2Ix31 2

10

1.1 _x
Example 8 If gl 9!—10!,f|ndx.

1 1 X
Solution We have 8 9x8 10x9x8!

Therefore 1+==—— or =X
crefore 97 10x9 & 9 T 10x9
So x = 100.
|EXERCISE 7.2
1. EBvauate
(i) 8! (i) 41—31
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8! 1 1 x

2. I1s3!'+41=717? 3. Compute ‘o & 4.If5+;=§,findx

n!
5.  EBvauate —(n—r)! , when

i)n=6,r=2 (i)n=9,r=5.

7.3.3 Derivation of the formula for "P,

"R = k 0<r<n
(n—r)t”
Let us now go back to the stage where we had determined the following formula:
"P=n(h-1)(n-2)... (n-r+1)
Multiplying numerator and denomirator by (n—r) (n—r —1)...3x 2 x 1, we get

p n(n-1) (n=2)....(n-r +1)(n-r)(n-r-1)..3x2x1 nl
. (n=r)(n=r-1)..3x2x1 NGEDE

. n!
Thus Pr:(n_r)!,where0<rgn

Thisis amuch more convenient expression for "P. than the previous one.

. n!
In particular, whenr =n, "P, = n!

0!
Counting permutationsis merely counting the number of waysin which some or
all objects at atime are rearranged. Arranging no object at all is the same as |leaving
behind all the objects and we know that there is only one way of doing so. Thus, we
can have

0”7 nl (n-0)! - (1)
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Theorem 2 The number of permutations of n different objects taken r at a time,
whererepetitionisallowed, isn'.
Proof isvery similar to that of Theorem 1 and is|eft for the reader to arrive at.
Here, we are solving some of the problems of the pervious Section using the
formulafor "P toillustrate its usefulness.
In Example 1, the required number of words = “P, = 4! = 24. Here repetition is
not allowed. If repetitionisallowed, the required number of wordswould be 4* = 256.
The number of 3-letter words which can be formed by the letters of the word

6!
NUMBER = GP3 =§ =4 x 5x 6=120. Here, in this case also, the repetition is not

alowed. If therepetition isallowed,the required number of wordswould be 62 = 216.
The number of ways in which a Chairman and a Vice-Chairman can be chosen
from amongst a group of 12 persons assuming that one person can not hold more than

I
one position, clearly P, :% =11x12 = 132.

7.3.4 Permutations when all the objectsare not distinct objects Suppose we have
to find the number of ways of rearranging the letters of the word ROQOT. In this case,
theletters of theword are not al different. Thereare 2 Os, which are of the samekind.
Let us treat, temporarily, the 2 Os as different, say, O, and O,. The number of
permutations of 4-different letters, in this case, taken all at a time
is 4!. Consider one of these permutations say, RO,0,T. Corresponding to this
permutation,we have 2! permutations RO,O,T and RO,O, T which will be exactly the
same permutation if O, and O, are not treated as different, i.e., if O, and O, are the
same O at both places.

4!
Therefore, the required number of permutations = 21 = 3x4=12

Permutations when O,, O, are Permutations when O,, O, are
different. the same O.
RO,0,T
RO,O,T > ROOT
TO0,R
TO,0R > TOOR
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RO,T O, | R OTO
RO,T O, | >
TORO,| TORO
TO,RO, | >
RTO,0, | R T 00
RTO,O0, | >
TRO,0,] ROG
TRO,O, | >
0.0, RT] OORT
0, 0, TR]| >
O,RO,T ] ) ot
O,RO,T | >
O, TO, R]| 0T OR
0, TO, R >
O,RTO,] ORTO
O,RTO,| >
O, TRO,]| 01RO
0, TRO, | >
0, O,TR] 5oTR
0, 0, TR]| >

Let us now find the number of ways of rearranging the letters of the word
INSTITUTE. Inthiscasethere are 9 letters, in which | appears 2 timesand T appears
3times.

Temporarily, let ustreat these letters different and namethemas|, I, T, T, T..
The number of permutations of 9 different letters, inthiscase, taken al at atimeis9!.
Consider one such permutation, say, |, NT, SI, T,U ET,. Hereif |, |, are not same
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and T, T,, T, are not same, then |, |, can be arranged in 2! waysand T,, T, T, can
bearrangedin 3! ways. Therefore, 2! x 3! permutationswill bejust the same permutation
corresponding to this chosen permutation | NT SI, T, UET . Hence, total number of

I
different permutationswill be %

We can state (without proof) the following theorems:
Theorem 3 The number of permutations of n objects, where p objects are of the
n!
p!’
In fact, we have a more general theorem.

same kind and rest are all different =

Theorem 4 The number of permutations of n objects, where p, objects are of one
kind, p, are of second kind, ..., p, are of k" kind and the rest, if any, are of different
I
kindis —— -
p! pt..p!
Example 9 Find the number of permutations of the letters of theword ALLAHABAD.

Solution Here, there are 9 objects (letters) of which there are 4A’s, 2 L'sand rest are
all different.

91 5x6x7x8x9
412! 2

Therefore, the required number of arrangements = = 7560

Example 10 How many 4-digit numbers can be formed by using the digits 1 to 9 if
repetition of digitsisnot allowed?

Solution Here order matters for example 1234 and 1324 are two different numbers.
Therefore, therewill be asmany 4 digit numbers asthere are permutations of 9 different
digitstaken 4 at atime.

9l 9l

== =9x8x7x6=3024,
(9-4)! 5!

Therefore, the required 4 digit numbers =°P, =
Example 11 How many numbers|lying between 100 and 1000 can be formed with the

digits0, 1, 2, 3,4, 5, if therepetition of thedigitsisnot allowed?
Solution Every number between 100 and 1000 is a 3-digit number. We, first, have to
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count the permutations of 6 digits taken 3 at atime. This number would be °P,. But,
these permutations will include those also where O is at the 100’s place. For example,
092, 042, . . ., etc are such numbers which are actually 2-digit numbers and hence the
number of such numbers has to be subtracted from °P, to get the required number. To
get the number of such numbers, wefix 0 at the 100’s place and rearrange the remaining
Sdigitstaking 2 at atime. This number is°P,. So

I 5l
The required number =P, - 5P, = _e 3o
3 3

=4x5%x6 — 4x5=100

Example 12 Find the value of n such that

P, _5
(i) "P,=42"P,, n>4 (ii) ip, ~3.,n>4
Solution (i) Giventhat
"B, =42 "R,
or nn-1)(n-2)(n-3) (n-4)=42n(n—-1) (n—-2)
Since n>4 so n(n—1) (n-2)#0
Therefore, by dividing both sides by n(n—1) (h—2), we get
(n—3(n—-4)=42
or n” —7n —-30=0
or n>—10n + 3n-30
or (n-10)(n+3)=0
or n—-10=0or n+3=0
or n=10 or =-3
Asn cannot be negative, so n = 10.
P, 5
(i) Giventhat "Ip, §
Therefore 3n(n-1) (n—-2) (n-3)=5n-1) (n—-2) (n—3) (n—4)
or 3n=5(n-4) [ass(h—1) (n—-2) (n—-3)#0,n> 4]
or n = 10.
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Example 13 Findr, if 5°P =6°P_, .

Solution We have 5 *P =6 °P_;

or 5x 4 =6><—5!
(4-r)! (5-r+1)!
8 6x5
or (4-r) (5-r+1) (5-r)(5-r -1)!
or ®6-rnbB-r=6
or r’—1r+24=0
or rP—8r—3r+24=0
or r—-8(r-3=0
or r=8 orr=3.
Hence r=28,3.

Example 14 Find the number of different 8-letter arrangements that can be made
from the letters of the word DAUGHTER so that
(i) al vowelsoccur together (i) all vowelsdo not occur together.

Solution (i) There are 8 different letters in the word DAUGHTER, in which there
are 3vowels, namely, A, U and E. Since the vowels have to occur together, we can for
thetime being, assume them asasingle object (AUE). Thissingle object together with
5 remaining letters (objects) will be counted as 6 objects. Then we count permutations
of these 6 objectstaken all at atime. This number would be °P, = 6!. Corresponding to
each of these permutations, we shall have 3! permutations of the three vowelsA, U, E
taken al at atime . Hence, by the multiplication principle the required number of
permutations=6"! x 3! = 4320.

(i) If we have to count those permutations in which all vowels are never
together, wefirst have to find all possible arrangments of 8 |etterstaken all at atime,
which can bedonein 8! ways. Then, we have to subtract from this number, the number
of permutations in which the vowels are always together.

6! (7x8 — 6)

2x6!(28-3)

50 x 6! =50 x 720 = 36000
Example 15 In how many ways can 4 red, 3 yellow and 2 green discs be arranged in
arow if the discs of the same colour are indistinguishable ?

Therefore, the required number 8! —-61! x 3!

Solution Total number of discsare4 + 3+ 2 = 9. Out of 9 discs, 4 are of thefirst kind
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(red), 3 are of the second kind (yellow) and 2 are of the third kind (green).

I
Therefore, the number of arrangements 2 ;' o =1260.

Example 16 Find the number of arrangements of the letters of the word
INDEPENDENCE. In how many of these arrangements,
(i) do the words start with P
(i) doall the vowels always occur together
(ili)  do the vowels never occur together
(iv) dothewordsbeginwith | and endin P?

Solution There are 12 |etters, of which N appears 3 times, E appears 4 times and D
appears 2 times and the rest are all different. Therefore

12

The required number of arrangements =3 o = 1663200

(i) Letusfix P at the extreme left position, we, then, count the arrangements of the
remaining 11 letters. Therefore, the required number of words starting with P

I
A 138600
324 :
(i) Thereare 5 vowelsin the given word, which are4 Esand 1 I. Since, they have

to always occur together, we treat them as asingle object for thetime
being. This single object together with 7 remaining objects will account for 8
objects. These 8 objects, in which there are 3Nsand 2 Ds, can be rearranged in

8!
ﬁ ways. Corresponding to each of these arrangements, the 5 vowelsE, E, E,

5!
Eand| can berearranged in 2 ways. Therefore, by multiplication principle,

the required number of arrangements

I
= ix§ =16800
321 4
(i)  Therequired number of arrangements
= the total number of arrangements (without any restriction) — the number

of arrangements where all the vowels occur together.
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(iv)

N

10.

11.

MATHEMATICS

=1663200— 16800 = 1646400
Let us fix | and P at the extreme ends (I at the left end and P at the right end).
We are left with 10 letters.
Hence, the required number of arrangements

_ o 12600
324

|EXERCISE 7.3|

How many 3-digit numbers can beformed by using thedigits1to 9if no digitis
repeated?
How many 4-digit numbers are there with no digit repeated?
How many 3-digit even numbers can be made using the digits
1,2,3,4,6,7,if nodigit isrepeated?
Find the number of 4-digit numbersthat can beformed using thedigits 1, 2, 3, 4,
5if no digit is repeated. How many of these will be even?
From a committee of 8 persons, in how many ways can we choose a chairman
and avice chairman assuming one person can not hold more than one position?
Findnif"~'P,:"P,=1:09.
Findrif (i) °P =2°P_, (i)°P="°P .
How many words, with or without meaning, can beformed using all the | etters of
the word EQUATION, using each letter exactly once?
How many words, with or without meaning can be made from the letters of the
word MONDAY, assuming that no letter is repeated, if.
(i) 4 lettersare used at atime, (i) all lettersare used at atime,
(iii) @l letters are used but first letter is avowel ?
In how many of the distinct permutations of the lettersin MISSISSIPPI do the
four I’s not come together?
In how many ways can the letters of the word PERMUTATIONS be arranged if the
(i) words start with P and end with S, (i) vowelsareall together,
(i) there are always 4 letters between P and S?

7.4 Combinations

Let us now assume that there is a group of 3 lawn tennis players X, Y, Z. A team
consisting of 2 playersisto be formed. In how many ways can we do so? Is the team
of X and Y different from the team of Y and X ? Here, order is not important.
In fact, there are only 3 possible ways in which the team could be constructed.
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Fig.7.3
These are XY, YZ and ZX (Fig 7.3).
Here, each selection is called a combination of 3 different objects taken 2 at a time.
In acombination, the order is not important.

Now consider some moreillustrations.

Twelve persons meet in aroom and each shakes hand with all the others. How do
we determine the number of hand shakes. X shaking handswith'Y and Y with X will
not be two different hand shakes. Here, order is not important. There will be as many
hand shakes as there are combinations of 12 different things taken 2 at atime.

Seven points lie on a circle. How many chords can be drawn by joining these
points pairwise? Therewill be as many chords as there are combinations of 7 different
things taken 2 at atime.

Now, we obtain the formulafor finding the number of combinations of ndifferent
objectstakenr at atime, denoted by "C...

Suppose we have 4 different objectsA, B, Cand D. Taking 2 at atime, if we have
to make combinations, thesewill be AB, AC, AD, BC, BD, CD. Here, AB and BA are
the same combination as order does not alter the combination. Thisiswhy we have not
included BA, CA, DA, CB, DB and DCinthislist. There are asmany as6 combinations
of 4 different objectstaken 2 at atime, i.e., “C, = 6.

Corresponding to each combinationinthelist, wecan arrive at 2! permutationsas
2 objects in each combination can be rearranged in 2! ways. Hence, the number of
permutations = “C, x 2!

On the other hand, the number of permutations of 4 different things taken 2 at
atime =*P,.
4 4
Therefore P,=4C,x 2 or m =G

Now, let us suppose that we have 5 different objectsA, B, C, D, E. Taking 3 a a
time, if we have to make combinations, these will be ABC, ABD, ABE, BCD, BCE,
CDE, ACE,ACD, ADE, BDE. Corresponding to each of these 5C3 combinations, there
are 3! permutations, because, the three objects in each combination can be
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rearranged in 3! ways. Therefore, the total of permutations = >C, x 3!

o 5
Therefore  °P,=°C,x 3! or (5-3) 3 ="Cs

These examples suggest the following theorem showing relationship between
permutai on and combination:
Theorem 5 "P="C, rl,0<r<n.
Proof Corresponding to each combination of "C , we haver ! permutations, because

r objects in every combination can be rearranged inr ! ways.
Hence, the total number of permutations of n different things taken r at atime

is"C_xr!. Onthe other hand, itis "P. . Thus

"P. ="C xr!, 0<r<n.

n!

Remarks 1. From above (n—r)!

n!

G ri(n—r) -

n
= Crxr!, .

i.e.,

_ _ n n!
Inparticular,if r=n, C, T
2. Wedefine "C,= 1, i.e., the number of combinations of n different things taken
nothing at all isconsidered to be 1. Counting combinationsis merely counting the
number of ways in which some or al objects at a time are selected. Selecting
nothing at al isthe same asleaving behind al the objects and we know that there
isonly one way of doing so. Thisway we define"C, = 1.

n!

!
3. As m:lz "C,, theformula "C, =ﬁ isapplicableforr =0 also.
Hence
n!
rlc —
r r!(n_r)!,OSl’Sn

[ |

4 "C - n! _ n!

" rp(n=(nmn) T (nerprt G
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i.e., selecting r objects out of n objects is same as rejecting (N —r) objects.
5. "C,="C, = a=b ora=n-b,i.e,n=a+b
Theorem 6 "C, +"C,, = "C,

n! n!

"C.+"C, = +
Proof We have T (n=n) (r=1)(n—r+1)!

n! n!
rx(r=1)!(n-r)! * (r=1){(n=r+1)(n-r)!

(r —1)!n(!n—r)! [%Jr n—i+1}

_ n! GNoraler (n+1)
= (r—l)!(n—r)! r(n—r+1) B r!(n+1—r)!_ r

Example 171f "Cy = "Cg, find "C,, .

Solution We have “(:9 = "(38

n! n!
€. 9a(n-9) (n-8)!8
1%
or 9 n_g n-8=9 o n=17

Therefore "C, = 17(:17 =1.

Example 18 A committee of 3 personsisto be constituted from agroup of 2 men and
3 women. In how many ways can this be done? How many of these committeeswould
consist of 1 man and 2 women?

Solution Here, order does not matter. Therefore, we need to count combinations.
There will be as many committees as there are combinations of 5 different persons
3 5
32 2
Now, 1 man can be selected from 2 men in 2Cl ways and 2 women can be
selected from 3 women in °C, ways. Therefore, the required number of committees

taken 3 at atime. Hence, the required number of ways = 503
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:201><302=ixi=6
11 21

Example 19 What is the number of ways of choosing 4 cards from a pack of 52
playing cards? In how many of these

(i) four cards are of the same suit,

(i) four cards belong to four different suits,
(ii) are face cards,
(iv) two are red cards and two are black cards,
(v) cardsare of the same colour?

Solution There will be as many ways of choosing 4 cards from 52 cards as there are
combinations of 52 different things, taken 4 at atime. Therefore

. 52 _ 520 49x50x51x52
The required number of ways = 47 448 2% 3x4
= 270725

(i)

(if)

(iii)

There are four suits: diamond, club, spade, heart and there are 13 cards of each
suit. Therefore, there are *C, ways of choosing 4 diamonds. Similarly, there are
3C, ways of choosing 4 clubs, *C, ways of choosing 4 spades and *C, ways of
choosing 4 hearts. Therefore
The required number of ways = *C, + °C,+ *C,+ C,.
4><£ = 2860

4 9
There arel3 cards in each suit.

Therefore, there are 13Cl ways of choosing 1 card from 13 cards of diamond,
3C, ways of choosing 1 card from 13 cards of hearts, **C, ways of choosing 1
card from 13 cards of clubs, **C, ways of choosing 1 card from 13 cards of
spades. Hence, by multiplication principle, the required number of ways

= lSCl X lSCl X lSClX lSCl - 134
There are 12 face cards and 4 are to be selected out of these 12 cards. This can be

12!
done in *C, ways. Therefore, the required number of ways = g = 495
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(iv) There are 26 red cards and 26 black cards. Therefore, the required number of
ways = *C,x *C,

2
261
- [m] =(325)° = 105625

(v) 4 red cards can be selected out of 26 red cards in **C, ways.
4 black cards can be selected out of 26 black cardsin #°C, ways.

Therefore, the required number of ways = *C, + *C,

= 2%

= 29900.

EXERCISE 7.4 |

1. If "C,="C, find"C,.

2. Determinenif
(i) "C,:"C,=12:1 (if)>C,:"C,=11:1

3. How many chords can be drawn through 21 points on acircle?

4. Inhow many ways can ateam of 3 boys and 3 girls be selected from 5 boys and
4girls?

5. Findthe number of ways of selecting 9 ballsfrom 6 red balls, 5 white ballsand 5
blue ballsif each selection consists of 3 balls of each colour.

6.  Determine the number of 5 card combinations out of a deck of 52 cardsif there
is exactly one ace in each combination.

7. In how many ways can one select a cricket team of eleven from 17 playersin
which only 5 players can bow! if each cricket team of 11 must include exactly 4
bowlers?

8. A bag contains 5 black and 6 red balls. Determine the number of waysin which
2 black and 3 red balls can be selected.

9. Inhow many ways can a student choose a programme of 5 coursesif 9 courses
are available and 2 specific courses are compulsory for every student?

Miscellaneous Examples

Example 20 How many words, with or without meaning, each of 3 vowels and 2
consonants can be formed from the letters of the word INVOLUTE ?

Solution In the word INVOLUTE, there are 4 vowels, namely, 1,0,E,Uand 4
consonants, namely, N, V, Land T.
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The number of ways of selecting 3 vowels out of 4 =“C, = 4.
The number of ways of selecting 2 consonants out of 4 =“C, = 6.

Therefore, the number of combinations of 3 vowels and 2 consonants is
4x6=24

Now, each of these 24 combinations has 5 letters which can be arranged among
themselves in 5 ! ways. Therefore, the required number of different words is
24 x 51 = 2880.

Example 21 A group consists of 4 girlsand 7 boys. In how many ways can a team of
5 members be selected if the team has (i) no girl ? (ii) at least one boy and one girl ?
(iii) at least 3girls?

Solution (i) Since, the team will not include any girl, therefore, only boys are to be
selected. 5 boys out of 7 boys can be selected in 'C_ ways. Therefore, the required

7 6x7

7

_'c=_" 221 _7
number of ways = ‘s 5 o >

(i)  Since, at least one boy and one girl are to be there in every team. Therefore, the
team can consist of

(a) 1boyand4girls (b) 2boysand 3 girls
(c) 3boysand2girls (d) 4boysand1girl.
1 boy and 4 girls can be selected in 'C, x *C, ways.
2 boys and 3 girls can be selected in 'C, x “C, ways.
3 boys and 2 girls can be selected in 'C, x “C, ways.
4 boys and 1 girl can be selected in 'C, x “C, ways.
Therefore, the required number of ways
='C, x*C,+'C,x*C,+'C,x “C,+ 'C, x *C,
=7+84+210+140=441
(iif) Since, the team has to consist of at least 3 girls, the team can consist of
(& 3girlsand 2 boys, or  (b) 4 girlsand 1 boy.
Note that the team cannot have all 5 girls, because, the group hasonly 4 girls.
3 girls and 2 boys can be selected in “C, x 'C, ways.
4 girlsand 1 boy can be selected in “C, x 'C, ways.
Therefore, the required number of ways
=%C,x'C,+*C,x'C=84+7=091
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Example 22 Find the number of words with or without meaning which can be made
using all the letters of the word AGAIN. If these words are written asin adictionary,
what will be the 50" word?

Solution Thereare5lettersintheword AGAIN, inwhich A appears 2 times. Therefore,

the required number of words = 2" 60.

To get the number of words starting with A, wefix the letter A at the extreme | eft
position, we then rearrange the remaining 4 | etterstaken all at atime. Therewill beas
many arrangements of these 4 |etters taken 4 at a time as there are permutations of 4
different things taken 4 at a time. Hence, the number of words starting with

4
A = 4l =24, Then, starting with G, the number of words =5 =12 as after placing G

at the extreme left position, we are left with theletters A, A, | and N. Similarly, there
are 12 words starting with the next letter 1. Total number of words so far obtained
=24+ 12+ 12=48.

The 49" word is NAAGI. The 50" word is NAAIG.

Example 23 How many numbers greater than 1000000 can be formed by using the
digits1,2,0,2,4,2,4?

Solution Since, 1000000 isa 7-digit number and the number of digitsto be usedisalso
7. Therefore, the numbersto be counted will be 7-digit only. Also, the numbershaveto
be greater than 1000000, so they can begin either with 1, 2 or 4.

6  4x5x6
The number of numbers beginning with 1 = 32 = 5 = 60, aswhen 1is

fixed at the extremel eft position, the remaining digitsto berearranged will be0, 2, 2, 2,
4. 4 inwhichthereare 3, 2sand 2, 4s.

Total numbersbegining with 2

6l  3x4x5x6
22

=180

o e
and total numbers begining with 4 =3" 4x5%x6 =120
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Therefore, the required number of numbers =60 + 180 + 120 = 360.
Alternative Method

7!
The number of 7-digit arrangements, clearly, 5, = 420 gut, thiswill include those

numbers also, which have 0 at the extreme left position. The number of such

6!
arrangements 3 (by fixing O at the extreme left position) = 60.

Therefore, the required number of numbers = 420 — 60 = 360.

If one or more than one digits given in the list is repeated, it will be
understood that in any number, the digits can be used as many timesasisgivenin
the list, e.g., in the above example 1 and 0 can be used only once whereas 2 and 4
can be used 3 times and 2 times, respectively.

Example 24 In how many ways can 5 girls and 3 boys be seated in arow so that no
two boys are together?

Solution Let us first seat the 5 girls. This can be done in 5! ways. For each such
arrangement, the three boys can be seated only at the cross marked places.
XGxGxGxGxGx,
There are 6 cross marked places and the three boys can be seated in °P, ways.
Hence, by multiplication principle, thetotal number of ways

|
=5 x 5P, = S!X%

=4x5x2x3x4x5x6 =14400.

Miscellaneous Exercise on Chapter 7

1. How many words, with or without meaning, each of 2 vowelsand 3 consonants
can be formed from the letters of the word DAUGHTER ?

2. How many words, with or without meaning, can beformed using all theletters of
theword EQUATION at atime so that the vowelsand consonants occur together?

3. A committee of 7 hasto be formed from 9 boys and 4 girls. In how many ways
can this be done when the committee consists of:

(i) exactly 3 qgirls? (ii) atleast 3girls?  (iii) atmost 3 girls?
4. If the different permutations of al the letter of the word EXAMINATION are
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listed as in a dictionary, how many words are there in this list before the first
word starting with E ?

How many 6-digit numbers can be formed from the digits 0, 1, 3, 5, 7 and 9
which aredivisible by 10 and no digit is repeated ?

The English aphabet has 5 vowels and 21 consonants. How many words with
two different vowels and 2 different consonants can be formed from the
aphabet ?

In an examination, a question paper consists of 12 questions divided into two
partsi.e., Part 1 and Part 11, containing 5 and 7 questions, respectively. A student
isrequired to attempt 8 questions in al, selecting at least 3 from each part. In
how many ways can a student select the questions ?

Determine the number of 5-card combinations out of a deck of 52 cardsif each
selection of 5 cards has exactly one king.

Itisrequired to seat 5 men and 4 women in arow so that the women occupy the
even places. How many such arrangements are possible ?

From a class of 25 students, 10 are to be chosen for an excursion party. There
are 3 students who decide that either all of them will join or none of them will
join. In how many ways can the excursion party be chosen ?

In how many ways can the letters of the word ASSASSINATION be arranged
so that all the S's are together ?

Summary

¢ Fundamental principle of counting If an event can occur in m different

ways, following which another event can occur in n different ways, then the
total number of occurrence of the events in the given order ism x n.

# The number of permutations of n different things taken r at a time, where

n!
repetition is not alowed, is denoted by "P, and is given by "P = (n—r)!*

where0<r <n.

Onl=1x2x3x%x..xn

®nl=nx(n-1)!

@ The number of permutations of n different things, taken r at a time, where
repeatitionisallowed, isn'.

# The number of permutations of n objectstaken all at atime, wherep, objects
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are of first kind, p, objects are of the second kind, ..., p, objects are of the k"

n!
kind and rest, if any, areall different is B Pl pd

¢ The number of combinations of n different thingstakenr at atime, denoted by

n!
"C.,isgivenby "C = r'(n r),,OSrSn.

Historical Note

The concepts of permutations and combinations can be traced back to the advent
of Jainism in India and perhaps even earlier. The credit, however, goes to the
Jains who treated its subject matter as a self-contained topic in mathematics,
under the name Vikalpa.

Among the Jains, Mahavira, (around 850) is perhaps the world's first
mathematician credited with providing the general formulae for permutationsand
combinations.

Inthe 6th century B.C., Sushruta, in hismedicinal work, Sushruta Samhita,
asserts that 63 combinations can be made out of 6 different tastes, taken one at a
time, two at atime, etc. Pingala, a Sanskrit scholar around third century B.C.,
gives the method of determining the number of combinations of a given number
of letters, taken one at a time, two at a time, etc. in his work Chhanda Sutra.
Bhaskaracharya (born 1114) treated the subject matter of permutations and
combinationsunder the name Anka Pasha in hisfamouswork Lilavati. In addition
to the general formulae for "C_and "P already provided by Mahavira,
Bhaskaracharya gives several important theorems and results concerning the
subject.

Outside India, the subject matter of permutations and combinations had its
humble beginningsin Chinain the famous book |—King (Book of changes). Itis
difficult to givethe approximate time of thiswork, sincein 213 B.C., the emperor
had ordered all books and manuscriptsin the country to be burnt which fortunately
was not completely carried out. Greeks and later Latin writers also did some
scattered work on the theory of permutations and combinations.

Some Arabic and Hebrew writers used the concepts of permutations and
combinations in studying astronomy. Rabbi ben Ezra, for instance, determined
the number of combinations of known planetstaken two at atime, three at atime
and so on. This was around 1140. It appears that Rabbi ben Ezra did not know
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the formulafor "C . However, he was aware that "C = "C__for specific values
nand r. In 1321, Levi Ben Gerson, another Hebrew writer came up with the
formulae for "P_, "P_and the general formula for "C.

The first book which gives a complete treatment of the subject matter of
permutations and combinations is Ars Conjectandi written by a Swiss, Jacob
Bernoulli (1654 — 1705), posthumously published in 1713. This book contains
essentially the theory of permutations and combinations asis known today.

4

® —

o,
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11076CHO8

‘ BINOMIAL THEOREM )

**Mathematics is a most exact science and its conclusions are capable of
absolute proofs. — C.P. STEINMETZ<*

8.1 Introduction

In earlier classes, we have learnt how to find the squares
and cubes of binomialslikea + band a—b. Using them, we
could evaluate the numerical values of numbers like
(98)? = (100 — 2)?, (999)® = (1000 — 1)3, etc. However, for
higher powerslike (98)°, (101)%, etc., the calculationsbecome
difficult by using repeated multiplication. Thisdifficulty was
overcome by atheorem known asbinomial theorem. It gives
an easier way to expand (a + b)", where nis an integer or a
rational number. In this Chapter, we study binomial theorem
for positiveintegral indicesonly.

Blaise Pascal
(1623-1662)

8.2 Binomial Theorem for Positivelntegral I ndices

Let ushave alook at the following identities done earlier:
(a+r bP=1 a+tb=0
(at b)l=a+b
(a+ b)?=a+ 2ab + b?
(at+ b)® = a3 + 3a%h + 3ab?*+ b?
(a+ by*=(a+b)®(a+b)=a*+4a’h + 6a?? + 4ab* + b*
In these expansions, we observe that
(i) The total number of terms in the expansion is one more than the index. For
example, inthe expansion of (a+ b)?, number of termsis 3 whereastheindex of
(a+b)is2.
(i) Powersof thefirst quantity ‘a’ go on decreasing by 1 whereas the powers of the
second quantity ‘b’ increase by 1, in the successive terms.
(i) Ineach term of the expansion, the sum of theindices of a and b is the same and
isegual to theindex of a + b.
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We now arrange the coefficients in these expansions as follows (Fig 8.1):

Index Coefficients
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
Fig8.1

Do we observe any pattern in thistable that will help usto write the next row? Yeswe
do. It can be seen that the addition of 1’sintherow for index 1 givesriseto 2intherow
for index 2. Theaddition of 1, 2and 2, 1intherow for index 2, givesriseto 3and 3in
therow for index 3 and so on. Also, 1ispresent at the beginning and at the end of each
row. This can be continued till any index of our interest.

We can extend the pattern given in Fig 8.2 by writing afew more rows.

Index Coefficients
0 1
1 1 1

2 lvlvl
3 3

Pascal’sTriangle
Thestructuregivenin Fig 8.2 lookslikeatrianglewith 1 at the top vertex and running
down the two dlanting sides. This array of numbers is known as Pascal’s triangle,
after the name of French mathematician Blaise Pascal. It is also known as Meru
Prastara by Pingla.

Expansionsfor the higher powers of abinomial are also possible by using Pascal’s
triangle. Let us expand (2x + 3y)° by using Pascal’s triangle. The row for index 5is

1 5 10 10 5 1
Using thisrow and our observations (i), (ii) and (iii), we get
(2x+3y)° = (2x)° + 5(29* (3y) + 10(2x)* (3y)* +10 (2¥)* (3y)°* + 5(2X)(3y)" +(3y)°
= 323 + 240x%y + 720x%y? + 1080x%y* + 810xy* + 243y~
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Now, if we want to find the expansion of (2x + 3y)*?, we arefirst required to get
the row for index 12. This can be done by writing all the rows of the Pascal’striangle
till index 12. Thisisadightly lengthy process. The process, asyou observe, will become
moredifficult, if we need the expansionsinvolving still larger powers.

Wethustry to find arulethat will help usto find the expansion of the binomial for
any power without writing all the rows of the Pascal’s triangle, that come before the
row of the desired index.

For this, we make use of the concept of combinations studied earlier to rewrite

n!
the numbers in the Pascal’ s triangle. We know that "C, = m ,0< r<nand
nisanon-negative integer. Also, "C,=1="C_
The Pascal’s triangle can now be rewritten as (Fig 8.3)
Index Coefficients
0 ‘c,
=D
1 'c, 'c
) ED
2 ‘¢, ¢, g
) = =D
3 ‘c, ¢ ¢, ‘¢
=1 = & G
4 ‘cov ‘¢ ¢ o, e
EH = =) =) D
5 ’c, ‘c ’c, ‘¢, °C °C,

=) =5 =10) =10)  (=5)
Fig 8.3 Pascal’striangle

Observing this pattern, we can now write the row of the Pascal’striangle for any index
without writing the earlier rows. For example, for theindex 7 the row would be

'C, 'C, 'C, 'C, 'C, 'C, 'C, 'C,
Thus, using thisrow and the observations (i), (ii) and (iii), we have
(@a+b)y’="C,ja’+ 7Ca%h + 'Ca’h? + 'Ca'h® + 7Ca*h* + 'Ca’h® + 'C.ab® + 'C b’
An expansion of abinomial to any positive integral index say n can now be visualised

using these observations. We are now in aposition to write the expansion of abinomial
toany positiveintegral index.
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8.2.1 Binomial theorem for any positive integer n,
(@a+br=rCa" +"Ca'b+"Ca?b*+ .+"C _ab™ +"Chb"
Proof The proof isobtained by applying principle of mathematical induction.
Let the given statement be
Pn):(@a+b"="Ca"+"Ca'bh+"Ca*+.+"C_ab~'+"Ch
For n =1, we have
PD:(@+b}t=Ca +'Cb'=a+hb
Thus, P (1) istrue.
Suppose P (K) is true for some positive integer k, i.e.
(@a+bf=Ca+*Ca'b+'Ca-+ .+ Ch - (1)
We shall provethat P(k + 1) isalso true, i.e.,
(a + b)k+ 1 —k+ 1C0ak+ 14 k+ 1Clakb + k+ 1C2ak—1b2 + .+ k + 1Ck+lbk+ 1
Now, (a + b)k** = (a+ b) (a + b)*
=(a+b) (\C,ad+Ca'b+'C,d*b*+.+C_ ab~'+*C b
[from (1)]
=/C a1 +C adb+'Ca '’ +.+C__ a1+ *C ab +*C ab
+Ca '+ 'Ca-+.+ 'C ab + 'Co?

[by actud multiplication]
=KCa "t + (\C+C) ab + (*\C,+Cpa b+ ...
+ (‘C+C,_) ab*+‘C bt [grouping like terms]

= k+ 1C0a k+1 + k + 1Clakb + k+ 1C2ak_1b2+...+ k + 1Ckabk+ k+ 1Ck+lbk+1
(by using ***C=1, C +*C_ = *"'C and ‘C =1=*"'C_, )

Thus, it has been proved that P (k + 1) is true whenever P(K) is true. Therefore, by
principle of mathematical induction, P(n) istruefor every positive integer n.

Weillustrate this theorem by expanding (x + 2)°:
(x+2)° =°Cx +°Cx.2+°Cx2*+°Cx32® +°Cx.2*+°Cx.2° + °C.2°
=X + 12x° + 60x* + 160x* + 240x* + 192X + 64
Thus (x + 2)° = x® + 12x° + 60x* + 160x% + 240x> + 192x + 64.
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Observations

n
1. Thenotation Y "Ci @™ “b" gtandsfor
k=0

"C,am’ +"Ca'b + ..+ "Ca~'b" + ..+"C a™"b", where b°= 1 = a™".
Hence the theorem can also be stated as

(a+b)"=) "C,a""b"
k=0

2. The coefficients "C, occuring in the binomial theorem are known as binomial
coefficients.

3. Thereare (n+1) termsin the expansion of (a+b)", i.e., one more than the index.

4. In the successive terms of the expansion the index of a goes on decreasing by
unity. Itisninthefirst term, (n—1) in the second term, and so on ending with zero
in the last term. At the same time the index of b increases by unity, starting with
zero in thefirst term, 1 in the second and so on ending with n in the last term.

5. Inthe expansion of (a+b)", the sum of the indicesof aandbisn+ 0=ninthe
firstterm, (n—1) + 1 = nin the second term and so on 0 + n = nin the last term.
Thus, it can be seen that the sum of theindicesof aand bisnin every term of the
expansion.

8.2.2 Some special cases In the expansion of (a + b)",
(i) Takinga =xandb=-y, we obtain
x=-y)" =[x+ I

= "CXM + "C X' H=y) + "CXH(Y)? + "CX(y)® 4 L+ "C ()"

=ICX —"C Xl + "C X AR —"CxX R + L+ ()" "C Y
Thus (x-y)" ="Cx"="Cx"~ 'y + "Cx"~2y* + .. + (-1)""C_y"
Using this, we have (x=2y)> = SCx* —°Cx*(2y) + *Cx® (2y)? —3Cx* (2y)* +

°C, X(2y)*~ *C,(2y)°
= x5 —10x%y + 40x%y? — 80x%y® + 80xy* — 32y°.
(i) Takinga=1, b=x, weobtain
(L+x)"="C(D"+"C ()" X +"C(D"2x* + ... + "C X"
="C,+"Cx+"Cx +"Cx*+ .. +"CX"

Thus (L+xX"="C,+"Cx+"Cx*+"Cx3+ ..+"CX"
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In particular, for x =1, we have
20=1C,+"C, +"C, + .. +"C_.
(i) Takinga=1, b=-x, weobtain
(1-x)" = "C,—-"Cx+"CxX—..+ (=1 "Cx
In particular, for x = 1, we get
0="C,-"C, +"C,—..+(=D)""C,

3 4
Example 1 Expand (Xz +;) , X0

Solution By using binomial theorem, we have

(Xz +§j4: 4C (X2)4 + 4C (XZ)S (EJ + 4C (XZ)Z (EJZ-F 4C (XZ) [EJS + 4C (EJ“
0 1 X 2 X 3 X 4 X

27 81
=X+4X. —+6X . S +4AX g+ 7
X X X X

108 81
=x8 + 12X° + 54x% + 7"'?.

Example 2 Compute (98)°.
Solution We express 98 as the sum or difference of two numbers whose powers are
easier to calculate, and then use Binomial Theorem.
Write 98 =100 -2
Therefore, (98)° = (100 — 2)°
= °C, (100)°> - °C, (100)*.2 + °C, (100)%2
- °C, (100)*(2)* + °C, (100) (2)* —°C, (2)°
= 10000000000 —5 x 100000000 % 2 + 10 x 1000000 x 4 —10 x10000
x8+5x100x16-32

= 10040008000 — 1000800032 = 9039207968.
Example 3 Which is larger (1.01)%% or 10,000?

Solution Splitting 1.01 and using binomial theorem to write the first few terms we
have
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(1.01)1900000 = (1 4 0,07)1000000
= 1000000C | + 100000C (0.01) + other positive terms
=1+ 1000000 x 0.01 + other positive terms
=1+ 10000 + other positive terms
>10000
Hence (1.02)%0000%0 > 10000

Example 4 Using binomial theorem, prove that 6™~5n always leaves remainder
1whendivided by 25.

Solution For two numbers a and b if we can find numbers g and r such that
a=bqg + r, then we say that b dividesawith g as quotient and r asremainder. Thus, in
order to show that 6"— 5n leaves remainder 1 when divided by 25, we prove that
6"—5n = 25k + 1, where k is some natural number.

We have
l+ar="C,+"Ca+"Ca+..+"Ca"
Fora =5, weget
(1+5"="C,+"C5+"C5+..+"C5"

ie (6)"=1+5n+5"C,+5%"C, + ..+ 5

i.e. 6" —5n=1+5% ("C,+"C5 + ... + 5"

or 6"—-5n=1+25("C,+5."C, + ... + 5™

or 6"—5n=25k+1 wherek="C,+5."C, + ..+ 52

This shows that when divided by 25, 6" — 5nleaves remainder 1.

| EXERCISE 8.1 |

Expand each of the expressionsin Exercises 1 to 5.

2 xY
1. (1-2x)° 2. (;—Ej 3. (2x-23)°
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x 1Y 1 ¥
—+= 5 | X+—
3 X X

Using binomial theorem, eval uate each of thefollowing:

6.

9.
10.

11.

12.
13.

14.

(96)° 7. (102)5 8. (101)*
(99)°
Using Binomial Theorem, indicate which number islarger (1.1)1%%or 1000.

Find (a + b)* — (a — b)*. Hence, evaluate (/3 ++/2)'~ (/3 —+/2)".

Find (x + 1)® + (x — 1)®. Hence or otherwise evaluate (/2 + 1)° + (ﬁ — 1)
Show that 9™ —8n —9isdivisible by 64, whenever n isapositive integer.

Provethat »,3 "C.=4"

r=0

General and MiddleTerms

In the binomial expansion for (a + b)", we observe that the first term is
"C,a", the second term is"C a™*b, the third term is"C a"*b? and so on. Looking
at the pattern of the successive terms we can say that the (r + 1)" term is
"Ca'b’. The (r + 1)"term is aso called the general term of the expansion
(@+b). Itisdenoted by T . Thus T , ="C a™'b'".
Regarding the middle term in the expansion (a + b)", we have

(i) If niseven, then the number of termsin the expansion will ben + 1. Since

th

-

n+1+1}

niseven son+ 1isodd. Therefore, the middletermis ( 5

n th
(§+1J term.

8 th
For example, inthe expansion of (x + 2y)8, themiddlietermis (E +1J i.e,
5" term.

(i) If nisodd, then n +1 is even, so there will be two middle terms in the
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th th
_ n+1 n+1 _ .
expansion, namely, (TJ term and (T +1) term. So in the expansion

7+1

th th
7+1
(2x—vy)’, themiddleterms are (TJ ,i.e,4"and (T+1J ,i.e., 5" term.

2n +1+1Jth

2n
1
3. Inthe expansion of (X+;J , where x ;tO,themiddIetermis( 5

i.e, (n+1)"term, as 2n is even.

1 n
Itis given by 'C x" (;J = C_ (constant).

Thisterm is called the term independent of x or the constant term.
Example 5 Find a if the 17" and 18" terms of the expansion (2 + a)* are equal.
Solution The (r + 1) term of the expansion (x + y)"isgivenby T, = "Cx™y".
For the 17" term, we have, r + 1 =17,i.e,r = 16
Therefore, T,=T,,, =%, (¥ *a®’
=%C 2% a'®
Similarly, T,=%C_ 2% a"
Giventhat T.=T,
So ¥C,(2* a*=%*C_(2)*® a”

$C,.2% g7
Therefore B0 ~ A3 16

50C17_233:a16
¥Cp x 2 50 17 . 33

= X X 2=1
*c, 16! 34! 50!

e, a=

Example 6 Show that the middle term in the expansion of (1+x)* is

1.35..(2n-1)

ol 2n X", where n is a positive integer.
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on th
Solution As 2n is even, the middle term of the expansion (1 + x)" is (7+1) ,

i.e., (n+ 1)" term which is given by,

@Xn

Tn+1 :2nCn(1)2n—n(X)n — ZnCan — -

_2n(n-1) (n-2) .4321,
B n nl

_1234.(2n- 2)(2n- )(2n) ,
- nin! X

[1.3.5...(2n-1)][2.4.6...(2n)]
- nin! X

_ [L35..2n-D]2"[1.23.n] ,
- nin X

_ [135.(2n-1)] n!
a n! n!

2" x"

_ 1.3.5...r(]!2n— 1 on yn
Example 7 Find the coefficient of x%? in the expansion of (x + 2y)°.
Solution Suppose x%? occurs in the (r + 1) term of the expansion (x + 2y)°.
Now T,=°C X" "(2y) =°C 2. ".y".
Comparing the indices of x aswell asyinx®?andin T, ,wegetr =3.
Thus, the coefficient of xby2is

2 ===2=
3 36l 32 o7z

Example 8 The second, third and fourth termsin the binomial expansion (x + a)" are
240, 720 and 1080, respectively. Find x, aand n.

Solution Given that second term T, = 240
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We have T,="Cx'"*.a
So "Cx. a=240 - (D
Smilaly "Cx2a? =720 .. (2
and "Cx2a® = 1080 - (3)
Dividing (2) by (1), we get
"C,x"?a® 720 (n-D! a_
"Cx"a “ 240 & (n-2)! "X
a 6
or ;: (n—-1) .. (4
Dividing (3) by (2), we have
a 9
M —Z(n—2) .. (5
From (4) and (5),
6 9
n-1 2(n-2) Thus,n=5

a 3
Hence, from (1), 5x*a = 240, and from (4), ;=§

Solving these equations for aand x, weget x=2and a= 3.

Example 9 The coefficients of three consecutive terms in the expansion of (1 + a)"
areintheratiol: 7: 42. Find n.

Solution Suppose the three consecutive terms in the expansion of (1 + a)" are
(r =" r"and (r + 1) terms.
The (r—1)"termis"C_,a~? andits coefficientis"C__,. Similarly, the coefficients
of r'"and (r + 1)" terms are"C__, and "C_, respectively.

Since the coefficientsareintheratio 1 : 7 : 42, so we have,

nCr—Z — 1 . _
C 7,|.e.,n—8r+9—0 .. (1)
nCr—l _ 7 .

and —”C —E,l.e.,n—7r+1zo .. (2

r

Solving equations(1) and (2), we get, n = 55.
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EXERCISE 8.2|
Find the coefficient of
1. Xin(x+ 3)® 2.abh’in (a—2b)2.
Write the general term in the expansion of
3. -y 4. (¢=yx)*, x # 0.

5. Find the 4" term in the expansion of (x — 2y)*2

18
1
6. Find the 13" term in the expansion of [9X—mJ , X2 0.

Find the middle termsin the expansions of

x3 7 4 10
3.2 -
7. ( 6] 8.(3““9)/) .

9. Intheexpansion of (1 + a)™", prove that coefficients of a" and a" are equal.

10. Thecoefficients of the (r — 1), r'"and (r + 1)" termsin the expansion of (x + 1)
areintheratiol:3:5. Findnandr.

11. Provethat the coefficient of x"intheexpansion of (1 + x)?"istwicethe coefficient
of x" in the expansion of (1 + x)*-1.

12. Find a positive value of m for which the coefficient of x? in the expansion
1+x)mis6.

Miscellaneous Examples

3 1Y
Example 10 Find the term independent of x in the expansion of (E X - &j .

2

o [ e (2

3 6-r 1 r
Solution We have T, = °C, | =% =
r+1 3x
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_ (_1)r GC (3)6_2r X12—3r
- r (2)6—r
Theterm will beindependent of x if theindex of xiszero,i.e,, 12—3r =0. Thus,r =4
3)6‘8 5

Hence 5" term is independent of x and is given by (- 1)* °C, W:E

Example 11 If the coefficients of & %, a" and & ** in the expansion of (1 + a)" arein
arithmetic progression, prove that n’—n(4r + 1) + 4r2—2 = 0.

Solution The (r + 1)" terminthe expansionis "C a'. Thusit can be seen that a” occurs
in the (r + 1)™ term, and its coefficient is "C.. Hence the coefficients of a-1 a and
a*tae"C _,,"C and"C ,, respectively. Since these coefficients arein arithmetic
progression, so we have, "C__+"C = 2."C. This gives

nl nl nl

+ =2X
r=-D!'(n-r+D! (r+1)!(n-r-1! r'(n—r)!
_ 1 N 1
€. r=-D'(n=r+HY(n-r)(n-r=! (r+H(r)(r-H(n—r-1)!
=2X L
r(r=!'(n=r)(n—r -1!
1 [ 1 1 }
or +
r=9! (n-r=1! | (n=r)(n-r+1) (r+1 (r)
1
=£ZX
(r=9! (n—r-Y!r(n=r)]
1 1 2
ie + = ,
(n=r+H(n-=r) r(r+1) r(n-r)
rr+D)+(n-r)in-r+1) 2
or mn-r)(n-r+r(r+1) r(n-r)
or rr+)+(n=r)(n—-r+1) =2+ (h-r+1)
or rP+r+nm—nr+n—nr+r2—r=2(nr—r>+r+n-r+1)
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or N —4nr —n+4r>-2=0
ie, nP—n(4r+1)+42-2=0

Example 12 Show that the coefficient of the middle termin the expansion of (1 + X)*is
equal to the sum of the coefficients of two middle termsin the expansion of (1 +x)"~1.

Solution As 2n is even so the expansion (1 + x)** has only one middle term which is

n th
(7+1) i.e, (n+ 1" term.

The (n + 1)" term is *'C x". The coefficient of x"is *"C_
Similarly, (2n—1) being odd, the other expansion hastwo middle terms,

2n-1+1Y)" 2n-1+1 th_ .
——— | ad|———+1] i.e, n"and (n + 1) terms. The coefficients of

2 2
these terms are > ~*C__, and *'~'C , respectively.
Now
a-1C _ + MIC=2C [As"C _,+"C ="*!C]. as required.

Example 13 Find the coefficient of a* in the product (1 + 2a)* (2 —a)° using binomial
theorem.

Solution We first expand each of the factors of the given product using Binomial
Theorem. We have

(1+2a)* =*C,+C, (2a) + “C, (2a)? + “C, (2a)*+ “C, (2a)*
=1+ 4 (2a) + 6(4a%) + 4 (8a% + 16a*.
=1+ 8a+ 24a’+ 32a®+ 16a*
and (2-a° =°C, (2°-°C, (2 () +°C,(2° (@ -°C, (2* (@)
+5C, (2) (@)*- °C, (a)°
=32 —80a + 80a*—40a®+ 10a* — a°
Thus (1 + 2a)* (2 —a)®
=(1+ 8a + 24a% + 32a*+ 16a") (32 —-80a + 80a*— 40a® + 10a’— &°)

The complete multiplication of the two brackets need not be carried out. We write only
those terms which involve a*. This can be doneif we notethat a". a* "= a*. Theterms
containing a*are

1 (10a% + (8a) (—40ad) + (24a2) (80a?) + (32a°%) (— 80a) + (16a) (32) = — 438a*
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Thus, the coefficient of a*in the given product is—438.
Example 14 Find the rt" term from the end in the expansion of (x + a)".

Solution Thereare (n + 1) termsin the expansion of (x + a)". Observing the terms we
can say that the first term from the end is the last term, i.e., (n + 1) term of the
expansionand n + 1 =(n+ 1) — (1 —1). The second term from the end is the n" term
of theexpansion, and n=(n+ 1) —(2—1). Thethird term from the end isthe (n—1)"
term of the expansionandn—1=(n+ 1) — (3—1) and so on. Thus r™ term from the
end will be term number (n + 1) — (r — 1) = (n—r + 2) of the expansion. And the
(n—r +2)"termis"C X-lan-r+i

n-r+1

18
1
Example 15 Find the term independent of xin the expansion of [W+ Z%J x>0,

r
8_
Solution We have T, ,, = °C, (¥/x) [ : J

2¥x
18-r 18-2r
=BC x3 A V4 180,i.x 3
r r
2" x3
. . . . . 18-2r
Sincewe havetofind aterm independent of x, i.e., term not having x, sotake 3 =0,

We get r = 9. The required term is **C, 59

Example 16 The sum of the coefficients of the first three terms in the expansion of

m
(X—?j , X# 0, m being a natural number, is 559. Find the term of the expansion

containing »:.

3 m
Solution The coefficients of the first three terms of (X— ?j ae™C,, (=3) "C,

and 9 "C,,. Therefore, by the given condition, we have

Im(m-1
"C, —3"C +9"C,= 559, i€, 1-3m+ %:559
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which gives m= 12 (mbeing anatural number).
3 r
Now T - lZCr xi2-r (_?) - 12Cr (_ 3)r Sx12-ar

r+1

Since we need the term containing X3, so put 12—-3r = 3i.e,r = 3.
Thus, the required term is 2C, (- 3)% X3, i.e., — 5940 X%,

Example 17 If the coefficients of (r — 5)"" and (2r — 1)" terms in the expansion of
(1 +x)*areequal, findr.

Solution The coefficients of (r — 5)" and (2r — 1) terms of the expansion (1 + x)**

are ¥C __ and *'C, _,, respectively. Since they are equal so ¥C___ = 3%C, ,
Therefore, eitherr —6=2r—2 or r6=34—-(2r —2)

[Using the fact that if "C ="C, then eitherr = porr =n—p]

So, wegetr = —4 orr = 14. r being a natural number, r = — 4 is not possible.

So, r =14,

Miscellaneous Exercise on Chapter 8
1. Finda, bandnintheexpansionof (a+ b)"if thefirst threeterms of the expansion
are 729, 7290 and 30375, respectively.
2. Find aif the coefficients of x? and X2 in the expansion of (3 + ax)® are equal.
3. Findthe coefficient of X°inthe product (1 + 2x)8 (1 —x)” using binomial theorem.

4. If aand b are distinct integers, prove that a — b is afactor of a" —b", whenever
nisapositive integer.
[Hint write a” = (a — b + b)" and expand]

5. Evauate (\/§+\/§)G—(\/§—\/§)G .

4 4
6. Find the value of (a2+ a2—1) +(a2—\/a2—1) .

Find an approximation of (0.99)° using the first three terms of its expansion.
8. Findn, if theratio of the fifth term from the beginning to the fifth term from the

~

1 n
end in the expansion of [4@+%J is/6:1.
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o x 2Y
9. Expand using Binomial Theorem 1+§—; X#0,

10. Find the expansion of (3x2 — 2ax + 3a?)® using binomial theorem.

Summary

¢ The expansion of abinomial for any positive integral nis given by Binomial
Theorem, which is (a + b)" = "Ca" + "Ca"~'b + "C,a"~2b* + ..+
"C,_,ab"t+"Ch
¢ The coefficients of the expansions are arranged in an array. This array is
called Pascal’s triangle.
4 The genera term of an expansion (a+ b)"isT ,, ="Ca"~". b

th
n
¢ Inthe expansion (a + b)", if nis even, then the middle term is the (§+1)

n+1 " 1 "'
term.If nis odd, then the middle terms are [T) and [7+1) terms.

Historical Note

The ancient Indian mathematicians knew about the coefficients in the
expansions of (X +y)", 0 < n < 7. The arrangement of these coefficients was in
the form of a diagram called Meru-Prastara, provided by Pingla in his book
Chhanda shastra (200B.C.). This triangular arrangement is aso found in the
work of Chinese mathematician Chu-shi-kiein 1303. Theterm binomial coefficients
wasfirst introduced by the German mathematician, Michael Stipel (1486-1567) in
approximately 1544. Bombelli (1572) also gavethe coefficientsin the expansion of
(@a+ b, forn=1.2...,7 and Oughtred (1631) gave them for n=1, 2,..., 10. The
arithmetictriangle, popularly known asPascal 'striangle and similar to the Meru-
Prastara of Pinglawas constructed by the French mathematician Blaise Pascal
(1623-1662) in 1665.

The present form of the binomial theorem for integral valuesof nappearedin
Trate du triange arithmetic, written by Pascal and published posthumoudly in
1665.
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11076CH0S

‘ SEQUENCESAND SERIES '

**Natural numbers are the product of human spirit. — DEDEKIND +*

9.1 Introduction

In mathematics, the word, “sequence” is used in much the
same way asit isin ordinary English. When we say that a
collection of objectsislisted in asequence, weusually mean
that the collection is ordered in such a way that it has an
identified first member, second member, third member and
so on. For example, popul ation of human beingsor bacteria
at different times form a sequence. The amount of money
depositedin abank, over anumber of yearsform asequence.
Depreciated values of certain commodity occur in a
sequence. Sequences haveimportant applicationsin several Fibonacci
spheres of human activities. (1175-1250)
Sequences, following specific patternsare called progressions. In previousclass,
we have studied about arithmetic progression (A.P). Inthis Chapter, besides discussing
more about A.P; arithmetic mean, geometric mean, relationship between A.M.
and GM., special seriesin forms of sumto n terms of consecutive natural numbers,
sum to n terms of squares of natural numbers and sum to n terms of cubes of
natural numbers will also be studied.

9.2 Sequences

L et usconsider thefollowing examples:

Assume that there is a generation gap of 30 years, we are asked to find the
number of ancestors, i.e., parents, grandparents, great grandparents, etc. that a person
might have over 300 years.

Here, the total number of generations — 300 =10
30
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The number of person’s ancestorsfor thefirst, second, third, ..., tenth generations are
2,4,8, 16, 32, ..., 1024. These numbers form what we call a sequence.

Consider the successive quotients that we obtain in the division of 10 by 3 at
different steps of division. Inthisprocesswe get 3,3.3,3.33,3.333, ... and so on. These
guotients also form a sequence. The various numbers occurring in a sequence are
called its terms. We denote the terms of asequenceby a, a,, a,, ..., a, ..., €tc,, the
subscripts denote the position of the term. The n"term isthe number at the n™ position
of the sequence and is denoted by a_ The n termisal'so called the general term of the
seguence.

Thus, the terms of the sequence of person’s ancestors mentioned above are:
a=2a=44a=38,..,a,=1024.
Similarly, in the example of successive quotients
a,=3a=332a=333, ..., a,= 3.33333, etc.

A sequence containing finite number of terms is called a finite sequence. For
example, sequence of ancestorsis afinite sequence since it contains 10 terms (afixed
number).

A sequence is called infinite, if it is not a finite sequence. For example, the
sequence of successive quotients mentioned above is an infinite sequence, infinite in
the sense that it never ends.

Often, itispossibleto expresstherule, whichyieldsthe variousterms of asequence
in terms of algebraic formula. Consider for instance, the sequence of even natura
numbers 2, 4,6, ...

Here a=2=2x1 a,=4=2x2

a3:6=2><3 a4:8=2><4

a,=46=2x23,a, =48=2x 24, and so on.

In fact, we see that the n™ term of this sequence can be written as a = 2n,
wherenisanatural number. Similarly, in the sequence of odd natural numbers1,3,5, ...,
the n" term is given by the formula, a =2n-1, where nisanatural number.

In some cases, an arrangement of numberssuchasl, 1, 2, 3,5, 8,.. hasnovisible
pattern, but the sequence is generated by the recurrence relation given by

a1232:1
a=a t+a
a=-a ,+a n>2

n n—2 n—17

This sequence is called Fibonacci sequence.
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In the sequence of primes 2,3,5,7,..., we find that there is no formulafor the n™
prime. Such sequence can only be described by verbal description.

In every sequence, we should not expect that itstermswill necessarily be given
by aspecific formula. However, we expect atheoretical schemeor arulefor generating
theterms a,, a, a,,...,a,... in succession.

In view of the above, a sequence can be regarded as a function whose domain
is the set of natural numbers or some subset of it. Sometimes, we use the functional
notation a(n) for ap.

9.3 Series

Leta, a,a,...,a, beagiven sequence. Then, the expression

a+ata +..+ta+..
is called the series associated with the given sequence .The seriesisfinite or infinite
according as the given sequence is finite or infinite. Series are often represented in

compact form, called sigma notation, using the Greek letter Y (sigma) as means of
indicating the summation involved. Thus, theseriesa, + a,+a; + ... + a, isabbreviated

Remark When the seriesis used, it refers to the indicated sum not to the sum itself.
For example, 1 + 3+ 5 + 7 isafinite series with four terms. When we use the phrase
“sum of a series,” we will mean the number that results from adding the terms, the
sum of the seriesis 16.

We now consider some examples.

Example 1 Write the first three terms in each of the following sequences defined by
thefollowing:

. } n-3
(i) a,=2n+5, (i) aﬂ:T.

Solution (i) Here a,= 2n+ 5
Substitutingn= 1, 2, 3, we get
a=21)+5=7a,=94a,=11
Therefore, the required terms are 7, 9 and 11.

. n-3 1-3 1 1
(i) HereaﬂzT.Thus, 61=T=—§,a2=—z,a3=0
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Hence, the first three terms are_} _} and 0.

2 4

Example 2 What is the 20" term of the sequence defined by
an=Mn-1)2-n@B+n)?

Solution Putting n = 20, we obtain
a,, = (20— 1) (2 - 20) (3 + 20)
= 19 x (— 18) x (23) = — 7866.
Example 3 Let the sequence a, be defined as follows:
a=1 a=a ,+2forn>2

Find first five terms and write corresponding series.
Solution We have

a=la=a+2=1+2=3,a,=a,+2=3+2=5,

a,=a,+2=5+2=7,a=a,+2=7+2=09.

Hence, thefirst five terms of the sequence are 1,3,5,7 and 9. The corresponding series
is1+3+5+7+9+..

| EXERCISE 9.1

Write the first five terms of each of the sequences in Exercises 1 to 6 whose nth
terms are:

n
1. a=n(n+2 2. 8= "1 11 3. =2
2n-3 n*+5
4. a = 5 a=E)et 6. a=n :

4

Find the indicated terms in each of the sequences in Exercises 7 to 10 whose n
terms are:

2

n -

7. a=4n-3a,a, 8 a=n'
n(n-2)

9. a = ()" '3 a, 10. a,= n:3 1 Qg
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Write thefirst five terms of each of the sequencesin Exercises 11 to 13 and obtain the
corresponding series:

11. a,=3,a,=3a _,+2foraln>1 12. a=-1a-= %,nzz

13. aa=a,=2,a,=a,_,-1n>2
14. TheFibonacci sequenceis defined by

1=a1:a2andan:an_1+an_2,n>2.

. an+l
Find _an ,forn=1,2,3,4,5

9.4 ArithmeticProgression (A.P.)
Let us recall some formulae and properties studied earlier.

A sequence a,, a,, a,,..., a,,... is caled arithmetic sequence or arithmetic
progressionifa ,, =a +d,ne N, wherea, iscalled thefirst termand the constant
term d is called the common difference of the A.P.

Let us consider an A.P. (in its standard form) with first term a and common
differenced, i.e,a,a+d, a+ 2d, ...

Then the n term (general term) of the AP isa =a+ (n-1) d.

We can verify the following simple properties of anA.P. :
(i) If aconstant is added to each term of an A.P, the resulting sequence is
aso anA.P.
(i) If aconstant is subtracted from each term of an A.P, the resulting
sequence is also anA.P.
(iii) If eachterm of anA.P. is multiplied by a constant, then the resulting
sequence isaso anA.P.
(iv) If each term of an A.P. isdivided by anon-zero constant then the
resulting sequenceisaso anA.P.

Here, we shall use the following notations for an arithmetic progression:
a=thefirst term, | =thelast term, d = common difference,

n = the number of terms.
S,=the sumto n terms of A.P.

Leta,a+d,a+ 2d,..,a+ (n—1) dbeanA.P. Then
| =a+(-21d

2020-21



182 MATHEMATICS

S, :g[2a+(n—1)d]

n
We can adso write, S, :E[a+l]

Let us consider some examples.

Example4 InanA.P. if mih term isn and the nth term is m, wherem = n, find the pth
term.

Solution We have a_=a+(m-1)d=n, .. (1)
and a=a+(n-1)d=m .. (2
Solving (1) and (2), we get
(m=n)d=n-m,or d=-1, .. (3
and a=n+m-1 .. (4

Therefore a=at (p—1d
=n+m-1+(p-1)(-1)=n+m-p
Hence, the p" termisn + m—p.

Example 5 If the sum of nterms of an A.P. is nP+%n(n—1)Q, where Pand Q

are constants, find the common difference.

Solution Let a,, &, ... a be the given A.P. Then

1
S,=a*ta+a .ty +a=nP+nn-1)Q
Therefore S,=a,=PS,=a+a,=2P+Q
So that a,=5-S=P+Q
Hence, the common difference is given by d = a,-a = P+Q -P=Q.
Example 6 The sum of n terms of two arithmetic progressions are in the ratio
(3n+8) : (7n + 15). Find theratio of their 12 terms.

Solution Let a, a, and dl, d2 be the first terms and common difference of the first
and second arithmetic progression, respectively. According to the given condition, we

have

Sumtontermsof firstA.P. _ 3n+8
Sumtontermsof secondA.P. 7n+15
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n
E[Zaff( n-1)d,] _ 3n+8

Sl2a+(n-1d,] M

or

2a,+(n-1)d, _ 3n+8
or 2a,+(n-1d, 7n+15 - (D)

12" termof firstA.P. & +11d,

Now 12" termof secondA.P  a,+11d,
2a,+22d, 3x23+8 _ \
2a,+22d, T 7%x23+15 [By putting n =23 in (1)]
a+11d, 12" termof firt AP. 7

Therefore = =

a,+11d, 12" term of second A.P. 16
Hence, therequired ratio is 7 : 16.

Example 7 Theincome of apersonisRs. 3,00,000, in thefirst year and hereceivesan
increase of Rs.10,000 to his income per year for the next 19 years. Find the total
amount, he received in 20 years.

Solution Here, we have an A.P. with a = 3,00,000, d = 10,000, and n = 20.
Using the sum formula, we get,

20
So=" [600000+19x10000] = 10 (790000) = 79,00,000.

Hence, the person received Rs. 79,00,000 as the total amount at the end of 20 years.

9.4.1 Arithmetic mean Given two numbers a and b. We can insert a number A
between them so that a, A, bisanA.P. Such anumber A is called the arithmetic mean
(A.M.) of the numbers a and b. Note that, in this case, we have

] a+b
A—-a=b-A, ie,A :T

We may also interpret the A.M. between two numbers a and b as their

a+b
average T . For example, the A.M. of two numbers 4 and 16 is 10. We have, thus

constructed an A.P. 4, 10, 16 by inserting a number 10 between 4 and 16. The natural
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guestion now arises: Can weinsert two or more numbers between given two numbers
so that the resulting sequence comes out to be an A.P. ? Observe that two numbers 8
and 12 can be inserted between 4 and 16 so that the resulting sequence 4, 8, 12, 16
becomes an A.P.

More generally, given any two numbersa and b, we can insert as many numbers
as we like between them such that the resulting sequenceisan A.P.

LetALALA, ..., A be n numbers between a and b such that a, ALALA, ...,

A, bisanA.P.

Here bisthe(n+2)"term,i.e, b=a+[(n+2)-1]d =a+ (n+ 1) d.

Thisgives d:E.
n+1

Thus, n numbers between a and b are as follows:

b—a
A =a+d=a+ n+l
2(b-a)
A,=at2d=a+ " 3
3(b—a)
Aj=a+3d=a+ "
n(b—a)
A =Za+nd=a+ n+1

Example 8 Insert 6 numbers between 3 and 24 such that the resulting sequence is

an A.P.

Solution Let A, A, A, A, A, and A be six numbers between 3 and 24 such that
3 ALALALALAL A 24areinAP. Here,a=3,b=24,n=8.

Therefore, 24 =3+ (8-1) d, sothat d=3.

Thus A =a+d=3+3=6; A,=a+2d=3+2x3=9;
A,=a+3d=3+3x3=12, A,=a+4d=3+4x3=15
A,=a+5d=3+5x3=18, A,=a+6d=3+6x3=2L

Hence, six numbers between 3 and 24 are 6, 9, 12, 15, 18 and 21.
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| EXERCISE 9.2

Find the sum of odd integersfrom 1 to 2001.

Find the sum of all natural numberslying between 100 and 1000, which are
multiplesof 5.

Inan A.P, the first term is 2 and the sum of the first five terms is one-fourth of
the next five terms. Show that 20t term is—112.

How many terms of the A.P. —6, _1_1 ,—5, ... areneeded to give the sum —25?

2

Inan A.R, if p" term is 1 and " term is 1 prove that the sum of first pg
q p

termsis 1 (pq +1), where p # q.

If the sumof acertain number of terms of theA.P. 25, 22, 19, ... is116. Find the
last term.

Find the sum to n terms of the A.P,, whose k"term is 5k + 1.

If the sum of n terms of an A.P. is (pn + gn?), where p and q are constants,
find the common difference.

The sums of n terms of two arithmetic progressions are in the ratio
5n+4:9n+ 6. Find theratio of their 18" terms.

If the sum of first p termsof an A.P. isequal to the sum of thefirst g terms, then
find the sum of thefirst (p + q) terms.

Sum of the first p, g and r terms of an A.P. are a, b and c, respectively.

a b c
Prove that —p(q—r)"‘a(r— p)+F(p—q)=0

The ratio of the sums of m and n terms of an A.P. is m?: n? Show that the ratio
of mhand n" termis (2m—1) : (2n—-1).

If the sum of nterms of anA.P.is3n? + 5n and its m" term is 164, find the value
of m.

Insert five numbers between 8 and 26 such that the resulting sequenceisan A.P.

a"+b" . :
If ————— isthe A.M. between a and b, then find the value of n.
a.n—l_l_ bn—l
Between 1 and 31, mnumbers have been inserted in such away that the resulting
sequenceisan A. P. and theratio of 7" and (m— 1) numbersis5: 9. Find the

value of m.
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17. A man starts repaying aloan as first instalment of Rs. 100. If he increases the
instalment by Rs 5 every month, what amount he will pay in the 30" instalment?

18. The difference between any two consecutive interior angles of a polygon is5°.
If the smallest angleis 120°, find the number of the sides of the polygon.

9.5 Geometric Progression (G. P)
Let us consider the following sequences:

, 111 4
(i)2,4,8,16.,..., (ii) 9'27'81 213 . (iii) .01,.0001,.000001, ...
In each of these sequences, how their terms progress? We note that each term, except
thefirst progressesin adefinite order.

In (i), we have a1=2,&=2,ﬁ=2,ﬂ=2 and so on.

a a, as

. 1 a, 1 ag la 1
In eobserve, ¢y =—, —=——,—=—,—=— andsoon.
(i), weobserve, &, =g, < =3 =3 0 3
Similarly, state how do the terms in (iii) progress? It is observed that in each case,
every term except thefirst term bears aconstant1 ratioto theterm immediately preceding

it. In (i), this constant ratio is 2; in (ii), it is "3 and in (iii), the constant ratio is 0.01.

Such sequences are called geometric sequence or geometric progression abbreviated
as GP
Asequencea; a, a,, ..., &, ... is called geometric progression, if each term is

]
non-zero and —— =r (constant), for k> 1.
a
By letting a, = a, we obtain ageometric progression, a, ar, ar?, ard,....,wherea
is called thefirst termandr is called the common ratio of the GP. Common ratio in

1
geometric progression (i), (ii) and (iii) above are 2, 3 and 0.01, respectively.
Asin case of arithmetic progression, the problem of finding the n term or sum of n
terms of ageometric progression containing alarge number of termswould bedifficult
without the use of the formulae which we shall develop in the next Section. We shall

usethefollowing notationswith these formul ae:
a =thefirst term, r = the common ratio, | = the last term,

n = the numbers of terms,
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n = the numbers of terms,
S, = the sum of first n terms.

9.5.1 General term of a G.P. Let us consider a G.P. with first non-zero term ‘a’ and
commonratio ‘r’. Writeafew termsof it. The second term isobtained by multiplying
a by r, thus a, = ar. Similarly, third term is obtained by multiplying a, by r. Thus,
a,=ay =ar? and so on.

We write below these and few more terms.
Tterm=a =a=ar*!, 2¥teem=a, =ar = ar*!, 3term=a, = ar* = ar**
A"term=a, = ar®* = ar*!, S"term = g, = ar* = ar**
Do you see a pattern? What will be 16" term?

a,= arlel = gris

Therefore, the pattern suggests that the n"term of a G.P. is given by
a = ar™
Thus, a, GP. can bewritten as a, ar, ar?, ar?, ... ar"~%; a, ar, ar?,...,ar"~...;according
as GP. isfinite or infinite, respectively.

Theseriesa+ar +ar?+ ... +a"ora+ar +ar’+ .. +a" +..aecdled
finite or infinite geometric series, respectively.

9.5.2. Sumton terms of a G.P. Let the first term of a G.P. be a and the common
ratio ber. Let us denote by S, the sum to first n terms of GP. Then

S =a+ar+ar’+.+a"t )
Case 1 If r=1,wehave Sy=a+a+a+..+a(nterms) =na

Case 2 If r=1, multiplying (1) by r, we have
rS =ar+ar’+ar*+ .. +ar )
Subtracting (2) from (1), weget (1-r) S =a—-ar" =a(1-1r")

. _a@l-r") a(r" 1)
Thisgives S, = 12 o S ==

Example 9 Find the 10" and n terms of the GP. 5, 25,125,... .

Solution Herea=5and r = 5. Thus, a, = 5(5)'** = 5(5)° = 5%

and a =arm=55"=5".

Examplel0 Which term of the GP, 2,8,32, ... up to ntermsis 131072?
Solution Let 131072 be the n term of the given GP. Herea=2and r = 4.
Therefore 131072 =a =2(4)"~* or 65536 = 41

Thisgives 48 =4n-t

Sothat n—1=8,i.e, n=9. Hence, 131072 is the 9" term of the G.P.
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Examplell In aGP, the 39term is 24 and the 6" term is 192.Find the 10" term.
Solution Here, a,=ar’ =24 .. (1)

and a,=ar’=192 .. (2
Dividing (2) by (1), we get r = 2. Substitutingr =2in (1), wegeta=6.
Hence a,, = 6 (2)° = 3072.

Examplel2 Find the sum of first n termsand the sum of first 5 terms of the geometric

i 1+E+—+
series 3Tt

2
Solution Herea=1andr = —. Therefore

oo gy

| ticul =31 2Y —3><2—11 —E
nparticular, S; = —§ = 43 T 8L’

33
Example 13 How many terms of the G.P. 3,5 2 are needed to give the

3069 5
sum 512
. ) 1 3069
Solution Let n be the number of terms needed. Giventhata=3,r = E and S, ZE
. a@-r"
Since g J
Sh 1-r
1
3(1--.)
Therefore 3069 _ 2" gL
512 1_} 2"
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3069 _, 1
o 0727 2
1,389 3 1
2" 3072 3072 1024
or 2" = 1024 = 29, which givesn = 10.

or

13
Example 14 The sum of first three terms of aGP. is D and their product is— 1.

Find the common ratio and the terms.

a
Solution Let F’ a, ar be thefirst three terms of the GP. Then

E+ar+a—£’ 1
r T 12 - (D)

and [?j(a) (ar)=-1 e

From (2), weget a®=—1, i.e.,, a=—1 (considering only real roots)
Substituting a=-11in (1), we have

1 13
——=1-r=— or12r2+ 25r + 12 =0.
r 12
. . : 3 4
Thisisaquadraticinr, solving, we get rz_zor_g.
Thus, the three t f GP 2 —1§forr—_—3and§—J,ﬂforr-_—4
us, the three terms o .are.3, » ) 7k 3 3"

Examplel5 Find the sum of the sequence 7, 77, 777, 7777, ... to nterms.

Solution Thisisnot a GP, however, we can relateit to a GP. by writing the terms as
Sn=71+77+777+ 7777+ ... tonterms

[9+99+999+9999+ ...to nterm]

[(10-1)+(10* —1)+(10° ~1)+ (10" —1) +...nterms]

©olN ol
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- ! 10+10% +10% +..nterms) —(1+1+1+...nterms
9

_7[wa0-y _ ] _7[10a0-y

~ 9| 10-1 9 9 '

Example 16 A person has 2 parents, 4 grandparents, 8 great grandparents, and so on.
Find the number of his ancestors during the ten generations preceding his own.

Solution Herea=2,r=2and n=10
ar"-1
r-1
We have S, = 2(2° —-1) = 2046
Hence, the number of ancestors preceding the person is 2046.
9.5.3 Geometric Mean (G.M.) The geometric mean of two positive numbers a

Usingthesumformula S =

and b is the number \/% . Therefore, the geometric mean of 2 and 8is 4. We
observe that the three numbers 2,4,8 are consecutive terms of a G.P. Thisleadsto a
generalisation of the concept of geometric means of two numbers.

Given any two positive numbers a and b, we can insert as many numbers as
we like between them to make the resulting sequencein a GP.

Let G, G,,..., G, be nnumbers between positive numbers a and b such that
a,G,,G,G,,....G bisaGP. Thus, b being the (n + 2)"term,we have

1

b=ar"*!, or rzgm'
' a

Hence G,=ar=a b b Ll T
7 a ’G2=ar2=a[—jn+, G3=ar3=a[9jn+l,
a

a
n
G, =ar"=a E i
" a

Examplel? Insert three numbers between 1 and 256 so that the resulting sequence

isaGP

Solution Let G, G,,G, be three numbers between 1 and 256 such that
1,G,G,G, 256 isaGP.
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Therefore 256 =r*giving r = + 4 (Taking real roots only)
Forr=4,wehaveG =ar=4,G,=ar*=16,G,=ar*=64

Similarly, for r =—4, numbers are— 4,16 and — 64.

Hence, we can insert 4, 16, 64 between 1 and 256 so that the resulting sequences are
inGP.

9.6 Relationship Between A.M. and G.M.

Let Aand GbeA.M. and GM. of two given positivereal numbersa and b, respectively.
Then

A=‘3‘%b andG =+/ab

Thus, we have

G- at+b b - a+b-2ab
-G=—r = 2TV
(o)
- >0 - (D)

2
From (1), we obtain the relationship A>G.

Example 18 If A.M. and GM. of two positive numbers a and b are 10 and 8,
respectively, find the numbers.

a+b
Solution Given that A.M.=T=10 -2
and G.M.=/ab =8 - (2)
From (1) and (2), we get
a+b=20 - (3)
ab =64 .. (4

Putting the value of a and b from (3), (4) in the identity (a — b)? = (a + b)?— 4ab,
we get
(a—b)?2=400-256 = 144
or a-b=x12
.. (5
Solving (3) and (5), we obtain
a=4,b=16ora=16,b=4
Thus, the numbersa and b are 4, 16 or 16, 4 respectively.
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| EXERCISE 9.3

555

1. Find the 20" and n terms of the GP. S
2. Find the 12" term of a G.P. whose 8" term is 192 and the common ratio is 2.
3. The 5" 8" and 11" terms of a G.P. are p, g and s, respectively. Show
that g? = ps.
4. The 4" term of a GP. is square of its second term, and the first term is — 3.
Determine its 7" term.
5. Which term of thefollowing sequences:
(@ 2,242,4,..is128? (b) +/3,3,343,...is729 72
11 1 . 1
(© =Zizi5.Is ?
39 27 19683
2 7 .
6. For what values of x, the numbers —7 , x,—Eare inGR?
Find the sum to indicated number of terms in each of the geometric progressionsin
Exercises 7 to 10:
7. 0.15,0.015, 0.0015, ... 20 terms.
8. J7.,421,37,...nterms.
9. 1,—a a4 —&, ..nterms (if a# — 1).
10. 3, %8, X, ... nterms (if x # £ 1).
11
11. Evauate Y (2+3%)
k=1 .
12. The sum of first three terms of a GP. is % and their product is 1. Find the
common ratio and the terms.
13. How many terms of GP. 3, 32, 33, ... are needed to give the sum 120?
14. Thesum of first three terms of aGP. is 16 and the sum of the next threetermsis
128. Determine the first term, the common ratio and the sum to n terms of the GP.
15. GivenaGP witha =729 and 7" term 64, determine S,.
16. Find a GP. for which sum of the first two terms is — 4 and the fifth term is
4 times the third term.
17. If the 4, 10" and 16" terms of a GP. are x, y and z, respectively. Prove that X,

y, zarein GP.
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Find the sum to n terms of the sequence, 8, 88, 888, 8388... .
Find the sum of the products of the corresponding terms of the sequences 2, 4, 8,

16,32and 128, 32, 8, 2, % .

Show that the products of the corresponding terms of the sequences a, ar, ar?,
armtand A, AR, AR?, ... AR~ form a G.P, and find the common ratio.
Find four numbers forming a geometric progression in which the third term is
greater than thefirst term by 9, and the second term is greater than the 4" by 18.
If the p, g" and r" terms of a GP. are a, b and c, respectively. Prove that
ai~"brPcPra =1,

If the first and the n term of a GP. are a and b, respectively, and if Pis the
product of n terms, prove that P2 = (ab)".

Show that the ratio of the sum of first n terms of a G.P. to the sum of terms from

(n+ D" to (2n)" term is in .
r
If a, b, cand d are in GP. show that
@+ b+ c?) (b>+ 2+ d?) =(ab+ bc + cd)?.
Insert two numbers between 3 and 81 so that the resulting sequence is G.P.

an+l+bn+l
Find the value of n so that ————— may be the geometric mean between

n n
a and b. a’+b

The sum of two numbersis 6 times their geometric mean, show that numbers

areintheratio (3+2\/§):(3—2\/§).
If A and G be A.M. and GM., respectively between two positive numbers,

prove that the numbers are A i\/(A+G)(A—G) .

The number of bacteriain a certain culture doubles every hour. If there were 30
bacteriapresent in the culture originally, how many bacteriawill be present at the
end of 2" hour, 4" hour and n" hour ?

What will Rs 500 amountsto in 10 years after its deposit in a bank which pays
annual interest rate of 10% compounded annually?

If A.M. and GM. of roots of aquadratic equation are 8 and 5, respectively, then
obtain the quadratic equation.
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9.7 Sum ton Termsof Special Series

We shall now find the sum of first n terms of some special series, namely;
(i) 1+2+3+... +n(sum of first n natural numbers)
(i) 212+ 2%+ 3?+... + n%(sum of squares of the first n natural numbers)
(i) 13+ 23+ 3*+... + n*(sum of cubes of the first n natural numbers).
Let us take them one by one.

nn+1)

() S=1+2+3+..+n,thenS = 5

(See Section 9.4)
(i) Here S=1°+2°+3+ ..+
We consider theidentity k®—(k—1)*=3k* -3k + 1
Puttingk=1, 2...,n  successively, we obtain
B-0=31)?*-3(1)+1
2-13=3(2?-3(2 +1
P-28=303)2-3(3) +1

nt-Mn-=1>3=3M32?-3(n)+1
Adding both sides, we get
NP-0=31?+22+3+..+n)-3(1+2+3+..+n)+n

n3:32n:k2—3zn:k+n
k=1 k=1

n
1
By (i), weknow that )_k=1+2+3+..+ n=n(n+D

k=1

- 1 3n(n+1
Hence S = YK =§[n3+%—n} :£(2n3+3n2+n)
k=1 6
_ n(n+1)(2n+)
- 6

(i) HereS =13+ 2%+ ..+
Weconsider theidentity, (k+ 1)*—k*=4k®+ 6k* + 4k + 1
Puttingk =1, 2, 3... n, we get
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24— 14 = 4(1)° + 6(1)% + 4(1) + 1
324 = 4(2)° + 6(2)% + 4(2) + 1
4 -3 = 43+ 6(3)2 + 4(3) + 1

nN=-1)*-(n-2*=4(n-2°*+6(n-22+4n-2)+1
nf—(n-21*=4n-132+6(n-12+4n-1) +1
(n+1)*—n*=4n*+6n*+4n+1

Adding both sides, we get
N+ D=1 =413+ 22+ B+.+n°) + 6(1>+ 22+ F + .+ n’) +
41+2+3+..+n)+n

n n n
=4Zk3+62k2+42k+n e
k=1 k=1 k=1
From parts (i) and (ii), we know that

nn+1) (2n+1)
6

2
Putting these valuesin equation (1), we obtain
én(n+Y(2n+1) 4n(n+1) _n

Y k=20 g Yz =
k=1 k=1

n
4Y k®=n*+4n*+6n° +4n—

k=1 6 2
or A4S =n*+4An*+6m+4n—n(2n*+3n+1)-2n(n+1)—n
=n‘+ 2w+ n?
= n(n + 1)
2 2 In(n+D)f
Hence, s =1 (n4+1) | (4 )]

Example 19 Find the sum to n terms of the series: 5+ 11 + 19+ 29 + 41...

Solution Let us write

S=5+11+19+29+..+a  +a
or S = 5S+11+19 +..+a +a  +a
On subtraction, we get
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0=5+[6+8+10+12+..(n—-1)terms] —a,

(n=Y[12+(n-2)x 2]
2
=5+(n-1)(n+4)=r*+3n+1

or an=5+

Hence g = iak:i(k2+3k+1):ik2+3ik+n
k=1 k=1 1

k=1

nn+1)(2n+) 3n(n+1) _ n(n+2)(n+4)
6 2 3 '

Example 20 Find the sum to n terms of the series whose n" term is n (n+3).
Solution Giventhat a =n(n+3) =n*+23n
Thus, the sum to ntermsis given by

S = Ya=) kK +3) k

n n n
k=1 k=1 k=1

_ n(n+1)(2n+1)+3n(n+1) _n(n+1)(n+5)
N 6 2 3 '

|EXERCISE 94 |

Find the sum to n terms of each of the seriesin Exercises1to 7.
1. 1x2+2x3+3x4+4%x5+.., 2. 1x2x3+2x3x4+3x4x5+ ..,
1 1 1
+ + +
1x2 2x3 3x4
5. B2+ 62+ 77+ ... +207 6. 3x8+6x11+9x14+ ..
7.+ (P+2)+(1P+ 22+ 3) + .
Find the sum to n terms of the seriesin Exercises 8 to 10 whose n terms is given by

3. 3x12+5%x22+7x3+ .. 4,

8. n(n+1) (n+4). 9. n2+2n
10. (2n-1)?
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Miscellaneous Examples

Example21 If p® g™, rt and s" terms of an A.P. are in G.P, then show that
(p—0q), (@-r), (r—s) aredsoin GP.

Solution Here

ap —a+ (p —1) d (1)
aq —a+ (q —1) d (2)
a=a+(r-1)d )]
a=a+(s-1)d .. (4

Given that a,a,a and a areinGP
% & a g-a& q-r ..(5
a, a a-a p-a "7 )
Smilarl a a;_ a-a;_r-s ... (6
mitary a, 3 a-a g (Wy? ©

Hence, by (5) and (6)

q-—r _r—-s.ie, p—-g,g-randr-saeinGP.
pP—-q q-r

1 1 1
Example 22 If a, b,carein GP. and gx _py — ¢z, provethat x, y, zare in A.P.

1 1 1
Solution Let a*= bY =cz=k Then

a=k<, b=k andc =Kk . (1)
Since a, b, c are in G.P, therefore,

b =ac - (2

Using (1) in (2), we get
k¥ = k**2 which gives2y = x + z
Hence, x, yand zare in A.P.

Example 23 If a, b, ¢, d and p are different real numbers such that
@+ b?+c)p?—2(ab + bc + cd) p + (b*>+ ¢+ d?) < 0, then show that a, b, cand d
arein GP.

Solution  Given that
@+pP+cd)pP-2@+bc+cd)p+ (BP+c2+d?) <0 . (1)
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But L.H.S.
= (a?p? — 2abp + b?) + (b?p? — 2bcp + ¢2) + (c%p? — 2cdp + d?),
which gives (ap —b)? + (bp—c)*+ (cp—d)> 20
2
Since the sum of squares of real numbersis non negative, therefore, from (1) and (2),
we have, (ap —b)?2+(bp —c)?+(cp —d)>=0

or ap—b=0,bp-c=0,cp—-d=0
Thisimpliesthat E—E—E—IO
isimplies 2 b o

Hencea, b, cand d arein GP.

Example 24 If p,q,r arein GP. and the equations, px? + 2gx + r = 0 and

dx? + 2ex + f = 0 have a common root, then show that Q,E,i areinA.P.
pqgr
Solution  The eguation px? + 2gx + r = 0 has roots given by

_2q+ 2.
e 2q_«/4q 4arp

2p

Sincep ,q, r aein GP. ¢ = pr. Thus x:_—q but —9 isalso root of
p p
dx® + 2ex + f = 0 (Why ?). Therefore

2
d| 29| y2el =9 |+ 1 =0,
p p
or do? — 2egp + fp? =0 - ()
Dividing (1) by pg?and usingg? = pr, we get

d 2 fp 2e d f
———+—=0, or —=—t—
p q pr qa pr
Hence E,E,i aeinA.P.
pagr
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Miscellaneous Exercise On Chapter 9

Show that the sum of (m+ n)" and (m —n)™ terms of an A.P. is equal to twice
the m™" term.

If the sum of three numbersin A.P, is 24 and their product is 440, find the
numbers.

Letthesum of n, 2n, 3ntermsof anA.P.be S, S,and S, respectively, show that
S,=3(§-9)

Find the sum of all numbers between 200 and 400 which aredivisible by 7.

Find the sum of integersfrom 1 to 100 that are divisible by 2 or 5.

Find the sum of all two digit numberswhich when divided by 4, yields 1 as
remainder.

If fisafunction satisfying f (x +y) = f(x) f(y) for all x, y € N such that

n

f(1) =3and Y, f(X) =120 find the value of n.
x=1

The sum of sometermsof G.P. is 315 whose first term and the common ratio are

5 and 2, respectively. Find the |ast term and the number of terms.

Thefirst term of aGP. is 1. The sum of the third term and fifth term is 90.

Find the common ratio of GP.

Thesum of three numbersin GP. is56. If wesubtract 1, 7, 21 from these numbers

in that order, we obtain an arithmetic progression. Find the numbers.

A GP consistsof an even number of terms. If the sum of al thetermsis5 times

the sum of terms occupying odd places, then find its common ratio.

The sum of thefirst four terms of an A.P. is56. The sum of thelast four termsis

112. If itsfirst termis 11, then find the number of terms.

a+bx b+cx  c+dx
a-bx b-cx c—dx
Let S bethe sum, P the product and R the sum of reciprocals of ntermsinaG.P.
Prove that PPR" = S
The p™, g™ and r'" terms of an A.P. are a, b, ¢, respectively. Show that

(@-r)a+(r-p)o+(p-q)c=0

(x#0), then show that a, b, cand d are in G.P.

1 1),(1 1 11 _ _
If a| =+=|,b| =+=|,c| =+= | areinA.P, prove that a, b, c arein A.P.
b c c a a b

If a, b, ¢, darein GP, prove that (a” + b"), (b" + "), (c" + d") arein G.P
If aand b are the roots of X2 —3x + p=0and ¢, d are roots of X2 —12x + q =0,
where a, b, ¢, d form a GP. Provethat (g + p) : (Q—p) = 17:15.
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19.

20.

21.

22.
23.
24.

25.

26.

27.

28.

29.

30.

31.

32.

MATHEMATICS

Theratio of the A.M. and GM. of two positive numbersa and b, ism: n. Show
that a:b=(m+\/mz—n2):(m—\/mz—nz) .

Ifa,b,careinA.P; b, c,darein GP and },E,Eare in A.P. provethat a, c, e
. cde

arein GP.

Find the sum of the following seriesup to nterms:

(i) 5+55+555 + ... (ii) .6 +. 66 +. 666+...

Find the 20" term of the series2 x4+ 4x 6+ 6 x 8+ ... + nterms.

Find the sum of thefirst n terms of the series; 3+ 7 +13 +21 +31 +...

If S, S, S,ae the sum of first n natural numbers, their squares and their

cubes, respectively, show that 97 =S, (1 + 8S).

Find the sum of the following seriesup to n terms:

P P42 P+2+3
1 1+3 1+3+5

1x2% +2xF + .. +nx(n+1)° _ 3n+5
Px2+2?x3+..+n°x(n+1) 3n+1.

A farmer buys a used tractor for Rs 12000. He pays Rs 6000 cash and agreesto
pay the balancein annual instalments of Rs 500 plus 12% interest on the unpaid
amount. How much will the tractor cost him?

Shamshad Ali buys a scooter for Rs 22000. He pays Rs 4000 cash and agreesto
pay the balancein annual instalment of Rs 1000 plus 10% interest on the unpaid
amount. How much will the scooter cost him?

A person writes aletter to four of hisfriends. He asks each one of them to copy
the letter and mail to four different persons with instruction that they move the
chain similarly. Assuming that the chain is not broken and that it costs 50 paiseto
mail one letter. Find the amount spent on the postage when 8" set of letter is
mailed.

A man deposited Rs 10000 in a bank at the rate of 5% simple interest annually.
Find the amount in 15" year since he deposited the amount and also cal culate the
total amount after 20 years.

A manufacturer reckons that the value of amachine, which costshim Rs. 15625,
will depreciate each year by 20%. Find the estimated value at the end of 5 years.
150 workerswere engaged to finish ajob in a certain number of days. 4 workers
dropped out on second day, 4 more workers dropped out on third day and so on.

Show that
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It took 8 more daysto finish thework. Find the number of daysinwhich thework
was compl eted.

Summary

4 By asequence, we mean an arrangement of number in definite order according
to some rule. Also, we define a sequence as a function whose domain is the
set of natural numbers or some subsets of thetype{1, 2, 3, ...k} . A sequence
containing afinite number of termsis called afinite sequence. A sequenceis
caled infiniteif it is not afinite sequence.

¢ Leta,a, a, ... bethe sequence, then the sum expressed asa, +a, +a, + ...
is called series. A series is called finite series if it has got finite number of
terms.

¢ An arithmetic progression (A.P) is a sequence in which terms increase or
decrease regularly by the same constant. This constant is called common
difference of the A.P. Usually, we denote the first term of A.P. by a, the
common difference by d and the last term by |. The general term or the n™
termof theA.P.isgivenbya =a+ (n-1) d.

Thesum S, of the first nterms of an A.P. is given by

S, = g[2a+ (n-1)d]= 2(a+ .

at+b
¢ Thearithmetic mean A of any two numbersa and b isgiven by R i.e, the

sequence a, A, bisinA.P.

¢ A sequence is said to be a geometric progression or GP.,, if the ratio of any
term to its preceding term is same throughout. This constant factor is called
the common ratio. Usually, we denote the first term of a GP. by a and its
common ratio by r. The general or the n™ term of GP.isgivenby a = ar"~*.
Thesum S of the first n terms of GP. is given by
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_a(r”—l) a(l-r")
S, = — or T Jfr=1

4 The geometric mean (G.M.) of any two positive numbersa and b is given by

Jab i.e, thesequence a, G bis GP.

Historical Note

Evidenceisfound that Babylonians, some 4000 years ago, knew of arithmetic and
geometric sequences. According to Boethius (510), arithmetic and geometric
sequences were known to early Greek writers. Among the Indian mathematician,
Aryabhatta (476) wasthe first to give the formulafor the sum of squares and cubes
of natural numbers in his famous work Aryabhatiyam, written around
499. He also gave the formula for finding the sum to n terms of an arithmetic
sequence starting with p™ term. Noted Indian mathematicians Brahmgupta
(598), Mahavira(850) and Bhaskara (1114-1185) also considered the sum of squares
and cubes. Another specific type of sequence having important applications in
mathematics, called Fibonacci sequence, was discovered by Italian mathematician
L eonardo Fibonacci (1170-1250). Seventeenth century witnessed the classification
of seriesinto specific forms. In 1671 James Gregory used theterm infinite seriesin
connection with infinite sequence. It was only through the rigorous devel opment of
algebraic and set theoretic tools that the concepts related to sequence and series
could beformulated suitably.

4

® —
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Chapter 10

(STRAIGHT LINES )

¢ Geometry, as a logical system, is a means and even the most powerful
means to make children feel the strength of the human spirit that is
of their own spirit. —H. FREUDENTHAL ¢

11076CHI0

10.1 Introduction

We arefamiliar with two-dimensional coordinate geometry
from earlier classes. Mainly, it isacombination of algebra
and geometry. A systematic study of geometry by the use
of algebra was first carried out by celebrated French
philosopher and mathematician René Descartes, in hisbook
‘LaGéométry, published in 1637. Thisbook introduced the
notion of the equation of a curve and related analytical
methods into the study of geometry. The resulting
combination of analysis and geometry is referred now as
analytical geometry. In the earlier classes, we initiated
the study of coordinate geometry, wherewe studied about René Descartes
coordinate axes, coordinate plane, plotting of pointsin a (1596 -1650)

plane, distance between two points, section formulae, etc. All these concepts are the
basics of coordinate geometry.

Let us have a brief recall of coordinate geometry done in earlier classes. To
recapitulate, the location of the points (6, — 4) and 3,0)

(3, 0) inthe XY-planeisshownin Fig 10.1.

We may note that the point (6, —4) isat 6 units
distance from the y-axis measured a ong the positive
x-axis and at 4 units distance from the x-axis
measured along the negative y-axis. Similarly, the - ==------- $(6,-4)
point (3, 0) is at 3 units distance from the y-axis
measured along the positive x-axis and has zero ],
distance from the x-axis. Y

We &l so studied there following important Fig10.1
formulae:

(0]
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204  MATHEMATICS
| Distance between the points P (x, y,) and Q (x,, y,) is

2
PQ=1( =% ) + (%, - ¥.)’
For example, distance between the points (6, —4) and (3, 0) is
J(3-6)7+ (0+4)° =/ 9+16=5 units
I Thecoordinates of apoint dividing the line segment joining the points (x, y,)

mx,+Nx; my2+ny1
m+n ' m+n )

and (x,, y,) internally, in the ratio m: nare (

For example, the coordinates of the point which divides the line segment joining

. . . . 1(-3+31
A (1,-3) and B (=3, 9) internaly, in theratio 1: 3 are given by X:T:O
Ly 19+3(3)
MY =T

IIl. Inparticular, if m=n, the coordinates of the mid-point of the line segment

+
joining the points (x, y,) and (x,, y,) are [ Xl; 2 2 VZJ '

I'V. Area of the triangle whose vertices are (x, Y,), (X, ¥,) and (x,, y,) is

1
E| Xl( Y,— y3)+ XZ( Y5~ y1)+ X3( Y1~ yz) | .

For example, the area of the triangle, whose vertices are (4, 4), (3, —2) and (- 3, 16) is
1 -4
E' 4(-2-16) +3(16—4) + (-3)(4+ 2)| = - 27.

Remark If the area of the triangle ABC is zero, then three pointsA, B and C lie on
aline, i.e., they are collinear.

In the this Chapter, we shall continue the study of coordinate geometry to study
properties of the simplest geometric figure — straight line. Despite its simplicity, the
lineisavital concept of geometry and entersinto our daily experiencesin numerous
interesting and useful ways. Main focus is on representing the line algebraically, for
which slope is most essential.

10.2 Slopeof aLine
A lineinacoordinate plane formstwo angleswith the x-axis, which are supplementary.
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Theangle (say) 6 made by thelinel with positive Y
direction of x-axis and measured anti clockwise A
is called the inclination of the line. Obviously
0° <6 <180° (Fig 10.2).

We observe that lines parallel to x-axis, or
coinciding with x-axis, haveinclination of 0°. The

inclination of a vertical line (parallel to or 1800— 0

coinciding with y-axis) is90°.

Definition 1 If 6 is the inclination of a line 0 >X
[, then tan 6 is called the slope or gradient of

thelinel. 4 Fig 10.2

Theslope of alinewhoseinclinationis90° isnot

defined.

The slope of alineis denoted by m.
Thus, m=tan 6, 6 = 90°
It may be observed that the slope of x-axisis zero and slope of y-axis is not defined.

10.2.1 Slope of a line when coordinates of any two points on the line are given
We know that a line is completely determined when we are given two points on it.
Hence, we proceed to find the slope of a

linein termsof the coordinates of two points X
ontheline. l
Let P(x, y,) and Q(x,, y,) be two Qx5 3,)

pointson non-vertical linel whoseinclination
is 6. Obviously, X, # X, otherwise the line
will become perpendicular to x-axis and its P, ») /)0 M
slope will not be defined. Theinclination of
the line | may be acute or obtuse. Let us
take these two cases.

Draw perpendicular QR to x-axis and 0

PM perpendicular to RQ as shown in Z [ >X
Figs. 10.3 (i) and (ii). Ko R
Case 1 When angle 6 is acute: Fig10.3()
InFig10.3 (i), ZMPQ = 6. - (1)
Therefore, slope of linel = m=tan 6.

M —
But in AMPO, we have tan0=1@ Y2~ % e

MP X, —Xx
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From equations (1) and (2), we have )(\

Yo~ W N
m=—=——=. Q(xy, y,)

X=X ™
Case |l When angle 6 is obtuse: !
InFig 10.3 (i), we have R
/MPQ = 180° — 6. ML 180= 0\ P(x,y,)
Therefore, 6 = 180° — ZMPQ. - \e\
Now, slope of thelinel ol r N

Fig 10. 3 (ii)
m=tan 0

= tan ( 180° — ZMPQ) = —tan ZMPQ

_ MQ_ y-y Yo

MP  x-X% %=X

Consequently, we see that in both the cases the slope m of the line through the points

— _Yo¥
(xl, yl) and (xz, yz) isgivenby m=-——-=
X=X
10.2.2 Conditions for parallelism and perpendicularity of lines in terms of their
slopes In a coordinate plane, suppose that non-vertical lines | and |, have slopes m,
and m,, respectively. Let their inclinations be o and Y

B, respectively. A
_If tlhealti_ne I is par;llgl to |, (Fig 10.4), then their |
inclinationsareequal, i.e., ‘\

o = B, and hence, tan o = tan 3
Therefore m, =m,, i.e, their slopes are equal.
Conversely, if the slope of two lines|, and |,
issame, i.e., 0

m, = m,.
L =M, Fig 10. 4
Then tan o = tan P.

By the property of tangent function (between 0° and 180°), o = 3.
Therefore, the lines are parallel.

2020-21



STRAIGHT LINES 207

Hence, two non vertical lines |, and |, are parallel if and only if their slopes
are equal.

If thelines| and |, are perpendicular (Fig 10.5), then B = o + 90°.
Thereforetan P = tan (o + 90°)

1
=—cotoo=—T—
tano
1
e, mzz_a o mm, =-1
Conversely,ifm m, = —1,i.e,tanatan B =-1.

Then tan a = —cot § = tan ( + 90°) or tan (B — 90°)
Therefore, o and 3 differ by 90°.
Thus, lines|, and |, are perpendicular to each other.

Hence, two non-vertical lines are perpendicular to each other if and only if
their slopes are negative reciprocals of each other,

Fig10.5

: 1 p
e, m,= _H or, mlmz——l.
Let usconsider thefollowing example.

Example 1 Find the slope of the lines:
(@) Passing through the points (3, — 2) and (-1, 4),
(b) Passing through the points (3, — 2) and (7, — 2),
(c) Passing through the points (3, —2) and (3, 4),
(d) Makinginclination of 60° with the positive direction of x-axis.

Solution (@) Theslope of thelinethrough (3, —2) and (— 1, 4) is
_4-(2_6_3
-1-3 -4 2
(b) The slope of the line through the points (3, —2) and (7, —2) is
7-3 4

m

0.

(c) Thesdlopeof thelinethrough the points (3, —2) and (3, 4) is
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4-(-2_6 :
m = = —, whichisnot defined.

3-3 0
(d) Hereinclination of theline o = 60°. Therefore, slope of thelineis
m=tan 60° = /3.

10.2.3 Angle between two lines When we think about more than one line in a plane,
then wefind that these lines are either intersecting or parallel. Herewewill discussthe

angle between two linesin terms of their slopes.
LetL, and L, betwo non-vertical lineswith slopes m, and m,, respectively. If o,
and o, are theinclinations of lines L, and L, respectively. Then

m, = tana, and m, = tana,.

We know that when two lines intersect each other, they make two pairs of
vertically opposite angles such that sum of any two adjacent anglesis 180°. Let 6 and
¢ be the adjacent angles between the lines L, and L, (Fig10.6). Then

0=a,-o and o, a, #90°

_tana,-tany,  m,—-m
l+tangtane, 1+mm,

Therefore tan 6 = tan (o, — o) (as1+mm,=0)

and ¢ = 180° — 6 so that

0 m,—-m
= —_ = — = — —+
tan ¢ = tan (180° -6 ) tan 6 1+mlmz’a51 mm, # 0
Y L,
A L,
0
¢

/( o,
N
X
v \/ .
Fig10.6

Now, there arise two cases:
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Casel If is positive, then tan 6 will be positive and tan ¢ will be negative,

m;—my

1+ mm,
which means 6 will be acute and ¢ will be obtuse.
m,—m

Casell Ifl+—mlm2

isnegative, then tan 6 will be negative and tan ¢ will be positive,

which means that 6 will be obtuse and ¢ will be acute.
Thus, the acute angle (say 0) between lines L, and L, with slopes m, and m,,

respectively, isgiven by
m;—my
1+ mm,

tanez‘ , 88 1+mm,=0 !

The obtuse angle (say ¢) can be found by using ¢ =180°— 6.
T

1
.. and sope of one of thelinesis —, find

Example2 If theanglebetweentwo linesis 5

the slope of the other line.

Solution We know that the acute angle 8 between two lines with slopes m, and m,
W 1

isgiven by tan6 = 1+ mm,

. (1)

Letml—E,mz—mande—Z.

Now, putting these valuesin (1), we get

1 1
( m—E m—E
tan—= or 1= 1 ,
4 1+=m 1+=m
2 2
1 1
m—E m—E
. . —c =1 or ——&-=-1.
hich gives
Whichgv 1+; m 1+E m

Therefore m=3 or m=--.
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Hence, slope of the other lineis }\ Lyim=3
1

3or ~3 Fig 10.7 explains the

reason of two answers.

Fig10.7

Example 3 Line through the points (-2, 6) and (4, 8) is perpendicular to theline
through the points (8, 12) and (X, 24). Find the value of x.

Solution Slope of the line through the points (— 2, 6) and (4, 8) is

8-6 2 1
4-(-2) 6 3
Slope of the line through the points (8, 12) and (x, 24) is

24-12 12
T x- 8 v x-8
Sincetwo lines are perpendicular,
m, m, = -1, which gives
1 12

—x——=-1 or x=4,
3 x-8 Y

n'!l_:

10.2.4 Collinearity of three points We
know that slopes of two parallel linesare
equal. If two lines having the same slope
pass through a common point, then two
lineswill coincide. Hence, if A,Band C
arethreepointsin the XY-plane, then they
will lie on aline, i.e., three points are
collinear (Fig 10.8) if and only if slope of ‘/
AB = slope of BC. Fig10.8

Slope of AB = slope of BC

>X

~
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Example 4 Three points P (h, k), Q (x,, y,) and R (X,, y,) lie on aline. Show that
(h - X]_) (yz - yl) = (k - yl) (Xz - Xl)'
Solution Since points P, Q and R are collinear, we have

yl_k — YoV

x=h %=X

Slope of PQ = Slope of QR, i.e,

k- Y1 — Y= Yi
h-x  %-x
or (h - Xl) (yz - yl) = (k - yl) (Xz - Xl)'
Example 5 In Fig 10.9, time and ){\
distancegraph of alinear motionisgiven.
Two positions of time and distance are
recorded as, when T =0, D =2 and when
T =3, D =8. Using the concept of slope,
find law of motion, i.e., how distance
depends upon time.

Solution Let (T, D) be any point on the 0,2)
line, where D denotesthe distanceat time -
T. Therefore, points (0, 2), (3, 8) and Time (T)
(T, D) are collinear so that Fig 10.9

8-2 D-8
3-0 T-3
or D=2(T+1),
whichistherequired relation.

or

(T, D)

3,8

Distance (D)

o 6(T-3)=3(D-8)

|EXERCISE 10.1

1. Draw aquadrilateral in the Cartesian plane, whose vertices are (— 4, 5), (0, 7),
(5,—5) and (—4, —2). Also, find its area.

2. Thebase of an equilateral triangle with side 2alies aong the y-axis such that the
mid-point of the baseis at the origin. Find vertices of the triangle.

3. Find the distance between P (x,, y,) and Q (x,, y,) when : (i) PQ is parallel to the

y-axis, (ii) PQ isparalel to the x-axis.

Find apoint on the x-axis, which is equidistant from the points (7, 6) and (3, 4).

5. Findthedope of aline, which passesthrough the origin, and the mid-point of the
line segment joining the points P (0, —4) and B (8, 0).

H
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6. Without using the Pythagoras theorem, show that the points (4, 4), (3, 5) and
(-1, -1) arethe vertices of aright angled triangle.
7. Findthe slope of theline, which makes an angle of 30" with the positivedirection
of y-axis measured anticlockwise.
8. Find the value of x for which the points (x, — 1), (2,1) and (4, 5) are collinear.
9. Without using distance formula, show that points (— 2, —1), (4, 0), (3, 3) and (-3, 2)
are the vertices of a parallelogram.
10. Findtheangle between the x-axisand thelinejoining the points (3,—1) and (4,-2).
11. The slope of alineis double of the slope of another line. If tangent of the angle

1
between them is § , find the slopes of the lines.

12. A line passes through (x,, y,) and (h, k). If slope of the line is m, show that
kK—y,=m(h-x).
. . : a b
13. If three points (h, 0), (a, b) and (0, k) lie on aline, show that H +E =1
14. Consider thefollowing population and year graph (Fig 10.10), find the Slope of the
lineAB and using it, find what will be the population in the year 20107

Y
4\

102 ¢

o
EN |

(1995, 97)

o
[\

Population in Crores

(1985, 92)

\

87

P ° Py P ° Y A/X

0 1985 1990 1995 2000 2005 2010

Years

Fig 10.10

10.3 VariousFormsof theEquationof aLine

Weknow that every linein aplane containsinfinitely many pointsonit. Thisrelationship
between line and pointsleads usto find the solution of the following problem:
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How can we say that agiven point lies on the given line? Its answer may be that
for a given line we should have a definite condition on the points lying on the line.
Suppose P (x, y) is an arbitrary point in the XY-plane and L is the given line. For the
equation of L, we wish to construct a statement or condition for the point P that is
true, when Pison L, otherwise false. Of course the statement is merely an algebraic
equation involving the variables x and y. Now, we will discuss the equation of aline
under different conditions.

10.3.1 Horizontal and vertical lines If ahorizontal line L is at a distance a from the

x-axis then ordinate of every point lying on the lineis either a or —a [Fig 10.11 (a)].

Therefore, equation of thelineL iseither y= aory = —a. Choice of sign will depend

upon the position of thelineaccording asthelineisabove or below they-axis. Similarly,

the equation of a vertical line at a distance b from the y-axis is either x = b or
= —b [Fig 10.11(b)].

Y
Y L A L
» y=a A A
< x >L
x==b (__lz__>
‘ PRI x=b
X ——% >X X'€ S >X
o
<€ fe X7 > L
v v
v v
Y’ (a) Fig 10.11 () v
Example 6 Find the equations of the lines ™ A~ 0N
parallel to axes and passing through -
(=23). S 2,3 y=3 "~
Solution Position of the lines is shown in the
Fig 10.12. The y-coordinate of every point on
thelineparallel to x-axisis 3, therefore, equation X'€ >X
of theline parallel tox-axisand passing through v o
(-2, 3) isy = 3. Similarly, equation of theline ;{'
parallel to y-axis and passing through (— 2, 3)
isx=—2 Fig 10.12
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10.3.2 Point-slope form Suppose that Y
P, (X, Y,) isafixed point on anon-vertical
lineL, whose slopeism. Let P (x, y) bean L
arbitrary point onL (Fig 10.13).
Then, by the definition, the slope of L is P y)
givenby

i_y‘), e, y—y,=m(X—x,)
(1) /

Since the point P, (x,, Y,) along with ) > X
al points (x, y) on L satisfies (1) and no
other pointintheplanesatisfies(1). Equation
(2) isindeed the equation for the givenline L.

m= Py(xp 30) Slope m

Fig 10.13

Thus, the point (, y) lieson the line with slope mthrough the fixed point (x,, y,),
if and only if, its coordinates satisfy the equation

y=Y,= m(X-X)
Example 7 Find the equation of the line through (— 2, 3) with slope—4.
Solution Here m=—4 and given point (x, y,) is (- 2, 3).

By slope-intercept form formula
(1) above, equation of the given x L
lineis

y—-3=-4(x+2)or
4x + y + 5 =0, which is the
required equation. P (x, y)

10.3.3 Two-point form Let the

line L passesthrough two given Q&
points P, (x,y,) and P, (X, ¥,). N
Let P (x, y) be a general point >
onL (Fig10.14). &« 0

ThethreepointsP,, P,and Pare Fig 10.14

12
collinear, thereforia, we have
slope of PP = slope of PP,

e, =2 A or yoy, =S (o).
X=X Xo— X1 Xo— X1

P, (x,, 3,)

N
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Thus, equation of the line passing through the points (x, y,) and (x,, y,) is given by

y—yl=u(x—xj) .. (2
X7 X1

Example 8 Write the equation of the line through the points (1, —1) and (3, 5).

Solution Herex, =1,y, =—1, X, = 3 and y, = 5. Using two-point form (2) above
for the equation of the line, we have

5—(-1)
—-(-1 = x—-1
y=(-)=—>7"(x-1)
or —-3x+y+4=0, which isthe required equation.

10.3.4 Slope-intercept form Sometimes a line is known to us with its slope and an
intercept on one of the axes. We will now find equations of such lines.

Case | Suppose aline L with slope m cuts the y-axis at a distance ¢ from the origin
(Fig10.15). The distance c is called the y-

intercept of the line L. Obviously, /Y\
coordinates of the point where theline meet L
the y-axis are (0, ¢). Thus, L has slope m
and passes through a fixed point (O, c).

Therefore, by point-dopeform, the equation e W 0, )
of Lis o
y—c=m(x-0) or y=mx+c X </ 5 >X
Thus, the point (x, y) on the line with slope
m and y-intercept c lies on the line if and Fig 10.15
onlyif
y=mx+c .(3)

Note that the value of ¢ will be positive or negative according asthe intercept is made
on the positive or negative side of the y-axis, respectively.

Case || Suppose line L with slope m makes x-intercept d. Then equation of L is
y = m(x —d) .. (4

Students may derive this equation themselves by the same method asin Casel.

1
Example 9 Write the equation of the lines for which tan 6 = E where 0 is the

3
inclination of thelineand (i) y-intercept is 5 (ii) x-intercept is 4.
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1 3
Solution (i) Here, sope of thelineism=tan 6 = Eandy- intercept c = — 5

Therefore, by slope-intercept form (3) above, the equation of thelineis
1 3
==—X——or 2y—-x+3=0
y 2 2 y )

which isthe required equation.

1
(if) Here, wehavem=tan 6 = Eandd=4.

Therefore, by slope-intercept form (4) above, the equation of thelineis
y= %(x—4) or2y—x+4=0,

which isthe required equation.

10.3.5 Intercept - form Suppose aline L makes x-intercept a and y-intercept b on the
axes. Obviously L meets x-axis at thepoint L Y
(a,0) andy-axisat thepoint (0, b) (Fig .10.16). \\"(0 »
By two-point form of the equation of theline, "‘ ’

we have
y—Ozw(x—a) or ay=-bx+ab b
0-a .
- XA
l1.e., a+ b 1 (a, 0) R

Ok
o
5
V|
\

Thus, equation of the line making intercepts
a and b on x-and y-axis, respectively, is

X

— + X — 1

a b
Example 10 Find the equation of the line, which makes intercepts —3 and 2 on the
x- and y-axes respectively.

Fig 10.16

. (5)

Solution Herea = -3 and b = 2. By intercept form (5) above, equation of thelineis

XY or 2x-3y+6=0.
-3 2
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10.3.6 Normal form Suppose a non-vertical lineisknown to us with following data:

(i) Length of the perpendicular (normal) from originto theline.
(i)  Anglewhich normal makeswith the positive direction of x-axis.

Let L betheline, whose perpendicular distance from origin O be OA = p and the
angle between the positive x-axisand OA be X OA = ®. The possible positions of line
L in the Cartesian plane are shown in the Fig 10.17. Now, our purposeisto find slope
of L and apoint on it. Draw perpendicular AM on the x-axis in each case.

Y

/\L
7

(iii) Fig 10.17 (iv)
In each case, we have OM = p cos ® and MA = p sin w, so that the coordinates of the
point A are (p cCos ®, p SN ®).
Further, line L is perpendicular to OA. Therefore
1 1 COS ®

dope of OA " tne  sne

The slope of thelineL =

Thus, theline L has slope — 22> and point A (pcosw, psinm)on it. Therefore, by
sSno
point-slopeform, the equation of thelineL is
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(X—pcos®) or Xcosm+ ysinm= p(sin% + cos?o)

. COsm
y-psino=—-
Snow

or XCOS®+Yysnw=p.

Hence, the equation of the line having normal distance p from the origin and angle ®

which the normal makeswith the positive direction of x-axisisgiven by
XCOS®+ysSnw=p ... (6)

Example 11 Find the equation of the line whose perpendicular distance from the
originis4 unitsand the angle which the normal makeswith positive direction of x-axis
is15°.

Y
Solution Here, we are given p = 4 and 0N
® = 15 (Figl10.18). \
Now cos15° = V3+1
22
J3-1
i 0= ——— 2
and sin15 NG (Why?) ;
15'

>X
By the normal form (6) above, the equation of the O _ \
lineis Fig10.18

xcoslso+ysin15°=4or\/2:_;.:/411 \/5\/_1 =4 or (\@+1)x+(f 1) =82

Thisistherequired equation.

Example 12 The Fahrenheit temperature F and absolute temperature K satisfy a
linear equation. Given that K = 273 when F = 32 and that K = 373 when F = 212.
ExpressK in terms of F and find the value of F, when K = 0.

Solution Assuming F along x-axis and K along y-axis, we have two points (32, 273)
and (212, 373) in XY -plane. By two-point form, the point (F, K) satisfiesthe equation

K-273=3037283 (£ 35y o K-273=22(F_32)
212-32 180
or K :S(F—32)+273 ()

whichistherequired relation.
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When K =0, Equation (1) gives

O=g(F—32)+273 or F—32=—273;X9=— 4914 or F= -4594 .

Alternate method We know that simplest form of the equation of alineisy = mx + c.
Again assuming F along x-axis and K along y-axis, we can take equation in the form
K=mF+c .. (1)
Equation (1) issatisfied by (32, 273) and (212, 373). Therefore
273=32m+c - (2

and 373=212m+c .. (3
Solving (2) and (3), we get

52297
m—ganC— 9

Putting the values of mand cin (1), we get

K=2p 227 - (4)

9 9
whichisthe required relation. When K = 0, (4) gives F = —459.4.

We know, that the equation y = mx + ¢, contains two constants, namely,
m and c. For finding these two constants, we need two conditions satisfied by the
equation of line. In al the examplesabove, we are given two conditionsto determine
the equation of theline.

|[EXERCISE 10.2|

In Exercises1to 8, find the equation of the line which satisfy the given conditions:
1. Write the equations for the x-and y-axes.

1
Passing through the point (— 4, 3) with slope 5

Passing through (0, 0) with slopem.
Passing through (2, 2.3 ) and inclined with the x-axis at an angle of 75°.

Intersecting the x-axis at adistance of 3 unitsto the left of origin with slope —2.
Intersecting the y-axis at a distance of 2 units above the origin and making an
angle of 30° with positive direction of the x-axis.

7. Passing through the points (-1, 1) and (2, — 4).

o0~ W DN
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8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

MATHEMATICS

Perpendicular distance from the origin is 5 units and the angle made by the
perpendicular with the positive x-axisis 30°.
The verticesof APQR are P (2, 1), Q (-2, 3) and R (4, 5). Find equation of the
median through the vertex R.

Find the equation of theline passing through (-3, 5) and perpendicular to theline
through the points (2, 5) and (-3, 6).
A line perpendicular to theline segment joining the points (1, 0) and (2, 3) divides
itintheratio 1: n. Find the equation of theline.

Find the equation of aline that cuts off equal intercepts on the coordinate axes
and passes through the point (2, 3).

Find equation of the line passing through the point (2, 2) and cutting off intercepts
on the axes whose sum is 9.

2
Find equation of the line through the point (0, 2) making an angle ?nwith the

positive x-axis. Also, find the equation of line parallel toit and crossing they-axis
at adistance of 2 units below the origin.

The perpendicular from the origin to aline meetsit at the point (-2, 9), find the
equation of theline.

The length L (in centimetre) of a copper rod is a linear function of its Celsius
temperature C. In an experiment, if L = 124.942 when C = 20 and L= 125.134
when C = 110, expressL in terms of C.

The owner of amilk store finds that, he can sell 980 litres of milk each week at
Rs 14/litre and 1220 litres of milk each week at Rs 16/litre. Assuming alinear
relationship between selling price and demand, how many litres could he sell
weekly at Rs 17/litre?

P (a, b) isthe mid-point of aline segment between axes. Show that equation

X
ofthelineis—+z= 2.
a b

Point R (h, k) divides a line segment between the axes in the ratio 1: 2. Find
equation of theline.

By using the concept of equation of a line, prove that the three points (3, 0),
(-2,—2)and (8, 2) arecollinear.

10.4 General Equationof aLine

In earlier classes, we have studied general equation of first degree in two variables,
Ax+ By+ C= 0, whereA, B and C arereal constants such that A and B are not zero
simultaneously. Graph of the equation Ax + By + C = 0 is always a straight line.
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Therefore, any equation of the form Ax + By + C = 0, where A and B are not zero
simultaneously is called general linear equation or general equation of a line.

10.4.1 Different forms of Ax + By + C = 0 The general equation of a line can be
reduced into various forms of the equation of aline, by the following procedures:

(a) Slope-intercept form If B # 0, then Ax + By + C = 0 can be written as

y——éx—E or y=mx+c 1
S5 (D)
here m——é and C——E

w 5 5

We know that Equation (1) is the slope-intercept form of the equation of aline

A C
whose slope is B and y-intercept is B

C
If B=0,thenx= _K ,which is a vertical line whose slope is undefined and

tercent | _C
x-intercept is =~

(b) Intercept form If C# 0, then Ax + By + C = 0 can be written as

X y X Y
—+—F—==10o —+==1
_¢ ¢ a b - (2
A B
h =—-———andb= S
where a= A andb = B
We know that equation (2) is intercept form of the equation of a line whose
C
x-intercept is —K and y-intercept is —E .

If C=0, then Ax + By + C = 0 can bewritten asAx + By = 0, whichisaline
passing through the origin and, therefore, has zero intercepts on the axes.

(c) Normal form Letxcosm +ysin® = p bethenormal form of the line represented
by the equation Ax + By + C = 0 or Ax + By = — C. Thus, both the eguations are

A B _C

cos® SnNo p

same and therefore,
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_ Ap . Bp
cosp=——andsno=——
which gives c c
Ap\’ ( Bp)
No sin2m+coszo)=(——) +(——) =1
W C C
2 C? C
p"=——— or p:i—
o A*+B’ JA2+B?
A . B
Therefore cosp =r——and sno =+

JA?+B’ JA?+B?
Thus, the normal form of the equation Ax+ By + C= 0is
XCOS®+YysSnm=p,
C

A : B
where cos® =t ————, SiNo=*——— and p=%
JA?+B? JA?+B?
Proper choice of signsis made so that p should be positive.

Example 13 Equation of alineis 3x —4y + 10 = 0. Find its (i) slope, (ii) x - and
y-intercepts.

Solution (i)  Given equation 3x — 4y + 10 = 0 can be written as

y—§x+§ 1
2575 - (1)
: : o 3
Comparing (1) withy = mx + ¢, we have slope of the givenlineas m= Z
(i) Equation 3x—4y + 10 = 0 can be written as
4y=— X Y (2
3x—4y=-10 or _E+§ 1 (2
3 2
X 10
Comparing (2) with —+%:1, we have x-intercept as a = _E and
a

y-intercept as b = g
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Example 14 Reduce the equation \/§x +y-8= Qinto normal form. Find the values
of pand .

Solution Given equationis
V3x+ y—-8=0 )

Dividing (1) by (\@)2+ (L)% =2, we get

§x+%y=4 or cos30°x+sin30°y=4 .. (2

Comparing (2) withx cos® +y sin® =p, weget p =4 and o = 30°.
Examplel5 Find the angle between the lines y —4/3x — 5 = 0and +/3y - x+6=0.

Solution Givenlinesare

y—\/gx—S:OOI‘ y=\/§x+5 .. (1)
1
and J3y—x+6=00r y:ﬁx—zﬁ .. (2
1

Slopeof line (1) ism, = @andslopeof line (2) ism, = ﬁ
The acute angle (say) 6 between two linesis given by

mz - ml
1+ mm,

tano =

3
Putting the values of m and m, in (3), we get

1
ﬁ_\@ 1-3| 1
tanf = T |= =
1+\@Xﬁ 243 V3

which gives6 = 30°. Hence, angle between two linesis either 30° or 180° —30° = 150°.

Example 16 Show that two linesax + by+c =0andax+ by +c, =0,
where bl, b2 # 0 are:
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(i) Parallel it 2 =32 and (i) Perpendicular if asa,- bib, = 0.

1 2

Solution Given lines can be written as

a C1

y=-—"—"X-"- (1
b by @
a C2
d y=—"X—= @
" b b @
Slopes of the lines (1) and (2) arem = _& and m, = —ﬁ, respectively. Now
bl 2

(i) Linesareparalel,if m = m,, which gives

by by b b2
(i) Linesare perpendicular, if m.m, =—1, which gives

a__ar, & 2

%-%z_l oraa, +bb,=0

Example 17 Find the equation of aline perpendicular to theline x- 2y- 3=0 and
passing through the point (1, — 2).
Solution Givenline x- 2y- 3= 0canbewritten as

1 3

y:EX"‘E (1)

1
Slopeof theline (1) ism, = 5 Therefore, dope of the line perpendicular toline (1) is

m2 == _2
m,
Equation of the line with slope— 2 and passing through the point (1, —2) is

y—(-2)=-2(x-1) or y= —2x,

which isthe required equation.
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10.5 Distanceof aPoint FromalLine

The distance of a point from alineisthe length of the perpendicular drawn from the
point to theline. Let L : Ax + By + C = 0 be aline, whose distance from the point

P (x, Y,) isd. Draw aperpendicular PM from the point Pto the line L (Fig10.19). If

Y

N
L:Ax+By+C=0

o) \ R
Fig10.19
the line meets the x-and y-axes at the points Q and R, respectively. Then, coordinates

C C
of the points are Q[_K’ 0jand R [0, _EJ' Thus, the area of the triangle PQR

isgiven by
2 area(APOR
area (APQR) = PM .QR , which gives PM —$ .. (1)
1 C C C
Also, area (APQR):E‘ X (0+§) (_KJ(_E_ylj—l_ 0()’1_0)‘
:1 C yC c?
2 A AB
or  2area(APQR) = ‘ ‘ |Ax;+By,+C|, and
cY.(cC “lc
R = ~ ~ — 2 2
Q \/[0+Aj+( 5 o) B JA?+B

Substituting the values of area (APQR) and QR in (1), we get
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o :| Axi+By,+C|
JA2+BZ

d:|AM+Bh+C|

JA2+BZ
Thus, the perpendicular distance (d) of aline Ax + By+ C = 0 from apoint (x,, y,)
isgivenby

or

d:|AM+Bh+C|
VA+B? Y

10.5.1 Distance between two
parallel lines We know that slopes
of two parallel linesare equal.
Therefore, two parallel lines can be
taken intheform

y=mx+c, .. (1)
and y=mx+c, .. (2
Line (1) will intersect x-axisat thepoint X'<€ - > X
74 A= o|°
cl O . . "
A [ m’ ]asshown in Fig10.20. Fig10.20

Distance between two linesis equal to the length of the perpendicular from point
A toline (2). Therefore, distance between thelines (1) and (2) is

(o[- i)

1+m? 1+n?

Thus, the distance d between two parallel lines y = mx+ ¢, and y = mx+ c,isgiven by

4=l =G |

N 1+m?

If lines are given in general form, i.e,, Ax+By+ C =0andAx+By+C,=0,
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C,-C |

: d=|1—2

then above formulawill take the form 2 2
\J A°+B

Students can derive it themselves.

Example 18 Find the distance of the point (3, —5) from the line 3x — 4y —26 = 0.

Solution Givenlineis  3x—4y-26=0 .. (1)

Comparing (1) with general equation of lineAx + By + C =0, we get
A=3B=—4andC=-26.

Given pointis(x,, y,) = (3, -5). Thedistance of the given point from given lineis

. | Ax+By+Q [3.3+(-4)(-5)-28 3
J A?+B? 3 +(—4) 5
Example 19 Find the distance between the parallel lines 3x — 4y +7 = 0 and
3X—-4y+5=0
Solution HereA =3, B =4, C, = 7 and C, = 5. Therefore, the required distance is

| 7-9 _2
J F+(-4? 5

|EXERCISE 10.3)|

1. Reduce the following equationsinto slope - intercept form and find their slopes
and they - intercepts.

d=

(i) x+7y=0, (i) 6ex+3y—-5=0, (i) y =0.
2. Reduce the following equations into intercept form and find their intercepts on
the axes.
(i) 3x+2y—12=0, (i) 4x—3y=6, (iii)) 3y+2=0.

3. Reducethefollowing equationsinto normal form. Find their perpendicular distances
from the origin and angle between perpendicular and the positive x-axis.

(i) x=/3y+8=0, (i) y-2=0, (iii)) x-y=4
4. Find the distance of the point (-1, 1) from the line 12(x + 6) = 5(y — 2).

5. Findthe pointson the x-axis, whose distances from theline g +% =Jlare4 units.

6. Find the distance between parallel lines
() 15x+8y—34=0and 15x+8y+31=0 (ii) | (x+y)+p=0andl (x+y) —r =0.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

MATHEMATICS

Find equation of theline parallel totheline 3x—4y+2=0 and passing through
the point (-2, 3).

Find equation of the line perpendicular to the line x — 7y + 5 = 0 and having
X intercept 3.

Find angles between thelines \/3x + y = 1and x + +/3y = 1.

The line through the points (h, 3) and (4, 1) intersectstheline7x—-9y-19=0.

at right angle. Find the value of h.

Provethat the line through the point (x,, y,) and pardlel tothelineAx+ By + C=0is
A(Xx—x)+B(y-y)=0.

Two lines passing through the point (2, 3) intersects each other at an angle of 60°.

If Slope of onelineis 2, find equation of the other line.

Find the equation of the right bisector of the line segment joining the points (3, 4)

and (-1, 2).

Find the coordinates of the foot of perpendicular from the point (1, 3) to the

line3x—4y—-16=0.

The perpendicular from the origin to the liney = mx + ¢ meets it at the point

(-1, 2). Find the values of mand c.

If p and q are the lengths of perpendiculars from the origin to the

linesxcosO - ysin® = kcos20 and x sec 6 +y cosec 6 =k, respectively, prove

that p? + 4¢° = K2

InthetriangleABC with verticesA (2, 3), B (4,-1) and C (1, 2), find the equation

and length of altitude from the vertex A.

If pisthelength of perpendicular from the origin to the line whose intercepts on

1 1 1

th db, thenshowthat 2= 31 3
e axes are a an s en oW pz az bz

Miscellaneous Examples

Example 20 If the lines 2x+y—-3=0, 5x+ky—3=0 and 3x—-y-2=0are
concurrent, find the value of k.

Solution Three lines are said to be concurrent, if they pass through a common point,
i.e., point of intersection of any two lineslieson thethird line. Here given linesare

2x+y-3=0 .. (1)
5x +ky—3=0 - (2
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X-y-2=0 .. (3
Solving (1) and (3) by cross-multiplication method, we get
x _y 1
2-3 —9+4 -2-3
Therefore, the point of intersection of two linesis (1, 1). Since above three lines are
concurrent, the point (1, 1) will satisfy equation (2) so that

51+k.1-3=0o0rk=-2.

oo x=1,y=1,

Example 21 Find the distance of the line 4x—y = 0 from the point P (4, 1) measured
along the line making an angle of 135° with the positive x-axis.

Solution Givenlineis4x—y =10 - (1)
In order to find the distance of the X

line (1) from the point P (4, 1) along ‘\

another line, we haveto find the point

of intersection of both the lines. For
this purpose, we will first find the
equation of the second line Q (1,4
(Fig 10.21). Slope of second line is
tan 135° = —1. Equation of the line

with slope — 1 through the point P@4,1)
P@4,1)is 135°
0 \ >X
Fig 10.21
y-1=-1(xx—-4)orx+y—-5=0 - (2

Solving (1) and (2), weget x = 1 and y = 4 so that point of intersection of the two lines
isQ (1, 4). Now, distance of line (1) from the point P (4, 1) along the line (2)
= the distance between the points P (4, 1) and Q (1, 4).

=\/(1—4)2+(4—1)2=3J§ nits.
Example 22 Assuming that straight lineswork as the plane mirror for a point, find
the image of the point (1, 2) inthelinex—3y + 4=0.
Solution Let Q (h, k) isthe image of the point P (1, 2) intheline
x=3y+4=0 - (1)
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> =

pd
~

X’/

v
Y’ Fig10.22
Therefore, the line (1) is the perpendicular bisector of line segment PQ (Fig 10.22).

_ -1
Hence Slopeof line PQ = Slopeof line x—3y+4=0"

=

at k—2=—

sothat = =__= or 3h+k=5 - (2
h-1 1
3
h+1 k+2
and the mid-point of PQ, i.e., point o T o will satisfy the equation (1) so that
hzl—s[k;2J+4=Oor h-3k =-3 - (3)

6 7
Solving (2) and (3), we get h :E and k= E .

6 7
Hence, the image of the point (1, 2) intheline (1) is [g , g} .
Example 23 Show that the area of the triangle formed by the lines

(o)

y=mx+c,y=mx+c,andx=0is .
1 1 m2 2 2|nh_m2|
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Solution Givenlinesare Y
y=m,x+tc, A
y=mx+c, .. (1)
y=mx+c, - (2 ‘} ©, ¢, y=mx+c,
x=0 .. (3

We know that liney = mx + ¢ meets
the line x = 0 (y-axis) at the point
(O, ©). Therefore, two vertices of the
triangleformed by lines (1) to (3) are
P (0, ¢) and Q (0, c,) (Fig 10. 23). PY0. c)
Third vertex can be obtained by /

solving equations (1) and (2). Solving / o \ > X

(1) and (2), we get

(c,-q) (me, -myg) Fig 10.23

“mom) YT (momy)

(c,-c¢) (mc-mg)
m-m,) " (m-m,)

Therefore, third vertex of thetriangleisR ((

Now, the area of thetriangle is

2
1l (me. i me | (o)
_2 o [ M ”EQ_CZ + &G (c,-¢)+0 Cl_mlcz mG |_
2 m - m, m - m, m-m, | 2m-—m
Example 24 A line is such that its segment N
between the lines
5x—y+4=0and 3x+4y—4=0isbisected at the L B)
point (1, 5). Obtain itsequation.
Solution Given linesare
5x—y+4=0 - @
3X+4y—-4=0 - (2 P (1, 5)
Let therequired lineintersectsthelines(1) and (2)
at the points, (o, B,) and (o, B,), respectively L | (o By
(Figl0.24). Therefore N
50, =B, +4=0and 4.0 b
3a,+4p,-4=0
Sx-y+4=0 Y 3x+4y-4=0
Fig 10.24
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4-3u
or B, =50, +4and [32=TZ.

We are given that the mid point of the segment of the required line between (o, 3,)
and (a.,, B,) is (1, 5). Therefore

auta, =1 and ﬁ1+ﬁ2:5

S0, + 4+ 4= 30
or a, +0,=2 and 5 4 -g
or o +o,=2and 200, —3a, =20 ... (3)
Solving equationsin (3) for o, and o, we get
26 q _20 ah B 526+4 222
oGy=— = — =9.— = i
173 NG 02T g AATENSE T =g 23

Equation of the required line passing through (1, 5) and (c,, B,) is

222 5
_5 TAnCh
y-5= Py (X=Dor y—5=%(x—l)
o1 0 4
23
or 107x—-3y—-92 =0,

which isthe equation of required line.

Example 25 Show that the path of a moving point such that its distances from two
lines3x—2y =5and 3x + 2y = 5 are equal isastraight line.

Solution Given linesare
3x—-2y=5 .. (D
and 3X+2y=5 .. (2
Let (h, k) isany point, whose distances from the lines (1) and (2) are equal. Therefore
Bh—2k-5 |3h+2k-5
Jorda  Jo+a
which gives3h—2k—-5=3h+2k-5o0r —(3h—2k-5) =3h + 2k —5.

or [3h—2k -5/ =[3h+2k -5
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5
Solving these two relationswe get k= 0 or h = . Thus, the point (h, k) satisfies the

3

5
equationsy = 0 or x = —, which represent straight lines. Hence, path of the point

3

equidistant from the lines (1) and (2) isastraight line.

10.

11.

12.

Miscellaneous Exercise on Chapter 10

Find the values of k for which theline (k-=3) x— (4 -k y+k*-7k + 6 =0 s
(@) Paralel tothe x-axis,

(b) Paralel tothey-axis,

(c) Passingthroughtheorigin.

Find thevaluesof 6 and p, if the equation x cos0 +y sin® = pisthenormal form
of theline \/[3x+y+2=0.

Find the equations of the lines, which cut-off intercepts on the axes whose sum
and product are 1 and — 6, respectively.

X
What are the points on the y-axis whose distance from the line 3 +% =1lis

4 units.

Find perpendicul ar distancefrom theoriginto thelinejoining the points(cos, Sn 6)
and (cos ¢, sin ¢).

Find the equation of the line parallel to y-axis and drawn through the point of
intersection of thelines x—7y +5=0and 3x +y =0.

X
Find the equation of alinedrawn perpendicular to theline Z + % =1throughthe

point, where it meets the y-axis.

Find the area of the triangle formed by thelinesy—x=0,x+ y=0andx—k= 0.
Find the value of p so that the threelines3x + y—2=0, px+ 2y—3= 0and
2x—y—3 = 0 may intersect at one point.

If three lineswhose equationsarey = mx+ ¢,y =mx+c,andy = mx+c, are
concurrent, then show that m,(c,—-c,) + m,(c,-c) + m, (c, —c,) =0.

Find the equation of thelinesthrough the point (3, 2) which make an angle of 45°
with thelinex — 2y = 3.

Find the equation of the line passing through the point of intersection of thelines
4x + 7y —3 =0and 2x— 3y + 1 = 0 that has equal intercepts on the axes.
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13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

MATHEMATICS

Show that the equation of theline passing through the origin and making an angle

y m=*tan,

; ; =MmMX+Cis = =
0 with theline Y x  1¥mtan, -

Inwhat ratio, thelinejoining (-1, 1) and (5, 7) isdivided by thelinex + y = 4?
Find the distance of the line 4x + 7y + 5 = 0 from the point (1, 2) along the line
2Xx—-y=0.

Find the directioninwhich astraight line must be drawn through the point (1, 2)
so that its point of intersection with the line x + y = 4 may be at a distance of
3unitsfromthispoint.

The hypotenuse of a right angled triangle has its ends at the points (1, 3) and
(-4, 1). Find an equation of the legs (perpendicular sides) of the triangle.

Find theimage of the point (3, 8) with respect to the line x +3y = 7 assuming the
lineto be aplane mirror.

If thelinesy =3x+1and 2y = x + 3areequally inclined to theliney = mx + 4, find
the value of m.

If sum of the perpendicular distances of a variable point P (x, y) from the lines
Xx+y—-5=0and 3x—2y+7=0isaways 10. Show that P must move on aline.
Find equation of the linewhich is equidistant from parallel lines9x+ 6y—-7=0
and3x+2y+6=0.

Array of light passing through thepoint (1, 2) reflectson the x-axisat point A and the
reflected ray passes through the point (5, 3). Find the coordinates of A.

Prove that the product of the lengths of the perpendiculars drawn from the

points (\/a2 b’ ,O) and (—\/a2 -b? ,O)to theline gcose +%sin6 =1is b*,

A person standing at the junction (crossing) of two straight paths represented by
the equations 2x— 3y + 4 = 0 and 3x + 4y — 5 = 0 wants to reach the path whose
equation is6x — 7y + 8 = 0 in the least time. Find equation of the path that he
shouldfollow.

Summary

4 Sope (M) of anon-vertical line passing through the points (x,, y,) and (X, Y,)

isgivenby m=Y2~Y1_Y:17 Yo X, # X,
Xo=X X=X

+ If aline makes an angle &with the positive direction of x-axis, then the slope

of thelineisgiven by m=tan o, o # 90°.

4 Slopeof horizontal lineiszero and slope of vertical lineisundefined.
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¢ An acute angle (say 0) between lines L, and L, with slopes m, and m, is

m-m
1+mm,
¢ Two linesare parallel if and only if their slopes are equal.

@ Two lines are perpendicular if and only if product of their slopesis—1.

@ ThreepointsA, B and C are collinear, if and only if slope of AB = dope of BC.

¢ Equation of the horizontal line having distance a from the x-axis is either
y=aory=-—-a

¢ Equation of the vertical line having distance b from the y-axis is either
X=borx=-h.

4 Thepoint (x, y) liesonthelinewith slope mand through thefixed point (x , y.),
if and only if its coordinates satisfy the equationy —y = m (X — X).

4 Equation of the line passing through the points (x,, y,) and (X, Y,) isgiven by
y-y,= 22D (x-x).

Xy

2

given by tand = Jd+mm, 0

% Thepoint (x, y) onthelinewith slope m and y-intercept c lieson thelineif and
only ify=mx+c.

¢ If aline with slope m makes x-intercept d. Then equation of the line is
y=m (X —d).

4 Equation of a line making intercepts a and b on the x-and y-axis,

Xy
tively,is—+=—=1,
respectively, is — +_

4 Theeguation of thelinehaving normal distancefrom origin p and angle between
normal and the positive x-axis® isgivenby xcosm- ysino = p.
4 Any equation of the form Ax + By + C = 0, with A and B are not zero,

simultaneoudly, is called the general linear equation or general equation of
a line.

4 The perpendicular distance (d) of aline Ax+ By+ C= 0fromapoint (x, y,)
| Ax, +By,+C|

VAZ+B?

¢ Distance between the parallel linesAx+ By + C =0andAx+ By + C, =0,

isgiven by d=

| Ci-c

isgivenby d=
A*+B?
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Chapter 11

11076CH1

CONIC SECTIONS

+»*Let the relation of knowledge to real life be very visible to your pupils
and let them understand how by knowledge the world could be
transformed. — BERTRAND RUSSELL **

11.1 Introduction

In the preceding Chapter 10, we have studied variousforms
of the equations of aline. In this Chapter, we shall study
about some other curves, viz., circles, elipses, parabolas
and hyperbolas. The names parabola and hyperbola are
given by Apollonius. These curves are in fact, known as
conic sections or more commonly conics because they
can be obtained as intersections of a plane with a double
napped right circular cone. These curves have avery wide ,
range of applications in fields such as planetary motion, Apollonius
design of telescopes and antennas, reflectorsin flashlights (262B.C.-190B.C)
and automobile headlights, etc. Now, in the subsequent sections we will see how the
intersection of a plane with a double napped right circular cone A
results in different types of curves. l

11.2 Sectionsof a Cone

Let | beafixed vertical lineand mbe another lineintersecting it at \%
afixed pointV and inclined to it at an angle o (Fig11.1).
Suppose we rotate the line m around the line | in such away
that the angle o remains constant. Then the surface generated is v
adouble-napped right circular hollow cone herein after referred as Fig11.1
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Axis
Plane
Upper m Generator .
nappe \
\%
Lower
nappe Cone
Fig11.2 Fig11.3

coneand extending indefinitely far in both directions (Fig11.2).

Thepoint V iscalled thevertex; thelinel istheaxis of thecone. Therotating line
m is called a generator of the cone. The vertex separates the cone into two parts
called nappes.

If wetaketheintersection of aplanewith acone, the section so obtained iscalled
a conic section. Thus, conic sections are the curves obtained by intersecting a right
circular cone by a plane.

We obtain different kinds of conic sections depending on the position of the
intersecting plane with respect to the cone and by the angle made by it with the vertical
axis of the cone. Let B be the angle made by the intersecting plane with the vertical
axis of the cone (Fig11.3).

The intersection of the plane with the cone can take place either at the vertex of
the cone or at any other part of the nappe either below or above the vertex.

11.2.1 Circle, ellipse, parabola and hyperbola When the plane cuts the nappe (other
than the vertex) of the cone, we have the following situations:

(a) When 3 =90°, thesectionisacircle (Figl1.4).

(b) Whenao < < 90° the section is an ellipse (Figl11.5).

(c) When B = o the section is a parabola (Figl11.6).

(In each of the above three situations, the plane cuts entirely across one nappe of
the cone).

(d) When 0 < B < a; the plane cuts through both the nappes and the curves of
intersection is a hyperbola (Fig11.7).
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N7 LN
I — o/
Fig1l.4 Fig11.5
ip
Fig11.6 Fig1L.7

11.2.2 Degenerated conic sections

When the plane cuts at the vertex of the cone, we have thefollowing different cases:

(a) Whena < <90°, then the section isapoint (Fig11.8).

(b) When B = a, the plane contains a generator of the cone and the section is a
straight line (Fig11.9).

It is the degenerated case of a parabola.

(c) When0<B<a,thesectionisapair of intersecting straight lines (Fig11.10). Itis
the degenerated case of a hyperbola.
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In the following sections, we shall obtain the equations of each of these conic
sectionsin standard form by defining them based on geometric properties.

(a) Fig 11. 10 (b)

11.3 Circle

Definition 1 A circleisthe set of all pointsin a plane that are equidistant from afixed
pointinthe plane.

Thefixed point is called the centre of the circle and the distance from the centre
to apoint on thecircleis called the radius of the circle (Fig 11.11).
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Radius Y
N
P,
. P (x,y)
P,
P,
OP=0P,=0P, 5 >X
Fig1l. 11 Fig11.12

The equation of the circle is simplest if the centre of the circle is at the origin.
However, we derive below the equation of the circle with a given centre and radius
(Fig11.12).

Given C (h, k) bethe centreand r theradius of circle. Let P(x, y) be any point on
the circle (Fig11.12). Then, by the definition, | CP| = r . By the distance formula,
we have

Jx=h)? + (y—k)? =r
i.e. (x=h2+(y-Kk?=r2
Thisis the required equation of the circle with centre at (h,k) and radiusr .
Example 1 Find an equation of the circle with centre at (0,0) and radiusr.
Solution Here h =k = 0. Therefore, the equation of the circleis x> + y? = r2,
Example 2 Find the equation of the circle with centre (=3, 2) and radius 4.
Solution Hereh =3, k=2 and r = 4. Therefore, the equation of the required circleis
(x+3)?+(y—2?=16
Example 3 Find the centre and the radius of the circle x*+ y?+ 8x + 10y —8=10

Solution The given equationis
(¢ +8x) +(y°+10y) = 8
Now, completing the squares within the parenthesis, we get
(®+8x+16) + (y*+10y+25) =8+16+25
i.e (x+4)2+(y+52=49
ie. {x-(ap+{y-(-Hp="7
Therefore, the given circle has centre at (— 4, -5) and radius 7.
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Example4 Find the equation of the circle which passesthrough the points (2, —2), and
(3,4) and whose centre lieson thelinex +y = 2.

Solution Let the equation of the circle be (x —h)? + (y —Kk)? = r2,
Since the circle passes through (2, — 2) and (3,4), we have

(2-h)y?+ (-2-k)?=r? - ()

and (3-h)?+(4-k?>=r? . (2

Also since the centre lieson the linex + y = 2, we have
h+k=2 .. (3)

Solving the equations (1), (2) and (3), we get
h=0.7, k=13 andr?=12.58
Hence, the equation of the required circleis
(x=0.7+ (y—1.3)> = 12.58.

|[EXERCISEA11.1]

In each of the following Exercises 1 to 5, find the equation of the circle with
1. centre (0,2) and radius 2 2. centre (—2,3) and radius 4

11 1
3. centre (—, —) and radius — 4. centre (1,1) and radius
(2 4) 12 (.3) \/E

5. centre (—a, -b) and radius /a? — b?.

In each of the following Exercises 6 to 9, find the centre and radius of the circles.
6. (x+5?2+(y—3)*=36 7. X +y?—4x—-8y—45=0
8. X¥+y?—-8x+10y—-12=0 9. 2¢+2y2-x=0

10. Find the equation of the circle passing through the points (4,1) and (6,5) and
whose centre ison the line 4x + y = 16.

11. Find the equation of the circle passing through the points (2,3) and (-1,1) and
whose centreison thelinex—3y —11 = 0.

12. Find the equation of the circle with radius 5 whose centre lies on x-axis and
passes through the point (2,3).

13. Find the equation of the circle passing through (0,0) and making interceptsa and
b on the coordinate axes.

14. Findtheequation of acirclewith centre (2,2) and passes through the point (4,5).
15. Doesthe point (-2.5, 3.5) lieinside, outside or on the circle x? + y? = 25?
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11.4 Parabola

Definition 2 A parabolaisthe set of all points
inaplanethat are equidistant from afixed line
and afixed point (not ontheline) inthe plane.
The fixed line is called the directrix of
the parabolaand thefixed point Fiscalled the
focus (Fig 11.13). (‘Para means ‘for’ and
‘bola’ means ‘throwing’, i.e., the shape
described when you throw aball in the air).

I the fixed point lies on the fixed

line, then the set of pointsin the plane, which
are equidistant from the fixed point and the
fixedlineisthe straight linethrough thefixed
point and perpendicular to thefixedline. We
cal this straight line as degenerate case of
the parabola

A linethrough thefocus and perpendicul ar
to the directrix is called the axis of the
parabola. The point of intersection of parabola
withtheaxisiscalled thevertex of the parabola
(Figl1.14).

11.4.1 Sandard equationsof parabola The
equation of aparabolaissimplestif the vertex

Directrix

-~

Directrix

Fig11. 13

N\

Focus Axis

/s

pa
~

/ 7
Vertex
y

Fig11.14

isat the origin and the axis of symmetry isalong the x-axisor y-axis. Thefour possible
such orientations of parabola are shown below in Figl11.15 (a) to (d).

Y
A
3
|
Il
®
Xl/ \X
~ ol F(a,0) -
v
y'=dax Y
(a)
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Y Y
N A
pd y=a N
~ Cd
0 X
F(0, a)
F(0,—a)
) X
pd N
~ y=_a T
v v
x’=4ay x’=—4day
(¢) Fig11.15(a)to(d) (d)

We will derive the equation for the parabola shown abovein Fig 11.15 (a) with
focus at (a, 0) a > 0; and directricx x = — a as below:

Let F be the focus and | the directrix. Let Y
FM be perpendicular to the directrix and bisect LR
FM at the point O. Produce MO to X. By the (=4,»)B /\P(x,y)

definition of parabola, the mid-point O ison the
parabolaand is called the vertex of the parabola.
Take O as origin, OX the x-axis and OY ~ M| O\ F(a,0)
perpendicular to it asthey-axis. Let the distance s
from the directrix to the focus be 2a. Then, the |I
coordinates of the focus are (a, 0), and the %v N/
equation of thedirectrixisx+a=0asinFig11.16.
Let P(x, y) be any point on the parabola such that Fig11.16

PF = PB, - (1)
where PB is perpendicular to |. The coordinates of B are (— a, y). By the distance
formula, we have

PF= [xCa+y? APB= [ g2

Since PF = PB, we have

Jox—a)% + y? =\/(x+ a)?
i.e. (x—a)pP+y?=(X+ a)?
or X-—-2ax+a2+y?=x+2ax+ a?
o y’=4dax(a>0).
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Hence, any point on the parabola satisfies
y? = 4ax. .. (2

Conversely, let P(x, y) satisfy the equation (2)

PF = (x-a)?+y® =(x—a)’+4ax
= J(x+a)’=PB .. (3

and so P(x,y) lies on the parabola.

Thus, from (2) and (3) we have proved that the equation to the parabola with
vertex at the origin, focus at (a,0) and directrix x = —aisy? = 4ax.

Discussion In equation (2), sincea > 0, X can assume any positive value or zero but
no negative value and the curve extends indefinitely far into the first and the fourth
quadrants. The axis of the parabolais the positive x-axis.

Similarly, we can derive the equations of the parabolasin:

Fig 11.15 (b) asy? = — 4ax,
Fig 11.15 (c) as x? = 4ay,
Fig 11.15 (d) as x> = — 4ay,
These four equations are known as standard equations of parabolas.

The standard equations of parabolas have focus on one of the coordinate
axis; vertex at the origin and thereby the directrix is parallel to the other coordinate
axis. However, the study of the equations of parabolas with focus at any point and
any line as directrix is beyond the scope here.

From the standard equations of the parabolas, Fig11.15, we have the following
observations:

1.  Parabolaissymmetric with respect to the axis of the parabola.lf the equation
has a y? term, then the axis of symmetry is along the x-axis and if the
equation has an x2term, then the axis of symmetry is along the y-axis.

2. When the axis of symmetry is along the x-axis the parabola opens to the
(a) rightif the coefficient of xis positive,

(b) leftif the coefficient of x isnegative.

3. When the axis of symmetry is along the y-axis the parabola opens
(c) upwardsif the coefficient of y is positive.

(d) downwardsif the coefficient of y is negative.
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11.4.2 Latus rectum
Definition 3 Latusrectum of aparabolaisaline segment perpendicular to the axis of
the parabola, through the focus and whose end points lie on the parabola (Fig11.17).
To find the Length of the latus rectum of the parabola y? = 4ax (Fig 11.18).
By the definition of the parabola, AF =AC.
But AC=FM =2a
Hence AF = 2a.
And since the parabola is symmetric with respect to x-axisAF = FB and so

AB = Length of the latus rectum = 4a.

-~ c

. Latus rectum

Focus M| O \ F(a,0)
\ v v B\

Fig 11.17 Fig 11.18
Y

Y
< ()K >X < >X

N

Example 5 Find the coordinates of thefocus, axis,
the equation of the directrix and latus rectum of
the parabola y? = 8x.

. . ) . N ol @0 -
Solution The given equation involves y2, so the N
axis of symmetry isaong the x-axis. i
The coefficient of xispositive so the parabolaopens Rv
to the right. Comparing with the given equation
y? = 4ax, we find that a = 2. Fig11.19

Thus, thefocus of the parabolais (2, 0) and the equation of the directrix of the parabola
isx=—2(Fig 11.19).

Length of the latus rectumis4a=4x 2= 8.
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Example 6 Find the equation of the parabola with focus (2,0) and directrix x = —2.

Solution Since the focus (2,0) lies on the x-axis, the x-axis itself is the axis of the

parabola. Hence the equation of the parabola is of the form either

y?=4axor y?=—4ax. Sincethedirectrix isx=—2 and the focusis(2,0), the parabola

is to be of the form y? = 4ax with a = 2. Hence the required equation is
y? = 4(2)x = 8x

Example 7 Find the equation of the parabolawith vertex at (O, 0) and focusat (0, 2).

Solution Since the vertex is at (0,0) and the focusis at (0,2) which lies on y-axis, the
y-axis is the axis of the parabola. Therefore, equation of the parabolais of the form
X2 = 4ay. thus, we have

X2 = 4(2)y, i.e., X2 = 8y.

Example 8 Find the equation of the parabolawhich issymmetric about they-axis, and
passes through the point (2,—3).

Solution Sincethe parabolais symmetric about y-axis and hasits vertex at the origin,
the equation is of the form x2 = 4ay or x*> = — 4ay, where the sign depends on whether
the parabola opens upwards or downwards. But the parabola passes through (2,-3)
which liesin the fourth quadrant, it must open downwards. Thus the equation is of
the form x2 = — 4ay.

Since the parabola passes through ( 2,-3), we have

wlk

22 =—4a(-3),ie,a =

Therefore, the equation of the parabolais

X2 = —4[%} y, i.e, 3¢=—4y.

[EXERCISE 11.2

In each of thefollowing Exercises 1 to 6, find the coordinates of the focus, axis of the
parabola, the equation of the directrix and the length of the latus rectum.

1. y?2=12x 2. X=6y 3. y2=-8x
4. x2=-16y 5. y?=10x 6. x2=-9y

In each of the Exercises 7 to 12, find the equation of the parabola that satisfies the
given conditions:
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7. Focus (6,0); directrix x=—6 8. Focus (0,-3); directrixy =3
Vertex (0,0); focus (3,0) 10. Vertex (0,0); focus (—2,0)
11. Vertex (0,0) passing through (2,3) and axisisaong x-axis.
12. Vertex (0,0), passing through (5,2) and symmetric with respect to y-axis.

11.5 Ellipse
P, P,

Definition 4 An ellipseisthe set of al pointsin P, '
a plane, the sum of whose distances from two “
fixed pointsin the plane is a constant. V’ \

The two fixed points are called the foci (plura
of ‘focus’) of the ellipse (Fig11.20).

The congtant which is the sum of
the distances of apoint on the ellipse from the | P+¥:* P.F,=P.F,+ P,F,=P,F,+ P,F,
two fixed points is always greater than the Fig 11.20

distance between the two fixed points.

The mid point of the line segment joining the foci is called the centre of the
ellipse. Theline segment through thefoci of the ellipseis called the major axisand the
line segment through the centre and perpendicular to the major axisis called the minor
axis. Theend points of the major axis are called the vertices of the ellipse(Fig 11.21).

c

[
'
1

p N A N

E N Major axis ,E ' .
; C e e A
: : ; : b
. ' 2 : 2 %
A . : F b/l\
(‘Q : ’
s | T~ Y

Vertex y
R S
Fig11.21 Fig 11.22

We denote the length of the major axis by 2a, the length of the minor axis by 2b
and the distance between the foci by 2c. Thus, the length of the semi major axisisa
and semi-minor axisisb (Figl1.22).
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11.5.1 Relationship between semi-major ,b2+ 2 ,b2+ c?

axis, semi-minor axis and the distance of Q a—c
the focus from the centre of the ellipse
(Fig 11.23). b

Take apoint Pat one end of the major axis. R
Sum of the distances of the point P to the
fociisF P+FP=FO+OP+FP
(Since, F,P =F O+ OP)
=c+a+a-c=2a Fig11.23

Take apoint Q at one end of the minor axis.
Sum of the distances from the point Q to thefoci is

FQ+FQ = \/bz +c 4+ \/bz +c? = 2b* +¢?

Since both Pand Q lieson the ellipse.

By the definition of ellipse, we have

2./b% +c® = 2aie, a=,/b*> + ¢?

or az=h+c?,i.e, c=.a’> - b’

11.5.2 Special cases of an ellipse In the equation
c? = a2 — b? obtained above, if we keep a fixed and

vary ¢ from O to a, the resulting ellipses will vary in
shape. b
a

Case (1) When ¢ = 0, both foci merge together with

the centre of the ellipseand a>=b?,i.e,a=b, and so F.=F,
the ellipse becomescircle (Fig11.24). Thus, circleisa
specia caseof anelipsewhichisdealtin Section 11.3. Fiq 1124

| .
Case (i) When ¢ = a, then b = 0. The dllipse reduces J
tothelinesegment F,F, joining thetwofoci (Figl1.25). a . a .
11.5.3 Eccentricity F, Fig11.25 F,

Definition 5 The eccentricity of an ellipseisthe ratio of the distances from the centre
of the ellipse to one of the foci and to one of the vertices of the ellipse (eccentricity is

denoted by ) i.e., e=C .
a
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Then since the focus is at a distance of ¢ from the centre, in terms of the eccentricity
the focus is at a distance of ae from the centre.

11.5.4 Standard equations of an ellipse The equation of an ellipseissimplest if the

centre of theellipseisat the origin and thefoci are x
(0,a)
Y
A
0,0)¢
€l Py (
A B Coo| O ®0
F] (_ Cs 0) Y Fz(c’ 0)
)(09—6)
D
LV, et
—a
Lo \%
a b 2 2
I
@ vV d
Fig 11.26 (b)

on the x-axis or y-axis. The two such possible orientations are shown in Fig 11.26.
Wewill derivethe equation for the ellipse shown abovein Fig 11.26 (a) with foci

on the x-axis. Y
Let F, and F, be the foci and O be the mid- g
point of theline segment F,F,. Let O betheorigin > &)
and the line from O through F, be the positive
x-axis and that through F as the negative x-axis. (A B

Let, the line through O perpendicular to the F.(-¢,0) Ol  F,(c,0)
x-axis be the y-axis. Let the coordinates of F, be
(=c,0)and F, be (c, 0) (Fig 11.27).

D
Let P(x, y) be any point on the ellipse such v
that the sum of the distances from P to the two X y' 1
foci be2asogiven 20
PF, + PF, = 2a - (1)
Using the distance formula, we have Fig 11.27

\/(x+c)2 +y o+ \/(x—c)2+y2 = 2a

e, J(X+0)2+y® = 2a—m
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Squaring both sides, we get

(x+cP+y*=4da2—4a ,/(x-C)* + y* + (Xx—-C)* + y*

which onsimplification gives

2 2
X
2 T % =1
a a~—-c
2 2
. X y .
i.e., — + = =1 Sincec® =& —b?
a b ( )
Hence any point on the ellipse satisfies
2 2
X y
— + = =1 - (2
a b @

Conversely, let P (x, y) satisfy the equation (2) with O <c < a. Then

X2
y2 =p? ( 1-;

J(x+0)2 +y?

\/ (x+ €)% + b? (—az . XZ]
a

2 2

\/(X+C)2+(az—cz)(a a—zx J (sinceb? =a?>-c?

Therefore, PF,

2
X c
a+— | =a+—x
a a

c
Smilarly PF, - a—gx
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c c
Hence PF,+PF, = a+—Xx+a-—x=2a - (3)
a a
X2 2
So, any point that satisfies ? + F =1, satisfies the geometric condition and so

P(x, y) lieson the elipse.
Hence from (2) and (3), we proved that the equation of an ellipse with centre of
the origin and major axis along the x-axisis

N

2
.y
—+t =1
a’ b
Discussion From the equation of the ellipse obtained above, it follows that for every

point P (X, y) on the ellipse, we have

2 2
X
P =1- # <1, ie, X*< a2, s0—-a< x< a
Therefore, the ellipse lies between the lines x = — a and x = a and touches these lines.
Similarly, the ellipse lies between the linesy = —b and y = b and touches these
lines.
2 2

Similarly, wecan derivethe equation of theellipsein Fig 11.26 (b) as F+§ =1

These two equations are known as standard equations of the ellipses.

The standard equations of ellipses have centre at the origin and the
major and minor axis are coordinate axes. However, the study of the ellipses with
centre at any other point, and any line through the centre as major and the minor
axes passing through the centre and perpendicular to major axis are beyond the
scope here.

From the standard equations of the ellipses (Fig11.26), we have the following
observations:

1. Ellipseissymmetric with respect to both the coordinate axessinceif (x, y) isa
point on the ellipse, then (— X, y), (X, =y) and (- x, —y) are also points on the ellipse.

2. Thefoci awayslie onthe major axis. The magjor axis can be determined by
finding the intercepts on the axes of symmetry. That is, magjor axisis along the x-axis
if the coefficient of x2 has the larger denominator and it is along the y-axis if the
coefficient of y? has the larger denominator.
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11.5.5 Latus rectum Y

Definition 6 Latus rectum of an ellipse is a
line segment perpendicular to the major axis
through any of the foci and whose end points ¢
lieontheedllipse (Fig 11.28).

To find the length of the latus rectum

2 y2
. Xy _
of the elipse 2 Latus rectunt 14
Let the Iength of AF2 bel. Fig 11. 28
Then the coordinates of A are (c, | ),i.e.,
(ae 1)
2 2
SinceA Iiesontheellipse?+F=1,wehave
2 2
ae |
( 2) =1
a b
>PkP=pP(1-¢&)
2 2 2 2
cc a -b b
a’ a’ a’
b4 e
Therefore 2=—ie,l =b—
a a

Since the ellipse is symmetric with respect to y-axis (of course, it is symmetric w.r.t.

. 2
both the coordinate axes), AF, = F.,B and so length of the latus rectumis -

Example 9 Find the coordinates of the foci, the vertices, the length of major axis, the

minor axis, the eccentricity and the latus rectum of the ellipse
2 2
X_ + y_ =1
25 9
X2 y2
Solution Since denominator of > is larger than the denominator of R the major
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2 2
X
axisisalong the x-axis. Comparing the given equation with Pl + % =1, weget

a=5andb=3.Also

c=ya’-b*=,/25-9=4

Therefore, the coordinates of the foci are (— 4,0) and (4,0), vertices are (— 5, 0) and
(5, 0). Length of themajor axisis 10 unitslength of the minor axis 2bis6 unitsand the
2b* 18

4
eccentricity is — and latusrectum is —=— .
Y 5 a 5

Example 10 Find the coordinates of the foci, the vertices, the lengths of major and
minor axes and the eccentricity of the ellipse 9x* + 4y? = 36.

Solution The given equation of the ellipse can be written in standard form as

2 2
X_+y_:l
4 9

2 2

Since the denominator of yg islarger than the denominator of X? , themagjor axisis

along the y-axis. Comparing the given equation with the standard equation

2 2
X_+y_—1 — —
> +t-—>=1 wehaveb=2anda=3.
b a
Also c=.a2-p? = J9-4=45
and ezgzﬁ
a 3

Hencethefoci are (0, 4/5) and (0, —/5), vertices are (0,3) and (0, —3), length of the
major axisis 6 units, the length of the minor axisis 4 units and the eccentricity of the

5
elipseis —.
P 3
Example 11 Find the equation of the ellipse whose vertices are (+ 13, 0) and foci are
(x5, 0).
Solution Since the vertices are on x-axis, the equation will be of the form
2 2
X° oy . L .
—2+—=1, where a is the semi-major axis.
a b
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Giventhat a=13,c=%5.
Therefore, from the relation ¢ = a — b?, we get
25=169—-b?,ie,b=12

2 2

Hence the equation of the ellipseis X—+y—:l.

169 144

Example 12 Find the equation of the ellipse, whose length of the major axisis 20 and
foci are (0, + 5).

Solution Since thefoci are on y-axis, the major axisisaong the y-axis. So, equation

2 2
of the ellipse is of the form F+§=1.
Giventhat
20
a = semi-major axis =?=10
and therelation c?= a?—b*gives

52=10°-b? i.e,?=75
Therefore, the equation of the ellipseis

2 2
XY
75 100
Example 13 Find the equation of the ellipse, with major axis aong the x-axis and
passing through the points (4, 3) and (- 1,4).

2 2

Solution The standard form of the ellipse is X_z + y_z = 1. Sincethe points (4, 3)
and (-1, 4) lieon the ellipse, we have a b
% + b—gz =1 )
and iz +g =1 (2
a b
Solving equations (1) and (2), wefind that a* =§ and b? =21157.

Hence the required equation is
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2 2

X Yy -1
Toa7\ 247 ~T.i.e, X%+ 15y2 = 247,
[ 7 j 15

|EXERCISE 11.3

In each of the Exercises 1 to 9, find the coordinates of thefoci, the vertices, the length
of major axis, the minor axis, the eccentricity and the length of the latus rectum of the

lipse.
2 2 2 2 2 2
R A | pIRRANIS A S A
36 16 4 25 16 9
2 2 2 2 2 2
4, 24X g 5. X s XY o
25" 100 49 36 100 * 400
7. 36+ 42 =144 8. 16@+y=16 0. 4C+9P°=36

In each of thefollowing Exercises 10to 20, find the equation for the ellipsethat satisfies
thegiven conditions:

10.
11.
12.
13.

14.
15.
16.
17.
18.
19.

20.

Vertices (£ 5, 0), foci (£ 4, 0)

Vertices (O, £ 13), foci (0, + 5)

Vertices (+ 6, 0), foci (4, 0)

Ends of major axis (+ 3, 0), ends of minor axis (0, * 2)

Ends of major axis (0, J_r\/g ), endsof minor axis (1, 0)

Length of major axis 26, foci (5, 0)

Length of minor axis 16, foci (0, £ 6).

Foci (£3,0),a=4

b =3, c=4, centreat the origin; foci on the x axis.

Centreat (0,0), major axison they-axisand passes through the points (3, 2) and
(1,6).

Major axis on the x-axis and passes through the points (4,3) and (6,2).

11.6 Hyperbola

Definition 7 A hyperbolais the set of al pointsin a plane, the difference of whose
distances from two fixed pointsin the planeis a constant.
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Conjugate
axis

Transverse

‘/ axis

N

Centre Vertex\ Focus
Vertex

P,F,-P,F,=P,F,- P,F,=P;F, - P,F,
Fig 11.29

The term “difference” that is used in the definition means the distance to the
farther point minusthe distanceto the closer point. Thetwo fixed pointsare called the
foci of the hyperbola. The mid-point of the line segment joining the foci is called the
centre of the hyperbola. The line through the foci is called the transverse axis and
thelinethrough the centre and perpendicul ar to the transverse axisiscalled the conjugate
axis. The points at which the hyperbola
intersectsthetransverse axisare called the
vertices of the hyperbola (Fig 11.29).

We denote the distance between the
two foci by 2c, the distance between two X’
vertices (the length of the transverse axis)
by 2a and we define the quantity b as

b = /Cz_az

Also 2bisthelength of the conjugate axis
(Fig 11.30).

To find the constant P,F, — P,F:

Fig 11.30

By taking the point Pat A and B in the Fig 11.30, we have
BF, —BF,= AF,—AF, (by the definition of the hyperbola)
BA +AF - BF,= AB + BF ~ AF,

i.e, AF, = BF,

So that, BF, - BF,= BA + AF—BF,=BA=2a
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11.6.1 Eccentricity

c
Definition 8 Just like an ellipse, the ratio e = a is called the eccentricity of the

hyperbola. Since ¢ > a, the eccentricity is never less than one. In terms of the
eccentricity, the foci are at a distance of ae from the centre.

11.6.2 Sandard equation of Hyperbola The equation of a hyperbolais simplest if
the centre of the hyperbolaisat the origin and the foci are on the x-axisor y-axis. The
two such possible orientations are shown in Fig11.31.

Y

N
w/
\ 0,a)
, 0 /// X' €— —>X
X'€ —_
@O\ @) o ©
0Q<<

v
Y’ -9
@ 27 () \ 2
5-5=1 v
2 2
a b _ Yo_xX
Fig 11.31 JERNY

Wewill derivethe equation for the hyperbola shownin Fig 11.31(a) with foci on
the x-axis.

Let F, and F, be the foci and O be the mid-point of the line segment FF,. Let O
be the origin and the line through O
through F, bethe positive x-axisand
that through F, as the negative
x-axis. The line through O
perpendicular to the x-axis be the
y-axis. Let the coordinates of F, bex' & - ‘ > X
(-¢,0) and F, be (c,0) (Fig 11.32). F, F,

Let P(x, y) be any point on the (=¢,0) (¢,0)
hyperbola such that the difference
of the distancesfrom Pto thefarther N N
point minus the closer point be 2a. Y’

So given, PF, —PF,=2a Fig 11.32

Y
A A
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Using the distance formula, we have
\/(x+ c)? +y? —\/(x—c)2 +y?=2a

e, Joxr o +y? =2a+\J(x—c)? + v

Squaring both side, we get

(x+ P+ y=4da+4a J(x—c)?+y> +(X—CP+Vy?

and on simplifying, we get

CX
P Jx=0)2+y?

On squaring again and further simplifying, we get

X2 2
a2 2y 7=1
a“ c" -a
2 2
. X°y _
2 y2
Hence any point on the hyperbola satisfies 2 =

Conversely, let P(x, y) satisfy the above equation with 0 <a < c. Then

x? —a?
yzzbz( a2 J

Therefore, PF, = + /(x 4 c)2 4 y2

|
+
_
)
X
+
O
N
N
+
O
N
A/
x
N
N
QD
N
~
I
QD
+
Ke)
X

Similarly, PF=a-—x
c
In hyperbolac> a; and since Pistotheright of thelinex=a, x> a, 5x> a. Therefore,

c c
a-— 5 X becomes negative. Thus, PF, = gx —a.
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C CX
Therefore PF - PF, =a + X~ 3 1 a=2a

Also, notethat if Pisto theleft of theline x = —a, then

Cc Cc
PE :—[a+—xj, PF. =a— —X.
1 a 2 a

2 2
In that case P F,— PF, = 2a. So, any point that satisfies %—§=1, lies on the
hyperbola.
Thus, we proved that the equation of hyperbola with origin (0,0) and transverse axis
» o NG 2 ~
ongx-axisis —7 =7 =1

|@= Note| A hyperbolain which a = b is called an equilateral hyperbola.
Discussion From the equation of the hyperbolawe have obtained, it followsthat, we

2 2

X
have for every point (x, y) on the hyperbola, =z =1+ % > 1

i.e, [—|=1i.e,x<—a orx=>a. Therefore, no portion of the curve lies between the

linesx=+aand x=—a, (i.e. no rea intercept on the conjugate axis).

2 2
Similarly, we can derive the equation of the hyperbolain Fig 11.31 (b) as %—E =1
These two equations are known as the standard equations of hyperbolas.

The standard equations of hyperbolas have transverse and conjugate
axes as the coordinate axes and the centre at the origin. However, there are
hyperbolas with any two perpendicular lines as transverse and conjugate axes, but
the study of such caseswill be dealt in higher classes.

From the standard equations of hyperbolas (Fig11.29), we have the following
observations:

1. Hyperbolaissymmetric with respect to both the axes, sinceif (x, y) isapoint on
the hyperbola, then (—x, y), (x,—y) and (—x, —y) are a so points on the hyperbola.

2020-21



260 MATHEMATICS

2. The foci are always on the transverse axis. It is the positive term whose
2 2

denominator gives the transverse axis. For example, e % =1
y2 2
has transverse axis along x-axis of length 6, while TS 1

has transverse axis along y-axis of length 10.

11.6.3 Latus rectum
Definition 9 Latusrectum of hyperbolaisaline segment perpendicular to thetransverse
axisthrough any of the foci and whose end pointslie on the hyperbola.

2b?
Asinéllipse, itiseasy to show that the length of thelatusrectumin hyperbolais -

Example 14 Find the coordinates of the foci and the vertices, the eccentricity,the
length of the latus rectum of the hyperbolas:

2 2

(')X__i/_a_l (i) y2— 162 = 16
X2 y2
Solution (i) Comparing the equation E_EZl with the standard equation
2 2
a’ b?

Here a=3 b=4andc= ya +b*=49+16

Therefore, the coordinates of thefoci are (+ 5, 0) and that of verticesare (+ 3, 0).Also,

. c_5 2b* 32
The eccentricity e= —=—. The latus rectum =——=—
a 3 a 3
y2 2
(i) Dividing the equation by 16 on both sides, we have B 1
2 2

X
Comparing the equation with the standard equation Z— 2T =1, wefind that

a=4, b=1and c=,/a>+b*=./16+1=
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Therefore, the coordinates of the foci are (0, * Jﬁ ) and that of the vertices are
(0,+4).Also,

A 1
The eccentricity ezgzﬁ.Thelatus rectum =——=—.
a 4 a 2

Example 15 Find the equation of the hyperbola with foci (0, £ 3) and vertices
0+,

2
Solution Since the foci is on y-axis, the equation of the hyperbola is of the form
Y _X_
a’ b’

V11 V11

Since vertices are (0, J_rT), a= W

25
Also, sincefoci are (0, 3);c=3 andb?*=c>—-a?= R
Therefore, the equation of the hyperbolais

2 2

Y ek N\ 2 .
Ll § =1,i.e,100y* — 44 x> = 275.
4 4

Example 16 Find the equation of the hyperbolawherefaoci are (0, +12) and the length
of the latus rectum is 36.

Solution Sincefoci are (0, £ 12), it followsthat ¢ = 12.

2b?
Length of the latus rectum = e =36 or b?=18a

Therefore c?=a’+b?% gives
144 = a> + 18a
ie, a2+ 18a—-144=0,
So a=-24,6.
Since a cannot be negative, wetakea = 6 and so b? = 108.
. : oy X .
Therefore, the equation of the required hyperbolais % 108 =1,i.e,3y?—x2=108
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EXERCISE 11.4

In each of the Exercises 1 to 6, find the coordinates of the foci and the vertices, the
eccentricity and the length of the latus rectum of the hyperbolas.

2 2 2 2

1. LY 2. L _X 3. 9P —4x=36
169 9 27

4. 16— 9y =576 5. 52 -9 =36 6. 49y — 16X = 784,

In each of the Exercises 7 to 15, find the equations of the hyperbola satisfying the given
conditions.
7. Vertices(x 2,0), foci (£ 3,0)
8. Vertices (0, +5), foci (0, £ 8)
9. Vertices (0, £ 3), foci (0, +5)
10. Foci (5, 0), thetransverse axisis of length 8.
11. Foci (0,+13), the conjugate axisis of length 24.

12. Foci (+ 34/5, 0), thelatus rectum is of length 8.
13. Foci (=4, 0), thelatusrectum is of length 12

4
14. vertices (= 7,0), e= 5

15. Foci (0,% +/10), passing through (2,3)
Miscellaneous Examples

Example 17 The focus of aparabolic mirror asshown in Fig 11.33 is at a distance of
5 cm from itsvertex. If themirror is45 cm deep, find Y

the distance AB (Fig 11.33). /\<_ - 45.- >,
Solution  Since the distance from the focus to the
vertex is5cm. We have, a=5. If theorigin istaken at
the vertex and the axis of the mirror lies along the
positive x-axis, the equation of the parabolic sectionis

y?=4(5) x=20x < ol >X
Note that x=45. Thus

y? =900
Therefore y=+30
Hence AB =2y =2x30=60cm. v B
Example 18 A beam is supported at its ends by Fig 11.33

supports which are 12 metres apart. Since the load is concentrated at its centre, there
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is a deflection of 3 cm at the centre and the deflected beam is in the shape of a
parabola. How far from the centre is the deflection 1 cm?

Solution Let thevertex be at thelowest point and the axis vertical. Let the coordinate
axis be chosen as shownin Fig 11.34.

Fig 11.34
The eguation of the parabola takes the form x*= 4ay. Since it passes through

6.2 3 " 62=4 3 A 36x100 — 300
00 | Wehave (6)°=4a| 75,  SEEETINA S il
Let AB bethe deflecti f the b hichi i Coordinates of B 2
ethe deflection of the beam which is - -~ m. Coordinates o are (X, — 100
Therefore X2 = 4><300><i =24
100
i.e. X= 24 = 2/6 metres

Example 19 A rod AB of length 15 cm rests in between two coordinate axesin such
a way that the end point A lies on x-axis and end point B lies on
y-axis. A point P(x, y) istaken on therod in such away

that AP= 6 cm. Show that thelocus of Pisan ellipse. A

Solution Let AB be the rod making an angle 6 with B
OX as shown in Fig 11.35 and P (X, y) the point on it
suchthat AP=6cm.

Since AB = 15 cm, we have Q

PB= 9cm. 7o)

From P draw PQ and PR perpendiculars on y-axis and
x-axis, respectively.
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X
From A PBQ, cos 8 = 9
oy

From A PRA,snO = 5
Since cos0 +sinf0=1

X 2 2

2 2
or L

81 36

Thusthelocusof Pisan ellipse.

Miscellaneous Exercise on Chapter 11

If aparabolic reflector is 20 cm in diameter and 5 cm deep, find the focus.

Anarchisin theform of aparabolawith itsaxis vertical. The arch is 10 m high
and 5 m wide at the base. How wide is it 2 m from the vertex of the parabola?

The cableof auniformly loaded suspension bridge hangsin theform of aparabola
The roadway which is horizontal and 100 m long is supported by vertical wires
attached to the cable, the longest wire being 30 m and the shortest being 6 m.
Find the length of a supporting wire attached to the roadway 18 m from the
middle.

Anarchisintheform of asemi-ellipse. Itis8 mwide and 2 m high at the centre.
Find the height of the arch at a point 1.5 m from one end.

A rod of length 12 cm moves with its ends always touching the coordinate axes.
Determine the equation of the locus of a point P on the rod, which is 3 cm from
the end in contact with the x-axis.

Find theareaof thetriangle formed by thelinesjoining the vertex of the parabola
X2 = 12y to the ends of its latus rectum.

A man running aracecourse notes that the sum of the distancesfrom the two flag
posts from him is always 10 m and the distance between the flag postsis 8 m.
Find the equation of the posts traced by the man.

An equilateral triangleisinscribed in the parabolay? = 4 ax, where one vertex is
at the vertex of the parabola. Find the length of the side of the triangle.
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Summary

In this Chapter the following concepts and generalisations are studied.

¢ A circleistheset of al pointsin aplanethat are equidistant from afixed point
inthe plane.

¢ The equation of acircle with centre (h, k) and the radiusr is
(x—h2+ (y-K2=r2

¢ A parabolaisthe set of al pointsin a plane that are equidistant from a fixed
lineand afixed point in the plane.

4 The eguation of the parabolawith focusat (a, 0) a> 0 and directrix x=—ais

y? = 4ax.
¢ Latus rectum of a parabolais aline segment perpendicular to the axis of the
parabola, through the focus and whose end points lie on the parabola
¢ Length of the latus rectum of the parabola y?= 4ax is 4a.
¢ Anéllipseisthe set of all pointsin aplane, the sum of whose distances from
two fixed pointsin the planeis a constant.

2 2
¢ The eguation of an ellipse with foci on the x-axisis ¥+ §= 1
¢ Latus rectum of an ellipse is a line segment perpendicular to the major axis
through any of the foci and whaose end points lie on the ellipse.

2
y
t 7

2b?
=
b

2

X
¢ Length of the latus rectum of the ellipse 2z A
@ Theeccentricity of an ellipseistheratio between the distances from the centre

of the ellipse to one of the foci and to one of the vertices of the ellipse.
¢ A hyperbolaisthe set of all pointsin aplane, the difference of whose distances
from two fixed pointsin the planeis a constant.

X2 2

4 The equation of a hyperbolawith foci on the x-axisis: ? _F =
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¢ Latus rectum of hyperbolais aline segment perpendicular to the transverse
axisthrough any of the foci and whose end pointslie on the hyperbola.

2 2

X°y . 207
¢ Length of the latus rectum of the hyperbola:; -==1lijs: —

b2: . a .

¢ The eccentricity of ahyperbolaisthe ratio of the distances from the centre of
the hyperbolato one of the foci and to one of the vertices of the hyperbola

Historical Note

Geometry is one of the most ancient branches of mathematics. The Greek
geometers investigated the properties of many curves that have theoretical and
practical importance. Euclid wrote his treatise on geometry around 300 B.C. He
was the first who organised the geometric figures based on certain axioms
suggested by physical considerations. Geometry asinitially studied by the ancient
Indians and Greeks, who made essentially no use of the process of algebra. The
synthetic approach to the subject of geometry as given by Euclid and in
Sulbasutras, etc., was continued for some 1300 years. Inthe 200 B.C., Apollonius
wrote abook called ‘ The Conic” which was all about conic sections with many
important discoveries that have remained unsurpassed for eighteen centuries.

Modern analytic geometry is called ‘Cartesian’ after the name of Rene
Descartes (1596-1650) whose relevant ‘La Geometrie’ was published in 1637.
But the fundamental principle and method of analytical geometry were already
discovered by Pierre de Fermat (1601-1665). Unfortunately, Fermats treatise on
the subject, entitled Ad Locus Planos et So LIDOS Isagoge (Introduction to
Plane and Solid Loci) was published only posthumously in
1679. So, Descartes cameto be regarded as the unique inventor of the analytical
geometry.

Isaac Barrow avoided using cartesian method. Newton used method of
undetermined coefficients to find equations of curves. He used several types of
coordinates including polar and bipolar. Leibnitz used the terms *abscissa’,
‘ordinate’ and ‘ coordinate’. L' Hospital (about 1700) wrote animportant textbook
onanalytical geometry.

Clairaut (1729) wasthefirst to give the distance formulaalthough in clumsy
form. He also gave the intercept form of the linear equation. Cramer (1750)
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made formal use of the two axes and gave the equation of acircle as
(y-ap+(b-x?=r
He gave the best exposition of the analytical geometry of histime. Monge
(1781) gave the modern ‘point-slope’ form of equation of alineas
y-y =aXx-x)
and the condition of perpendicularity of two linesasaa’ + 1 =0.
S.F. Lacroix (1765-1843) wasaprolific textbook writer, but hiscontributions
to analytical geometry are found scattered. He gave the ‘two-point’ form of
equation of alineas

y-p=L P
o —a

(B—a-b)
and the length of the perpendicular from (o, B) ony = ax + b as m .

a-a
Hisformulafor finding angle between two lines was tan 6 =[m] Itis, of

course, surprising that one hasto wait for more than 150 years after theinvention
of analytical geometry before finding such essential basic formula. In 1818, C.
Lame, a civil engineer, gave mE + m'E” = 0 as the curve passing through the
points of intersection of two loci E=0and E = 0.

Many important discoveries, both in Mathematics and Science, have been
linked to the conic sections. The Greeks particularly Archimedes (287—212B.C.)
and Apollonius (200 B.C.) studied conic sections for their own beauty. These
curves areimportant tools for present day exploration of outer space and also for
research into behaviour of atomic particles.
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Chapter 12

11076CH12

INTRODUCTION TO THREE
DIMENSIONAL GEOMETRY

«*Mathematics is both the queen and the hand-maiden of
all sciences — E.T. BELL %

12.1 Introduction

You may recall that to locate the position of a point in a
plane, we need two intersecting mutually perpendicular lines
in the plane. These lines are called the coordinate axes
and the two numbers are called the coordinates of the
point with respect to the axes. In actual life, we do not
haveto deal with pointslyingin aplaneonly. For example,
consider the position of aball thrown in space at different
points of time or the position of an aeroplane as it flies
from one placeto another at different timesduringitsflight.
Similarly, if we were to locate the position of the Leonhard Euler

lowest tip of an electric bulb hanging from the ceiling of a (1707-1783)

room or the position of the central tip of the ceiling fan in aroom, we will not only
require the perpendicular distances of the point to be located from two perpendicular
walls of theroom but also the height of the point from the floor of theroom. Therefore,
we need not only two but three numbers representing the perpendicular distances of
the point from three mutually perpendicular planes, namely the floor of the room and
two adjacent walls of the room. The three numbers representing the three distances
are called the coordinates of the point with reference to the three coordinate
planes. So, a point in space has three coordinates. In this Chapter, we shall study the
basic concepts of geometry in three dimensional space.*

*  For various activitiesin three dimensional geometry one may refer to the Book, “A Hand Book for
designing Mathematics Laboratory in Schools’, NCERT, 2005.
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INTRODUCTION TO THREE DIMENSIONAL GEOMETRY 269

12.2 Coordinate Axesand Coordinate Planesin ThreeDimensional Space

Consider three planes intersecting at a point O 7

such that these three planes are mutually A X'
perpendicular to each other (Fig 12.1). These Vi

three planesintersect along thelines X’OX, Y’OY == ----,!4 -----

and 2'0Z, called the x, y and z-axes, respectively. , ¢ it -
We may note that these lines are mutually =~ 0 -
perpendicular to each other. Theselines constitute =

the rectangular coordinate system. The planes 4

XOY, YOZ and ZOX, called, respectively the X v

XY-plane, YZ-plane and the ZX-plane, are z

known as the three coordinate planes. We take
the XOY plane asthe plane of the paper and the
line Z’0OZ as perpendicular to the plane XOY. If the plane of the paper is considered
as horizontal, then the line Z’OZ will be vertical. The distances measured from
XY-plane upwards in the direction of OZ are taken as positive and those measured
downwards in the direction of OZ" are taken as negative. Similarly, the distance
measured to the right of ZX-plane along OY are taken as positive, to the left of
ZX-plane and along OY” as negative, in front of the YZ-plane along OX as positive
and to the back of it dlong OX” as negative. The point O is called the origin of the
coordinate system. The three coordinate planes divide the space into eight partsknown
as octants. These octants could be named as XOYZ, X’0OYZ, X’OY’Z, XOY’Z,
XQOYZ',X'0YZ',X’0Y’Z" and XOY’Z'. and denoted by I, I1, 11, ..., VIII , respectively.

12.3 Coordinatesof aPoint in Space Z }:(x,y,z)
A

Having chosen a fixed coordinate system in the
space, consisting of coordinate axes, coordinate
planes and the origin, we now explain, as to how,
givenapoint in the space, we associate with it three

Fig12.1

coordinates (x,y,z) and conversely, given a triplet / Y EC >Y
of three numbers (X, y, ), how, welocate apoint in 7 N Yeuoann v
the space. /L

Given a point P in space, we drop a X (x, y, 0)
perpendicular PM on the XY-plane with M as the Fig12.2

foot of thisperpendicular (Fig 12.2). Then, from the point M, we draw a perpendicular
ML to the x-axis, meetingitat L. Let OL bex, LM beyand MP bez. Then x,y and z
are called the x, y and z coordinates, respectively, of the point P in the space. In
Fig 12.2, we may note that the point P(x, y, 2) liesin the octant XOYZ and so all x, y,
z are positive. If P was in any other octant, the signs of x, y and z would change
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accordingly. Thus, to each point P in the space there corresponds an ordered triplet
(X, Y, 2) of real numbers.

Conversely, givenany triplet (x,y, z), wewould first fix the point L on the x-axis
corresponding to X, then locate the point M in the XY-plane such that (x, y) are the
coordinates of the point M in the XY-plane. Note that LM is perpendicular to the
x-axisor isparalel to they-axis. Having reached the point M, we draw a perpendicular
MP to the XY-plane and locate on it the point P corresponding to z. The point P so
obtained has then the coordinates (x, y, ). Thus, there is a one to one correspondence
between the points in space and ordered triplet (X, y, z) of real numbers.

Alternatively, through the point Pin the 7
space, we draw three planes parallel to the A
coordinate planes, meeting the x-axis, y-axis C E
and z-axisinthepointsA, B and C, respectively A
(Fig 12.3). Let OA =x, OB =y and OC = z. F :4 7
Then, the point Pwill havethe coordinatesx, y
and zand wewrite P(x, y, z). Conversely, given oly «
X, y and z, we locate the three points A, B and / el 1B >Y
C on the three coordinate axes. Through the b X
pointsA, B and C we draw planes parallel to A D
the YZ-plane, ZX-plane and XY-plane, X Fig12.3

respectively. The point of interesection of these three planes, namely, ADPF, BDPE
and CEPF is obvioudly the point P, corresponding to the ordered triplet (x, y, 2). We
observe that if P (X, y, 2) isany point in the space, then x, y and z are perpendicular
distancesfromYZ, ZX and XY planes, respectively.

| == Note|The coordinates of the origin O are (0,0,0). The coordinates of any point
on thex-axiswill be as(x,0,0) and the coordinates of any point intheY Z-planewill
beas (0, y, 2).

Remark The sign of the coordinates of a point determine the octant in which the

point lies. The following table shows the signs of the coordinatesin eight octants.

Table 12.1
Og\ai“;@ | I 11 1V \Y VI VI VIl
o
o
X + = = + + = = +
y + + — — + + - —
Z + + + + — — — —
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Example 1InFig12.3, if Pis(2,4,5), find the coordinates of F.

Solution For the point F, the distance measured along OY is zero. Therefore, the
coordinates of F are (2,0,5).

Example 2 Find the octant in which the points (-3,1,2) and (-3,1,—2) lie.

Solution From the Table 12.1, the point (3,1, 2) lies in second octant and the point
(-3, 1,-2) liesin octant V1.

|EXERCISE 12.1|

A point ison the X-axis. What are its y-coordinate and z-coordinates?

A point isin the XZ-plane. What can you say about its y-coordinate?
Name the octantsin which thefollowing pointslie:
(1,2,3),(4,-2,3),(4,-2,-5),(4,2,-5),(—4,2,-5),(—4,2,5),
(-3,-1,6) (—2,—4,-7).
4. Fillintheblanks:
(i) Thex-axisand y-axistaken together determine a plane known as
(i) The coordinates of points in the XY -plane are of the form
(i) Coordinate planes divide the space into octants.

12.4 Distance between Two Points

We have studied about the distance A
between two points in two-dimensional
coordinate system. L et usnow extend this
study to three-dimensional system.

Let P(x, ¥, z) and Q (X, ¥, Z) \
be two points referred to a system of 90
rectangular axes OX, OY and OZ. p 90 A
Through the points P and Q draw planes N
parallel to the coordinate planes so asto 0
form arectangular parallel opiped with one
diagonal PQ (Fig 12.4).

Now, since ZPAQ isaright X Fig12.4
angle, it followsthat, intriangle PAQ,

PQ? = PA2 + AQ? .. (1)
Also, triangle ANQ isright angletrianglewith ZANQ aright angle.
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Therefore AQ? = AN? + N@? .. (2
From (1) and (2), we have

PQ? = PAZ+ AN? + NQ?

Now PA=y,-y,AN=x,—-x andNQ =2 -2
Hence PQ? = (X, —x)* + (Y, — yl)2 +(z,-2)
Therefore PQ = \/06,—%) "+, ¥1) H2-2,)°

This gives us the distance between two points (x,, y,, ) and (X, Y,, Z)).

In particular, if x, =y, =z =0, i.e, point Pisorigin O, then OQ = \/m ;
which gives the distance between the origin O and any point Q (X,, Y,, Z,).
Example 3 Find the distance between the points P(1, -3, 4) and Q (— 4, 1, 2).
Solution The distance PQ between the points P (1,-3,4) and Q (—4, 1, 2) is

PQ = \/(-4-1)%+ (1+3)°+ (2—4)?
=,25+16+4
= /45 = 3/5units

Example 4 Show that the points P (-2, 3, 5), Q (1, 2, 3) and R (7, 0, -1) are collinear.

Solution We know that points are said to be collinear if they lieon aline.
Now, PQ = \/(1+2)%+ (2-3)%+ (3-5)2 =/9+1+4 = /14

QR = \/(7-1)% (0-2)%+ (1-3)? = V/36+4+16 = /56 =214
and PR = \/(7+2)%+ (0-3)%+ (-1-5)? =+/81+ 9+ 36 = 126 = 3/14

Thus, PQ + QR = PR. Hence, P, Q and R are collinear.

Example 5 Arethe pointsA (3, 6, 9), B (10, 20, 30) and C (25, —41, 5), the vertices
of aright angled triangle?

Solution By the distiance formula, we have
AB? =(10-3)’+(20-6)*+(30—9y°
=49+ 196+ 441 =686
BC? =(25-10 + (—41-20)*+ (5—30)°
=225+3721+625=4571
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CA? =(3-252+(6+41)>+(9-5)
=484 + 2209 + 16 = 2709

Wefind that CAZ?+ AB?# BC2
Hence, the triangle ABC is not aright angled triangle.
Example 6 Find the equation of set of points P such that PA2 + PB2 = 2k?, where
A and B are the points (3, 4, 5) and (-1, 3, —7), respectively.
Solution Let the coordinates of point Pbe (X, y, z).
Here PAZ = (x—3)*+ (y—4)?>+(z-5)

PB? = (x +1)*+ (y—3)* + (z+ 7)*
By the given condition PA? + PB? = 2k?, we have

(X=3p+(y—4)+ (Z-57+ (x+ 1)+ (y—=3°+ (z+ 7)* = 2

i.e, 2¢+2y*+27—4x—14y + 4z = 2k* — 109.

|EXERCISE 12.2|
1. Find thedistance between the following pairs of points:
(i) (2,3,5and(4,3,1) (i) (-3,7,2and(2,4,-1)
@) (-1,3,—4)and (1,-3,4) (iv) (2,-1,3)and (-2, 1,3).

2. Show that the points (-2, 3, 5), (1, 2, 3) and (7, 0, 1) are collinear.
Verify thefollowing:
@) (0,7,-10), (1, 6,—6)and (4,9, —6) aretheverticesof anisoscelestriangle.
(i) (0,7,10),(-1,6,6)and (-4, 9, 6) aretheverticesof aright angled triangle.
@) (-1,2,1),(1,-2,5),(4,—7,8) and (2,3, 4) aretheverticesof aparallelogram.

4. Find the equation of the set of points which are equidistant from the points
(1,2,3)and (3,2, -1).

5. Find the equation of the set of points P, the sum of whose distances from
A (4,0,0) and B (-4, 0, 0) isequal to 10.

12.5 Section Formula
In two dimensional geometry, we have learnt how to find the coordinates of a point
dividing alinesegmentinagivenratiointernaly. Now, weextend thisto threedimensiona
geometry asfollows:

L et the two given pointsbe P(x,, y,, ) and Q (X,, ¥,, ). Let the point R (X, y, 2)
divide PQ in the given ratio m: ninternally. Draw PL, QM and RN perpendicular to
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the XY-plane. Obviously PL || RN || QM and feet Z
of these perpendiculars lie in a XY-plane. The
pointsL, M and N will lie on alinewhich isthe R
intersection of the plane containing PL, RN and
QM withthe XY-plane. Through the point R draw p
aline ST parallel to the line LM. Line ST will
intersect theline LP externally at the point Sand
thelineMQat T, asshown in Fig 12.5.

Also note that quadrilaterals LNRS and
NMTR are parallelograms.
ThetrianglesPSR and QTR aresimilar. Therefore, X /N/ M
m PR _ SP SL —PL NR - PL _ VAR LFing.s

72

n QR QT QM-TM QM-NR z,-z

mz, tnz,

e P
Thisimplies mtn

Similarly, by drawing perpendicularsto the XZ and Y Z-planes, we get
+n mx,+ n
y= my, + ny, and x= 22 X
m+ n m+ n

Hence, the coordinates of the point R which dividestheline segment joining two points
P(x,Y,,z)and Q (X, Y, z) internaly in the ratiom: nare

MmX, + NX, My, + Ny, Mz, + Nz
m+n  m+n  m+n

If the point R divides PQ externally in the ratio m: n, then its coordinates are
obtained by replacing n by —n so that coordinates of point R will be

mX, —NX, My, —Nny, Mz, —nz
m-n ~ m-n ' m-n
Case 1 Coordinates of the mid-point: In case R is the mid-point of PQ, then

m:n=1:1sothat X = Xl;XZ,yz le;Yz and 7 = ZlJ;Zz_

These are the coordinates of the mid point of the segment joining P (x,, Y, Z))
and Q (X, Y,, Z).
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Case 2 The coordinates of the point R which dividesPQ intheratiok : 1 are obtained

m
by taking kK = which are as given below:

kx,+x, ky,+y, kz,+z
4k | 1+k T 1k

Generally, thisresult isused in solving problemsinvolving agenera point ontheline
passing through two given points.

Example 7 Find the coordinates of the point which dividesthe line segment joining
the points (1, -2, 3) and (3, 4, -5) intheratio 2 : 3 (i) internally, and (ii) externally.
Solution (i) Let P(x, y, 2) bethe point which dividesline segment joining A(1, -2, 3)
and B (3, 4,-5) internally intheratio 2 : 3. Therefore
= 23)+3(1) _9  _24)+3(2_2 S = 2(5+313) _-1
2+3 5’ 2+3 5’ 2+3 5
: . 92-1
Thus, therequired pointis 555
(ii) Let P (X, y, 2) be the point which divides segment joining A (1, —2, 3) and
B (3,4, -5) externdly intheratio2: 3. Then
x=2BFERQ) 5 28+ )
2+(-3 ’ 2+ (-3

_2(5)+(-33) _

-14 z
T 2+(3

19
Therefore, the required point is (-3, —14, 19).
Example 8 Using section formula, prove that the three points (— 4, 6, 10), (2, 4, 6)
and (14, 0, —2) are collinear.
Solution LetA (-4, 6, 10), B (2, 4, 6) and C(14, 0, — 2) bethe given points. Let the
point P dividesAB in theratio k: 1. Then coordinates of the point Pare

(2k—4 4k + 6 6k+10j

k+1  k+1 ' k+1

L et us examine whether for some value of k, the point P coincides with point C.

2k-4
On putting Yl 14 we get k:_g
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3
4(-=-)+6
When k=—§,then 4k+6= 32 =0
k+1 S
6(—§)+10
6k +10 2
and k+1 3 =2
_§+1

Therefore, C (14, 0, —2) isapoint which dividesAB externally intheratio3: 2andis
same as PHence A, B, C are collinear.

Example 9 Find the coordinates of the centroid of the triangle whose vertices are
(X ¥y 2), (% ¥y Z) @l (X5, Y3, Z)-

Solution Let ABC be the triangle. Let the coordinates of the vertices A, B,C be
X, ¥, Z), (X ¥, Z) and (X,, Y, Z,), respectively. Let D be the mid-point of BC.
Hence coordinates of D are

[X2+X3 Yot Y3 22"‘23}

2 2 2

Let G bethe centroid of thetriangle. Therefore, it dividesthemedian AD intheratio2: 1.
Hence, the coordinates of G are

X5 + X y+y Z,+ Z

2 2 3 2 2 3 2 2 3
( 2 )+‘ ( 2 j+” ( 2 )+%

2+1 ' 2+1 ' 2+1

XNtX%+X Y1tYotYs 4+5,+ 7
o 3 ' 3 ' 3

Example 10 Findtheratio inwhich theline segment joining the points (4, 8, 10) and
(6, 10, — 8) isdivided by the Y Z-plane.

Solution Let YZ-plane dividesthe line segment joining A (4, 8, 10) and B (6, 10, —8)
a P(x Y, 2 intheratio k : 1. Then the coordinates of P are

(4+ 6k 8+10k 10—8kJ

k+1 ' k+1 " k+1
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4 + 6k
Since Pliesonthe YZ-plane, its x-coordinate is zero, i.e., K1 =
2
o k=——
3

Therefore, Y Z-plane dividesAB externally intheratio 2 : 3.

|EXERCISE 12.3|

1. Findthecoordinates of the point which dividestheline segment joining the points
(—2,3,5 and (1,—-4,6)intheratio (i) 2: 3internaly, (ii) 2 : 3 externaly.

2. GiventhatP(3,2,-4),Q(5,4,—6)and R (9, 8,-10) arecallinear. Find theratio
inwhich Q divides PR.

3. FindtheratioinwhichtheY Z-plane dividestheline segment formed by joining
the points (-2, 4, 7) and (3, -5, 8).
4. Using section formula, show that the points A (2, -3, 4), B (-1, 2, 1) and

1
C[O,g,z] are collinear.
5. Findthe coordinates of the pointswhich trisect the line segment joining the points
P (4, 2,—6) and Q (10, 16, 6).

Miscellaneous Examples
Example 11 Show that the points A (1, 2, 3), B (-1, -2, -1), C (2, 3, 2) and
D (4, 7, 6) are the vertices of a parallelogram ABCD, but it is not a rectangle.

Solution To show ABCD isaparallelogram we need to show opposite side are equal
Note that.

AB = |/(-1-1)%+(-2-2)>+(-1-3)> = J4+16+16=6
BC = /(2+1)°+(3+2)%+(2+1)° = 0+ 25+9 = /43
CD = \[(4-2)%+(7-3)’+(6-2)2 = /4+16+16 =6

DA = \/1-4)?+2-7)+(3-6)* = +/O+25+9=/43

Since AB =CD and BC = AD, ABCD is a parallelogram.

Now, it is required to prove that ABCD is not a rectangle. For this, we show that
diagonals AC and BD are unequal. We have
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AC = ,/(2-1)%+(3-2)*+(2-3? =1+1+1=3
BD = /(44 0)2+(7+2)°(6+1)° = 25+ 8L+ 49=/155.

Since AC # BD, ABCD is not a rectangle.

We can also show that ABCD isaparallelogram, using the property that
diagonals AC and BD bisect each other.

Example 12 Find the equation of the set of the points P such that its distances from
the pointsA (3, 4,-5) and B (- 2, 1, 4) are equal.

Solution If P (X, Y, 2) be any point such that PA = PB.

Now \/(x—3)2+ (y—4)>+ (z+5)? = \/(x+2)2+ (y-1)%+ (z-4)?
o (x=3*+(y-4*+(z+5* = (x+2*+(y-1)*+(z—4)*

or 10X+ 6y—-18z—-29=0.

Example 13 Thecentroid of atriangleABC isat the point (1, 1, 1). If the coordinates
of A and B are (3, -5, 7) and (-1, 7, — 6), respectively, find the coordinates of the
point C.

Solution Let the coordinates of C be (x, y, z) and the coordinates of the centroid G be
(1,1, 1). Then

x+3-1 ] y—5+7 _ 2+7-6 _
T: lie, X=1,—F——=1ie,y=1,—/—=1ie,z=2.

3
Hence, coordinates of C are (1, 1, 2).

Miscellaneous Exercise on Chapter 12
1. Three vertices of a paralelogram ABCD are A(3, — 1, 2), B (1, 2, — 4) and
C (-1, 1, 2). Find the coordinates of the fourth vertex.

2. Findthelengths of the medians of thetriangle with verticesA (0, O, 6), B (0,4, 0)
and (6, 0, 0).

3. If the origin is the centroid of the triangle PQR with vertices P (2a, 2, 6),
Q (=4, 3b, —10) and R(8, 14, 2c), then find the values of a, b and c.

4. Find the coordinates of a point on y-axis which are at adistance of 5,/2 from
thepoint P (3, -2, 5).
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5. A point R with x-coordinate 4 lies on the line segment joining the points
P(2, -3, 4) and Q (8, 0, 10). Find the coordinates of the point R.

[Hint SupposeR dividesPQ intheratiok: 1. The coordinates of the point R are given
(8k+2 -3 10k+4J]

k+1 'k+1 k+1

6.1f A and B bethepoints(3, 4, 5) and (-1, 3, —7), respectively, find the equation of the
set of points P such that PA2 + PB2 = k?, where k is a constant.

Summary

# Inthreedimensions, the coordinate axes of arectangular Cartesian coordinate
system are three mutually perpendicular lines. The axes are called the x, y
and z-axes.

® The three planes determined by the pair of axes are the coordinate planes,
called XY, YZ and ZX-planes.

# Thethree coordinate planes divide the space into eight parts known as octants.

# The coordinates of apoint Pin three dimensional geometry isawayswritten
in the form of triplet like (X, y, z). Here x, y and z are the distances from the
YZ,ZX and XY -planes.

¢ (i) Any point on x-axisis of the form (x, 0, 0)
(i) Any point on y-axisisof theform (0, y, 0)
(i) Any point on z-axisis of theform (0, O, 2).
* Distance between two points P(x,, y,, ) and Q (X,, ¥,, Z,) is given by

PQ=\(% =% 2 +(¥, =¥ P +(2, -2 )?

® The coordinates of the point R which divides the line segment joining two
points P (x, y, ) and Q (X,, y,, ) internally and externally intheratiom: n

aregiven by

MY +NX My, +NYy; Mg, +NZ mxX —Nx, My, —Ny; Mz, —Nz;
m+n ~ m+n  m+n m-n  m-n ' m-n )’

respectively.

@ The coordinates of the mid-point of the line segment joining two points

% Y+, Z+
P(X, ¥, z) and Q(X,, ¥, Z,) are[xlzxz, - 2,21222)
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# The coordinates of the centroid of the triangle, whose vertices are (x,, y,, Z,)

Xt VitV tYs 42X
(Xzyz,é)and(xs,ys,%),are[ s 3 3 j

Historical Note

Rene' Descartes (1596-1650), the father of analytical geometry, essentially dealt
with plane geometry only in 1637. The same is true of his co-inventor Pierre
Fermat (1601-1665) and LaHire (1640-1718). Although suggestionsfor the three
dimensional coordinate geometry can be found in their works but no details.
Descartes had the idea of coordinatesin three dimensions but did not develop it.
J.Bernoulli (1667-1748) inaletter of 1715 to Leibnitz introduced the three coor-
dinate planes which we use today. It was Antoinne Parent
(1666-1716), who gave a systematic development of analytical solid geometry
for the first time in a paper presented to the French Academy in 1700.

L.Euler (1707-1783) took up systematically the three dimensional coordinate ge-
ometry, in Chapter 5 of the appendix to the second volume of his*“Introduction
to Geometry” in 1748.

It was not until the middle of the nineteenth century that geometry was extended
to more than three dimensions, the well-known application of which is in the
Space-Time Continuum of Einstein’s Theory of Relativity.

/2
JE— ... JE—
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Chapter 13

11076CH13

LIMITSAND DERIVATIVES

*»*With the Calculus as a key, Mathematics can be successfully applied to the
explanation of the course of Nature — WHITEHEAD +*

13.1 Introduction

Thischapter isanintroductionto Calculus. Calculusisthat
branch of mathematics which mainly deals with the study
of change in the value of a function as the paints in the
domain change. First, we giveanintuitiveideaof derivative
(without actually defining it). Thenwegiveanavedefinition
of limit and study some algebra of limits. Then we come
back to a definition of derivative and study some algebra
of derivatives. We also obtain derivatives of certain
standard functions.

13.2 Intuitiveldeaof Derivatives Sir 1ssac Newton

Physical experiments have confirmed that the body dropped (1642-1727)

from atall cliff coversadistance of 4.9t metresint seconds,

i.e., distance sin metres covered by the body asafunction of timet in secondsisgiven
by s=4.9t2

Theadjoining Table 13.1 givesthe distance travelled in metresat variousintervals
of timein seconds of abody dropped from atall cliff.

The objectiveisto find the veloctiy of the body at time t = 2 seconds from this
data. One way to approach this problem is to find the average velocity for various
intervals of time ending at t = 2 seconds and hope that these throw some light on the
velocity at t = 2 seconds.

Average velocity betweent = t, and t = t, equals distance travelled between

t=1t andt=t, secondsdivided by (t,—t ). Hence the average velocity in the first
two seconds
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_ Distance travelled betweent, =2 and t, =0 Table131
- Time interval (t, —t,) L S
0 0
19.6-0)m 1 4.
= u: 9.8m/s. 9
(2-0)s 15 11.025
Similarly, the average velocity betweent = 1 LS 15876
andt=2is 19 17.689
195 18.63225
19.6-4.9)m
( L 2 196
(2-D)s 205 2059225
Likewise we compute the average velocitiy 21 21.609
betweent =t, andt= 2 for varioust,. Thefollowing 2.2 23.716
Table 13.2 gives the average velocity (v), t = t, 25 30.625
seconds and t = 2 seconds. 3 41
4 784
Table13.2
t 0 1 15 18 b 2] 195 1.99

v 9.8 14.7 1715 | 18.62 1911 | 19.355 19.551

From Table 13.2, we observe that the average velocity is gradually increasing.
Aswe makethetimeintervalsending at t = 2 smaller, we see that we get a better idea
of the velocity at t = 2. Hoping that nothing really dramatic happens between 1.99
seconds and 2 seconds, we conclude that the average velocity at t = 2 seconds is just
above 19.551m/s.

This conclusion is somewhat strengthened by the following set of computation.
Compute the average velocities for various time intervals starting at t = 2 seconds. As
before the average velocity v between t = 2 seconds and t = t, seconds is

Distance travelled between 2 seconds and t, seconds

Distance travelled in t, seconds — Distance travelled in 2 seconds
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_ Distance travelled int, seconds — 19.6

The following Table 13.3 gives the average velocity v in metres per second
between t = 2 seconds and t, seconds.

Table13.3
) 4 3 |25 |22 (21| 205 | 201
vV | 294 | 24.5|22.05|20.58|20.09|19.845 |19.649

Here again we note that if we take smaller timeintervalsstarting at t = 2, we get
better idea of the velocity at t = 2.

Inthefirst set of computations, what we have doneisto find average velocities
inincreasingtimeintervalsending at t = 2 and then hope that nothing dramatic happens
just beforet = 2. In the second set of computations, we have found the average vel ocities
decreasingintimeintervalsending at t = 2 and then hope that nothing dramatic happens
just after t = 2. Purely on the physical grounds, both these sequences of average
velocities must approach acommon limit. We can safely conclude that the velocity of
the body at t = 2 is between 19.551m/s and 19.649 nvs. Technically, we say that the
instantaneous velocity at t = 2 is between 19.551 nvVs and 19.649 m/s. As is
well-known, velocity is the rate of change of displacement. Hence what we have
accomplished isthefollowing. From the given data of distance covered at varioustime
instants we have estimated the rate of
change of thedistanceat agiveninstant A
of time. We say thet the derivativeof ~ f-=--=-=--======---- B,
the distance functions=4.9t?at t = 2
is between 19.551 and 19.649.

Analternateway of viewingthis
[imiting processis shown in Fig 13.1.
Thisisaplot of distance s of the body
from thetop of thecliff versusthetime
t elapsed. Inthelimit asthesequence ™ f-----ffaa-n s--2C
of timeintervalsh,, h,, ..., approaches :
zero, the sequence of averagevelocities : >t
approaches the same limit as does the © / 2 2Hh 244, Time-axis
sequence of ratios Fig13.1

s=49¢2

Distance-axis
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CB, GCB, GCiBs
AC,  AC, AC;’

where C B, = s, —s, isthedistance travelled by the body inthetimeinterval h, =AC,,
etc. From the Fig 13.1 it is safe to conclude that this latter sequence approaches the
slope of the tangent to the curve at point A. In other words, the instantaneous vel ocity
v(t) of abody at timet =2 isequal to the slope of the tangent of the curve s = 4.9t? at
t=2.

13.3Limits

Theabovediscussion clearly pointstowardsthefact that we need to understand limiting
processin greater clarity. We study afew illustrative examplesto gain some familiarity
with the concept of limits.

Consider the function f(x) = x2. Observe that as x takes values very close to O,
the value of f(x) also moves towards O (See Fig 2.10 Chapter 2). We say

lim f (x)=0

(to beread aslimit of f(x) as x tendsto zero equals zero). Thelimit of f(x) asx tends
to zero is to be thought of as the value f (x) should assume at x = 0.
In general asx — a, f(X) — |, then | iscalled limit of the function f (x) which is

symbolically writtenas lim  (x) =1,

Consider thefollowing function g(x) = x|, X # 0. Observethat g(0) isnot defined.
Computing the value of g(x) for valuesof x very Y
near to 0, we see that the value of g(x) moves A

towards 0. So, M g(x) = 0. Thisisintuitively

clear from the graph of y = |x| for x #0.
(See Fig 2.13, Chapter 2).
Consider thefollowing function.

Compute the value of h(x) for values of x¢
X very near to 2 (but not at 2). Convinceyourself /20 O (2,0)
that all these values are near to 4. This is Y
somewhat strengthened by considering thegraph Y
of the function y = h(x) given here (Fig 13.2). Fig13.2
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In al theseillustrations the value which the function should assume at a given
point x = adid not really depend on how isx tending to a. Note that there are essentially
two ways x could approach a number a either from left or from right, i.e., al the
values of x near a could be less than a or could be greater than a. This naturally leads
to two limits — the right hand limit and the left hand limit. Right hand limit of a
function f(X) isthat value of f(x) which is dictated by the values of f(xX) when x tends
toafromtheright. Similarly, theleft hand limit. Toillustratethis, consider thefunction

<0
f(x)=4 X
2, x>0 Y
Graph of thisfunctionisshownintheFig 13.3. Itis — /%)
clear that the value of f at O dictated by values of f(x) with 0,2) Y
X < 0 equals 1, i.e, the left hand limit of f (x) a O is
Iir% f(x)=1 —(0,1)
X—>
Similarly, the value of f at O dictated by values of x' ¢ >X
f (x) withx > 0 equals 2, i.e., theright hand limit of f (x) NP
aois Y

lim f (x)=2
x—0° Fig13.3

In this case theright and left hand limits are different, and hence we say that the
[imit of f (X) asx tendsto zero does not exist (even though the functionisdefined at 0).

Summary

We say X'LT f(x) is the expected value of f at x = a given the values of f near
x to the left of a. Thisvalueis called the left hand limit of f at a.

We say lim f(X) is the expected value of f at x = a given the values of
X—a

f near x to the right of a. This value is called the right hand limit of f(x) at a.
If theright and left hand limits coincide, we call that common value asthelimit

of f(x) at x = a and denote it by 1M f(x).

Illustration 1 Consider the function f(x) = x + 10. We want to find the limit of this
function at x = 5. Let us compute the value of the function f(x) for x very near to 5.
Some of the points near and to the left of 5 are 4.9, 4.95, 4.99, 4.995. . ., etc. Values
of the function at these points are tabulated below. Similarly, the real number 5.001,
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5.01, 5.1 arealso points near and to theright of 5. Values of the function at these points
areaso given in the Table 13.4.
Table13.4

X 49 | 495 | 499 [ 4995 5.001 5.01 5.1

f(x) | 149 | 1495| 1499 | 14.995| 15001 ( 15.01 151

From the Table 13.4, we deduce that value of f(x) at x = 5 should be greater than
14.995 and less than 15.001 assuming nothing dramatic happens between x = 4.995
and 5.001. It is reasonable to assume that the value of the f(x) at x = 5 as dictated by
the numbersto theleft of 5is 15, i.e.,

lim f(x)=15_

X—5"

Similarly, when x approaches 5 from theright, f(x) should betaking value 15, i.e.,
lim f(x)=15

x—5"
Hence, itislikely that theleft hand limit of f(x) and theright hand limit of f(x) are
both equal to 15. Thus,
lim f(x)=lim f(x)=lim f(x)=15.
X—5" x—5" x—5
This conclusion about the limit being equal to 15 is somewhat strengthened by
seeing the graph of thisfunction whichisgivenin Fig 2.16, Chapter 2. Inthisfigure, we
note that as x approaches 5 from either right or left, the graph of the function
f(X) = x +10 approaches the point (5, 15).
We observe that the value of the function at x = 5 also happensto be equal to 15.

Illustration 2 Consider the function f(x) = x®. Let us try to find the limit of this
function at x = 1. Proceeding as in the previous case, we tabulate the value of f(x) at
xnear 1. Thisisgivenin the Table 13.5.

Table13.5

X 0.9 0.99 0.999 1.001 101 11

f(x) | 0.729| 0.970299 | 0.997002999 | 1.003003001 | 1.030301 | 1.331

From this table, we deduce that value of f(x) at x = 1 should be greater than
0.997002999 and less than 1.003003001 assuming nothing dramatic happens between
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x = 0.999 and 1.001. It is reasonable to assume that the value of the f(x) at x = 1 as
dictated by the numberstotheleft of 1is1,i.e,

lim f(x)=1,

X—1"

Similarly, when x approaches 1 from theright, f(x) should betaking valuel, i.e.,
lim f(x)=1,
x—1*
Hence, itislikely that theleft hand limit of f(x) and theright hand limit of f(x) are
both equal to 1. Thus,
lim f(x)=lim f(x):lirq f(x)=1,
x—1" X—>

x—1
This conclusion about the limit being equal to 1 is somewhat strengthened by
seeing the graph of thisfunctionwhichisgiveninFig 2.11, Chapter 2. Inthisfigure, we
note that as x approaches 1 from either right or left, the graph of the function
f(x) = x®approaches the point (1, 1).
We observe, again, that the value of the function at x = 1 aso happens to be
equal to 1.

Illustration 3 Consider the function f(x) = 3x. Let us try to find the limit of this
function at x = 2. Thefollowing Table 13.6 is now self-explanatory.

Table13.6
X 19 195 199 | 1999 | 2001 | 201 21
f(x) 5.7 5.85 597 | 5997 | 6.003 | 6.03 6.3
As before we observe that asx approaches 2 X
from either left or right, the value of f(x) seem to 0,6)¢
approach 6. We record this as :
: \ iy B ¢
g =i )=y F)=6 .
Its graph shown in Fig 13.4 strengthens this ' € o0 >
fact. o 2,0
Hereagain wenotethat the value of thefunction
at x = 2 coincides with the limit at x = 2.
Illustration 4 Consider the constant function v
f(x) = 3. Let us try to find its limit a x = 2. This Y
function being the constant function takes the same Fig13.4
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value (3, in this case) everywhere, i.e., its value at points closeto 2 is 3. Hence
i (0= fim 9 =lim ()2

Graph of f(x) = 3isanyway theline parallel to x-axis passing through (0, 3) and
isshownin Fig 2.9, Chapter 2. From thisalso it is clear that the required limitis 3. In

fact, it is easily observed that lim f(x)=3 for any real number a.

Ilustration 5 Consider the function f(x) = x* + x. We want to find lim f(x). we
tabulate the values of f(x) near x = 1in Table 13.7.

Table13.7
X 0.9 0.99 0.999 101 11 1.2

f(x) 171 1.9701 1.997001 2.0301 231 | 264

From thisit is reasonable to deduce that Y
: : : A
frp FO0=Jirp 0=l 9 =2. 4
From the graph of f(x) = x® + x 3
showninthe Fig 13.5, it isclear that as x y=fx)
approaches 1, the graph approaches (1, 2). 2177
Here, again we observe that the 1 '
M) =) X' € - >X
2 1701 2 3 4 5
. v
Now, conV|aneyourseIf of the Y Figl13s
following threefacts:
limx?=1, limx=1andlimx+1=2
x—1 x—1 x—1
Then limx? + Iimx:1+1=2=lim[x2+x]_
x—1 x—1 Xx—1
Also limx. le_rg(x+1)_1.2_2_IX|_rH|:x(x+1)]_le_rﬂ[x +x]_
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lllustration 6 Consider the function f(x) = sin x. We are interested in lim sin x,

X——
2

where the angle is measured in radians.

Here, we tabulate the (approximate) value of f(x) near g(TabIe 13.8). From

this, we may deduce that

X—— X—— X=
2 2 2

Further, thisissupported by the graph of f(x) = sinxwhichisgivenintheFig 3.8

(Chapter 3). In this case too, we observe that lim sinx= 1.

.
2
Table 13.8
X T 01 T o001 T o0l Tio1
2 2 2 2
f(x) |0.9950 0.9999 0.9999 0.9950

Illustration 7 Consider the function f(x) = x + cos x. We want to find the Iirrgf (X).
X—

Here we tabulate the (approximate) value of f(x) near O (Table 13.9).

Table 13.9
X -0.1 —-0.01 —0.001 0.001 0.01 0.1
f(X) 0.9850 | 0.98995 | 0.9989995 | 1.0009995| 1.00995 1.0950

From the Table 13.9, we may deduce that

g PO =i FOg =l T (=1

In this case too, we observe that !('_T)f (x)=f(0) =1

Now, can you convince yourself that

le_r>r(1)[x+ cosx|=

limx+1

Xx—0 X
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1 .
|llustration 8 Consider thefunction f (x):7 for x> 0. Wewant to know IXIrT(l)f(x).

Here, observe that the domain of the function is given to be al positive real
numbers. Hence, when we tabul ate the values of f(x), it does not make senseto talk of
x approaching 0 from the left. Below we tabul ate the val ues of the function for positive
x closeto O (in this table n denotes any positive integer).

From the Table 13.10 given below, we see that as x tends to 0, f(x) becomes
larger and larger. What we mean hereisthat the value of f(x) may be made larger than
any given number.

Table13.10
X 1 0.1 0.01 10
() 1 100 10000 102"

Mathematically, we say
limf(x)=+
x—0 ( )
We also remark that we will not come across such limitsin this course.

llustration 9 We want to find lim f (X), where

X—2, x<0
f(x)=40 , x=0
X+2, x>0

Asusua we make atable of x near O with f(x). Observe that for negative values of x
we need to evaluate x — 2 and for positive values, we need to evaluate x + 2.

Table13.11
X -0.1 —-0.01 —0.001 0.001 0.01 0.1
f(x) -21 -201 —2.001 2.001 201 21

From the first three entries of the Table 13.11, we deduce that the value of the
function is decreasing to —2 and hence.

lim f(x)=-2

x—0"
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From the last three entires of the table we deduce that the value of the function

isincreasing from 2 and hence Y
lim f =2
xl_[y (x) 0,2)
Sincetheleft and right hand limitsat 0 do not coincide,
we say that the limit of the function at O doesnot exist. X' € p >X
Graph of thisfunctionisgivenintheFigl3.6. Here,
we remark that the value of the function at x = 0 is well 0,-2)
defined andis, indeed, equal to O, but thelimit of thefunction
at x = 0isnot even defined. Y
_ o _ . Fig13.6
lllustration 10 As afinal illustration, we find lim f (x),
where
2 #1
f (x)= {x+ X
0 x=1
Table13.12
X 0.9 0.99 0.999 1.001 1.01 11
f(x) 29 2.99 2.999 3.001 3.01 3.1

Asusua we tabulate the values of f(x) for x near 1. From the values of f(x) for
x lessthan 1, it seems that the function should take value3at x = 1., i.e,,

lim f (x)=3,
x—1 Y
Similarly, thevalue of f(x) should be3 asdic- A
tated by values of f(x) at x greater than 1. i.e. 0,3) + - -
lim f (x)=3 :
X1 (x)=3. (0,2) .

But thentheleft and right hand limitscoincide
and hence

X' >
lim f (x)=lim f (x)=limf(x)=3_ 2,00 O (1,0
x—1 x—1" x—1
Graphof function givenin Fig 13.7 strengthens Y’
our deduction about the limit. Here, we Fig13.7
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note that in general, at a given point the value of the function and its limit may be
different (even when both are defined).

13.3.1 Algebra of limitsIn the aboveillustrations, we have observed that the limiting
process respects addition, subtraction, multiplication and division aslong asthelimits
and functions under consideration are well defined. Thisis not a coincidence. In fact,
below we formalise these as a theorem without proof.

Theorem 1 Let f and g be two functions such that both Ll_rj; f(x) and Ll_rj; g(x) exist.

Then
(i) Limit of sum of two functionsis sum of the limits of thefunctions, i.e.,

lim[f) + g (] = lim f) + lim g(x).

(i) Limit of difference of two functionsisdifference of thelimitsof thefunctions, i.e.,
lim[fo) — gl = lim f() - lim g(x).

(i) Limit of product of two functionsis product of the limits of thefunctions, i.e.,

lim [fx) . g09] = 1lim 1(9. lim g(x).
(iv) Limitof quotient of two functionsisquotient of thelimitsof thefunctions (whenever

the denominator isnon zero), i.e.,

i f(x) limf(x)

— X=a

—ag(x) limg(x)

X—a

In particular as a special case of (iii), when g is the constant function
such that g(x) = 4, for some real number 2, we have

lim[ (A.) (x)]=Alim f (x)

X—a X—a

In the next two subsections, weillustrate how to exploit thistheorem to eval uate
limits of special types of functions.

13.3.2 Limits of polynomials and rational functions A function f is said to be a
polynomial function of degree n f(x) = a, + ax +ax? +...+ ax", where as are rea
numbers such that a, # 0 for some natural number n.

We know that lim x = a. Hence
X—=a
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limx® =lim(xx)=limxlimx=a a=a’

X—a X—a X—a X—a

An easy exercise in induction on n tells us that

l[imx"=a"

X—a
Now, let f (x)=a,+ax+a,x* +..+a,x" beapolynomial function. Thinking

of each of a,,a x,a,%%,...,a, x" asafunction, we have

lim f (x) = Iim[a0+alx+a2x2+...+anx“]

X—a

= lima, +limax+limax® +...+lima x"
X—a

X—a X—a X—a

= a,+alimx+a,limx*+..+a, limx"
X—a X—a

X—a

a,+aa+a,a’+..+aa"
f(a)

(Make sure that you understand the justification for each step in the above!)

9(x)
A function fissaid to bearationa function, if f(x) = W , where g(x) and h(x)

are polynomials such that h(x) # 0. Then

| 90990 _g(a)
limf (x)=lim h(x) limh(x) h(a)

X—a
However, if h(a) = 0, there are two scenarios — (i) when g(a) # 0 and (ii) when
g(a) = 0. In the former case we say that the limit does not exist. In the |atter case we
can write g(x) = (X — a)*g, (X), where k is the maximum of powers of (x —a) in g(x)
Similarly, h(x) = (x—a)'h, (x) ash (a) = 0. Now, if k> |, we have

lim f (x)= limg(x) lim(x-a)“g(x)
a0 limh(x)  fim(x-a) hy(x)

X—a X—a
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lim(x—a)""

% (%) _0g,(a) 0
limh(x)  h(a)

If k<, thelimit is not defined.
. .. . H 3 2 .. H
Example 1 Find the limits: (i) |X|_rH[X - X +1] (ii) L'Q[X(X+1)]
(i) Iim1[1+x+x2+...+x1°]_
X——

Solution The required limits are al limits of some polynomial functions. Hence the
limits are the values of the function at the prescribed points. We have

0 mpe—se+1=13-17+1=1

(ii) Iim[x(x+1)] =3(3+1)=3(4)=12

X—3

il 1im [ x0¢ +45] 24 ()4 (0P 4ot (2)°

x—-1
=1-1+1...+1=1.
Example 2 Find thelimits:

_ Iim_ X2 +1 \ “m_x3—4x2+4x
O 55| x+100 U
T I et i X2
(i) 2| X° = 4x° +4x (V) x>2| X’ —5x+6

jim| X221 }
V) -1 x> —x xX*-3x*+2x]"

Solution All the functions under consideration are rational functions. Hence, we first

0
evaluate these functions at the prescribed points. If thisis of the form o we try to

rewrite the function cancelling the factors which are causing the limit to be of

the f 9
eform .
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2 2
(i) Wehave lim X+ _1+1_ 2
x-1X+100 1+100 101

0
(i) Evauatingthefunctionat 2, itisof theform 0

3402 _92)?
X —4X° + 4X lim X(x-2)

Hence i 2—d  o2(x+2)(x-2)

— lim aSX#2

0
(i) Evaluating the function at 2, we get it of the form o

_ (x+2)(x=2)
Hence lim

2
-4 _ lim )
x22 X3 — A% +4x 7 x(x-2)

- (x+2)  2+2 4
= lim = =—
x>2x(x-2) 2(2-2) 0

which isnot defined.

0
(iv) Evaluating the function at 2, we get it of the form 0

Hence X%2X2_5X+6 T oxo2 (X—2)(X—3)
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(v) First, werewrite the function asarational function.

x-2 1 X=2 1
[xz—x x3—3x2+2x}__X(X—1) x(x* -3x+2)

[ x-2 3 1 }

- | X(x=1)  x(x-1)(x-2)
_x2—4x+4—1}

| x(x-1)(x-2)

| X -4x+3

T x(x-1)(x=2)

0
Evaluating the function at 1, we get it of the form o

lim X2—2_ 1 Iimﬂ

Hence S0l 2 —x =3 +2x | o1 x(x—1)(x-2)
-3)(x-1

i =31

x-1 X(X—1)(X—2)

lim X-3 1-3
= eix(x-2) T 1(1-2) =2

We remark that we could cancel the term (x — 1) in the above evaluation because
x#1.

Evaluation of an important limit which will be used in the sequel isgiven asa
theorem below.
Theorem 2 For any positive integer n,

x'—a'

lim =na

x—»a X—a

Remark The expression in the above theorem for the limit is true even if nis any
rational number and aispositive.
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Proof Dividing (X" —a") by (x — a), we see that
X'—a'= (x-a) (X" + x2a+x2a+ ..+ xa?+ar)

x"—a"

Thus, lim =lim(xt+x2a+x3 a2+ .. +xa?+a?)
x—a X—a X—a

=a-'+aav?+. ..+a?(q +ta-
=al+ a1 +. . +at+ ar! (n terms)

= na"?

Example 3 Evauate:

5
0 ] 0 g

Solution (i) We have

lim = lim
xo1 x0_1" x1f x-1 x-1

x-1| x=1 -1 x-1

W51 [ xB-1 x1°—1}

15 (1) = 10(1)° (by the theorem above)

15-10—E
N 2

(i) Puty=1+x,sothaty—1 as x— 0.

N, _ ) -1
Then Iim1+—Xl = Ilmy—
x—0 X y—1 y—l

I
é.

1,12 1
5(1)2 (by the remark above) = 2
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13.4 Limits of Trigonometric Functions
The following facts (stated as theorems) about functionsin general comein handy in
calculating limits of sometrigonometric functions.

Theorem 3 Let fand 9 betwo real valued functions with the same domain such that

f(X) < g( x) for al x in the domain of definition, For some a, if both Lﬂ f(x) and

lim g(x) exist, then M f(x) < liM g(x). Thisisillustrated in Fig 13.8.

Y
A
| y =g(x)
I
I
I y=flx)
5 7 >X

Fig 13.8

Theorem 4 (Sandwich Theorem) Let f, g and h be real functions such that
f(X) < g( x) < h(x) for al x in the common domain of definition. For somerea number

a,if M () =1=1IM h(x), then liM g(x) =1. Thisisillustrated in Fig 13.9.

N

1S

0

Fig 13.9

Given below is a beautiful geometric proof of the following important
inequality relating trigonometric functions.

cosx< 20X <1 for0<|x|<% *)
X
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Proof We know that sin (—x) = —sin x and cos( — X) = cos X. Hence, it is sufficient
- B
to provetheinequality for 0< X<E' C

In the Fig 13.10, O is the centre of the unit circle such that Ah
A

theangleAOC isxradiansand 0 < x < % . Linesegments B A and

CD are perpendicularsto OA. Further, join AC. Then

Areaof AOAC < Area of sector QAC < Areaof A OAB. Fig 13.10
ie. Loacp<XaAy<ioans.

2 2n 2
i.,e, CD<x.0OA<AB.
From A OCD,

_ Cch | ~ v . _AB
Sinx= OA (since OC = OA) and hence CD = OA sin x. Also tanx-OA and

hence AB = OA. tan x. Thus
OA sinx< OA. x< OA. tan x.
Since length OA is positive, we have
sin x < x<tanx.

Since 0 <x <% , Sinxis positive and thus by dividing throughout by sin x, we have

X 1
1<——<——. Taking reciprocalsthroughout, we have
SinX Cosx

sinx
cosx<——«<1
X

which complete the proof.
Theorem 5 The following are two important limits.

3 lim3NX _q i) ljm = 0%8%
(I) x—0 X T (”) x—0 X

-0

Proof (i) The inequality in (*) saysthat the function 2" is sandwiched between the
X

function cos x and the constant function which takes value 1.
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Further, since L'LT(‘) cos X = 1, we see that the proof of (i) of the theorem is
complete by sandwich theorem.

X
To prove (ii), werecall the trigonometric identity 1 —cosx = 2 sin? [E]

Then

im
x—0 X x—0 X x—0 X
2
sin 3
. .. [x
= lim Jdimsn| = |=1.0=0
x—0 X x—0 2
2

X
Observethat we haveimplicitly used thefact that x — 0 isequivalent to B —0.This

X
may bejustified by puttingy = 5

1 Sin4x o tanx
Example 4 Evaluate: (i) lim— (i) lim——
x—0 81N 2X x=0 X

. i lim
Solution (i) x—0 §N2X  x-0

.| sin4x sin2x
= 2.1im +
x-0|  4x 2X

. sin4dx . SN 2x
= 2. lim = lim
4x—=0| 44X 2x—0| 22X

sn4x —lim S|n4x_ .2x 5
4x Sn2x

=211=2(asx— 0, 4x — 0 and 2x — 0)
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. . _tanx , i : .
(i) Wehave lim—— = lim =lim——.lim—— =11=1
x—>0 X Xx—=0 X COS X x=>0 X

A generd rulethat needsto be kept in mind while evaluating limitsisthefollowing.

. F(x
Say, given that thelimit L'LT; m existsand wewant to evaluatethis. First we check
the value of f(a) and g(a). If both are O, then we see if we can get the factor which
is causing the terms to vanish, i.e., see if we can write f(x) = f, (x) f,(X) so that
f, (@ = 0andf, (a) # 0. Similarly, we write g(x) = g, (X) 9,(x), where g,(a) = 0 and
g,(a) # 0. Cancel out the common factors from f(x) and g(x) (if possible) and write

f9 _ p(x)

W —W , Where g(x) # 0.

f(x) _p(a)

Then o(x) " a(a)°

|EXERCISE 13.1

Evaluate thefollowing limitsin Exercises 1 to 22.

. . 22 .
1. limx+3 2. |lm[X——) 3 limar?
x—3 Xon 7 r—l
. 4x+3 X0 4 x5 +1 (X+l)5—l
4. lim 5. - 6. lim—2 =
x—4 X—2 x— -1 Xx—1 XI_>0 X
7 IimM 8 Iim—x4_81 9. lim ax+b
Cox2 X2 -4 " x-3 2x% —5x—3 " x>0 cxX+1
1
S — 2
10 lim L 11 IimeXJrC a+b+c#0
F -l g “xslex? +bx+a’
z6 -1
242 sinax sinax
12, |ijm X2 13. lim 14. lim=—2, ab=#0
x—-2 X+ 2 x=0 bX x—0 SIan
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15.

18.

20.

22.

23.

24,

25.

26.

27.

28.

MATHEMATICS

lim sin(m—x)

x>r 71— X)

ax-+ XCosx
bsinx

lim

x—0

. Sinax+bx
lim—— —a,b,a+b=#0,
x—0 ax + sinbx

. tan2x
lim
X—)% X_E

2

et 1731 () a1 3, where (-

Find lim f () where f (X)={

Evaluate lim f (x) . where f(x)=

Find lim f () where f(x)=

Find lim £ (x) | where f (x)=

a+bx,
Suppose f(x)=14,
b-ax,

x>1

and if le_rgf (x) = f (1) what are possible values of a and b?

2020-21

. COSX . cos2x—1
16. lim Clim—=
x—=0 T — X x—0 CoSX—1
19 lim xsecx
Xx—0
21. Iirrg(cosec X—cot X)
X—>
2Xx+3, x<0
3(x+1), x>0
x*-1 x<1
—x?-1, x>1
u, X0
X
0, x=0
i, x#0
| X]
0, x=0
| x|-5
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29. Leta,a,..., a befixed real numbers and define afunction
f()=(x-2a) (x-a,)..(x-a,).

What is lim f (x) ? For somea # a,, &, ..., &, compute L'LQ f (x).

IX+1, x<O
30 If f(x)={0,  x=0.
|A—L x>0

For what value (s) of a does lIMf (x) exists?

f(x)-2

2~ evaluae lim f (x).

31. If the function f(x) satisfies IXILTI

mx+n, x<O0
32, 1f f(X)=y mx+m, 0<x<1 Forwhatintegersmand ndoesboth lim f (x)
nC+m,  x>1

and lim f (X) exist?

13.5 Derivatives

We have seen in the Section 13.2, that by knowing the position of a body at various
timeintervalsitispossibleto find therate at which the position of the body ischanging.
Itisof very general interest to know acertain parameter at variousinstants of timeand
try to finding the rate at which it is changing. There are several red life situations
where such a process needs to be carried out. For instance, people maintaining a
reservoir need to know when will areservoir overflow knowing the depth of the water
at several instances of time, Rocket Scientists need to compute the precise velocity
with which the satellite needs to be shot out from the rocket knowing the height of the
rocket at varioustimes. Financial institutions need to predict the changesin the val ue of
aparticular stock knowing itspresent value. In these, and many such casesitisdesirable
to know how a particular parameter is changing with respect to some other parameter.
The heart of the matter is derivative of a function at a given point in its domain
of definition.
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Definition 1 Suppose f is a real valued function and a is a point in its domain of
definition. The derivative of f at a is defined by

im f(a+h)-f(a)
h—0 h

provided this limit exists. Derivative of f (x) at a is denoted by f{a).
Observethat f'(a) quantifiesthe changein f(X) at awith respect to x.

Example 5 Find the derivative at x = 2 of the function f(x) = 3x.
Solution We have

f(2+h)-f(2)  3(2+h)-3(2)

7@ = lim h = lim
im 830176 3N lima=3,
h—0 h h—0 h h—0

The derivative of thefunction 3xat x=2is 3.

Example 6 Find the derivative of thefunction f(x) = 2x2+ 3x—5at x= —1. Also prove
that f (0) + 3f “(-1) = 0.

Solution We first find the derivatives of f(x) at x = —1 and at x = 0. We have

) = tim f(-1+ hg_ f(-1)

_ Iim[z(-1+ h)? +3(~1+ h)—5}—[2(—1)2 +3(—1)—5}

h—0 h

2

lim

—lim(2h-1)=2(0)-1=-1

h—0 h h—0
. O - i £ (0+h)- f (0)
[2(o+ h)? +3(0+ h)—s}—[z(o)2 +3(o)—5}
- i h
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=lim(2h+3)=2(0)+3=3

h—0 h h—0
Clearly f'(0)+3f'(-1)=0
Remark At this stage note that evaluating derivative at a point involves effective use
of variousrules, limitsare subjected to. Thefollowing illustratesthis.
Example 7 Find the derivative of sin x at x = 0.
Solution Let f(x) =sinx. Then

£ (0+h)-f (0)
h

0 = i

_ Iimsm(0+h)—sm(0) _ ”msth:L

h—0 h h—»0 h

Example 8 Find the derivative of f(x) =3 at x=0and at x = 3.

Solution Since the derivative measures the change in function, intuitively it is clear
that the derivative of the constant function must be zero at every point. Thisisindeed,
supported by the following computation.

£ (0+h)—f (0 3
£(0)= fim OrM=FO) _;3-3 ;10 o
h—0 h h—=0 h h—0 h

f(3+h)— f (3):Iim 3-3_,
h h—0 h
We now present a geomet- ){\
ricinterpretation of derivativeof a
functionat apoint. Lety=f(x)be f@th) f==========~--~ Qeath, flath)
afunctionandlet P=(a, f(a)) and
Q=(a+h,f(a+h)betwopoints
closeto each other on the graph
of thisfunction. TheFig 13.11is

now self explanatory.

Smilaly  f'(3) = lim

fla)

Fig 13.11
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f(a+h)-f(a)

We know that f’(a)= lim

From the triangle PQR, it is clear that the ratio whose limit we are taking is
precisely equal to tan(QPR) which isthe slope of the chord PQ. In thelimiting process,
as h tendsto 0, the point Q tends to P and we have

f(ath)— f
im F@th)-f(@) . orR
h—0 h o-P PR

Thisis equivalent to the fact that the chord PQ tends to the tangent at P of the
curvey = f(x). Thus the limit turns out to be equal to the slope of the tangent. Hence

f’(a)=tany .
For agiven function f we can find the derivative at every point. If the derivative

exists at every point, it definesanew function called the derivative of f . Formally, we
define derivative of afunction asfollows.

Definition 2 Suppose f is a real valued function, the function defined by
f h)- f
o fOceh)— £ (x)
h—0 h

wherever the limit exists is defined to be the derivative of f at x and is denoted by
f{(x). This definition of derivative is also called the first principle of derivative.

Thus £(x) = im f(x+ hz— f (x)

Clearly thedomain of definition of f*(x) iswherever theabovelimit exists. There
are different notations for derivative of a function. Sometimes f’(x) is denoted by

d
&(f (X)) or if y=1(x), it is denoted by ;—'Z . Thisisreferred to as derivative of f(x)

or y with respect to x. It isaso denoted by D (f (X) ). Further, derivativeof fatx=a

or & a
2% s OTEVen | G | -

Example 9 Find the derivative of f(x) = 10x.
f(x+h)—f(x)
h

d
is al'so denoted by " f(x)

Solution Since f”( x) = LII’T(])
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10 h)-10
_ 20042009

= |im£h = lim (10)=10.
h—0 h h—0

Example 10 Find the derivative of f(x) = x2.

f(x+h)—f(x)
h

Solution We have, f’(x) = Ihmg
2 2
im0 i (e 2x) = 2
h—0 h h—0

Example 11 Find the derivative of the constant function f(x) = a for a fixed rea
number a.

f(x+h)=f(x)
h

Solution We have, f(x) = Ihlrrg

—1im2=2 _im%-0
_h~>0 h _h—>0h_ & h#0

1
Example 12 Find the derivative of f(x) = X

f (x+h)-f(x)
h

Solution We have f’(x) = Ihmg

1 1

= lim (x+h) x
h—0 h

B ”ml{x—(x+h)}

h-0 h| x(x+h)

_lim 3= _ lim — 1
T oo h| x(x+h) | T o0 x(x+h) T2
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13.5.1 Algebra of derivative of functions Since the very definition of derivatives
involve limitsin arather direct fashion, we expect the rules for derivatives to follow
closely that of limits. We collect these in the following theorem.

Theorem 5 Let f and g be two functions such that their derivatives are defined in a
common domain. Then
(i) Derivative of sum of two functions is sum of the derivatives of the
functions.

S0+ 909]= 109+ 9.

(i) Derivativeof differenceof two functionsisdifference of the derivatives of
thefunctions.

d d d
&[f (X)—Q(X)]=&f(x)—&9(x) :

(i) Derivative of product of two functionsis given by the following product
rule.
da
dx
(iv) Derivative of quotient of two functionsis given by the following quotient
rule (whenever the denominator is non-zero).

(%) 93] =109 909+ 135909

d d
i[ f(x) J:dxf(x)-g(x)_ f(x) &g(x)

ox{ 9(x) (909)°

The proofsof thesefollow essentially from the analogous theorem for limits. We
will not prove these here. Asin the case of limits thistheorem tells us how to compute
derivatives of special types of functions. The last two statements in the theorem may
berestated in the following fashion which aidsin recalling them easily:

Let u=f(x) and v=g (X). Then

(W) = uv+u

Thisisreferred to a Leibnitz rule for differentiating product of functions or the
product rule. Similarly, thequotient ruleis
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u ’_ uv—uv
v WV
Now, let us tackle derivatives of some standard functions.
It is easy to see that the derivative of the function f(x) = x is the constant

. . , . f(x+h)—-f(x) . x+h-x
function 1. Thisisbecause f(x)= lim = lim———
h—0 h h—0 h
h—0 '

We use this and the above theorem to compute the derivative of
f(x) = 10x = x + .... + x (ten terms). By (i) of the above theorem

df(x) _ d
o " o (X+...+X) (ten terms)

—ix+ +ix ten t
= X SR (en erms)

= 1+...+1 (tenterms) = 10.
We note that this limit may be evaluated using product rule too. Write
f(x) = 10x = uv, where u is the constant function taking value 10 everywhere and
V(X) = x. Here, f(X) = 10x = uv we know that the derivative of u equals 0. Also
derivative of v(x) = x equals 1. Thus by the product rule we have

f'(x) = (10x) =(uv) =uv+uv =0x+10.1=10
On similar lines the derivative of f(x) = x> may be evaluated. We have
f(X) = x2 = x .x and hence
d d

df d
— = —(XX)=—(X).X+x—(x
dx dx( ) dx() dx()

1x+x1=2x.
More generally, we have the following theorem.

Theorem 6 Derivative of f(x) = x"is nx"~1 for any positive integer n.
Proof By definition of the derivative function, we have

f ‘(x)=|hi_r>r(1) f(x+ hz— f (x) :Li_rf(‘)(x+ h)" - x" .
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Binomial theorem tellsthat (x+ h)"= ("Co ) X" +("C, )x"*h+...+("C, )" and

hence (X + h)"—x"=h(nx"-* +... + h"-1). Thus

(x+h)" —x"

df (x) _ '
dx _hl—rg

i h(nx”‘1+....+ h”‘l)

h—0 h

= lim (nx”‘1+...+ h”‘l)
h—0

Alternatively, we may aso prove this by induction on n and the product rule as
follows. The result istrue for n = 1, which has been proved earlier. We have

d, . d n

&(x ) - &(x.x 1)
_4d
T odx

= X"

(x)-(x*)+ x.%(x”‘l) (by product rule)

=1x"1+x. ((n -1) x”‘z) (by induction hypothesis)

= X"+ (n-1)x"t=nx""
Remark The above theorem istrue for all powers of x, i.e., n can be any real number
(but we will not proveit here).

13.5.2 Derivative of polynomials and trigonometric functions We start with the
following theorem whichtdlsusthe derivative of apolynomial function.

Theorem 7 Letf(x) = a x" +a, X" " +....+ 8 x+a, beapolynomial function, where
asareall real numbersand a, « 0. Then, the derivative function is given by

dfd(XX) =na X" +(n-1)a, X +..+ 2a,x+a,.

Proof of thistheorem isjust putting together part (i) of Theorem 5 and Theorem 6.
Example 13 Compute the derivative of 6x1% — x5 + x.
Solution A direct application of the above theorem tells that the derivative of the
abovefunctionis goox® —55x** +1-
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Example 14 Find the derivative of f(xX) =1+ X+ X2+ x¥+... + X a x = 1.

Solution A direct application of the above Theorem 6 tells that the derivative of the
abovefunctionisl+ 2x+ 3x?+ ...+ 50x*. At x = 1 the value of thisfunction equals

(50)(51)
2

1+2(1) +3(1)2+...+50(1)*=1+2+3+...+50= = 1275.

x+1
Example 15 Find the derivative of f(x) = 7

Solution Clearly this function is defined everywhere except at x = 0. We use the
quotient rulewithu=x+1andv =x. Henceu’= 1 and v’ = 1. Therefore

df () _d(x+1)_d(u) uv-w 1x)-(x+1)1 1
dx dx| x | dxlv ] v NG X2

Example 16 Compute the derivative of sin x.

Solution Let f(x) =sinx. Then

df (x) _ lim f(x+h)- f (x)=”msin(x+h)—sin(x)
dx h—0 h h—0
(2x+hj. [hj
2c0s sn| —
=lim 2 2 ) (using formulafor sin A —sin B)
h—0 h

sn—
, h.. 2
limcos| Xx+— [lim——% =cosx.1=cosx
= h>0 2 'hs0 h .

Example 17 Compute the derivative of tan x.

Solution Let f(X) =tan x. Then

df (x) _ lim f (x+h)— f (x)=”mtan(x+h)—tan(x)
dx h—0 h h—0

Iiml sin(x+h)_sinx
h-0h| cos(x+h) cosx
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sin(x+h)cosx—cos(x+h)sinx

— lim
h—0 hcos(x+ h)cosx

i sin(x+h-x)
~ h-0 hcos(x+ h)cosx

(using formulafor sin (A + B))

. sinh . 1
— lim dim
h-0 h h-0 cos(Xx+h)cosx

=sec? x

cos? X

Example 18 Compute the derivative of f(x) = sin x.

Solution We use the Leibnitz product rule to evaluate this.

dfd(xx) =%(sin Xsinx)
=(sinx) sinx+sinx(sinx)
= (cosx)sinx+sin x(cosx)

=2sinXcosx=sn2x-

|[EXERCI SE 13.2]

1. Find the derivative of x* —2 at x = 10.

2. Find the derivative of x at X = 1.

3. Find the derivative of 99x at x = 100.

4. Findthederivative of thefollowing functionsfrom first principle.
() x*-27 (i) (x-1)(x-2)
L1 o x+1
(i) 2 iv) S5

5. For thefunction

00 9 2
f(x)=x1—+x—+...+—+x+l.
100 99
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Prove that f’(1)=100f’(0).

6. Find the derivative of x" + ax™ 1+ a?x™ 2 +. ..+ a" Ix+a" for some fixed real

number a.
7. For some constants a and b, find the derivative of

M (x—a)(x=b) (i) (¢ +b) (iii) %

x"-a"

8. Find the derivative of for some constant a.

9. Findthederivative of

(i) ZX—% (i) (5x°+3x-1)(x-1)
iy x3(5+3x) (iv) x°(3-6x7)

4 5 2 2
(v) x (3—4x ) (vi) m_S:((—l

10. Findthederivative of cos x from first principle.
11. Findthederivative of thefollowing functions:

(i) sinxcosx (i) secx (iii) 5secx+4cosx
(iv) cosec x (v) 3cotx+5cosecx
(Vi) 5sinx—6cosx+7 (vit) 2tanx—7secx

Miscellaneous Examples
Example 19 Find the derivative of f from the first principle, wheref is given by

2X+3
X—2

(i) f(9= (i) f(X)=X+§

Solution (i) Note that function is not defined at x = 2. But, we have

2(x+h)+3 2x+3
f h)-f N
f,(X)=Ling (X+ k)] (X)len’(l) X+h—2h X—2
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(2x+2h+3)(x—2)—(2x+3)(x+h-2)

— lim

~ h=0 h(X—Z)(X+h—2)

. (2x+3)(x=2)+2h(x—2)—(2x+3)(x—2)—h(2x+3)
— lim

h—0 h(X—Z)(X-i— h—2)

lim — S
= o0 (x=2) (x+h=-2)  (x-2)?

Again, note that the function f” isalso not defined at x = 2.
(i) Thefunction isnot defined at x = 0. But, we have

() = lim D= T() =|im[x+h+Xihj_[ﬁij
h

X+h x
Pt [l L TP PN
h—0 h x(x+h)| h-oh x(x+h)
. 1 1
= lim|1- =1-
h—>0[ x(x+h)} X

Again, note that the function f” isnot defined at x = 0.
Example 20 Find the derivative of f(x) from the first principle, where f(x) is
(1) sinx+ cosx (il) xsinx
f(x+h)—f(x)
h

Solution (i) we have f'(x) =

_ Iimsin(x+ h)+ cos(x+ h)—sinx—cosx

h—0 h

h—0 h
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Cim sinh(cosx—sinx)+sin x(cosh—1)+ cosx(cosh—1)

h—0 h
sinh (cosh-1) (cosh-1)
= lim=——(cosx— S|nx)+I|msmx— +limcosx——=
h—0 h—0 h h—0
= cosx—sinx
‘ f(x+h)—f(x) .. (x+h)sin(x+h)-xsinx
@) f'(x) =lim . =lim .

_ Iim(x+h)(sinxcosh+sinh coSX) — Xsinx
"~ hoo h

' xsin x(cosh—1)+ xcosxsinh+ h(sinxcosh+sinh cosx)
= lim
h—0 h

xsinx(cosh-1)

. snh .
+1imy_,o X€CosX—— +lim(sinxcosh+sinhcosx)

= lim
h—0 h h—0
= XCOSX+Sinx
Example 21 Compute derivative of
() f(x) =sin 2x (i) g(x) = cot x
Solution (i) Recall the trigonometric formulasin 2x = 2 sin x cos X. Thus
arey (Zsmxcosx)z Zi(sinxcosx)
dx dx

2[ sinx cosx+sinx(cosx),}

= 2[ (cosx)cosx+sinx(-sinx) |

2(cos X—sin x)

COSX
(if) By definition, g(x) = cotx=w. We use the quotient rule on this function

— @—i(cotx)—i COSX
wherever it is defined. ax dx ~ i —sinx
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_ (cosx)’(sin x)—(cosx) (sinx)’
- (sinx)?

_ (=sinx)(sinx)—(cosx) (cosx)
- (sinx)?

sin® X+ cos’ X )
= ——————=—C0SeC"X
sin“ x
, : _ 1
Alternatively, thismay be computed by noting that cot x= nx Here, we usethefact

that the derivative of tan x is sec? x which we saw in Example 17 and also that the
derivative of the constant functionisO.

@ - i(cotx) = i [i]
dx  dx dx | tanx
()’ (tanx)—(2) (tan x)’
- (tan x)?

_ (0)(tanx)— (secx)?

(tan x)?
_—secx 2
= o x = —C0SseC™ X

Example 22 Find the derivative of

X° — COSX i) X+ COSX
_— i
sinx tan x

(i)

> — cosX

Solution (i) Let h(x):x Snx . We use the quotient rule on this function wherever

itisdefined.

(x°> —cosx)’sin x— (x> — cosx) (sinx)’
(sinx)?

W(x) =
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(5x* +sinx)sinx— (X° — COSX) COSX
sin?x

—x°cosx+5x*sinx+1
(sinx)?

X+ COSX
(i) We use quotient rule on the function wherever it is defined.

(x+ cosx)”tan x — (x + cosX) (tan x)”
(tan x)?

h(x) =

_ (1-sinX)tanx— (x+ cosX) sec” x
B (tan x)?

Miscellaneous Exercise on Chapter 13
1. Findthederivativeof thefollowing functionsfromfirst principle:
(i) —x (i) (=x)™ (i) sin(x+1) (iv) cos (x — %)

Find the derivative of thefollowing functions(it isto be understood that a, b, ¢, d,
p, q, r and s are fixed non-zero constants and m and n are integers):

;
2. (x+ a) 3. (px + Q) [;+S) 4. (ax+b)(cx+d)
1
ax+b ) 1+; . 1
cx+d '1 1 ~ax® +bx+c
X
ax+b 2 a b
_ a&X4b PX” + X+ I a_b . osx
8. pX2+qx+I' 9 ax+b 10 X4 X2
11, 4x-2 12. (ax+b)" 13. (ax+b)" (cx+d)™
. COSX
14. sin(x + a) 15. cosec x cot x 16. .
1+sinx
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17.

20.

23.

25.

28.

MATHEMATICS

Sin X+ COSX secx—1

; 18. 19. qnn
sinXx—cosx secx+1 sin" x
a+bsinx sin(x+a)
c+dcosx 2L osx 22. x*(5sin x— 3c0sX)
(x* +1)cosx 24. (ax®+sinx)( p+qcosx)
r
4x+5sinx X2 cos| —
(x+cosx) (x—tanx) 26. e~ 27. 4
X+ 7COSX anx
X X

ity 29. (x+secx) (x—tanx)  30.

Summary

© The expected value of the function as dictated by the points to the left of a
point definestheleft hand limit of the function at that point. Similarly theright
hand limit.

¢ Limit of afunction at a point is the common value of the left and right hand
limits, if they coincide.

¢ For afunction f and areal number a, L'LT; f(x) and f (a) may not be same (In
fact, one may be defined and not the other one).

# For functionsf and g the following holds:

lim[ £ (£ g09]=lim f ()£limg(x)
lim[(9.909]=lim f (x).lim g(x)

. {f(x)} i 0
lim =X
=2 g(x) | limg(x

# Following are some of the standard limits

n n

. X"-a ~
lim =na™?
Xx—a X—a

2020-21



LIMITS AND DERIVATIVES 319

. SinX
lim——=1
x—=0 X

x—0 X

® The derivative of afunction f at a is defined by

o 1o F(@+h)— T (a)
BRI

# Derivative of afunction f at any point x is defined by

F(x)= df (x) _lim f(x+h)—f(x)
dx h—0
# For functionsu and v thefollowing holds:

(uxv)=uzv

(uv)’ =uv+uw/

[%j =L "V_z“" provided all are defined.

¢ Following are some of the standard derivatives.

d ny_ N1
dX(x )=nx

—(sin X)=cosx
OIX( )

i(cosx)z—sinx
dx

Historical Note

In the history of mathematics two names are prominent to share the credit for
inventing calculus, Issac Newton (1642 —1727) and GW. Leibnitz (1646 —1717).
Both of them independently invented calculus around the seventeenth century.
After the advent of calculus many mathematicians contributed for further
development of calculus. The rigorous concept is mainly attributed to the great
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mathematicians, A.L. Cauchy, J.L.Lagrange and Karl Welerstrass. Cauchy gave
the foundation of calculus as we have now generally accepted in our textbooks.
Cauchy used D’ Alembert’s limit concept to define the derivative of afunction.
Starting with definition of a limit, Cauchy gave examples such as the limit of
sina Ay_f(x+i)-f(x)

— for ¢= 0. He wrote A__'—’ and called the limit for
o X |

i — 0, the “function derive'e, y’ for f” (x)”.

Before 1900, it wasthought that calculusisquitedifficult to teach. So calculus
became beyond the reach of youngsters. But just in 1900, John Perry and others
in England started propagating the view that essential ideasand methodsof calculus
were simple and could be taught even in schools. EL. Griffin, pioneered the
teaching of calculusto first year students. Thiswas regarded as one of the most
daring act in those days.

Today not only the mathematics but many other subjects such as Physics,
Chemistry, Economicsand Biological Sciencesare enjoying thefruitsof calculus.

g
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Chapter 14

MATHEMATICAL REASONING

*»*There are few things which we know which are not capable of
mathematical reasoning and when these can not, it is a sign that our
knowledge of them is very small and confused and where a mathematical
reasoning can be had, it is as great a folly to make use of another,
as to grope for a thing in the dark when you have a candle stick

standing by you. — ARTHENBOT <¢

14.1 Introduction

Inthis Chapter, we shall discuss about some basic ideas of
Mathematical Reasoning. All of usknow that human beings
evolved from the lower speciesover many millennia. The
main asset that made humans “ superior” to other species
wasthe ability to reason. How well thisability can be used
depends on each person’s power of reasoning. How to
develop this power? Here, we shall discuss the process of
reasoning especialy in the context of mathematics.

In mathematical language, there are two kinds of
reasoning — inductive and deductive. We have already
discussed the inductive reasoning in the context of
mathematical induction. In this Chapter, we shall discuss
some fundamental s of deductive reasoning.

14.2 Satements

George Boole
(1815 - 1864)

The basic unit involved in mathematical reasoning is amathematical statement.

Let us start with two sentences:

In 2003, the president of India was a woman.
An elephant weighs more than a human being.
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When we read these sentences, we immediately decide that the first sentenceis
false and the second is correct. Thereisno confusion regarding these. In mathematics
such sentences are called statements.

On the other hand, consider the sentence:

Women are more intelligent than men.

Some peoplemay think it istruewhile others may disagree. Regarding this sentence
we cannot say whether it isalwaystrueor false. That meansthis sentenceisambiguous.
Such a sentence is not acceptable as a statement in mathematics.

A sentence is called a mathematically acceptable statement if it is either
true or false but not both. Whenever we mention a statement here, it is a
“mathematically acceptable” statement.

While studying mathematics, we come across many such sentences. Some examples
are;
Two plus two equals four.
The sum of two positive numbers is positive.
All prime numbers are odd numbers.

Of these sentences, the first two are true and the third one is false. There is no
ambiguity regarding these sentences. Therefore, they are statements.

Canyou think of an example of asentence which isvague or ambiguous? Consider
the sentence:

The sum of x and y is greater than O

Here, we are not in a position to determine whether it istrue or false, unless we
know what x and y are. For example, it is false where x = 1, y = -3 and true when
x=1andy = 0. Therefore, this sentence is not a statement. But the sentence:

For any natural numbers x and y, the sum of x and y is greater than O
is a statement.

Now, consider the following sentences:

How beautiful!
Open the door.
Where are you going?

Arethey statements? No, becausethefirst oneisan exclamation, the second
an order and the third a question. None of these is considered as a statement in
meathematical |anguage. Sentencesinvolving varigbletimesuch as*today” , “tomorrow”
or “yesterday” arenot statements. Thisisbecauseitisnot knownwhat timeisreferred
here. For exampl e, the sentence

Tomorrow is Friday
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isnot astatement. The sentenceis correct (true) on a Thursday but not on other
days. The same argument holdsfor sentenceswith pronouns unless aparticular
person is referred to and for variable places such as “here’, “there”’ etc., For
example, the sentences

She is a mathematics graduate.

Kashmir is far from here.
are not statements.

Here is another sentence
There are 40 days in a month.

Would you call thisastatement? Note that the period mentioned in the sentence
aboveisa“variabletime” that is any of 12 months. But we know that the sentenceis
alwaysfalse (irrespective of the month) since the maximum number of daysin amonth
can never exceed 31. Therefore, thissentenceisastatement. So, what makes asentence
a statement is the fact that the sentence is either true or false but not both.

While dealing with statements, we usually denote them by small lettersp, q, ...

For example, we denote the statement “Fire is always hot” by p. Thisis also written
as
p: Fireisaways hot.

Example 1 Check whether the following sentences are statements. Give reasons for
your answe.

(i) 8islessthan 6. (i) Every setisafinite set.
(i) Thesunisastar. (iv) Mathematicsisfun.
(v) Thereisno rainwithout clouds. (vi) How far is Chennai from here?

Solution (i) This sentence is false because 8 is greater than 6. Hence it is a statement.

(i) Thissentenceisalso false since there are sets which are not finite. Hence it is
a statement.

(i) Itisascientifically established fact that sunisastar and, therefore, this sentence
is aways true. Hence it is a statement.

(iv) Thissentenceissubjective in the sense that for those who like mathematics, it
may be fun but for others it may not be. This means that this sentence is not always
true. Hence it is not a statement.
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(v) Itisascientifically established natural phenomenon that cloud isformed beforeit
rains. Therefore, this sentence is always true. Hence it is a statement.

(vi) Thisisaquestionwhich also containstheword“Here”. Henceit isnot astatement.

The above examples show that whenever we say that a sentence is a statement
we should always say why it isso. This“why” of itismoreimportant than the answer.

|EXERCISE 14.1]

1. Which of thefollowing sentences are statements? Give reasons for your answer.

(i) There are 35 daysin amonth.
(i) Mathematicsisdifficult.
(ili) Thesum of 5and 7 is greater than 10.
(iv) The sguare of a number is an even number.
(v) Thesidesof aquadrilateral have equal length.
(vi) Answer this question.
(vii) The product of (1) and 8 is 8.
(viii) Thesum of al interior angles of atriangleis 180°.
(iX) Today isawindy day.
(x) All real numbers are complex numbers.
2. Givethree examples of sentenceswhich are not statements. Give reasonsfor the
answers.

14.3 New Satementsfrom Old

We now look into method for producing new statements from those that we already
have. An English mathematician, “ George Boole” discussed these methodsin hisbook
“The laws of Thought” in 1854. Here, we shall discuss two techniques.

Asafirst stepin our study of statements, we look at an important technique that
we may use in order to deepen our understanding of mathematical statements. This
techniqueisto ask not only what it meansto say that agiven statement is true but also
what it would mean to say that the given statement is not true.

14.3.1 Negation of a statement Thedenial of astatement iscalled the negation of
the statement.
Let us consider the statement:
p: New Delhi is a city
The negation of this statement is
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It is not the case that New Delhi is a city
This can also be written as
It is false that New Delhi is a city.
This can simply be expressed as
New Delhi is not a city.

Definition 1 If p is a statement, then the negation of p is also a statement and is
denoted by ~ p, and read as ‘not p'.

While forming the negation of a statement, phrases like, “It is not the

case” or “It is false that” are also used.
Hereisan exampletoillustrate how, by looking at the negation of astatement, we
may improve our understanding of it.
Let us consider the statement

p: Everyone in Germany speaks German.

Thedenial of thissentencetellsusthat not everyonein Germany speaks German.
This does not mean that no person in Germany speaks German. It says merely that at
least one person in Germany does not speak German.

We shall consider more examples.

Example 2 Write the negation of the following statements.
(i) Both the diagonals of arectangle have the same length.

(i) /7 isrational.

Solution (i) Thisstatement says that in arectangle, both the diagonal s have the same
length. This means that if you take any rectangle, then both the diagonals have the
same length. The negation of this statement is

It is false that both the diagonals in a rectangle have the same length
This means the statement

There is atleast one rectangle whose both diagonals do not
have the same length.

(if) The negation of the statement in (ii) may aso be written as

It is not the case that./7 is rational.

This can also be rewritten as

J7 is not rational.
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Example 3 Write the negation of the following statements and check whether the
resulting statements are true,

(i) Austraiaisacontinent.

(i) There does not exist aquadrilateral which has all its sides equal.
(ii) Every natural number is greater than O.
(iv) Thesumof 3and 4is9.

Solution (i)  The negation of the statement is
It is false that Australia is a continent.
This can also be rewritten as
Australia is not a continent.

We know that this statement is false.
(i) The negation of the statement is

It is not the case that there does not exist a quadrilateral which has all its sides

equal.
Thisalso meansthefollowing:

There exists a quadrilateral which has all its sides equal.

This statement is true because we know that square is aquadrilateral such that itsfour
sides are equal.
(ili) The negation of the statement is

It isfalse that every natural number is greater than O.
This can be rewritten as
There exists a natural number which is not greater than O.
Thisis afalse statement.
(iv) Thenegationis
It is false that the sum of 3 and 4 is 9.
This can be written as
The sum of 3 and 4 isnot equal to 9.
This statement is true.
14.3.2 Compound statements Many mathematical statements are obtained by

combining one or more statements using some connecting wordslike“and”, “or”, etc.
Consider thefollowing statement

p: There is something wrong with the bulb or with the wiring.
This statement tells us that there is something wrong with the bulb or there is
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something wrong with the wiring. That meansthe given statement is actually made up
of two smaller statements:

g: There is something wrong with the bulb.
r: There is something wrong with the wiring.
connected by “or”
Now, suppose two statements are given as below:
p: 7 is an odd number.
g: 7 is a prime number.
These two statements can be combined with “and”
r: 7 is both odd and prime number.
Thisisacompound statement.
Thisleadsusto thefollowing definition:
Definition 2 A Compound Statement is a statement which is made up of two or
more statements. In this case, each statement is called a component statement.
Let us consider some examples.
Example 4 Find the component statements of the following compound statements.
(i) Thesky isblue and the grassis green.
(i) Itisraininganditiscold.
(i) All rational numbersare real and all real numbers are complex.
(iv) Oisapositive number or a negative number.
Solution Let us consider one by one
(i) The component statements are
p: The sky is blue.
g: The grass is green.
The connecting word is ‘and’.
(if) The component statements are
p: It is raining.
g: Itiscold.
Theconnectingwordis‘and'.
(iif) The component statements are
p: All rational numbers are real.
g: All real numbers are complex.

Theconnectingwordis‘and'.
(iv) The component statements are
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p: 0 is a positive number.
g: O is a negative number.

Theconnectingwordis‘or’.

Example 5 Find the component statements of the following and check whether they
are true or not.

(i) A squareisaquadrilateral and itsfour sides equal.
(i) All prime numbers are either even or odd.

(i) A person who has taken Mathematics or Computer Science can go for
MCA.

(iv) Chandigarhisthe capital of Haryanaand UP.
(v) /2 isarationa number or anirrational number.

(vi) 24isamultipleof 2,4 and 8.

Solution (i) The component statements are
p: A square is a quadrilateral.

g: A square has all its sides equal.

We know that both these statements are true. Here the connecting word is ‘and’.
(i) The component statements are

p: All prime numbers are odd numbers.

g: All prime numbers are even numbers.
Both these statements are false and the connecting word is ‘or’.
(i) The component statements are

p: A person who has taken Mathematics can go for MCA.

g: A person who has taken computer science can go for MCA.
Both these statements are true. Here the connecting word is ‘or’.
(iv) The component statements are
p: Chandigarh is the capital of Haryana.

g: Chandigarh is the capital of UP.
Thefirst statement istrue but the second isfalse. Here the connecting word is‘and’.
(v) The component statements are

2020-21



MATHEMATICAL REASONING 329

p: /2 isarational number.

g: /2 isanirrational number.
Thefirst statement is false and second istrue. Here the connecting word is‘or’.
(vi) The component statements are
p: 24 is a multiple of 2.

g: 24 isa multiple of 4.

r: 24 isa multiple of 8.

All the three statements are true. Here the connecting words are ‘and’.
Thus, we observe that compound statements are actually made-up of two or more
statements connected by the words like “and”, “or”, etc. These words have special
meaning in mathematics. We shall discuss this mattter in the following section.

|[EXERCISE 14.2|

1. Writethe negation of the following statements:
(i) Chennai isthe capital of Tamil Nadu.

(i) /2 isnot acomplex number

(i)  All trianglesarenot equilateral triangle.
(iv) Thenumber 2is greater than 7.
(v) Every natural number isan integer.
2. Arethefollowing pairs of statements negations of each other:

(i) Thenumber xisnot arational number.
The number x isnot an irrational number.

(i)  Thenumber xisarational number.
The number x isan irrational number.

3. Find the component statements of the following compound statements and check
whether they are true or false.

(i) Number 3isprimeor itisodd.
(i) Allintegersare positive or negative.
(i) 100isdivisibleby 3,11 and5.
14.4 Special Words/Phrases
Some of the connecting words which are found in compound statements like “ And”,
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“Or”, etc. are often used in Mathematical Statements. These are called connectives.
When we use these compound statements, it is necessary to understand the role of
these words. We discuss this below.
14.4.1 Theword “And” Let uslook at acompound statement with “And”.

p: A point occupies a position and its location can be determined.
The statement can be broken into two component statements as

g: A point occupies a position.
r: Its location can be determined.

Here, we observe that both statements are true.
Let uslook at another statement.

p: 42 isdivisible by 5, 6 and 7.
This statement has following component statements
g: 42isdivisibleby 5.
r: 42isdivisibleby 6.
s 42isdivisibleby 7.
Here, we know that the first is false while the other two are true.
We have the following rules regarding the connective “ And”

1. The compound statement with ‘And’ is true if all its component
statements are true.

2. Thecomponent statement with ‘ And’ isfalseif any of its component
statementsis false (this includes the case that some of its component
statements are false or all of its component statements are false).

Example 6 Write the component statements of the following compound statements
and check whether the compound statement is true or false.

() Alineisstraight and extendsindefinitely in both directions.
(i) Oislessthan every positiveinteger and every negative integer.
(iii) ~ All living things have two legs and two eyes.
Solution (i) The component statements are
p: Alineis straight.
g: A line extends indefinitely in both directions.
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Both these statements are true, therefore, the compound statement is true.

(i) The component statements are
p: O is less than every positive integer.
g: O is less than every negative integer.
The second statement is false. Therefore, the compound statement is false.
(ili) The two component statements are
p: All living things have two legs.
g: All living things have two eyes.
Both these statements are false. Therefore, the compound statement is false.
Now, consider the following statement.

p: A mixture of alcohol and water can be separated by chemical methods.

This sentence cannot be considered as a compound statement with “And”. Here the
word “And” refers to two things — alcohol and water.
Thisleads usto an important note.

Do not think that astatement with “ And” is alwaysacompound statement
asshownintheaboveexample. Therefore, theword “ And” isnot used asaconnective.

14.4.2 Theword “Or” Let uslook at the following statement.
p: Two lines in a plane either intersect at one point or they are parallel.

We know that this is a true statement. What does this mean? This means that if two
linesin aplaneintersect, thenthey arenot parallel. Alternatively, if thetwo linesare not
parallel, then they intersect at apoint. That isthisstatement istruein both the situations.
In order to understand statements with “Or” we first notice that theword “Or” is
used in two waysin English language. Let usfirst look at the following statement.

p: An ice cream or pepsi is available with a Thali in a restaurant.

This means that a person who does not want ice cream can have a pepsi along
with Thali or one does not want pepsi can have anice cream along with Thali. That is,
who do not want a pepsi can have an ice cream. A person cannot have both ice cream
and pepsi. Thisis called an exclusive “ Or”.

Here is another statement.

A student who has taken biology or chemistry can apply for M.Sc.
microbiology programme.

Here we mean that the students who have taken both biology and chemistry can
apply for the microbiology programme, as well as the students who have taken only
one of these subjects. In this case, we are using inclusive “Or”.

It isimportant to note the difference between these two ways because we require this
when we check whether the statement is true or not.
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Let uslook at an example.

Example 7 For each of the following statements, determine whether an inclusive
“Or” or exclusive “Or” is used. Give reasons for your answer.

(i) To enter acountry, you need a passport or avoter registration card.
(i) Theschool isclosedif it isaholiday or a Sunday.
(i) Twolinesintersect at apoint or are parallel.
(iv) Students can take French or Sanskrit astheir third language.

Solution (i)Here “Or” is inclusive since a person can have both a passport and a
voter registration card to enter a country.
(i) Herealso“Or” isinclusive since school is closed on holiday as well ason
Sunday.
(i) Here"Or” isexclusive because it is not possible for two lines to intersect
and parallel together.
(iv) Hereadso“Or” isexclusive because astudent cannot take both French and
Sanskrit.

Rule for the compound statement with ‘Or’

1. A compound statement with an ‘Or’ is true when one component
statement is true or both the component statements are true.

2. A compound statement with an ‘ Or" isfal se when both the component
statements are false.

For example, consider the following statement.
p: Two lines intersect at a point or they are parallel
The component statements are
g: Two lines intersect at a point.
r: Two lines are parallel.

Then, when q is true r is false and when r is true q is false. Therefore, the
compound statement p is true.
Consider another statement.

p: 125 isa multiple of 7 or 8.
Its component statements are
g: 125isa multiple of 7.

r: 125 isa multiple of 8.
Both g and r are false. Therefore, the compound statement p is false.
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Again, consider thefollowing statement:
p: The school is closed, if there is a holiday or Sunday.
The component statements are
g: School is closed if there is a holiday.
r: School is closed if there is a Sunday.

Both g and r are true, therefore, the compound statement is true.
Consider another statement.

p: Mumbai is the capital of Kolkata or Karnataka.
The component statements are
g: Mumbai is the capital of Kolkata.
r: Mumbai is the capital of Karnataka.

Both these statements are false. Therefore, the compound statement is false.
Let us consider some examples.
Example 8 Identify the type of “Or” used in the following statements and check
whether the statements are true or false:

(i) /2 isarational number or anirrational number.

(i) Toenterintoapubliclibrary children need an identity card from the school

or aletter from the school authorities.

(i) A rectangleisaquadrilateral or a5-sided polygon.

Solution (i) The component statements are
p:\/21is a rational number.

0:4/2 isanirrational number.

Here, we know that the first statement isfalse and the second istrueand “Or” is
exclusive. Therefore, the compound statement is true.
(i) The component statements are

p: To get into a public library children need an identity card.
g: To get into a public library children need a letter from the school authorities.

Children can enter thelibrary if they have either of thetwo, anidentity card or the
letter, as well as when they have both. Therefore, it isinclusive “Or” the compound
statement is also true when children have both the card and the letter.

(i) Here“Or” isexclusive. When we look at the component statements, we get that
the statement is true.
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14.4.3 Quantifiers Quantifiers are phrases like, “ There exists” and “For all”.
Another phrasewhich appearsin mathematical statementsis*thereexists’. For example,
consider the statement. p: There exists a rectangle whose all sides are equal. This
means that there is atleast one rectangle whose all sides are equal.

A word closely connected with “there exists’ is“for every” (or for all). Consider
a statement.

p: For every prime number p, \/E is an irrational number.
Thismeansthat if Sdenotesthe set of al prime numbers, then for all the membersp of

theset S, \/pisanirrational number.

In general, amathematical statement that says “for every” can be interpreted as
saying that all the members of the given set S where the property applies must satisfy
that property.

We should also observethat it isimportant to know precisely whereinthe sentence
a given connecting word is introduced. For example, compare the following two
sentences:

1.  For every positive number x there exists a positive number y such that
y < X

2. Thereexists apositive number y such that for every positive number x, we
havey < x.

Although these statements may ook similar, they do not say the samething. Asa
matter of fact, (1) istrue and (2) isfalse. Thus, in order for a piece of mathematical
writing to make sense, all of the symbols must be carefully introduced and each symbol
must be introduced precisely at the right place — not too early and not too late.

Thewords “And” and “Or” are called connectives and “ There exists” and “For
al” are called quantifiers.

Thus, we have seen that many mathematical statements contain some special words
and it isimportant to know the meaning attached to them, especially when we have to
check the validity of different statements.

|EXERCI SE 14.3|

1. For eachof thefollowing compound statementsfirst identify the connecting words
and then break it into component statements.

(i) All rational numbersarereal and all real numbers are not complex.

(i) Squareof aninteger is positive or negative.
(i)  Thesand heats up quickly in the Sun and does not cool down fast at night.
(iv) x=2and x= 3 aretheroots of the equation 3x* —x — 10 = 0.
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2. |dentify the quantifier in the following statements and write the negation of the
statements.

(i) There exists anumber which is equal to its square.
(i) For every real number X, X islessthan x + 1.
(ili) There exists a capital for every statein India.

3. Check whether thefollowing pair of statements are negation of each other. Give
reasons for your answer.

(i) x+y=y+xistruefor every real numbers x and y.
(i) There exists real numbers x and y for whichx +y =y + x.

4. Statewhether the” Or” usedin thefollowing statementsis*“exclusive®or” inclusive.
Give reasons for your answer.

(i) Sunrisesor Moon sets.
(i) Toapply for adriving licence, you should have aration card or a passport.
(i)  All integersare positive or negative.

14.5 Implications

InthisSection, weshall discusstheimplicationsof “if-then”, “only if” and“if andonly if ”.

The statements with “if-then” are very common in mathematics. For example,
consider the statement.

r: If you are born in some country, then you are a citizen of that country.
When we look at this statement, we observe that it corresponds to two statements p
and g given by

p : you are born in some country.
g : you are citizen of that country.
Then the sentence “if p then q” saysthat in the event if pistrue, then g must betrue.

One of the most important facts about the sentence “if p then q” is that it does
not say any thing (or places no demand) on g when p isfalse. For example, if you are
not born in the country, then you cannot say anything about g. To put it in other words”
not happening of p has no effect on happening of g.

Another point to be noted for the statement “if p then q” is that the statement
does not imply that p happens.

There are several ways of understanding “if p then g’ statements. We shall
illustrate these waysin the context of the following statement.

r: If a number is a multiple of 9, then it is a multiple of 3.
Let p and g denote the statements
p : a number is a multiple of 9.
g: a number is a multiple of 3.
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Then, if p then g isthe same as the following:
1. pimpliesqisdenoted by p = . The symbol = stands for implies.
This saysthat anumber isamultiple of 9impliesthat it isamultiple of 3.
2. pisasufficient condition for g.
Thissaysthat knowing that anumber asamultiple of 9issufficient to conclude
that itisamultiple of 3.
3. ponlyifq.
This saysthat anumber isamultiple of 9 only if it isamultiple of 3.
4. gisanecessary condition for p.
Thissaysthat when anumber isamultipleof 9, it isnecessarily amultiple of 3.
5. ~qimplies ~p.
Thissaysthat if anumber isnot amultiple of 3, then it isnot amultiple of 9.
14.5.1 Contrapositive and converse Contrapositive and converse are certain
other statements which can be formed from a given statement with “if-then”.
For example, let us consider the following “if-then” statement.
If the physical environment changes, then the biological environment changes.
Then the contrapositive of this statement is

If the biological environment does not change, then the physical environment
does not change.

Note that both these statements convey the same meaning.
To understand this, let us consider more examples.

Example 9 Write the contrapositive of the following statement:
(i) If anumberisdivisibleby 9, thenitisdivisibleby 3.
(i) If youareborninIndia, then you are acitizen of India.
(i) If atriangleisequilateral, it isisosceles.
Solution The contrapositive of the these statements are
(i) If anumberisnotdivisibleby 3,itisnot divisibleby 9.
(i) If you are not acitizen of India, then you were not born in India.

(i) 1f atriangleisnot isosceles, thenitisnot equilateral.
The above examples show the contrapositive of the statement if p, then qis*“if -q,
then —p”.

Next, we shall consider another term called converse.
The converse of a given statement “if p, then q” isif g, then p.
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For example, the converse of the statement
p: If a number is divisible by 10, it is divisible by 5 is
g: If a number is divisible by 5, then it is divisible by 10.

Example 10 Write the converse of the following statements.

(i) If anumber niseven, then n?is even.
(i) If you do all the exercisesin the book, you get an A grade in the class.
(i) If two integersa and b are such that a > b, then a—b isaways apositive
integer.

Solution The converse of these statements are

(i) If anumber r?iseven, then niseven.
(i) If you get an A grade in the class, then you have done al the exercises of
the book.
(i) If two integers a and b are such that a —b isalways a positive integer, then
a>h.

Let us consider some more examples.
Example 11 For each of the following compound statements, first identify the

corresponding component statements. Then check whether the statements are
true or not.

(i) If atriangle ABC isequilateral, thenitisisosceles.
(i) If aand b are integers, then ab is a rational number.

Solution (i) The component statements are given by
p : Triangle ABC is equilateral.
g : Triangle ABC is Isosceles.

Since an equilateral triangleisisosceles, weinfer that the given compound statement
istrue.
(i)  The component statements are given by

p: aand b areintegers.

g: abisarational number.
since the product of two integers is an integer and therefore a rational number, the
compound statement is true.
‘If and onlyif’, represented by the symbol ‘<* meansthe following equivalent forms
for the given statements p and q.

() pifandonlyifq
(i) gifandonlyifp
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(ii)
(iv)

p is necessary and sufficient condition for q and vice-versa
p=q

Consider an example.

Example 12 Given below aretwo pairs of statements. Combine these two statements

(i)

(if)

using “if and only if ”.

p: If arectangleisasquare, then al itsfour sides are equal.

g: If al the four sides of a rectangle are equal, then the rectangle is a
sguare.

p: If the sum of digits of a number is divisible by 3, then the number is
divisbleby 3.

g: If anumber isdivisible by 3, then the sum of itsdigitsisdivisible by 3.

Solution (i) A rectangleisasquareif and only if al itsfour sides are equal.

(if)

A number isdivisibleby 3if and only if thesum of itsdigitsisdivisibleby 3.

|[EXERCISE 14.4]

1. Rewritethefollowing statement with “if-then” in five different ways conveying
the same meaning.

If a natural number is odd, then its square is also odd.

2. Write the contrapositive and converse of the following statements.

0
(i)
(ii)
(iv)

v)

If x isaprime number, then x is odd.
If the two lines are parallel, then they do not intersect in the same plane.
Something iscoldimpliesthat it haslow temperature.

You cannot comprehend geometry if you do not know how to reason
deductively.

xisan even number impliesthat x isdivisible by 4.

3. Write each of the following statementsin the form “if-then”

0
(if)
(ii)
(iv)

You get ajob impliesthat your credentials are good.
The Bannanatrees will bloom if it stays warm for amonth.
A quadrilateral isaparallelogram if its diagonals bisect each other.

To get an A* in the class, it is necessary that you do all the exercises of
the book.
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4. Given statements in (a) and (b). Identify the statements given below as
contrapositive or converse of each other.
(@ If youlivein Delhi, then you have winter clothes.
(

(i)  If youhavewinter clothes, thenyoulivein Delhi.

)  If you do not have winter clothes, then you do not livein Delhi.

(b) If aquadrilateral isaparalelogram, then its diagonal s bisect each other.

(i) If the diagonals of a quadrilateral do not bisect each other, then the
quadrilateral isnot aparallelogram.

(i)  Ifthediagonalsof aquadrilateral bisect each other, thenitisaparallelogram.

14.6 Validating Satements

In this Section, we will discuss when a statement istrue. To answer this question, one
must answer all the following questions.

What does the statement mean? What would it mean to say that this statement is
true and when this statement is not true?

The answer to these questions depend upon which of the special words and
phrases“and”, “or”, and which of the implications“if and only”, “if-then”, and which
of the quantifiers “for every”, “there exists’, appear in the given statement.

Here, we shall discuss some techniques to find when a statement is valid.
We shall list some general rulesfor checking whether a statement is true or not.

Rule 1 If p and g are mathematical statements, then in order to show that the
statement “p and q” is true, the following steps are followed.

Step-1 Show that the statement p is true.
Siep-2 Show that the statement q is true.

Rule 2 Statements with “Or”

If p and q are mathematical statements , then in order to show that the statement
“porq’ istrue, one must consider the following.

Case 1 By assuming that p isfalse, show that g must be true.
Case 2 By assuming that q isfalse, show that p must be true.

Rule 3 Satements with “|f-then”
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In order to prove the statement “if p then g’ we need to show that any one of the
following caseistrue.

Case 1 By assuming that p is true, prove that g must be true.(Direct method)
Case 2 By assuming that q is false, prove that p must be false.(Contrapositive
method)
Rule 4 Statements with “if and only if ”
In order to prove the statement “p if and only if q”, we need to show.
(i) Ifpistrue thenqistrueand (ii) If gistrue, then pistrue
Now we consider some examples.

Example 13 Check whether the following statement is true or not.
If X, y € Z are such that x and y are odd, then xy is odd.

Solution Let p: x, y € Z such that x and y are odd
g: Xyisodd

To check the validity of the given statement, we apply Case 1 of Rule 3. That is
assume that if pistrue, then qistrue.
p is true means that x and y are odd integers. Then

X =2m+ 1, for someinteger m. y = 2n + 1, for some integer n. Thus
Xy =(2m+1) (2n + 1)
=2(2mn+m+n)+1

This shows that xy is odd. Therefore, the given statement is true.

Suppose we want to check this by using Case 2 of Rule 3, then we will proceed
asfollows.

We assume that g is not true. Thisimplies that we need to consider the negation
of the statement g. This gives the statement

~q : Product xy is even.

Thisispossibleonly if either x or yiseven. Thisshowsthat pisnot true. Thuswe

have shown that

~q= ~p

The above exampleillustrates that to prove p = g, it is enough to show
~q = ~p which is the contrapositive of the statement p = @.

Example 14 Check whether the following statement is true or false by proving its
contrapositive. If x, y € Z such that xy is odd, then both x and y are odd.

Solution Let us name the statements as below
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p : xyis odd.
g : both x and y are odd.
We haveto check whether the statement p= qistrueor not, that is, by checking
its contrapositive statement i.e., ~q = ~p
Now —q: It isfase that both x and y are odd. Thisimpliesthat x (or y) is even.
Then x = 2n for some integer n.

Therefore, xy = 2ny for someinteger n. This showsthat xy iseven. That is —p istrue.
Thus, we have shown that g = —~p and hence the given statement is true.

Now what happens when we combine an implication and its converse? Next, we
snall discussthis.

Let us consider the following statements.
p : Atumbler is half empty.

g : Atumbler is half full.

We know that if the first statement happens, then the second happens and also if
the second happens, then the first happens. We can express this fact as

If a tumbler is half empty, then it is half full.

If a tumbler is half full, then it is half empty.
We combine these two statements and get the following:
A tumbler is half empty if and only if it is half full.
Now, we discuss another method.

14.6.1 By Contradiction Here to check whether a statement p is true, we assume
that p isnot truei.e. ~p istrue. Then, we arrive at some result which contradicts our
assumption. Therefore, we conclude that p is true.

Example 15 Verify by the method of contradiction.
p: /7 isirrational
Solution In this method, we assume that the given statement isfalse. That is

we assumethat /7 isrational. This means that there exists positive integers a and b

a
such that /7 :E , where a and b have no common factors. Squaring the equation,
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2
a
we get 7= e = a?=7b* = 7 divides a. Therefore, there exists an integer ¢ such

that a = 7c. Then a®=49c? and & = 7b?

Hence, 7b? = 49¢> = b? = 7¢? = 7 divides b. But we have aready shown that
7 dividesa. Thisimpliesthat 7 isacommon factor of both of a and b which contradicts
our earlier assumption that a and b have no common factors. This shows that the

assumption /7 isrational iswrong. Hence, the statement /7 isirrational istrue.

Next, we shall discuss amethod by which we may show that a statement isfalse.
The method involves giving an example of a situation where the statement is not
valid. Such an example is called a counter example. The name itself suggests that
thisis an example to counter the given statement.

Example 16 By giving a counter example, show that the following statement isfalse.
If nisan odd integer, then nisprime.

Solution The given statement isin the form “if p then q” we have to show that thisis
false. For this purpose we need to show that if p then ~g. To show thiswe look for an
odd integer n which isnot a prime number. 9 is one such number. So n = 9isacounter
example. Thus, we conclude that the given statement is false.

In the above, we have discussed some techniquesfor checking whether astatement
istrue or not.

In mathematics, counter examples are used to disprove the statement.

However, generating examples in favour of a statement do not provide validity of
the statement.

|[EXERCI SE 14.5|

1. Show that the statement
p: “If x isarea number such that x® + 4x = 0, then x is 0" is true by
(i) direct method, (i) method of contradiction, (iii) method of contrapositive
2. Show that the statement “For any real numbers a and b, a> = b? implies that
a=1Db" isnot true by giving a counter-example.
3. Show that the following statement is true by the method of contrapositive.
p: If xis an integer and X2 is even, then x is also even.
4. By giving a counter example, show that the following statements are not true.
() p: If dl the angles of a triangle are equal, then the triangle is an obtuse
angledtriangle.
(i) g Theequation x2—1 = 0 does not have aroot lying between 0 and 2.
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5. Which of the following statements are true and which are false? In each case
give avalid reason for saying so.
(i) p: Eachradiusof acircleisachord of the circle.
(i) g The centre of acircle bisects each chord of the circle.
(iii) r: Circleisaparticular case of an ellipse.
(iv) s If xandy areintegers such that x >y, then x < -—vy.

(v) t: . A1isarationa number.

Miscellaneous Examples

Example 17 Check whether “Or” used in thefollowing compound statement isexclusive
or inclusive? Write the component statements of the compound statements and use
them to check whether the compound statement is true or not. Justify your answer.

t: you are wet when it rains or you arein ariver.

Solution “Or” usedin the given statement isinclusive becauseit is possiblethat it rains
and you arein theriver.
The component statements of the given statement are

p : you are wet when it rains.

g : You are wet when you are in a river.
Here both the component statements are true and therefore, the compound statement
istrue.
Example 18 Write the negation of the following statements:
(i) p: For every real number x, X% > X.

(i) q: Thereexists arational number x such that x? = 2.

@iii) r: All birds havewings.

(iv) s: All students study mathematics at the elementary level.
Solution (i) Thenegation of pis“Itisfasethat pis’ which meansthat the condition
x2 > x does not hold for all real numbers. This can be expressed as

~p: There exists a real number x such that X < x.
(i) Negation of qis“itisfalsethat q", Thus ~qisthe statement.

~0: There does not exist arational number x such that x*> = 2.

This statement can be rewritten as
~q: For al real numbersx, x> =2

(ili) The negation of the statement is
~I': There exists a bird which have no wings.
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(iv) The negation of the given statement is ~s. There exists a student who does not
study mathematics at the elementary level.

Example 19 Using the words “ necessary and sufficient” rewrite the statement “ The
integer nisodd if and only if n? isodd”. Also check whether the statement is true.

Solution The necessary and sufficient condition that theinteger n be odd isn? must be
odd. Let p and g denote the statements

p : theinteger nis odd.

g: n?isodd.
To check the validity of “p if and only if 9", we have to check whether “if p then g”
and “if g then p” istrue.
Case 1 If p, then g
If p, then g is the statement:

If the integer n is odd, then n? is odd. We have to check whether this statement is
true. Let us assume that nisodd. Then n = 2k + 1 when k is an integer. Thus

n? = (2k + 1)?
=4k +4k+ 1
Therefore, n? is one more than an even number and hence is odd.
Case 2 If g, then p
If g, then p is the statement
If nisan integer and n? is odd, then nis odd.

We have to check whether this statement is true. We check this by contrapositive
method. The contrapositive of the given statement is:

If nisan even integer, then n? is an even integer
niseven implies that n = 2k for some k. Then n? = 4k2. Therefore, n? is even.
Example 20 For the given statementsidentify the necessary and sufficient conditions.
t: If you drive over 80 km per hour, then you will get afine.
Solution Let p and g denote the statements:

p : you drive over 80 km per hour.

g: youwill get afine.

Theimplicationif p, then qindicatesthat p issufficient for g. That isdriving over
80 km per hour is sufficient to get afine.
Here the sufficient condition is*driving over 80 km per hour”:
Similarly, if p, then g also indicates that q is necessary for p. That is
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When you drive over 80 km per hour, you will necessarily get a fine.

Here the necessary condition is “getting afine’.

Miscellaneous Exercise on Chapter 14

Write the negation of the following statements:

(i) p: For every positive real number x, the number x — 1 is also positive.
(i) g All cats scratch.
(ii)  r: For every real number X, either x > 1 or x< 1.
(iv) s Thereexistsanumber x suchthat 0 <x<1.

State the converse and contrapositive of each of the following statements:

(i) p: Apositiveintegerisprimeonly if it hasno divisorsother than 1 and itself.
(i) g 1 gotoabeach whenever it isasunny day.

@iy  r: If itishot outside, then you feel thirsty.

Write each of the statements in the form “if p, then "

(i) p: Itisnecessary to have a password to log on to the server.
(i) g Thereistraffic jam whenever it rains.
(iif)  r: You can access the website only if you pay a subsciption fee.

Rewrite each of the following statementsin the form “pif and only if g”

(i) p: If youwatch television, then your mind isfree and if your mind isfree,
then you watch television.
(i) g: For you to get an A grade, it is necessary and sufficient that you do all
the homework regularly.
@iy  r:1f aquadrilateral isequiangular, thenitisarectangleand if aquadrilateral
isarectangle, then it isequiangular.
Given below are two statements
p: 25isa multiple of 5.

g: 25isa multiple of 8.

Write the compound statements connecting these two statements with “And” and
“Or”. In both cases check the validity of the compound statement.

Check thevalidity of the statements given below by the method given against it.

(i) p: Thesum of anirrational number and arational number isirrational (by
contradiction method).

(i) g If nisarea number with n > 3, thenn? > 9 (by contradiction method).

Writethefollowing statement in five different ways, conveying the same meaning.
p: If a triangle is equiangular, then it is an obtuse angled triangle.
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Summary

¢ A mathematically acceptable statement is a sentence which is either true or
false.

¢ Explained theterms:
— Negation of a statement p: If p denote a statement, then the negation of pis
denoted by —p.

— Compound statements and their related component statements:
A statement is a compound statement if it is made up of two or more smaller
statements. The smaller statements are called component statements of the
compound statement.

— The role of “And”, “Or”, “There exists” and “For every” in compound
statements.

— Themeaning of implications“If ”, “only if *,“ if and only if ”.
A sentence with if p, then g can be written in the following ways.

— pimpliesq (denoted by p = Q)

— pisasufficient condition for q

— gisanecessary condition for p

— ponlyifq

— ~qimplies—p

— The contrapositive of a statement p = q is the statement - q = ~p . The
converse of a statement p = q is the statement g = p.
p = qtogether with its converse, gives p if and only if g.

¢ Thefollowing methods are used to check the validity of statements:

(i) direct method

(i) contrapositive method
(i) method of contradiction
(iv) using acounter example.

Historical Note

Thefirst treatise on logic was written by Aristotle (384 B.C.-322 B.C.). It
was a collection of rules for deductive reasoning which would serve as a basis
for the study of every branch of knowledge. Later, in the seventeenth century,
German mathematician G. W. Leibnitz (1646 —1716) conceived theideaof using
symbolsin logic to mechanise the process of deductive reasoning. Hisideawas
realised in the nineteenth century by the English mathematician George Boole
(1815-1864) and Augustus De Morgan (1806-1871) , who founded the modern
subject of symboliclogic.
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Chapter 15

11076CH1 5

STATISTICS

«»“ Satistics may be rightly called the science of averages and their
estimates.” — A.L.BOWLEY & A.L. BODDINGTON <¢

15.1 Introduction

Weknow that stati stics deal swith data collected for specific
purposes. We can make decisions about the data by
analysing and interpreting it. In earlier classes, we have
studied methods of representing data graphically and in
tabular form. This representation reveals certain salient
features or characteristics of the data. We have also studied
the methods of finding arepresentative value for the given
data. Thisvalueis caled the measure of central tendency.
Recall mean (arithmetic mean), median and mode arethree
measures of central tendency. A measure of central
tendency gives us a rough idea where data points are Karl Pearson
centred. But, in order to make better interpretation from the (1857-1936)
data, we should also have an idea how the data are scattered or how much they are
bunched around a measure of central tendency.
Consider now the runs scored by two batsmen in their last ten matchesasfollows:
Batsman A : 30, 91, 0, 64,42, 80, 30, 5, 117, 71
Batsman B : 53, 46, 48, 50, 53, 53, 58, 60, 57, 52

Clearly, the mean and median of the data are

Batsman A Batsman B
Mean 53 53
Median 53 53

Recall that, we cal cul ate the mean of a data (denoted by x ) by dividing the sum
of the observations by the number of observations, i.e.,
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Also, themedian isobtained by first arranging the datain ascending or descending
order and applying thefollowing rule.

n+1\"
If the number of observationsis odd, then the medianis (Tj observation.

th
n
If the number of observations is even, then median is the mean of (E) and

n th .
> +1| observations.

We find that the mean and median of the runs scored by both the batsmen A and
B aresamei.e., 53. Can we say that the performance of two playersis same? Clearly
No, because the variability in the scores of batsman A is from 0 (minimum) to 117
(maximum). Wheress, the range of the runs scored by batsman B is from 46 to 60.

Let usnow plot the above scores as dots on anumber line. We find the following
diagrams:

For batsman A
oA e o : L ] [ ) [ ) [ ] [ ) [ ) ~
~ 7
0 10 20 30 40 50 60 70 80 90 100 110 120
For batsman B Fig15.1
P ....: (1 1] ~
~ T

0 10 20 30 40 50 60 70 80 90 100 110 120
Fig 15.2

We can see that the dots corresponding to batsman B are close to each other and
are clustering around the measure of central tendency (mean and median), whilethose
corresponding to batsman A are scattered or more spread out.

Thus, the measures of central tendency are not sufficient to give complete
information about a given data. Variability is another factor which is required to be
studied under statistics. Like ‘measures of central tendency’ we want to have a
single number to describe variability. This single number is called a ‘ measure of
dispersion’. Inthis Chapter, we shall learn some of theimportant measures of dispersion
and their methods of calculation for ungrouped and grouped data.
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15.2 Measures of Dispersion

The dispersion or scatter in adatais measured on the basis of the observations and the
types of the measure of central tendency, used there. There are following measures of
dispersion:

() Range, (ii) Quartiledeviation, (iii) Mean deviation, (iv) Standard deviation.

In this Chapter, we shall study all of these measures of dispersion except the
quartiledeviation.

15.3 Range

Recall that, in the example of runs scored by two batsmen A and B, we had someidea
of variability in the scores on the basis of minimum and maximum runsin each series.
To obtain asingle number for this, we find the difference of maximum and minimum
values of each series. This differenceis called the ‘ Range’ of the data.

Incaseof batsmanA, Range= 117 —-0= 117 and for batsman B, Range=60—46=14.
Clearly, Range of A > Range of B. Therefore, the scores are scattered or dispersed in
case of A while for B these are close to each other.

Thus, Range of a series = Maximum value — Minimum value.

The range of data gives us arough ideaof variability or scatter but does not tell
about the dispersion of the data from a measure of central tendency. For this purpose,
we need some other measure of variability. Clearly, such measure must depend upon
the difference (or deviation) of the values from the central tendency.

The important measures of dispersion, which depend upon the deviations of the
observations from a central tendency are mean deviation and standard deviation. Let
usdiscussthemin detail.

15.4 Mean Deviation

Recall that the deviation of an observation x from afixed value ‘a’ is the difference
x—a. Inorder to find the dispersion of valuesof x from acentral value‘a’ , wefind the
deviations about a. An absolute measure of dispersion isthe mean of these deviations.
To find the mean, we must obtain the sum of the deviations. But, we know that a
measure of central tendency lies between the maximum and the minimum values of
the set of observations. Therefore, some of the deviations will be negative and some
positive. Thus, the sum of deviations may vanish. Moreover, the sum of the deviations
from mean (X ) is zero.

Sum of deviations 0

. . = - = O
Also Mean of deviations Number of observations n

Thus, finding the mean of deviations about mean is not of any usefor us, asfar
as the measure of dispersion is concerned.
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Remember that, infinding asuitable measure of dispersion, werequirethedistance
of each value from a central tendency or afixed number ‘a’. Recall, that the absolute
value of the difference of two numbers gives the distance between the numbers when
represented on a number line. Thus, to find the measure of dispersion from a fixed
number ‘a’ we may take the mean of the absolute values of the deviations from the
central value. Thismean is called the ‘ mean deviation’. Thus mean deviation about a
central value‘a’ isthe mean of the absol ute values of the deviations of the observations
from ‘a’. The mean deviation from ‘a’ is denoted as M.D. (). Therefore,

Sum of absolute values of deviations from ‘a'
Number of observations '

M.D.(a) =

Remark Mean deviation may be obtained from any measure of central tendency.
However, mean deviation from mean and median are commonly used in statistical
studies.

L et usnow learn how to cal cul ate mean deviation about mean and mean deviation
about median for various types of data

15.4.1 Mean deviation for ungrouped data Let n observations be x,, X,, X,, ...., X .
The following steps are involved in the calculation of mean deviation about mean or
median:

Step 1 Calculate the measure of central tendency about which we areto find the mean
deviation. Letitbe‘a’.

Sep 2 Find the deviation of each xlfrom a i.e, X—a,X—-aX—-a...,X—a
Step 3 Find the absolute values of the deviations, i.e., drop the minussign (-), if itis
there, i.e,, | —a|x,—a,[x;—4....[x,— 2|

Sep 4 Find the mean of the absolute values of the deviations. This mean isthe mean
deviation about a, i.e.,

Y% -4

M.D.(a) = =+——
n
1 n
Thus M.D. (%)= Y |% =X|, where X = Mean
i=1
1 n
and M.D. (M) =— Y |% —M|, where M = Median
i=1
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In this Chapter, we shall usethe symbol M to denote median unless stated
otherwise.Let us now illustrate the steps of the above method in following examples.

Example 1 Find the mean deviation about the mean for the following data:
6,7,10,12,13,4,8,12

Solution We proceed step-wise and get the following:

Step 1 Mean of the given datais

6+7+10+12+13+4+8+12 _ E _
8 8

9

X =

Sep 2 The deviations of the respective observations from the mean X, i.e., x—X are
6-9,7-9,10-9,12-9,13-9,4-9,8-9,12-9,
or -3,-2,1,3,4,-5-1,3
Siep 3 The absolute values of the deviations, i.e., | —X| are
3,2,1,34,5/1,3
Step 4 The required mean deviation about the mean is

_Xsllx - X|
M.D. (X) == 45—

_ 3+ 2+1+3;4+5+1+3=%2= 275

Instead of carrying out the steps every time, we can carry on calcul ation,
step-wise without referring to steps.

Example 2 Find the mean deviation about the mean for the following data:
12,3,18,17,4,9,17,19, 20, 15, 8,17, 2, 3,16, 11, 3,1,0,5

Solution We have to first find the mean (X ) of the given data
o1& 200
X =— )ﬂ = — =
2K =g =10

The respective absolute values of the deviations from mean, i.e., |Xi - i| are
2,7,8,7,6,1,7,9,10,5,2,7,8,7,6,1,7,9,10,5
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20

Therefore Y% -% =124
i=1
d M.D. (X _%_62
an D.(X)= o0 - 6

Example 3 Find the mean deviation about the median for the following data:
3,9,5,3,12,10, 18,4, 7, 19, 21.

Solution Herethe number of observationsis 11 which isodd. Arranging the datainto
ascending order, we have 3, 3,4,5,7,9,10, 12,18, 19, 21

11 +1

th
Now Median = ( j or 6" observation =9

The absolute values of the respective deviations from the median, i.e., |xi A M| are
6,6,5,4,2,0,1,3,9,10, 12

11
Therefore Y | -M|=58
i=1
d M.D.(M 1y M . 58=5.27
)= $n -2

15.4.2 Mean deviation for grouped data We know that data can be grouped into
two ways :

(a) Discrete frequency distribution,

(b) Continuousfrequency distribution.

L et us discuss the method of finding mean deviation for both types of the data.

(a) Discrete frequency distribution Let the given data consist of n distinct values
X, X, ..., X occurring with frequencies f, f,, ..., f respectively. This data can be
represented in the tabular form as given below, and is called discrete frequency
distribution:

XIX X, X X

fof, f f .. f

1 n
(i) Mean deviation about mean
First of al wefind the mean x of the given data by using the formula
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n
where Z x f. denotesthe sum of the products of observations x with their respective
i=1

n
frequenciesf and N :Z f, isthe sum of the frequencies.
i=1
Then, we find the deviations of observations x from the mean X and take their
absolute values, i.e., |x —X| forali=1,2,...,n.
After this, find the mean of the absolute values of the deviations, which is the
required mean deviation about the mean. Thus

(1) Mean deviation about median To find mean deviation about median, we find the
median of the given discrete frequency distribution. For thisthe observationsarearranged
inascending order. After thisthe cumulative frequencies are obtained. Then, weidentify

N
the observation whose cumul ative frequency isequal to or just greater than PR where

N isthe sum of frequencies. Thisvalue of the observation liesin the middle of thedata,
therefore, it is the required median. After finding median, we obtain the mean of the
absolute values of the deviations from median.Thus,

1 n
M.D.(M) = < Y f|x—M|
i=1

Example 4 Find mean deviation about the mean for the following data :
X. 2 5 6 8 10 12

f, 2 8 10 7 8 5

Solution Let us make a Table 15.1 of the given data and append other columns after
calculations.
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Table15.1
X, f, fx, |Xi —i| f1%; —i|
2 4 55 1
5 8 40 25 20
6 10 60 15 15
8 7 56 0.5 35
10 8 80 25 20
12 5 60 45 225
40 300 92
6 6 6
N=) f =40 ) fx=300 Y flx-x=92
i=1 i=1 i=1
i—li fx == x300=7.5
Therefore N & i% 0 .
and M.D. () = — ifi |x —X| -l =23
N & 40

Example 5 Find the mean deviation about the median for the following data:

X | 3 6 9 2 | 13 (15| 22 | 22

f 3 4 5 2 4 5 4 3

Solution The given observations are aready in ascending order. Adding a row
corresponding to cumulative frequencies to the given data, we get (Table 15.2).

Table15.2
x| 3| 6 9 2| 13| 15 | 21 | 2
f 2 4 5 4 3
cf.] 3| 7 2 14| 18| 23 | 27 | 30

ol

Now, N=30 which is even.
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Median isthe mean of the 15" and 16™ observations. Both of these observations
liein the cumulative frequency 18, for which the corresponding observation is 13.

th . th .
Therefore, Median M = 15" observation +16" observation _ 13+13:

2 2

13

Now, absolute values of the deviations from median, i.e., |xi - M| are shown in
Table 15.3.

Table15.3
x-M | 10| 7| 4|1|0]| 2|89
f 3| 4| 5| 2| 4| 5| 4| 3
f.[% — M| 20 | 28| 20|20 10|32 27
8 8
We have f, =30 and ) f [x -M|=149
i=1 i=1
1 8
Therefore M.D.(M):ﬁ Zfi|xi_|v||
i=1
=L 149 =497,
30

(b) Continuousfrequency distribution A continuousfreguency distributionisaseries
in which the data are classified into different class-intervals without gaps alongwith
their respective frequencies.

For example, marks obtained by 100 students are presented in a continuous
frequency distribution asfollows:

Marks obtained 0-10 | 10-20 | 20-30 |30-40 | 40-50 | 50-60
Number of Students| 12 18 27 20 17 6

(1) M ean deviation about mean While cal culating the mean of a continuousfrequency
distribution, we had made the assumption that the frequency in each classis centred at
itsmid-point. Here al so, wewrite the mid-point of each given classand proceed further
asfor adiscrete frequency distribution to find the mean deviation.

Let ustake the following example.
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Example 6 Find the mean deviation about the mean for the following data.

Marks obtained 10-20 | 20-30 | 30-40| 40-50( 50-60| 60-70| 70-80
Number of students 2 3 8 14 8 3 2

Solution We make the following Table 15.4 from the given data

Table15.4
Marks | Numberof | Midpoints | fx | [%-X | f|x—X
obtained | students

f. X,
10-20 2 15 30 30 60
20-30 3 25 75 20 60
30-40 35 280 10 80
40-50 14 45 630 0 0
50-60 8 55 440 10 80
60-70 3 65 195 20 60
70-80 2 75 150 30 60

40 1800 400

Here N = y f, =40,ifixi =1800, ifi|xi—i| =400

i=1 i=1 i=1

Therefore Y=%iz:, fi% =%=45

1Y o1
and M.D.(x):N; fi|xi—x|=E><4OO=10

Shortcut method for calculating mean deviation about mean We can avoid the
tedious cal culations of computing X by following step-deviation method. Recall that in
this method, we take an assumed mean whichisin the middle or just closetoit in the
data. Then deviations of the observations (or mid-points of classes) are taken from the
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assumed mean. Thisisnothing but the shifting of origin from zero to the assumed mean
on the number line, asshownin Fig 15.3

-60 —50 —40 30 20 —-10 0 10 20 30 40 50 60<€—After

L. . . . . . . . o ° . ° geviations

< ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ —
Before 10 20 30 40 50 60 70 80 90 100 110 120
deviations
Assumed
Mean
Fig15.3

If thereisacommon factor of al the deviations, we divide them by this common
factor to further simplify the deviations. These are known as step-deviations. The
process of taking step-deviationsisthe change of scale on the number lineasshownin
Fig15.4

Ste
. -6 5 4 3 -2 -1 0 1 2 3 4 5 6€& P
Deviations from deviations
=> —60 —50 —40 -30 20 -10 0 10 20 30 40 50 60
assumedmean , . . . . . e ome N2of o o o
pd

<

£ £ 5 £ £ £ £ 5 £ £ £ —
0 10 20 30 40 50 60 70 80 90 100 110 120
Assumed

Mean
Fig15.4

Thedeviations and step-deviationsreduce the size of the observations, so that the
computationsviz. multiplication, etc., becomesimpler. Let, thenew variable be denoted

by di :%a , where‘a’ isthe assumed mean and h is the common factor. Then, the

mean X by step-deviation method is given by

Let us take the data of Example 6 and find the mean deviation by using step-
deviation method.
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Take the assumed mean a = 45 and h = 10, and form the following Table 15.5.

Table15.5
: . X —45 o o
Marks | Number of | Mid-points | d; ==——| f.d, [ [%—-X | f|x—X
obtained | students 10
f, X,
10-20 2 15 -3 -6 30 60
20-30 3 25 -2 -6 20 60
30-40 8 35 -1 -8 10 80
40-50 14 45 0 0 0 0
50-60 55 1 8 10 80
60-70 65 2 6 20 60
70-80 6] 3 6 30 60
40 0 400
Therefore X—a+l=l LR
N
0
= 45+—x10=45
40
1 ¢ 400
and MD. X) = — Y fi|x -X|= — =10
® =5 Lk -xX= 75
The step deviation method is applied to compute X . Rest of the procedure
IS same.

(i) Mean deviation about median The process of finding the mean deviation about
median for acontinuous frequency distributionissimilar aswe did for mean deviation
about the mean. The only difference lies in the replacement of the mean by median
whiletaking deviations.

Let usrecall the processof finding median for acontinuousfrequency distribution.

The datais first arranged in ascending order. Then, the median of continuous
frequency distribution is obtained by first identifying the class in which median lies
(median class) and then applying the formula
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N

N ¢
Median =1 + Zf

x h

where median class is the class interval whose cumulative frequency is just greater

N
than or equal toE , N isthe sum of frequencies, I, f, hand C are, respectively thelower

limit , the frequency, the width of the median classand C the cumulative frequency of
the classjust preceding the median class. After finding the median, the absolute values

of the deviationsof mid-point x of each classfromthemediani.e., |x — M| areobtained.
Th MD.(M) = = % filx - M
e o Nz

The processisillustrated in thefollowing example:

Example 7 Calculate the mean deviation about median for the following data.:

Class 0-10 | 10-20 20-30(30-4040-50( 50-60
Frequency 6 7| 15 (16| 4 2

Solution Form the following Table 15.6 from the given data:

Table15.6
Class Frequency | Cumulative | Mid-points ‘Xi — Med.‘ f ‘Xi — Med.‘
frequency

f (c.f) i
0-10 6 6 5 23 138
10-20 7 13 15 13 91
20-30 15 28 25 3 45
30-40 16 4 35 12
40-50 4 48 45 17 68
50-60 2 50 55 27 %!

50 508
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N th
Theclassinterval containing > or 25" item is20-30. Therefore, 20-30 isthe median

class. We know that

N_c

Median=I+2f xh

Herel =20,C=13,f =15,h=10and N =50

25-13

Therefore, Median =20+ x10 =20+ 8=28

Thus, Mean deviation about medianisgiven by

6 1
M.D. (M) = %;fim -M| = 25508 =10.16
i=

|EXERCISE15.1]

Find the mean deviation about the mean for the datain Exercises 1 and 2.
1. 4,7,8,9,10,12, 13,17
2. 38,70,48,40,42,55,63, 46,54, 44

Find the mean deviation about the median for the datain Exercises 3 and 4.
3. 13,17,16,14,11,13, 10,16, 11,18, 12, 17
4. 36,72,46,42,60, 45,53, 46,51, 49

Find the mean deviation about the mean for the datain Exercises 5 and 6.
5 X 5 10 15 20 2%

f 7 4 6 3 5

6. X 10 30 5 70 9D
f

4 24 28 16 8
Find the mean deviation about the median for the datain Exercises 7 and 8.
700X 5 7 9 10 12 15
f. 8 6 2 6

2 2
8. X 5 21 27 30 3H
f 3 5 6 7 8
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Find the mean deviation about the mean for the datain Exercises 9 and 10.

9. | Incomeper |0-100 {100-200|200-300 | 300-400 | 400-500(500-600 | 600-700 | 700-800
day in®
Number | 4 8 9 10 7 5 4 3
of persons
10.| Height 95-105 | 105115 | 115125 | 125-135 | 135-145 | 145-155
incms
Number of 9 13 26 30 12 10
boys
11. Findthe mean deviation about median for the following data:
Marks 0-10 10-20 20-30 30-40 40-50 50-60
Number of 6 8 14 16 4 2
Girls

12. Calculate the mean deviation about median age for the age distribution of 100
personsgiven below:

Age 1620 | 21-25 | 26-30 | 31-35 | 36-40 | 41-45 | 46-50 | 51-55
(in years)
Number | 5 6 12 14 26 12 16 9

[Hint Convert the given datainto continuous frequency distribution by subtracting 0.5
from the lower limit and adding 0.5 to the upper limit of each classinterval]

15.4.3 Limitations of mean deviation In aseries, where the degree of variability is
very high, the medianisnot arepresentative central tendency. Thus, the mean deviation
about median cal culated for such series can not be fully relied.

The sum of the deviations from the mean (minus signsignored) is more than the
sum of the deviations from median. Therefore, the mean deviation about the mean is
not very scientific. Thus, in many cases, mean deviation may give unsatisfactory results.
Also mean deviationis calculated on the basi s of absolute values of the deviationsand
therefore, cannot be subjected to further algebraic treatment. This implies that we
must have some other measure of dispersion. Standard deviation is such ameasure of
dispersion.

15.5 Varianceand Sandard Deviation
Recall that while cal culating mean deviation about mean or median, the absolute values
of the deviations were taken. The absolute values were taken to give meaning to the
mean deviation, otherwise the deviations may cancel among themselves.

Another way to overcomethisdifficulty which arose dueto the signsof deviations,
isto take squares of all the deviations. Obviously all these squares of deviations are
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non-negative. Let X, X,, X,, ..., X, be n observationsand X be their mean. Then

X=X + (% X)? + ot (X,—XF = i (% —%).

i=1
If thissumis zero, theneach (X - X) hastobezero. Thisimpliesthat thereisno

dispersion at all asall observations are equal to the mean X .

n
If iz:;,(xi ~%)%is small , this indicates that the observations x,, X,, X,,...,X are

close to the mean X and therefore, there is a lower degree of dispersion. On the
contrary, if thissum islarge, thereisahigher degree of dispersion of the observations

n
fromthemean ¥ . Canwethussay that the sum Z(Xi -X)? isareasonableindicator
i=1

of the degree of dispersion or scatter?
Let ustake the set A of six observations 5, 15, 25, 35, 45, 55. The mean of the
observationsisx = 30. The sum of squares of deviationsfrom X for thisset is

) (X =X)° = (5-30) + (15-30)? + (25-30)? + (35-30)? + (45-30)? +(55-30)’

=625+ 225+ 25+ 25 + 225 + 625 = 1750
L et us now take another set B of 31 observations 15, 16, 17, 18, 19, 20, 21, 22, 23,
24,25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45. The
mean of these observationsis y = 30
Note that both the sets A and B of observations have a mean of 30.
Now, thesum of squaresof deviations of observationsfor set B fromthemean v is
givenby

Y (% =Y = (15-30) +(16-30)2+ (17-30)? + ...+ (44-30)2+(45-30)?

(152 +(-14)*+ ..+ (-1)?+ 02+ 124 22+ 32+ ..+ 142+ 1%
2[15%+ 142+ ... + 17

- 2><15X(15+61) (304D _ 5, 16x31= 2480
D(2n+1
(Because sum of squares of first n natural numbers = w Heren = 15)
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n
If Z(Xi -X)* is simply our measure of dispersion or scatter about mean, we
i=1

will tend to say that the set A of six observations hasalesser dispersion about the mean
than the set B of 31 observations, even though the observations in set A are more
scattered from the mean (the range of deviations being from —25 to 25) than in the set
B (where the range of deviationsis from —15 to 15).

Thisisalso clear from the following diagrams.

For the set A, we have

Z. o o o o o o o o o o o o N
0 5 10 15 20 25 2\51(') 35 40 45 50 55 60
Mean
Fig15.5
For the set B, we have
PA :....:OOOO:...C:0...:....:....: ~
~ T

0510152025$354045505560

Mean
Fig 15.6

Thus, we can say that the sum of sgquares of deviations from the mean is not a proper
measure of dispersion. To overcome this difficulty we take the mean of the squares of

18 =
the deviations, i.e., we take HZ(X —X)Z . In case of the set A, we have
i=1

1 1
Mean = —6>< 1750 = 291.67 and in case of the set B, itis ﬁx 2480 = 80.
Thisindicatesthat the scatter or dispersionismorein set A than the scatter or dispersion
in set B, which confirms with the geometrical representation of the two sets.

1 A2
Thus, wecantake Z (X = X)” asaquantity which leadsto aproper measure

of dispersion. This number, i.e., mean of the squares of the deviations from mean is

called the variance and is denoted by o2 (read as sigma square). Therefore, the

variance of n observations X, X,,..., X is given by
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18 _
o?==Y (% -%)?
ni=

15.5.1 Standard Deviation In the calculation of variance, we find that the units of
individual observationsx andtheunit of their mean X aredifferent fromthat of variance,
since variance involves the sum of squares of (x—x ). For this reason, the proper
measure of dispersion about the mean of a set of observationsis expressed as positive
square-root of the variance and is called standard deviation. Therefore, the standard
deviation, usually denoted by ¢ ,isgivenby

o= /%i(x ~X)? . (1)

Let us take the following example to illustrate the calculation of variance and
hence, standard deviation of ungrouped data.

Example 8 Find the variance of the following data:
6, 8, 10, 12, 14, 16, 18, 20, 22, 24

Solution From the given data we can form the following Table 15.7. The mean is
calculated by step-deviation method taking 14 as assumed mean. The number of
observationsisn = 10

Table15.7
X d = XlTlé‘r Deviati ?;i firo)m mean (x-%)
6 —4 -9 81
8 -3 —7 49
10 2 -5 25
12 -1 -3
14 0 -1
16 1 1
18 2 8
20 8 5 25
22 4 7 49
24 5 9 81
5 330
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n

L4

_ - 5
Therefore Mean X = assumed mean + ln xh = 14+EX2:15
1 10 o 1
and Variance(oz):HZ(Xi—X) :EXSSO:?’B
i=1

Thus Standard deviation (o) = /33 =5.74

15.5.2 Standard deviation of a discrete frequency distribution Let the given discrete
frequency distribution be

XD X, Xy X, X

fo f, f, f...,f
In this case standard deviation (o) = \/%Zn“ f(x — X)? - (2
i=1

n
where N =Z f..
i=1
L et ustake up following example.

Example 9 Find the variance and standard deviation for the following data:
X. 4 8 11 17| 20| 24| 32

f 3 5 9 5) 4 3 1

Solution Presenting the data in tabular form (Table 15.8), we get

Table15.8

X, f fx | x=%| (x—%X)7| f(x-%X?
4 3 12 | -10| 100 300
8 5 0 | -6 36 180
n 9 9 | -3 9 81
17 3 85 3 9 45
20 4 80 6 36 144
24 3 72 10 | 100 300
32 1 32 18| 324 324
30 420 1374
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7 7
N=30, ) fix =420, ) f,(x -%)* =1374
i=1 i=1

Therefore ¥ ==L =i><420:14
N 30
1 ¢ N2
Hence variance (%) = 7y ) fikx— %)
i=1
- L x 1374 =45.8
~ 30 £
and Standard deviation (0'):«/45.8 =6.77

15.5.3 Standard deviation of a continuous frequency distribution The given
continuous frequency distribution can be represented asadiscrete frequency distribution
by replacing each class by its mid-point. Then, the standard deviation is calcul ated by
the technique adopted in the case of a discrete frequency distribution.

If thereisafrequency distribution of n classes each class defined by its mid-point
x with frequency f, the standard deviation will be obtained by the formula

o = \/% iZ:,fi(Xi_ X)?

n
where x isthe mean of the distribution and N =Z f,.

i=1
Another formula for standard deviation We know that

1 ¢ _ 1 ¢ B B
Variance (¢?) = N Zfi(xi— X)? = N Zfi(xi2+ X% —2X %)
i=1 i=1

:% Zn‘,fm% Zn‘jzfi- izi fi&}

:% Zn‘,qu% Yzzn:fi— ZYZn:xifi}
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i=1

I
Z|-
>
—h
-xl\)
+
x|
N
zZ
|
)
x|
Z
X|
1
I
@
®

18 L B
N;Xifi:xorzxifi =Nx}

i=1

Thus, standard deviation (o) = % \/N 1 —( fx ) .. (3
Example 10 Calculate the mean, variance and standard deviation for the following
distribution:

Class 30-40 | 4050 | 5060 | 60-70 | 70-80 | 80-90 | 90-100
Frequency 3 7 12 15 8 3 2
Solution From the given data, we construct the following Table 15.9.

Table15.9
Class | Frequency | Mid-point| fx, | (x—x)?| f(x—x)?
(f:) (X))
30-40 3 35 105 | 729 2187
40-50 7 45 315 | 289 2023
50-60 12 55 660 49 588
60-70 15 65 975 9 135
70-80 8 75 600 | 169 1352
80-90 3 85 255 | 529 1587
90-100 2 95 190 | 1089 2178
50 3100 10050
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_ 1 ¢ 3100
Thus Mean X=x Zfﬂﬁ=—=62

= i><10050 =201
50

and Standard deviation (o) =+/201=14.18

Example 11 Find the standard deviation for the following data:

X 3 8 | 13 18

23

f 7 10| 15 10

6

Solution Let usform the following Table 15.10:

Table15.10

X. f. fx | x?2 f x2

71 21 9

10| 8| 64| 640
13 | 15| 195 | 169 | 2535
18 | 10 | 180 | 324 | 3240
23 6| 138 | 529 | 3174

48 | 614 9652

Now, by formula (3), we have

o = < NL £ (¥ fix)’

- 4—18 J48x 9652 — (614)°

-1 /463296 — 376996
48
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1
= —x293.77 =
8 6.12

Therefore, Standard deviation (¢ ) =6.12

15.5.4. Shortcut method to find variance and standard deviation Sometimes the
values of x in a discrete distribution or the mid points x. of different classes in a
continuous distribution are large and so the cal cul ation of mean and variance becomes
tedious and time consuming. By using step-deviation method, it is possibleto simplify
the procedure.

1
Let the assumed mean be ‘A’ and the scale be reduced toﬁ times (h being the

width of class-intervals). Let the step-deviations or the new values bey..

i.e Y, == or x =A+hy - (D
Y fx
We know that Yle . (2

Replacing x from (1) in (2), we get

zn:fi(A+hyi)

i=1

N

= i(i fiA+zn:h fiyi ): lLAZ fi+hZ fiyi ]
N\ = i=1 N i1 i

N ) fy LbecausegfizN]

A —+hi=
N N
Thus X=A+hy - (3
PR o\2
Now Variance of the variable x, Ox :NZfi(Xi_X)
i=1
18 .
=N_Zl,fi (A+hy -A-hy) (Using (1) and (3))
i=
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1 - 2 —\2
=Y fny-
‘N?:l' v -Y)

From (3) and (4), we have

2
h n n

o= N\/NZ fiyiz_LZ fiyi]
i-1 i-1

L et us solve Example 11 by the short-cut method and using formula (5)

f, (v, = ¥)? = hex variance of the variabley,

. (4)

. (5)

Examples 12 Calculate mean, variance and standard deviation for the following

distribution.
Classes 30-40 | 40-50( 50-60| 60-70[ 70-80( 80-90(90-100
Frequency 8 7 12 | 15 8 3 2
Solution Let the assumed mean A = 65. Here h = 10
We obtain the following Table 15.11 from the given data :
Table15.11
N X —65
Class |Frequency | Mid-point [ y= 10 y? fy, fy?
f, X;
30-40 3 35 -3 9 -9 27
40-50 7 45 -2 4 -14 28
50-60 12 55 -1 1 -12 12
60-70 15 65 0 0 0 0
70-80 8 75 1 1 8 8
80-90 3 85 2 4 6 12
90-100 2 9%5 3 9 6 18
N=50 -15 105
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Y fiy 15
Theref 3= A+=_""1xh=65-—=-x10=62
erefore X = =
2
h 2
Variance 52 = F[Nifi)ﬁz—(i fiyi ) }
2
10
_ %[50x105—(—15)2]
(50)
1
= —[5250- 225] = 201
25

and standard deviation (c)=+/201 =14.18

|[EXERCISE 15.2|

Find the mean and variance for each of the datain Exercies 1 to 5.
1. 6,7,10,12,13,4,8,12

2. First n natural numbers

3. First 10 multiplesof 3

4. | X 6 |10 14 | 18 24 [ 28 | 30
f 2 4 7] 12 8 4 8

5. X |92 [ 93] 97| 98| 102 | 104 | 109
fl 3 2 3 2 6 3 3

6. Find the mean and standard deviation using short-cut method.
x| 60| 61| 62| 63| 64| 65| 66| 67| 68

fl 2 1) 2( 29| 25| 12| 10 4 5

Find the mean and variance for the following frequency distributions in Exercises
7 and 8.

7. |Classes 0-30| 30-60( 60-90 | 90-120 | 120-150( 150-180 | 180-210
Frequencies 2 3 5 10 3 5 2
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8- [ Classes 0-10 10-20 | 20-30 | 30-40 | 40-50

Frequencies 5 8 15 16 6

9. Find the mean, variance and standard deviation using short-cut method

Height | 70-75| 75-80|80-8585-90| 90-95 | 95-100 | 100-105105-110( 110-115
incms

No. of 3 4 7 7 15 9 6 6 3
children

10. Thediametersof circles (in mm) drawn in adesign are given below:

Diameters 33-36 | 37-40 41-44 45-48 49-52
No. of circles| 15 17 21 22 25

Calculate the standard deviation and mean diameter of the circles.

[ Hint First make the data continuous by making the classes as 32.5-36.5, 36.5-40.5,
40.5-44.5, 445 - 48.5, 48.5 - 52.5 and then proceed.]

15.6 Analysisof Frequency Distributions

In earlier sections, we have studied about some types of measures of dispersion. The
mean deviation and the standard deviation have the same units in which the data are
given. Whenever we want to compare the variability of two series with same mean,
which are measured in different units, we do not merely calculate the measures of
dispersion but we require such measures which are independent of the units. The
measure of variability which isindependent of unitsis called coefficient of variation

(denoted as C.V.)
The coefficient of variation is defined as

CV.=2x100 , x=0,
X

where ¢ and X are the standard deviation and mean of the data.

For comparing the variability or dispersion of two series, we calculate the coefficient
of variance for each series. The series having greater C.V. is said to be more variable
than the other. The series having lesser C.V. is said to be more consistent than the
other.
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15.6.1 Comparison of two frequency distributions with same mean Let X, and o,

be the mean and standard deviation of the first distribution, and X, and ¢, be the
mean and standard deviation of the second distribution.

O;
Then C.V. (1t distribution) = §1><100
O.
and C.V. (2nd distribution) = —~*100

2
Given X = X, = X (say)

(o
Therefore C.V. (1st distribution) = ? %100 . (@

O.
and C.V. (2nd distribution) = ¥2><100 .2

Itisclear from (1) and (2) that the two C.V's. can be compared on the basis of values
of g, and o, only.

Thus, we say that for two serieswith equal means, the serieswith greater standard
deviation (or variance) is called more variable or dispersed than the other. Also, the
serieswith lesser value of standard deviation (or variance) is said to be more consistent

than the other.
Let usnow take following examples:

Example 13 Two plantsA and B of afactory show following results about the number
of workers and the wages paid to them.

A B
No. of workers 5000 6000
Average monthly wages Rs 2500 Rs 2500
Variance of distribution 81 100

of wages
Inwhich plant, A or B isthere greater variability in individual wages?

Solution The variance of the distribution of wagesin plant A ( 0-12) =81

Therefore, standard deviation of the distribution of wagesin plantA (o) =9
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Also, the variance of the distribution of wagesin plant B (0-22 ) =100

Therefore, standard deviation of the distribution of wagesin plant B (o, ) = 10

Since the average monthly wages in both the plantsis same, i.e., Rs.2500, therefore,
the plant with greater standard deviation will have morevariability.
Thus, the plant B has greater variability in the individual wages.

Example 14 Coefficient of variation of two distributions are 60 and 70, and their
standard deviations are 21 and 16, respectively. What are their arithmetic means.

Solution Given C.V. (st distribution) = 60, o, =21
C.V. (2nd distribution) = 70, o, = 16
Let X and X, bethe means of 1st and 2nd distribution, respectively. Then

C
C.V. (1st distribution) = {1 x 100

Therefore 60 = = x100 or X =£L><100 =35
X 60
c 2
and C.V. (2nd distribution) = X_ x100
2
i.e. 70= _1—6><1000r X, =Ex100=22.85
X5 70

Example 15 The following values are calculated in respect of heights and weights of
the students of a section of Class XI :

Height Weight
Mean 162.6 cm 52.36kg
Variance 127.69 cm? 23.1361 kg?

Can we say that the weights show greater variation than the heights?

Solution To comparethe variability, we haveto cal culate their coefficients of variation.

Given Variance of height = 127.69cm?
Therefore Standard deviation of height = \/127.69cm =11.3cm
Also Variance of weight = 23.1361 kg?
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Therefore Standard deviation of weight = ~/23.1361 kg = 4.81 kg
Now, the coefficient of variations (C.V.) are given by

. . Standard Deviati
(C.V.) inheights= anaar VIaon . 100

Mean

11.3
x100 = 6.95
62.6

481
and (C.V)inweights= %100 =9.18
52.36

Clearly C.V. in weightsis greater than the C.V. in heights
Therefore, we can say that weights show more variability than heights.

|EXERCISE153]

1. From the data given below state which group is more variable, A or B?

Marks |10-20| 20-30| 30-40 | 40-50 |50-60| 60-70 | 70-80
GroupA 9 17 32 3 40 10 9
GroupB | 10 20 30 25 43 15 7

2. Fromthe pricesof shares X and Y below, find out which ismore stablein value:

X[ 35| 54| 52| 53] 5 | 58| 52| 50| 51 [ 49
Y |108| 107 | 105 | 105( 106 | 107 | 104| 103| 104 | 101

3. Ananaysisof monthly wagespaid to workersin two firmsA and B, belonging to
the sameindustry, givesthefollowing results:

FirmA FirmB
No. of wage earners 586 648
Mean of monthly wages Rs 5253 Rs 5253
Variance of thedistribution 100 121

of wages
(i) WhichfirmA or B pays larger amount as monthly wages?
(i) Whichfirm, A or B, showsgreater variability inindividua wages?
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4. Thefollowingistherecord of goals scored by team A in afootball session:

No. of goals scored 0 1 2 3 4
No. of matches 1 9 7 5

For the team B, mean number of goals scored per match was 2 with a standard
deviation 1.25 goals. Find which team may be considered more consistent?

5. The sum and sum of sgquares corresponding to length x (in cm) and weight y
(in gm) of 50 plant products are given below:

50 50 50 50

Y x=212 ) x*=9028 )y, =261 ) y/=1457.6

i=1 i=1 i=1 i=1
Whichismorevarying, the length or weight?

Miscellaneous Examples

Example 16 The variance of 20 observationsis5. If each observation is multiplied by
2, find the new variance of the resulting observations.

Solution  Let the observations be x, X,, ..., X,, ahd X be their mean. Given that
variance = 5 and n = 20. We know that

1& 1 & \2
Variance (O'Z)ZHZ(Xi -X)? ie, 5=% Y (% -%)
i=1 i=1

20
or ;(& -%)* =100 ()

If each observation is multiplied by 2, and the new resulting observations areyy, , then

i i 2 i
1 20 1 20 1 20
y== =) 2% - 2.— -
Therefore y ni=1y| 20; X = Zoizz‘l,xl
. _ 1_
i.e y=2%x or )‘<=§y

Substituting the values of x and X in (1), we get

2020-21



STATISTICS 377

20 1 1 2 20 >
350 37] =1, ie, L0400
i=1

i=1

1
Thus the variance of new observations = 20 x400=20=2°x5

| @ Note | The reader may notethat if each observation ismultiplied by aconstant
k, the variance of the resulting observations becomes k? timesthe original variance.

Examplel7 The mean of 5 observationsis 4.4 and their variance is 8.24. If three of
the observations are 1, 2 and 6, find the other two observations.

Solution Let the other two observations be x and y.
Therefore, theseriesisl, 2,6, X, V.

1+2+6+Xx+Yy

Now MeanX = 4.4 = z
or 2=9+x+y
Therefore X+y=13 .. (1)
12 ¥
Also variance = 8.24 = EZ(Xi —X)
i=1

ie 824= :—é[(SA)Z +(2.4)% +(1.6)* + X2 + Y2 = 2x 44 (X + Y) + 2X (4.4)2}
or 41.20 = 11.56 + 5.76 + 2.56 + X* + y2 —8.8 x 13 + 38.72

Therefore X2+y? =97 .. (2
But from (1), we have

X2+ y? + 2xy =169 .. (3
From (2) and (3), we have

2xy =72 - (4

Subtracting (4) from (2), we get
X2+y? — 2xy=97-72 i.e. (x—-y)?=25

or X—y=+45
.. (5
So, from (1) and (5), we get

x=9,y=4 when x—y=5
oo X=4,y=9 when x—y=-5
Thus, the remaining observations are 4 and 9.
Example 18 If each of the observation x , X, ...,X isincreased by ‘a’, where ais a
negative or positive number, show that the variance remains unchanged.
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Solution Let X bethe mean of x, X,, ...,X . Then the variance is given by

1 —
o’ = Hiz_‘l,(xi —X)?

If ‘aisadded to each observation, the new observations will be
y, =X +a - (1)
Let the mean of the new observations be y . Then

Sk

3I|—\

0 0 18 na _
[Z +Za} Eiz:;><i+?—x+a

=1 i=1

i.e y=x+a - (2
Thus, the variance of the new observations

n 18 _
o= p L0 = Y (xhan X2 (Usng () and 2)

19 2
L 6o

Thus, the variance of the new observationsis same asthat of the original observations.

We may note that adding (or subtracting) a positive number to (or from)
each observation of a group does not affect the variance.

Example 19 The mean and standard deviation of 100 observations were calculated as
40 and 5.1, respectively by a student who took by mistake 50 instead of 40 for one
observation. What are the correct mean and standard deviation?

Solution Given that number of observations (n) = 100

Incorrect mean (X ) = 40,
Incorrect standard deviation (c) =

X

1 n
We know that :EZ %
i=1

100

100
ie =002 Z X or ;)ﬁ = 4000
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i.e Incorrect sum of observations = 4000
Thus the correct sum of observations = Incorrect sum — 50 + 40

= 4000 —50 + 40 = 3990

correct sum 3990

Hence Correct mean = 100 100 =399
1¢ o, 1(w )
Also Standard deviation o = Hzxi _?szi ]
i=1 i=1
i 5.1 = 1—><Incorrectzn: > —(40)°
I.e 1= 1100 g X
i x Incorrect Xn: x*
or 26.01= 100 LK = 1600
n
Therefore Incorrect Z xi2 =100 (26.01 + 1600) = 162601
i=1
. 2 . 2
Now Correct %~ = Incorrect in — (50)2 + (40)?
i=1 i=1

= 162601 —2500 + 1600 = 161701
Therefore Correct standard deviation

_ \/Correct lez

n

161701 ,
= - (39.9)
100

= /1617.01-1592.01 = /o5 =5

— (Correct mean)®
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Miscellaneous Exercise On Chapter 15

The mean and variance of eight observations are 9 and 9.25, respectively. If six
of theobservationsare 6, 7, 10, 12, 12 and 13, find the remaining two observations.
The mean and variance of 7 observationsare 8 and 16, respectively. If five of the
observationsare 2, 4, 10, 12, 14. Find the remaining two observations.

The mean and standard deviation of six observations are 8 and 4, respectively. If
each observationismultiplied by 3, find the new mean and new standard deviation
of theresulting observations.

Given that X is the mean and ¢?is the variance of n observations x , X,, ...,X .
Prove that the mean and variance of the observations ax,, ax,, ax,, ...., ax_are
ax and a’c? respectively, (a # 0).

The mean and standard deviation of 20 observations are found to be 10 and 2,
respectively. On rechecking, it was found that an observation 8 was incorrect.
Calculate the correct mean and standard deviation in each of thefollowing cases:
(i) If wrong item is omitted. (i) If itisreplaced by 12.

The mean and standard deviation of marks obtained by 50 students of aclassin
three subjects, Mathematics, Physics and Chemistry are given below:

Subject Mathematics Physics  Chemistry

Mean 42 32 40.9
Standard 12 15 20
deviation

Which of the three subjects shows the highest variability in marks and which
shows the lowest?

The mean and standard deviation of a group of 100 observations were found to
be 20 and 3, respectively. Later on it was found that three observations were
incorrect, which were recorded as 21, 21 and 18. Find the mean and standard
deviation if theincorrect observations are omitted.

Summary

© Measur esof disper sion Range, Quartile deviation, mean deviation, variance,

standard deviation are measures of dispersion.
Range = Maximum Vaue —Minimum Value

® Mean deviation for ungrouped data

M.D. (X) =w, M .D. (M):M
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¢ Mean deviation for grouped data

® Variance and standard deviation for ungrouped data

1 =2 1 —\2
~ 2,06 =%)", e 206=%)
® Variance and standard deviation of a discrete frequency distribution
1 A E 1 2
N 2 Gi(x =), O-:\/ﬁzfi(xi_x)
# Variance and standard deviation of a continuous frequency distribution
1 —\2 1 2
N Zfi(xi_x) ; O':N\/szixiz_(zfixi)
¢ Shortcut method to find variance and standard deviation.
2 h2 2
c :W[sziyi -2 fyvi) } =—\/N2fyI ny,) ,

. — A
where Y, = X'T

# Coefficient of variation (C.V.) = %xlOO, X £0.

For serieswith equal means, the serieswith lesser standard deviation ismore consi stent
or less scattered.

Historical Note

‘Statistics' isderived from the Latin word * status' which means apolitical
state. Thissuggeststhat statisticsisasold as human civilisation. In the year 3050
B.C., perhapsthefirst censuswas held in Egypt. In India also, about 2000 years
ago, we had an efficient system of collecting administrative statistics, particularly,
during the regime of Chandra Gupta Maurya (324-300 B.C.). The system of
collecting datarelated to births and deathsis mentioned in Kautilya s Arthshastra
(around 300 B.C.) A detailed account of administrative surveys conducted during
Akbar’sregimeis given in Ain-1-Akbari written by Abul Fazl.
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Captain John Graunt of London (1620-1674) is known as father of vital
statistics due to his studies on statistics of births and deaths. Jacob Bernoulli
(1654-1705) stated the Law of Large numbers in his book “Ars Conjectandi’,
publishedin 1713.

The theoretical development of statistics came during the mid seventeenth
century and continued after that with the introduction of theory of games and
chance (i.e., probability). Francis Galton (1822-1921), an Englishman, pioneered
the use of statistical methods, inthefield of Biometry. Karl Pearson (1857-1936)
contributed a lot to the development of statistical studies with his discovery
of Chi square test and foundation of statistical laboratory in England (1911).
Sir Ronald A. Fisher (1890-1962), known as the Father of modern statistics,
applied it to various diversified fields such as Genetics, Biometry, Education,
Agriculture, etc.
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Chapter 16

11076CHI6

PROBABILITY

**Where a mathematical reasoning can be had, it is as great a folly to
make use of any other, as to grope for a thing in the dark, when
you have a candle in your hand. — JOHN ARBUTHNOT ¢¢

16.1 Introduction

In earlier classes, we studied about the concept of
probability as a measure of uncertainty of various
phenomenon. We have obtained the probability of getting

3 1
an even number in throwing adie as 6 i.e, 5 Here the

total possible outcomesare 1,2,3,4,5 and 6 (six in number).
The outcomes in favour of the event of ‘getting an even
number’ are 2,4,6 (i.e., three in number). In generad, to
obtain the probability of an event, we find the ratio of the
number of outcomes favourable to the event, to the total
number of equally likely outcomes. Thistheory of probability K olmogor ov

is known as classical theory of probability. (1903-1987)

In Class I X, we learnt to find the probability on the basis of observations and
collected data. This is called statistical approach of probability.

Both the theories have some serious difficulties. For instance, these theories can
not be applied to the activities/experiments which haveinfinite number of outcomes. In
classical theory we assumeall the outcomesto beequally likely. Recall that the outcomes
are called equally likely when we have no reason to believe that oneis more likely to
occur than the other. In other words, we assume that all outcomes have equal chance
(probability) to occur. Thus, to define probability, we used equally likely or equally
probable outcomes. Thisislogically not a correct definition. Thus, another theory of
probability was developed by A.N. Kolmogorov, a Russian mathematician, in 1933. He
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laid down some axiomsto interpret probability, in hisbook * Foundation of Probability’
published in 1933. In this Chapter, we will study about this approach called axiomatic
approach of probability. To understand this approach we must know about few basic
terms viz. random experiment, sample space, events, etc. Let uslearn about these al,
inwhat follows next.

16.2 Random Experiments

In our day to day life, we perform many activities which have afixed result no matter
any number of timesthey arerepeated. For example given any triangle, without knowing
the three angles, we can definitely say that the sum of measure of anglesis 180°.

We also perform many experimental activities, wheretheresult may not be same,
when they are repeated under identical conditions. For example, when acoinistossed
it may turn up a head or a tail, but we are not sure which one of these results will
actually be obtained. Such experiments are called random experiments.

An experiment is called random experiment if it satisfies the following two
conditions:

(i) It has more than one possible outcome.
(i) Itisnot possibleto predict the outcome in advance.

Check whether the experiment of tossing adie is random or not?
Inthischapter, we shall refer the random experiment by experiment only unless
stated otherwise.

16.2.1 Outcomes and sample space A possible result of a random experiment is
called its outcome.

Consider the experiment of rolling adie. The outcomes of this experiment are 1,
2,3,4,5, or 6, if weareinterested in the number of dots on the upper face of the die.

Theset of outcomes{1, 2, 3,4, 5, 6} iscalled the sampl e space of the experiment.

Thus, the set of all possible outcomes of arandom experiment iscalled the sample
space associated with the experiment. Sample space is denoted by the symbol S.

Each element of the sample spaceis called a sample point. In other words, each
outcome of the random experiment is aso called sample point.

Let us now consider some examples.

Example 1 Two coins (a one rupee coin and atwo rupee coin) are tossed once. Find
a sample space.

Solution Clearly the coins are distinguishable in the sense that we can speak of the
first coin and the second coin. Since either coin can turn up Head (H) or Tail(T), the
possible outcomes may be
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Heads on both coins = (H,H) = HH

Head on first coin and Tail on the other = (H,T) = HT
Tail on first coin and Head on the other = (T,H) = TH
Tail on both coins=(T,T) =TT

Thus, the sample spaceis S={HH, HT, TH, TT}

The outcomes of this experiment are ordered pairs of H and T. For the
sake of simplicity the commas are omitted from the ordered pairs.

Example 2 Find the sample space associated with the experiment of rolling a pair of
dice (one is blue and the other red) once. Also, find the number of elements of this
sample space.

Solution Suppose 1 appears on blue die and 2 on the red die. We denote this outcome
by an ordered pair (1,2). Similarly, if “3’ appearson bluedieand ‘5’ onred, the outcome
is denoted by the ordered pair (3,5).

In general each outcome can be denoted by the ordered pair (X, y), where x is
the number appeared on the blue die and y is the number appeared on the red die.
Therefore, this sample space is given by

S={(x,y): xisthe number on the blue die and y is the number on the red die}.
The number of elements of this sample spaceis 6 x 6 = 36 and the sample space is
given below:

{(1.1),(1.2),(1,3),(14), (19), (1,6). (21),(2.2),(23), (2:4), (2.5), (2,6)
(3,1),(3,2),(3,3),(34),(35),(3,6),(4,1),(4,2),(43),(4,4),(45),(4,6)
(5.1),(5.2),(53),(54). (55), (5,6), (6.1),(6,2), (6,3), (6:4), (6,5), (6.6)}

Example 3 In each of the following experiments specify appropriate sample space

(i) Aboyhasalrupeecoin, a2 rupeecoinand a5 rupeecoinin hispocket. He
takes out two coins out of his pocket, one after the other.

(i) A person is noting down the number of accidents along a busy highway
during ayear.

Solution (i) Let Q denote a 1 rupee coin, H denotes a 2 rupee coin and R denotesa 5
rupee coin. Thefirst coin he takes out of his pocket may be any one of the three coins
Q, H or R. Corresponding to Q, the second draw may be H or R. So the result of two
draws may be QH or QR. Similarly, corresponding to H, the second draw may be
QorR.

Therefore, the outcomes may be HQ or HR. Lastly, corresponding to R, the second
draw may be H or Q.

So, the outcomes may be RH or RQ.
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Thus, the sample space is S={ QH, OR, HQ, HR, RH, RQ}
(i) The number of accidents along a busy highway during the year of observation
can be either O (for no accident ) or 1 or 2, or some other positive integer.
Thus, a sample space associated with this experiment is S={0,1,2,...}

Example4 A coinistossed. If it shows head, we draw aball from abag consisting of
3 blue and 4 white balls; if it showstail we throw adie. Describe the sample space of
thisexperiment.

Solution Let usdenoteblueballsby B, B,, B, and thewhiteballsby W , W, W, W,.
Then a sample space of the experiment is

S={ HB, HB,, HB,, HW , HW,, HW,_, HW,, T1, T2, T3, T4, T5, T6}.
Here HB, means head on the coin and ball B, is drawn, HW, means head on the coin
and ball W isdrawn. Similarly, Ti meanstail on the coin and the number i on the die.

Example 5 Consider the experiment in which acoinis tossed repeatedly until ahead
comes up. Describe the sample space.

Solution In the experiment head may come up on thefirst toss, or the 2nd toss, or the
3rd toss and so on till head is obtained. Hence, the desired sample space is

S{H, TH, TTH, TTTH, TTTTH,...}

|EXERCISE 16.1

In each of the following Exercises 1 to 7, describe the sample space for the indicated

experiment.

A coinistossed three times.

A dieisthrown two times.

A coinistossed four times.

A coinistossed and adieisthrown.

A coinistossed and then adieisrolled only in case ahead is shown on the coin.

2 boysand 2 girlsarein Room X, and 1 boy and 3 girlsin Room Y. Specify the

sampl e space for the experiment in which aroom is selected and then a person.

7. Onedieof red colour, one of white colour and one of blue colour are placedin a
bag. One dieis selected at random and rolled, its colour and the number on its
uppermost face is noted. Describe the sample space.

8. An experiment consists of recording boy—girl composition of families with 2
children.
(i) What isthe sample spaceif we areinterested in knowing whether it is aboy

or girl inthe order of their births?

ok whPRE
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(i) What isthe sample space if we are interested in the number of girlsin the
family?

9. Abox contains 1 red and 3 identical white balls. Two balls are drawn at random

in succession without replacement. Write the sample space for this experiment.

10. An experiment consists of tossing a coin and then throwing it second time if a
head occurs. If atail occurs on thefirst toss, then adieisrolled once. Find the
sample space.

11. Suppose 3 bulbs are selected at random from a lot. Each bulb is tested and
classified as defective (D) or non — defective(N). Write the sample space of this
experiment.

12. A coinistossed. If the out come isahead, adieisthrown. If the die shows up
an even number, the die is thrown again. What is the sample space for the
experiment?

13. Thenumbers1l, 2, 3 and 4 are written separatly on four slips of paper. The dips
are put in a box and mixed thoroughly. A person draws two slips from the box,
one after the other, without replacement. Describe the sample space for the
experiment.

14.  Anexperiment consistsof rolling adie and then tossing acoin onceif the number
onthedieiseven. If the number onthedieisodd, the coin istossed twice. Write
the sample space for this experiment.

15. Acoinistossed. If it showsatail, wedraw aball from abox which contains2 red
and 3 black balls. If it shows head, wethrow adie. Find the sample spacefor this
experiment.

16. A dieisthrown repeatedly untill a six comes up. What is the sample space for
thisexperiment?

16.3 Event

We have studied about random experiment and sample space associated with an
experiment. The sample space serves as an universal set for all questions concerned
with the experiment.

Consider the experiment of tossing acoin two times. An associated sample space
isS={HH, HT, TH, TT}.

Now suppose that we are interested in those outcomes which correspond to the
occurrence of exactly one head. We find that HT and TH are the only elements of S
corresponding to the occurrence of this happening (event). These two elements form
theset E={ HT, TH}

We know that the set E is a subset of the sample space S. Similarly, we find the
following correspondence between events and subsets of S.
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Description of events Corresponding subset of ‘'S
Number of tailsisexactly 2 A={TT}

Number of tailsis atleast one B ={HT, TH, TT}
Number of heads is atmost one C={HT, TH, TT}

Second toss is not head D={HT,TT}

Number of tailsis atmost two S ={HH, HT, TH, TT}
Number of tailsis more than two 0

The above discussion suggests that a subset of sample space is associated with
an event and an event is associated with a subset of sample space. In the light of this
we define an event as follows.

Definition Any subset E of a sample space Sis called an event.

16.3.1 Occurrence of an event Consider the experiment of throwing a die. Let E
denotesthe event “ anumber lessthan 4 appears’. If actually ‘1’ had appeared on the
die then we say that event E has occurred. As a matter of fact if outcomes are 2 or 3,
we say that event E has occurred

Thus, the event E of a sample space Sis said to have occurred if the outcome
o of the experiment issuch that @ € E. If the outcome » issuchthat o ¢ E, wesay
that the event E has not occurred.

16.3.2 Typesof events Eventscan be classified into various types on the basis of the
elements they have.

1. Impossible and Sure Events The empty set ¢ and the sample space S describe
events. Infact ¢ iscaled animpossibleeventand S, i.e., thewhole sample spaceis
called the sure event.

To understand thesel et us consider the experiment of rolling adie. The associated
sample space is

S={1,2,3,4,5, 6}

Let E be the event * the number appears on the die is amultiple of 7”. Can you
write the subset associated with the event E?

Clearly no outcome satisfies the condition given in the event, i.e., no element of
the sample space ensures the occurrence of the event E. Thus, we say that the empty
set only correspond to the event E. In other words we can say that it isimpossible to
haveamultipleof 7 onthe upper face of thedie. Thus, theevent E= ¢ isanimpossible

event.
Now let ustake up another event F “the number turnsup isodd or even”. Clearly
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F={1,23,4,5,6,} =S, i.e, al outcomes of the experiment ensure the occurrence of
the event F. Thus, the event F = Sis a sure event.

2. Simple Event If an event E has only one sample point of a sample space, it is
called a simple (or elementary) event.
In a sample space containing n distinct elements, there are exactly n simple
events.
For example in the experiment of tossing two coins, a sample spaceis
S={HH, HT, TH, TT}
There are four simple events corresponding to this sample space. These are
E,={HH}, E={HT}, E={ TH} and E={TT}.
3. Compound Event If an event has more than one sample point, it is called a
Compound event.
For example, in the experiment of “tossing a coin thrice” the events
E: ' Exactly one head appeared’
F: ‘Atleast one head appeared’
G: *Atmost one head appeared’ etc.
are al compound events. The subsets of S associated with these events are
E={HTT,THT,TTH}
F={HTT,THT, TTH, HHT, HTH, THH, HHH}
G={TTT, THT, HTT, TTH}
Each of the above subsets contain more than one sample point, hencethey areall
compound events.

16.3.3 Algebra of events In the Chapter on Sets, we have studied about different
ways of combining two or more sets, viz, union, intersection, difference, complement
of aset etc. Like-wise we can combine two or more events by using the anal ogous set
notations.

Let A, B, C be events associated with an experiment whose sample spaceis S.

1. Complementary Event For every event A, there corresponds another event
A’ called thecomplementary event toA. Itisalso called theevent ‘not A'.

For example, take the experiment ‘ of tossing three coins' . An associated sample
space is

S={HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

Let A={HTH, HHT, THH} be the event ‘only one tail appears

Clearly for the outcome HTT, the event A has not occurred. But we may say that
the event ‘not A’ has occurred. Thus, with every outcome which is not in A, we say
that ‘not A’ occurs.
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Thus the complementary event ‘not A’ to the event A is
A’ ={HHH, HTT, THT, TTH, TTT}

or A'={w:me Sand o A} =S-A.

2. The Event "A or B’ Recall that union of two sets A and B denoted by A U B
contains all those elements which are either in A or in B or in both.

When the sets A and B are two events associated with a sample space, then
‘AU B’ istheevent ‘either A or B or both’. Thisevent ‘A U B’ isalsocalled ‘A or B'.
Therefore Event‘AorB'=A UB

={o:me Aor me B}
3. The Event ‘A and B’ We know that intersection of two sets A N B is the set of
those elements which are common to both A and B. i.e., which belong to both
‘A and B’.
If A and B are two events, then the set A N B denotes the event ‘A and B’.
Thus, AnB={o:owe Aandw € B}

For example, in the experiment of ‘throwing a die twice’ Let A be the event

‘scoreonthefirst throw issix’ and B isthe event ‘ sum of two scoresisatleast 11" then
A ={(6,2),(6,2),(6,3),(6,4), (6,5),(6,6)},and B={(5,6), (6,5), (6,6)}
so AnB={(65),(66)}
Notethat theset A N B ={(6,5), (6,6)} may represent the event ‘the score on the first
throw issix and the sum of the scoresis atleast 11°.
4. The Event ‘A but not B We know that A—B is the set of al those elements
which arein A but not in B. Therefore, the set A—B may denote the event ‘ A but not
B’ .We know that
A-B=ANB

Example 6 Consider the experiment of rolling adie. Let A be the event ‘getting a
prime number’, B be the event ‘ getting an odd number’. Write the sets representing
the events (i) Aor B (ii) Aand B (iii) A but not B (iv) ‘not A’.
Solution Here  S={1,2,3,4,5,6},A={2,3,5} andB ={1, 3,5}
Obvioudy

(i) ‘AorB'=AuB={1,23 5

(i) ‘AandB’'=ANnB={35}

@iy ‘AbutnotB’ = A-B={2}

(iv) ‘not A'=A"={1,4,6}
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16.3.4 Mutually exclusive events In the experiment of rolling adie, asample spaceis
S={1, 2, 3,4,5, 6}. Consider events, A ‘an odd number appears and B ‘an even
number appears

Clearly the event A excludesthe event B and vice versa. In other words, thereis
no outcome which ensures the occurrence of events A and B simultaneously. Here

A={1,3,5 andB ={2,4, 6}

ClearlyAnB =0, i.e, A and B aredigoint sets.

In general, two events A and B are called mutually exclusive events if the
occurrence of any one of them excludes the occurrence of the other event, i.e., if they
can not occur simultaneously. In this case the setsA and B are digjoint.

Again in the experiment of rolling adie, consider the events A ‘an odd number
appears and event B ‘a number less than 4 appears

Obviously A={1,3,5} andB={1, 2, 3}
Now 3 e A aswell as3 e B
Therefore, A and B are not mutually exclusive events.
Remark Simple events of a sample space are always mutually exclusive.
16.3.5 Exhaustive events Consider the experiment of throwing a die. We have
S={1,2, 34,5, 6}. Let usdefine the following events

A: ‘anumber less than 4 appears,
B: ‘anumber greater than 2 but less than 5 appears
and C: "anumber greater than 4 appears .

ThenA={1,2,3},B={3,4} and C = {5, 6}. We observe that
AuBUC={123uU{34 u{56} =S

Such eventsA, B and C are called exhaustive events. In general, if E.E,...E aen
events of a sample space S and if

n
EluEzuEe,u...uEn:_ulEi:S
i=

then E;, E,, ..., E, are caled exhaustive events.In other words, eventsE , E,, ..., E,
are said to be exhaustive if atleast one of them necessarily occurs whenever the
experiment is performed.

Further, if E N E =0 fori=j i.e,eventsE and E are pairwise disoint and

n
_ul E; =S, then events E.,E, .. E ae called mutually exclusive and exhaustive
=

events.
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We now consider some examples.

Example 7 Two dice are thrown and the sum of the numbers which come up on the
diceisnoted. Let us consider the following events associated with this experiment

A:‘thesumiseven'.

B: ‘thesumisamultipleof 3.
C: ‘thesumislessthan 4.

D: ‘the sum is greater than 11'.

Which pairs of these events are mutually exclusive?
Solution There are 36 elementsin the sasmplespace S={(x,y): x,y=1, 2, 3,4, 5, 6}.
Then
A={(11),(13),(15).(22),(2,4),(26),(31),(3,3).(3,5),(42),.(44),
(4,6),(5 1), (5 3),(59),(6,2),(6,4), (6 6)}
B={(12),(2.1),(15).(51).(3,3).(24).(42),.(36),(6,3).(45),(54),

(6, 6)}
C={(11),(2,1),(1 2} and D ={(6, 6)}

Wefind that
AnNnB={(1,5),(2,4),(3,3),(4,2),(5,1),(6,6)}#0

Therefore, A and B are not mutually exclusive events.

SmilaslyAnC#0,AnD#¢,BNC=dpandB D # 0.

Thus, the pairs of events, (A, C), (A, D), (B, C), (B, D) are not mutually exclusive
events.

Also Cn D = ¢ and so C and D are mutually exclusive events.
Example 8 A coin istossed three times, consider the following events.

A: ‘No head appears’, B: ‘Exactly one head appears and C: ‘ Atleast two heads
appear’.
Do they form a set of mutually exclusive and exhaustive events?
Solution The sample space of the experiment is

S={HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
and A={TTT},B={HTT, THT, TTH}, C={HHT, HTH, THH, HHH}
Now

AUBUC={TTT, HTT, THT, TTH, HHT, HTH, THH, HHH} =S
Therefore, A, B and C are exhaustive events.
Also, AnB=¢0,AnC=¢0andBnC=¢
Therefore, the events are pair-wise digoint, i.e., they are mutually exclusive.
Hence, A, B and C form a set of mutually exclusive and exhaustive events.
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| EXERCISE 16.2|

1. Adieisrolled. Let E bethe event “die shows 4" and F be the event “ die shows
even number”. Are E and F mutually exclusive?
2. Adieisthrown. Describe thefollowing events:

() A:anumber lessthan 7 (i) B:anumber greater than 7
(i) C:amultipleof 3 (iv) D:anumber lessthan 4
(v) E:aneven number greater than 4 (vi) F:anumber not lessthan 3

AlsofindAuB,AnB,BUC,ENFDNEA-C,D-E,EnF,F

3. An experiment involves rolling a pair of dice and recording the numbers that
come up. Describe the following events:
A: the sumis greater than 8, B: 2 occurs on either die
C: thesumisat least 7 and amultiple of 3.
Which pairs of these events are mutually exclusive?

4. Three coins are tossed once. Let A denote the event ‘three heads show”, B
denote the event “two heads and one tail show”, C denote the event” three tails
show and D denote the event ‘ a head shows on thefirst coin”. Which events are

(i) mutually exclusive?  (ii) simple? (iif) Compound?
5. Three coins are tossed. Describe

(i) Two eventswhich are mutually exclusive.
(i) Three events which are mutually exclusive and exhaustive.
(i) Two events, which are not mutually exclusive.
(iv) Two eventswhich are mutually exclusive but not exhaustive.
(v) Threeeventswhich are mutually exclusive but not exhaustive.
6. Two dice are thrown. The events A, B and C are as follows:

A getting an even number on thefirst die.
B: getting an odd number on thefirst die.
C: getting the sum of the numbers on the dice < 5.

Describe the events

(i) A’ (i) notB (i) AorB
(iv) AandB (v) AbutnotC (vi) BorC
(vi) BandC Vi) AnB' nC

7. Refer to question 6 above, state true or false: (give reason for your answer)
(i) A andB aremutually exclusive
(i) A and B aremutually exclusive and exhaustive
@iy A=B
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(iv) A and Caremutually exclusive
(v) A and B’ are mutually exclusive.
(vi) A’,B’, Caremutually exclusive and exhaustive.

16.4 AxiomaticApproach toProbability

In earlier sections, we have considered random experiments, sample space and
events associated with these experiments. In our day to day life we use many words
about the chances of occurrence of events. Probability theory attempts to quantify
these chances of occurrence or non occurrence of events.

In earlier classes, we have studied some methods of assigning probability to an
event associated with an experiment having known the number of total outcomes.

Axiomatic approach is another way of describing probability of an event. Inthis
approach some axioms or rules are depicted to assign probabilities.

Let S be the sample space of a random experiment. The probability Pis areal
valued function whose domain is the power set of S and range is the interval [0,1]
satisfying thefollowing axioms

(i) ForanyeventE, P(E) >0 (i) P(§=1

(i) If E and F are mutually exclusive events, then P(E U F) = P(E) + P(F).

It follows from (iii) that P(¢) = O. To prove this, we take F = ¢ and note that E and ¢
aredigoint events. Therefore, from axiom (iii), we get

PEU®)=PE)+P@)or PE)=PE)+P(¢p)ieP(©)=0.

Let S be a sample space containing outcomes ;, ®,,...,®,, I.€.,

S={o,0, .., 0}
It followsfrom the axiomatic definition of probability that
() 0<P(w)<1lforeachwe S
(i) P(w)+P(w)+..+P(w)=1
(i) Forany event A, P(A) = ¥ P(w,), o € A.

It may be noted that the singleton {®} is called elementary event and
for notational convenience, we write P(w, ) for P{w, }).

1
For example, in‘acointossing’ experiment we can assign the number o toeach

of the outcomes H and T.

ie P(H) = % and P(T) = é )

Clearly this assignment satisfies both the conditionsi.e., each number is neither
less than zero nor greater than 1 and
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N |-

P(H) + P(T) = +%:1

N~

1
Therefore, in this case we can say that probability of H = o and probability of T =

If wetake P(H) = % and P(T) = % - (2

Doesthis assignment satisfy the conditions of axiomatic approach?

1 3
Yes, inthis case, probability of H = n and probability of T = R

We find that both the assignments (1) and (2) are valid for probability of
HandT.

In fact, we can assign the numbers p and (1 — p) to both the outcomes such that
O<p<landPH)+PM=p+(1-p =1

This assignment, too, satisfies both conditions of the axiomatic approach of
probability. Hence, we can say that there are many ways (rather infinite) to assign
probabilities to outcomes of an experiment. We now consider some exampl es.

Example 9 Let a sample space be S = {®,, ,,..., ®}.Which of the following
assignments of probabilitiesto each outcome are valid?

Outcomes o, o, o, o, O, O
1 1 1 1 1 1

@ % & & 6 6 &
(b) 1 0 0 0 0 0

1 2 1 1 1 1

© 8 3 3 3 "2 3
1 1 1 1 1 3

@ % 1 s & & 2

(e) 01 02 03 04 05 06

Solution (&) Condition (i): Each of the number p(w,) is positive and less than one.
Condition (ii): Sum of probabilities
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Therefore, the assignment isvalid

(b) Condition (i): Each of the number p(®,) iseither O or 1.
Condition (ii) Sum of the probabilities=1+0+0+0+0+0=1
Therefore, the assignment isvalid

(c) Condition (i) Two of the probabilities p(m,) and p(w,) are negative, the assignment
isnot valid

3
(d) Sincep(w,) = 5 >1, theassignment isnot valid

(e) Since, sumof probabilities=0.1+0.2+0.3+0.4+0.5+0.6 = 2.1, theassignment
isnot valid.

16.4.1 Probability of an event Let Sbe asample space associated with the experiment
‘examining three consecutive pens produced by a machine and classified as Good
(non-defective) and bad (defective)’. We may get O, 1, 2 or 3 defective pens as result
of thisexamination.

A sample space associated with this experiment is

S={BBB, BBG, BGB, GBB, BGG, GBG GGB, GGG},
where B stands for a defective or bad pen and G for a non — defective or good pen.
L et the probabilities assigned to the outcomes be as follows
Samplepoint: BBB BBG BGB GBB BGG GBG GGB GGG

Popality: 0 L Lt 1l o1 o111
obanility: 8 8 8 8 8 8 8 8

Let event A: there is exactly one defective pen and event B: there are atleast two
defective pens.

Hence A ={BGG, GBG GGB} and B ={BBG, BGB, GBB, BBB}
Now P(A) = Y P(o;),Vo, € A

= P(BGG) + P(GBG) + P(GGB) = —+~+

|~
®| -
0|

3
8

and P(B) = Y P(w), Vo, e B

N

1111 4
= P(BBG) + P(BGB) + P(GBB) + P(BBB) = o+ o+ + ==

Let us consider another experiment of ‘tossing a coin “twice”
The sample space of this experiment isS={HH, HT, TH, TT}
Let thefollowing probabilities be assigned to the outcomes
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1 1 2 9
P(HH) = 5, PHT) = 2, P(TH) = 2 A(TT) = ¢

Clearly this assignment satisfies the conditions of axiomatic approach. Now, let
us find the probability of the event E: ‘ Both the tosses yield the same result’.

Here E={HH, TT}
Now P(E) =X P(w), for all w € E
=P(HH) + P(TT) = 1+3=il
4 28 7
For the event F: ‘exactly two heads', we have F = { HH}

and P(F) = P(HH) = i

16.4.2 Probabilities of equally likely outcomes Let a sample space of an
experiment be

S={w, 0,.., 0}.
Let all the outcomes are equally likely to occur, i.e., the chance of occurrence of each
simple event must be same.

i.e P(w) =p, foral , € Swhere0< p<1
n
Since Y P)=lie,p+p+..+p(ntimes)=1
i=1
(@)
or np=1lie, p=_

Let S be a sample space and E be an event, such that n(S) = nand n(E) = m. If
each out comeisequally likely, thenit followsthat
m Number of outcomesfavourabletoE

P(E)=— = :
(E) n Total possibleoutcomes

16.4.3 Probability of the event *A or B' Let us now find the probability of event
‘AorB’,i.e,P(AuUB)

Lete A={HHT,HTH, THH} and B ={HTH, THH, HHH} be two events associated
with ‘tossing of acoin thrice

Clearly ~ AU B ={HHT, HTH, THH, HHH}
Now P (A U B) = P(HHT) + P(HTH) + P(THH) + P(HHH)
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If all the outcomesare equally likely, then

P(AUB)=1+1+1+E—E—1
8 8 8 8 8 2
3
Also P(A) = P(HHT) + P(HTH) + P(THH) = ¢
3
and P(B) = P(HTH) + P(THH) + P(HHH) = o

Theref P(A) + P(B —§+§—E
erefore P(A) ()—8 33
It isclear that P(AuB) = P(A) + P(B)

The points HTH and THH are common to both A and B. In the computation of
P(A) + P(B) the probabilities of points HTH and THH, i.e., the elements of A "B are
included twice. Thusto get the probability P(A U B) we haveto subtract the probabilities
of the sample pointsin A n B from P(A) + P(B)
i.e P(AUB) = P(A)+P(B)->P(w),Vw, e ANB

= P(A)+P(B)-P(AnB)

Thus we observe that, P(A U B)=P(A) + P(B)-P(A nB)

In general, if A and B are any two events associated with arandom experiment,
then by the definition of probability of an event, we have

P(AUB)=Xp(w),Vw e AUB.

Since AuB=(A-B)uU(AnB)u(B-A),

we have

P(A UB) = [ZP( )V e (A-B)]+[ZP(@)Vwe ANB]+ [EP@)Va e B - A]
(because A-B, A n B and B —A are mutually exclusive) .. (1)

Also P(A)+P(B) =[X p(w) V@ € A]+[2X p(w) Vo € B]
= [ZP(w)Vo € (A-B)U (A NB)] + [XP(w )V € (B - A)U (A NB)]
= [ZP(wy)Vw € (A - B)]+[ZP(w)Vay € (A NB)]+ [XP(w)Voy € (B-A)] +
[ZP(@)Vw e (ANB)]
P(AUB)+[XP(w)VweAnB] [using (1)]
P(AUB)+P(ANB).
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Hence P(A uUB)=P(A)+P(B) —-P(ANB).
Alternatively, it can also be proved as follows:
AuUB=AuU (B-A), whereA and B — A are mutually exclusive,
and B=(AnB)u (B—-A), whereA n B and B —A are mutually exclusive.
Using Axiom (iii) of probability, we get
P(AuB)=P(A)+P(B-A) .. (2
and PB)=P(ANnB)+P(({B-A) .. (3
Subtracting (3) from (2) gives
P(AuB)-PB)=PA)-P(ANB)
or PAuUB)=PA)+P(B)-P(ANB)
The above result can further be verified by observing the Venn Diagram (Fig 16.1)

Fig 16.1

If A and B aredigoint sets, i.e., they are mutually exclusive events, thenA "B = ¢
Therefore PANB)=P(9)=0

Thus, for mutually exclusive events A and B, we have
P(AuB)=P(A)- P(B),
whichisAxiom (iii) of probability.
16.4.4 Praobability of event ‘not A’ Consider the event A = {2, 4, 6, 8} associated
with the experiment of drawing a card from a deck of ten cards numbered from
1to 10. Clearly the sample spaceisS={1, 2, 3, ...,10}
If all theoutcomes1, 2, ...,10 are considered to be equally likely, then the probability

1
of each outcomeis 10
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Now P(A) = P(2) + P(4) + P(6) + P(8)
1 1 1 1 4 2
= —t—t—t+—=—=—
10 10 10 10 10 5
Alsoevent ‘notA'= A" ={1,3,5,7,9, 10}

Now P(A") = P(1) + P(3) + P(5) + P(7) + P(9) + P(10)
_6_3
10 5

Thus, P(A) = g = 1—% =1-P(A)

Also, we know that A” and A are mutually exclusive and exhaustive eventsi.e.,
ANnA'=pandAUA" =S

or P(AUA) =P
Now P(A) + P(A") =1, by using axioms (ii) and (iii).
or P(a’) =P(notA) =1—-P(A)

We now consider some examples and exercises having equally likely outcomes
unless stated otherwise.

Example 10 Onecardisdrawn from awell shuffled deck of 52 cards. If each outcome
isequally likely, calculate the probability that the card will be
(i) adiamond (i) not an ace

(i) ablack card (i.e., aclubor,aspade) (iv) notadiamond

(v) not ablack card.
Solution When acard is drawn from awell shuffled deck of 52 cards, the number of
possible outcomesis 52.
(i) LetA betheevent 'the card drawn is a diamond'

Clearly the number of elementsin set Ais13.

13 1
Therefore, P(A) = 0 2

1
i.e. probability of adiamond card = Z

(i)  We assume that the event ‘Card drawn is an ace' is B
Therefore ‘Card drawn is not an ace’ should be B’.

We know that P(B)) = 1 — P(B) = 1-—=1- L 12
eknowthat PB) = 1= PB) = 5= 13713
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(ii) Let C denote the event ‘card drawn is black card’
Therefore, number of elementsin the set C = 26

. 26 1
i.e P(C)Zazz

1
Thus, probability of ablack card = 5

(iv) Weassumed in (i) abovethat A isthe event ‘card drawn isadiamond’,
so the event ‘ card drawn is not a diamond’ may be denoted asA' or ‘not A’

1 3
Now P(not A) =1 — P(A) = 1_Z=Z

(v) Theevent ‘card drawn is not ablack card’ may be denoted as C’ or ‘not C'.

1 1
We know that P(not C) =1 - P(C) = 1—E ~

1
Therefore, probability of not ablack card = >

Example 11 A bag contains 9 discs of which 4 are red, 3 are blue and 2 are yellow.
The discs are similar in shape and size. A disc is drawn at random from the bag.
Calculate the probability that it will be (i) red, (ii) yellow, (iii) blue, (iv) not blue,
(v) either red or blue.

Solution Thereare 9 discsin all so the total number of possible outcomesis 9.
Let the events A, B, C be defined as

A: ‘thedisc drawn isred’
B: ‘thedisc drawnisyellow’
C: ‘thedisc drawn isblue'.
(i) Thenumber of red discs=4,i.e,n(A) =4
Hence P(A) = g

(i) Thenumber of yellow discs=2,i.e,n(B) =2

2
Therefore, P(B) = 9
(iii) Thenumber of bluediscs=3,i.e, n(C) =3
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wlrF

3
Therefore, P(C) = §=
(iv) Clearly the event ‘not blue' is‘not C'. We know that P(not C) =1 — P(C)

1 2
Therefore  P(not C) = 1—§=§

(v) Theevent ‘either red or blue' may be described by the set ‘A or C
Since, A and C are mutually exclusive events, we have
7

P(AorC)= P(A U C)=P(A) +PC) = 3%25

Example 12 Two studentsAnil and Ashimaappeared in an examination. The probability
that Anil will qualify theexaminationis0.05 and that Ashimawill qualify theexamination
is 0.10. The probability that both will qualify the examination is 0.02. Find the
probability that

(@ BothAnil and Ashimawill not qualify the examination.

(b) Atleast one of them will not qualify the examination and
(c) Only oneof themwill qualify the examination.

Solution Let E and F denotethe eventsthat Anil and Ashimawill qualify theexamination,
respectively. Given that

P(E) = 0.05, P(F) = 0.10 and P(E N F) = 0.02.
Then
(8 The event ‘both Anil and Ashima will not qualify the examination’ may be
expressedas E N F.
Since, E” is‘not E', i.e., Anil will not qualify the examination and F~ is‘not F, i.e.,
Ashimawill not qualify the examination.
Also E'nF =(EuUF) (by Demorgan's Law)
Now  PEUF)=PE)+PF) - PENF)
or P(E U F) = 0.05+0.10— 0.02=0.13
Therefore P(E' "F)=PEUF) =1- PEUF)=1- 0.13=0.87

(b) P (atleast oneof them will not qualify)
=1— P(both of them will qualify)
=1- 0.02=0.98
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(c) The event only one of them will qualify the examination is same as the event
either (Anil will qudify, and Ashimawill not quaify) or (Anil will not qualify and Ashima
will qualify)i.e, ENF or E nF,whereEn F and E* N F are mutually exclusive.

Therefore, P(only oneof themwill qualify) =P(ENF or E N F)
=PENF)+PE NP =P(E) -PENF) +PF) -PENF
=0.05-0.02+0.10-0.02=0.11

Example 13 A committee of two personsis selected from two men and two women.
What isthe probability that the committee will have (a) no man? (b) one man?(c) two
men?

Solution The total number of persons =2 + 2 = 4. Out of these four person, two can

be selected in “C, ways.

(8 Nomeninthecommitteeof two meanstherewill betwo women inthe committee.
Out of two women, two can be selected in *C, =1 way.

’C, Ix2x1_1

Therefore  P(no man)=,—%=
C, 4x3 6

(b) One man in the committee means that there is one woman. One man out of 2

can be selected in >C, ways and one woman out of 2 can be selected in *C, ways.
Together they can be selected in 2C, x *C, ways.

’C,x’C, 2x2 2

P(Oneman)= = ——
Therefore ( ) 402 %3 3

(c) Two men can be selected in 2C, way.

’c, 1

4C2 4C2

Hence P(Two men) =

| EXERCI SE 16.3|

1. Which of thefollowing can not be valid assignment of probabilitiesfor outcomes

of sample Space S = {w;, ®,, 05, 0, 05, 05, O }
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Assignment o, o, o, o, o o, o,
(® 01 001 005 0.03 0.01 0.2 0.6
b 1 1 1 1 1 1 1
(b) 7 7 7 7 7 7 7
(© 01 02 0.3 04 0.5 0.6 0.7
(d) -01 02 0.3 04 -02 0.1 0.3
1 2 3 4 5 6 15
© 14 14 14 14 14 14 14
2. A coinistossed twice, what isthe probability that atleast onetail occurs?
3. Adieisthrown, find the probability of following events:
(i) A primenumber will appear,
(i) A number greater than or equal to 3 will appear,
(i) A number lessthan or equal to one will appear,
(iv) A number more than 6 will appear,
(v) A number lessthan 6 will appear.
4. A card is selected from a pack of 52 cards.
(8 How many points are there in the sample space?
(b) Calculate the probability that the card is an ace of spades.
(c) Calculate the probability that the card is (i) an ace (ii) black card.
5. A fair coin with 1 marked on one face and 6 on the other and afair die are both
tossed. find the probability that the sum of numbersthat turnupis(i) 3 (ii) 12
6. Therearefour men and six women on the city council. If one council member is
selected for acommittee at random, how likely isit that it isawoman?
7. A fair coin istossed four times, and a person win Re 1 for each head and lose
Rs 1.50 for each tail that turns up.
From the sample space cal cul ate how many different amounts of money you can
have after four tosses and the probability of having each of these amounts.
8. Three coins are tossed once. Find the probability of getting
(i) 3heads (i) 2 heads (i) atleast 2 heads
(iv) atmost 2 heads (v) no head (vi) 3tails
(vii) exactly twotails (viii) notall (ixX) atmost twotails
9. If 1—21 isthe probability of an event, what isthe probability of the event ‘not A'.
10. A letter is chosen at random from the word ‘ASSASSINATION’. Find the

probability that letter is (i) avowel (ii) aconsonant
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Inalottery, aperson chosessix different natural numbersat random from 1 to 20,
and if these six numbers match with the six numbers already fixed by the lottery
committee, he winsthe prize. What isthe probability of winning the prizein the
game? [Hint order of the numbersis not important.]
Check whether thefollowing probabilities P(A) and P(B) are consistently defined
(i) P(A)=05, PB)=0.7, PPANB) =06
(i) P(A)=05PB)=04,PAuUB)=08
Fill intheblanksinfollowing table:

P(A) P(B) P(ANB) P(A U B)
. 1 1 1
M 3 5 15
(i) 035 0.25 0.6
(i) 05 0.35 0.7

3 1
GivenP(A) = 5 andP(B) = 5 Find P(A or B), if A and B aremutually exclusive

events.

1 1 1
If E and F are events such that P(E) = 7 P(F) = 5 and PEand F) = 3 find

(i) P(Eor F), (ii) P(not E and not F).

Events E and F are such that P(not E or not F) = 0.25, State whether E and F are
mutually exclusive.

A and B are events such that P(A) = 0.42, P(B) = 0.48 and P(A and B) = 0.16.
Determine (i) P(not A), (ii) P(not B) and (iii) P(A or B)

In Class XI of aschool 40% of the students study Mathematics and 30% study
Biology. 10% of the class study both Mathematics and Biology. If a student is
selected at random from the class, find the probability that he will be studying
Mathematicsor Biology.

In an entrancetest that isgraded on the basis of two examinations, the probability
of arandomly chosen student passing thefirst examination is0.8 and the probability
of passing the second examinationis0.7. The probability of passing atleast one of
themis 0.95. What isthe probability of passing both?

The probability that astudent will passthefinal examination in both English and
Hindi is 0.5 and the probability of passing neither is 0.1. If the probability of
passing the English examination is 0.75, what is the probability of passing the
Hindi examination?
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21. Inaclassof 60 students, 30 opted for NCC, 32 opted for NSS and 24 opted for
both NCC and NSS. If one of these students is selected at random, find the
probability that

(i) The student opted for NCC or NSS.
(i) The student has opted neither NCC nor NSS.
(i)  The student has opted NSS but not NCC.

Miscellaneous Examples
Example 14 On her vacations Veena visits four cities (A, B, C and D) in arandom
order. What isthe probability that she visits
(i) A beforeB? (i) A before B and B before C?
(i) AfirstandBlast? (iv) A either first or second?
(v) A just before B?
Solution The number of arrangements (orders) in which Veenacan visit four citiesA,
B, C,or Dis4! i.e, 24.Therefore, n (S) = 24.
Since the number of elementsin the sample space of the experiment is 24 all of these
outcomes are considered to be equally likely. A sample space for the
experimentis
S ={ABCD, ABDC, ACBD, ACDB, ADBC, ADCB
BACD, BADC, BDAC, BDCA, BCAD, BCDA
CABD, CADB, CBDA, CBAD, CDAB, CDBA
DABC, DACB, DBCA, DBAC, DCAB, DCBA}
(i) Lettheevent ‘shevisitsA before B’ be denoted by E

Therefore, E = { ABCD, CABD, DABC, ABDC, CADB, DACB
ACBD, ACDB, ADBC, CDAB, DCAB, ADCB}

s PE) S s

(i) Let the event ‘Veenavisits A before B and B before C' be denoted by F.
Here F ={ABCD, DABC, ABDC, ADBC}

n(F) 4 1
P F ==
Therefore, (F) n(S) 24 6

Students are advised to find the probability in case of (iii), (iv) and (v).

2020-21



PROBABILITY 407

Example 15 Find the probability that when a hand of 7 cards is drawn from a well
shuffled deck of 52 cards, it contains (i) all Kings (ii) 3Kings (iii) atleast 3 Kings.

Solution Total number of possible hands = >*C,

(i) Number of hands with 4 Kings = “C, x ®C, (other 3 cards must be chosen
from the rest 48 cards)
‘c,x®c, 1
2C, 7735

Hence P (ahand will have 4 Kings) =

(ii) Number of hands with 3 Kings and 4 non-King cards = *C,x “®C,
‘C,x®c, 9
2C, 1547
(i) P(atleast 3 King) = P(3Kingsor 4 Kings)
= P(3 Kings) + P(4 Kings)
9 4 1 46
1547 7735 7735

Therefore P (3 Kings) =

Example 16 If A, B, C are three events associated with a random experiment,
prove that

P(AUBUC) = P(A)+P(B)+P(C)-P(AnB)-P(ANC)
-P(BNnC)+P(ANBNC)

Solution Consider E = B u C so that
PAuBUC)=PAUE)

= P(A)+P(E)-P(A NE) - (D
Now
P(E)=P(BuC)
=P(B)+P(C)-P(BNC) .. (2
Also ANE=AnN(BUC) = (AnB)U(ANC)[using distribution property of
intersection of sets over the union]. Thus

P(ANE)=P(ANB)+P(ANC)- P[(AnB)n(ANC)]
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= P(ANB)+P(ANC) — P[ANBNC] .. (3
Using (2) and (3) in (1), we get
P[AuUBUC]=P(A)+P(B)+P(C)-P(BNC)
- P(AnB)-P(ANC)+P(ANBNC)

Example 17 In arelay race there are five teams A, B, C, D and E.

(@) What is the probability that A, B and C finish first, second and third,
respectively.

(b) What istheprobability that A, B and C arefirst threeto finish (in any order)
(Assumethat all finishing ordersare equally likely)

Solution If we consider the sample space consisting of al finishing ordersin the first

Bl

three places, we will have 5P3, i.e., —— =5x 4 x 3=60 sample points, each with

(5-3)

. 1
aprobability of 50"

(@ A,BandCfinisnfirst, secondand third, respectively. Thereisonly onefinishing
order for this, i.e., ABC.

1
ThusP(A, B and C finish first, second and third respectively) = w0

(b) A, BandC arethefirst three finishers. There will be 3! arrangements for A, B
and C. Therefore, the sample points corresponding to this event will be 3! in
number.

3 6 1
So P(A, B and C arefirst three to finish) :@:@:E

Miscellaneous Exercise on Chapter 16

1. A box contains 10 red marbles, 20 blue marbles and 30 green marbles. 5 marbles
are drawn from the box, what is the probability that
(i) al will beblue? (ii) atleast onewill be green?

2. 4cardsaredrawnfrom awell —shuffled deck of 52 cards. What isthe probability
of obtaining 3 diamonds and one spade?
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A die has two faces each with number ‘1’ , three faces each with number ‘2’ and
one face with number ‘3. If dieisrolled once, determine

(i) P(2) (ii) P(1 or 3) (iii) P(not 3)

In a certain lottery 10,000 tickets are sold and ten equal prizes are awarded.
What is the probahility of not getting a prize if you buy (a) oneticket (b) two
tickets (c) 10 tickets.

Out of 100 students, two sections of 40 and 60 are formed. If you and your friend
are among the 100 students, what is the probability that

(a) you both enter the same section?

(b) you both enter the different sections?

Three |etters are dictated to three persons and an envelope is addressed to each
of them, thelettersareinserted into the envelopes at random so that each envel ope
contains exactly one letter. Find the probability that at least one letter isin its
proper envel ope.

A and B are two events such that P(A) = 0.54, P(B) = 0.69 and P(A N B) = 0.35.
Find (i) P(A U B) (i) P(A" nB") (iii)P(ANB") (iv)PBNA")

From the employees of a company, 5 persons are selected to represent them in
the managing committee of the company. Particularsof five personsareasfollows:

S. No. Name Sex Age in years
1 Harish M 30
2. Rohan M 3
3. Sheetal F 46
4. Alis F 28
5. Sdim M 41

A person is selected at random from this group to act as a spokesperson. What is
the probability that the spokesperson will be either male or over 35 years?

If 4-digit numbers greater than 5,000 are randomly formed from the digits
0,1, 3,5, and 7, what isthe probability of forming anumber divisible by 5when,
(i) the digits are repeated? (ii) therepetition of digitsisnot allowed?

The number lock of a suitcase has 4 wheels, each labelled with ten digitsi.e,,

from 0to 9. Thelock openswith a sequence of four digits with no repeats. What
isthe probability of a person getting the right sequence to open the suitcase?
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Summary
Inthis Chapter, we studied about the axiomatic approach of probability. Themain
features of this Chapter are as follows:
@ Sample space: The set of all possible outcomes
¢ Sample points: Elements of sample space
@ Event: A subset of the sample space
@ Impossible event : The empty set
¢ Sure event: The whole sample space
¢ Complementary event or ‘not event’ : Theset A" or S— A
¢ EventA or B: Theset A UB
¢ Event A andB: ThesetA N B
¢ Event A and not B: Theset A —B
¢ Mutually exclusive event: A and B are mutually exclusiveif AN B = ¢

# Exhaustive and mutually exclusive events: Events E, E,.... E, alemutualy
exclusive and exhaustiveif EE WE, U ...UE =SandE NE=¢ ¥i#]

# Probability: Number P (@) associated with sample point @, such that
() 0<P(0) <1 (i) Y P(w) foral me s=1

(i) P(A)= Y P(w;)foral o eA.Thenumber P(w) iscaled probability
of the outcome w..
¢ Equally likely outcomes: All outcomes with equal probability
¢ Probability of an event: For afinite sample space with equally likely outcomes

Probability of an event P(A) :%, where n(A) = number of elementsin
the set A, n(S) = number of elementsin the set S.
¢ If A and B are any two events, then
P(A or B) = P(A) + P(B) — P(A and B)
equivalently, P(A u B) = P(A) + P(B) — P(A N B)
¢ If A and B are mutually exclusive, then P(A or B) = P(A) + P(B)

¢ If Alisany event, then
P(not A) =1 -P(A)
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Historical Note

Probability theory like many other branches of mathematics, evolved out of
practical consideration. It had itsoriginin the 16th century when an Italian physician
and mathemati cian Jerome Cardan (1501-1576) wrote thefirst book on the subject
“Book on Games of Chance” (Biber de Ludo Aleae). It was published in 1663
after his death.

In 1654, agambler Chevalier de Metre approached the well known French
Philosopher and Mathematician Blaise Pascal (1623-1662) for certain dice
problem. Pascal became interested in these problems and discussed with famous
French Mathematician Pierre de Fermat (1601-1665). Both Pascal and Fermat
solved the problem independently. Besides, Pascal and Fermat, outstanding
contributionsto probability theory were also made by Christian Huygenes (1629—
1665), a Dutchman, J. Bernoulli (1654-1705), De Moivre (1667-1754), a
Frenchman Pierre Laplace (1749-1827), the Russian PL Chebyshev (1821-1897),
A.A Markov (1856-1922) andA. N Kolmogorove (1903-1987). Kolmogorov is
credited with the axiomatic theory of probability. His book ‘ Foundations of
Probability’ published in 1933, introduces probability as a set function and is
considered aclassic.
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ANSWERS

|[EXERCISE 1.1 |
@), (v), (v), (vi), (vii) and (viii) are sets.
(i) e (i)e (i)e (viye (v)e (vi)e
(i) A={3-2-101223456} (i) B={1,2,3,4,5}
(i) C={17,26,35,44,53,62,71,80} (iv) D={2 35}
v) E={T, RI,GO,N,M,E, Y} (vii F={B,E,T,R}
() {x:x=3n,nenand1<n<4} (i) {x:x=2nenand1<n<5}
@iy {x:x=5,nenand1<n<4} (iv) {x:xisanevennatura number}
(v) {x:x=nm,nenand1<n<10}
i) A={135...} @i B={0,1,23,4}
@ C={-2,-1,0,1,2} (ivy D={L,0OY,A}
(v) E={ February, April, June, September, November }
(i) F={b,c,d,f,g,h,j}
(i) < (© (i) & @ (i) < (d) (iv) < (b)
|EXERCISE 1.2|
@), (i), (iv)
(i) Finite (i) Infinite (i) Finite (iv) Infinite (v) Finite
() Infinite (i) Finite (i) Infinite (iv) Finite (v) Infinite
() Yes (i) No (i) Yes (iv) No
(i) No (i) Yes 6. B=D,E=G
| EXERCISE 1.3 |
(i) c (i) « (i) < (iv) « V) @ (vi) c
(i) <
(i) False (i) True (i) False (iv) True (v) False  (vi) True
(i) as{34}eA, (v) as1eA, (vii) as{1,2, 5} cA,
(viii) as 3¢ A, (ix)asp c A, (xi)asd c A,
(i) o.{a} (io.{a},{b},{ab}
@ ¢.{1}.{2}.{3}){12}, {13},{23},{123} (iv) 0
%
(i) (-4, 6] (i) (-12,-10) (i) [0,7)
(iv) [3,4]
(i) {x:xeR,-3<x<0} (i) {x:xe R 6<x<12}

(ii)

{x:xe R 6<x<12} (iv) {x R:=23<x<5} 9 (iii)
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0)
(ii)
(iv)

| EXERCISE 1.4
XuY={1235} (i) AuB={abceiou}
AuB={x:x=1,24,50ramultipleof 3 }
AuB={x:1<x<10,xe N} (v) AuB={1,2,3}

2. YesAuB={abc} 3 B

o

10.
11.

() {1,23/4,56} (i) {1,2,3,4,56,7,8} (i) {3,4,5,6,7,8}
(iv) {3,4,5,6,7,8,9,10} (v){1,2,3,4,56,7,8}
(i) {1,2,3,4,5,6,7,8,9, 10} (vii) {3,4,5,6,7,8,9,10}
(i) XnY={13} (i) AnB={a} @ {3} @(ivyo ()¢
@ {7,911} (i) { 11,13} (i) ¢ (iv){ 11}
v) ¢ (vi) {7,911} (vii) ¢
(vii) {7,911} (ix) {7,9,11} x) {7,9 11,15}
(i) B (i) C (i) D (iv) ¢
v) {2} (vi) { x: xisanodd prime number } 8. (i)
(i) {3,6,9,15,18,21} (ii) {3,9,15,18,21} (iii) {3,6,9,12,18, 21}
(iv) {4,8,16,20} (v) {2,4,8,10,14,16} (vi) {5,10,20}
(vii) {20} (viii) { 4,8,12,16} (ix) { 2,6, 10, 14}
(x) {5,10,15} (xi) {2,4,6,8, 12,14, 16} (xii) {5, 15, 20}
(i) {ac} (i) {f.g} (i) {b,d }
Setof irrational numbers 12, (i) F (i) F (i) T (iv) T
| EXERCISE 15|
(i) {56,7,8,9} (i) {1,3,57,9} @iy {7,8,9}
(iv) {57,9} v) {1,234} (i) {1,3,4,56,7,9}
(i) {defqgh} @) {ab,ch} @iy { b,d,f,h}
(iv) {b,cde}
(i) { x:xisan odd natural number }

(if)
(ii)
(iv)

{ x: x isan even natural number }
{ x:x € Nandxisnotamultipleof 3}
{ x: xisapositive composite number or x=1}
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(v) {x:xisapositiveinteger whichisnot divisible by 3 or not divisible by 5}
(vi) { x:xe Nandxisnot aperfect square }
(vii) { x:xe N and xisnot aperfect cube }

(viii) { x:xe Nandx =3} (iX) { x:xe Nandx # 2}
9
X) {x:xe Nandx<7} (xi) { x:xe Nandx < E}
A'isthe set of al equilateral triangles.
(i) U (i) A (i) o (iv) ¢
|EXERCISE 16|
2 2. 5 3. 50 4. .42
30 6. 19 7. 25,35 8. 60

Miscellaneous Exercise on Chapter 1

Ac B, AcC,BcC, DcA, DcB, DcC
(i) False (i) False (i) True (iv) False (v) False

(vi) True
False 12. Wemay takeA={1,2},B={1,3},C={2,3}
. 325 14. 125 15. (i) 52, (ii) 30 16. 1

| EXERCISE 21|

x=2andy=1 2. Thenumber of elementsinA x B is9.
GxH={(7,5),(7,4),(7,2),(8,5),(8,4), (8 2}
HxG={(57),(58),(47),(48),(2,7),(28)}

(i) Fase

PxQ={(m,n), (m m), (n,n), (n, m)}

(i) True
(i) True
AxA={(-1,-1),(-1,1),(1,-2),(1, 1)}
AxAxA={(-1,-1,-),(-1-11),(-11,-1),(-1,1,12),(1,-1,-1),(1,-1, 1),
(1,1,-1),(1, 1,1}
A={a b},B={xyVy}
AxB={(1,3),(1,4),(23),(2 4)}
A x B will have 2* = 16 subsets.

A={xy,zZ andB ={1,2}
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A ={-1, 0, 1}, remaining elements of
AxAare (-1, -1), (-1, 1), (0,-1), (0, 0), (1,-1), (1, 0), (1, 1)

|[EXERCISE 2.2 |

R={(1,3),(2,6),(3,9), (4, 12)}
Domainof R={1, 2, 3,4}
Rangeof R={3, 6, 9, 12}
Codomainof R={1, 2, ..., 14}
R={(1,6),(2,7),(3 8)}
Domainof R ={1, 2, 3}
Rangeof R={6, 7, 8}
R={(1,4),(16),(29).(34),(36),(54), (5 6)}
() R={(x,y):y=x-2forx=5,86, 7}
(i) R={(53),(6,4),(7,5)}. Domainof R={5,6, 7}, Rangeof R={3, 4, 5}
() R={(1,1),(12),(123),(14),(16),(24),(26), (22,44, ,6),
(3,3),(3,6)}
(i) Domainof R={1,2, 3,4, 6}
(i) Rangeof R={1,2,3,4,6}
Domainof R={0,1,2,3,4,5} 7. R={(2,8),(3,27), (5, 125), (7, 343)}
Rangeof R={5, 6,7, 8, 9, 10}
No. of relationsfromA into B = 26 9. Domanof R=Z
Rangeof R=Z

|EXERCISE 2.3

(i) yes,Domain={2,5,8, 11, 14,17}, Range={1}
(i) yes, Doman=(2,4,6,8,10,12,14},Range={1,2,3,4,5,6, 7}
(i) No.
(i) Domain=R, Range = (-, 0]
(i) Domain of function={x:-3<x<3}
Range of function={x: 0<x< 3}

() fO)==5 (i) f(7=9 (i) f(3)=-11

(i) t©O =32 (i) t(28):% (iif) t(-10) =14 (iv) 100
() Range= (—oo, 2) (i) Range=[2,0) (i) Range=R
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Miscellaneous Exercise on Chapter 2

21 3. Domain of function is set of real numbers except 6 and 2.

Domain =[1, «), Range = [0, <)

Domain =R, Range = non-negative real numbers

Range=[0, 1)
(f+g) x=3x—2 g8.a=2b=—1 9. ()No  (i)No (iii)No
(f-g)x=—x+4
f xX+1 3
— [ X=———, X#*—
9) 2x-3 "2
(i) Yes, (ii) No 11. No 12. Rangeof f={3,5,11,13}
| EXERCISES1
0) 36 (ii) 75 (iii) 3 (iv) 9
() 39°22°30" (ii)—229°5'27” (i) 300° (iv) 210°
20n
12n 4,12° 36 5. T 6. 5:4
0) 15 (“)5 (iii) 5
|EXERCISE 3.2 |
. /3 2 1
SN X=— " COSEC X = —— ,SeC X = —2, tan Xx=~/3, cot x=——
3 3
5 4 5 3 4
COSEC X =—,C0SX=——,S6C X=——,tah X=——,C0t X=——
3 5 4 4 3
. 4 5 3 5 4
Sin X=——,008EC X=——,C0SX=——,S6C X=——,tan Xx=—
5 4 5 3 3
. 12 13 5 12 5
SiN X=—>=,C0SeC X=——,00SX=-——,tan X=——"—,C0t X=—-—
13 12 13 5 12
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5 13 12 13 12
5. sin X=—,C008eC X=—,C0SX=——,8C X=——,C0t X=——
13’ 5 13 12 5
1 3
6. = 7. 2 8. 9 — 10. 1
J2 \E 2
| EXERCISE 3.3|
B+
5. () o2 (i) 2— /3
| EXERCISE 3.4

L EE a+® ez R PTG,

. 3131 3,n€ 3131 —3,nE
3 E&m+5— n 7 4 ﬁ&m.k(_l) —.n 7

56 6’ € 56 IS

nm
5. X==—orx=nm,ne Z 6. x=(2n+1)£,or2nn4_r£, ne Z
3 4 3
n (T b
7. X=m+(-D)"—or(2n+) - ne z
6 2

8 x=" or E_,_@ ne 7 9 x =" ornmts ne Z

. 21 2 8, € . 31 —3, €

Miscellaneous Exercise on Chapter 3

s 2551
5 '5'2
J6 3
0. SmgmV2

o J8+2415 Js zf 1

4 4
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EXERCISE 5.1
3+i0 2. 0+i0 3. 0+i1l 4. 14+ 28i
2-7i 6 192 7 M2 8. -4+i0
- © 5 10 373 -
242 -22 107 4 .3 J5 .3
————206i — —+i— ——i—
27 Wty omtls oy
0+i1 14. 0—i i
| EXERCISES5.2 |
—-2n 5n -t . . -7
2,— 2,— \/E coOs— +i1sin—
-2 2B BT

x/é[coSS—aninS—nj 5. xf[cos—ﬂsm_—gnj
4 4 4 4

i s 2[cos£+isinﬁj cos= +isins

3(cosm + i sin ) 7. 6 6 8. 5 5
|EXERCISE 5.3|
+/3i g (N7 BERBI AT
4 2 )
—3+11i . 1+ 71 : 1+ 71 . J2 +/34i
2 S22 22 PN
L1t 2V2-Di —1447i
10.
2 22
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Miscellaneous Exercise on Chapter 5

oo 307+599i
— 442
(i) \/E[COSB—:H sin%) (ii) \/E[cos%nﬂ sin%nJ
gJ_rf'i 7. 1i£i 8. iJ_rﬁi 9. Eirgi
3 3 2 27 27 3 21
N2 1 3
J2 12. (I)?,(H)O 13. ﬁ,f 14. x=3,y=-3
2 17. 1 18. 0 20. 4
| EXERCISE 6.1}
(i) {1,2,3,4} @) {..-3,-2,-1,0,1,234}
(i) NoSolution @) {..-4,-3}
@M {..—-2,-1,01} (ii) (oo, 2)
(i {-1,0,1,23,..} (i) (2, =)
(-4, =) 6. (=00, =3) 7. (—oo, 3] 8. (-0, 4]
(— o, 6) 10. (oo, —6) 11, (oo, 2] 12. (=0, 120]
(4, =) 14. (oo, 2] 15. (4, =) 16. (oo, 2]
x<3 x=-1
—c0,3), E———TrroT>18 [-1,x), T
( 3 01234 18 =) 101 >
x>-1 2
1, 00), €ToTTT—> _ [——,ooj, <o, |
L ST 20 7 -0l >
35 22. 8
(5,7),(7,9 24. (6,8),(8,10),(10,12)
9cm 26. Greater than or equal to 8cm but less than or equal to 22cm
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EXERCISE 63|
1. Yy 2. Y
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9. }{ 10.
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Y
N
8
<
4
N
XV
Miscellaneous Exercise on Chapter 6
[2,3] 2. (0,1 3. [-4,2]
-80 —10} [1 1_1}
(—23,2] 5. —3 ,—3 3
-5,5)
(-5,5) —00 €—4+—0 O—t—t—t—t— 00
6-5-4-3-2-1012345¢6789
-1,7)
-1, 7 —00 €—+—+—0 O—t—t—t—> 00
3-2-1012345¢678910
(5, 0)
(5, =) —00 €——————— Ol —> OO
10123456738
-7, 11]
[-7,11]
_006—.7—6—5—4—3—2—1 0123456 7 891011 1213E =
Between 20°C and 25°C
More than 320 litres but less than 1280 litres.
More than 562.5 litres but |ess than 900 litres.
9.6<MA<16.8
EXERCISE 7.1
(i) 125, (ii) 60. 2. 108 3. 5040 4, 336
8 6. 20
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446 MATHEMATICS

EXERCISE 7.2
1. (i) 40320, (ii) 18 2. 30,No 3. 28 4. 64
5. (i) 30, (ii) 15120
| EXERCISE 7.3
1. 504 2. 4536 3. 60 4. 120,48
5. 56 6. 9 7. ()3, ()4 8. 40320
9. (i) 360, (ii) 720, (iii) 240 10. 33810
11. (i) 1814400, (ii) 2419200, (iii) 25401600
| EXERCISE 7.4
1. 45 2. ()5 (i)6 3. 210 4. 40
5. 2000 6. 778320 7. 3960 8. 200
9. 35
Miscellaneous Exercise on Chapter 7
1. 3600 2. 1440 3. (i)504, (ii) 588, (iii) 1632
4. 907200 5. 120 6. 50400 7. 420
8. 4Cx%C, 9. 2880 10. 2C+2C 11, 151200
|EXERCISE 81|
1. 1-10x + 40x2 — 80X + 80X* — 3¢
32 40 20 5, X
2. =+ B+
X X X 8 32
3. 64 x5 576 x5 + 2160 X* — 4320 X3+ 4860 X2 — 2916 X + 729
X 5 10 10 5 1
4, ——+——+X+—+——+—
243 81 277 9x 3 X
5. x""+6x4+15x2+20+1—£2_)+£4+i6
X X X
. 884736 7. 11040808032 8. 104060401
9. 9509900499 10. (L1)*© >1000 11. 8(a + ab?); 406

12, 2(x®+ 15x* + 15x% + 1), 198
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EXERCISE 8.2|

1512 2. —101376 3. (- bc, Xy
(1) 2C, X"y 5. — 1760 x°y® 6. 18564
-105 4.35 o,
—x,4—8x1 8. 61236 X35 10. n=7;r=3
m=4

Miscellaneous Exercise on Chapter 8

9

a=3,b=5n=6 2. a:? 3. 171
39%./6 6. 2af+12a° - 10a* —4a + 2
0.9510 8. n=10
16 8 32 16 ¥ X x
—t+ -+t MX+—+—-+—--5
X x° X X 2 2 16

27x¢ — 54ax® + 117a%x* — 1162 + 117a’? — 54a°x + 27a°

EXERCISE 9.1
3,8,15,24,35 2 Az 310 3. 2,4,8,16and 32
3 ] 3 ] . 21 3141516 . ] y ] an
J1115df 5. 25 -125, 625,—3125, 15625
6'6'2'6 6 et
3921 75 49
_1_1_121ar]d_ . . D
2'2'2 2 7. 65,93 8 128
729 10 390
23

3,11, 35,107,323; 3+11+35+107+323+...

-1-1-1 -1 -1\, (1) (-1) (-1
“1—— = — -1+ = |+| = |[+| = || —= |+...
2'6'24'120 [2] [6] [24] [120)
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448 MATHEMATICS

35_ .8
13. 2,2,1,0,-1; 242+1+0+ (1) +... 14. 1,2,E,§and§
| EXERCISE 9.2
1. 1002001 2. 98450 4. 50r20 6. 4
n 179
. —=(5n+7 , . == ,
7 2( ) 8. 2q 9 o1 10. 0
13. 27 14. 11,14,17,20and 23 15, 1
16. 14 17. Rs245 18. 9
EXERCISE 9.3
5 5
L @ 2 3072 4. —2187
1
5. @13, ()12 (@9 6 1 7. 5100
n n 3(q_ y2n
2 1+a 1-x2
3 5 2 2.5 5 2
22+=(3"-1 r=—or=; Termsare=1,~or— 1~
H- 2( ) L2 1939 572 275
16 .16
13. 4 4. —32=(2"-1) 15. 2059 0r 463
-4 -8 -16 80 8
. == =2, .0r4,-8,16,-32,64,.. . —=(10"-1)-=n
1o 33 1 81( ) 9
19. 49 20. IR 21. 3,-6,12,-24 26. 9and27
-1
27. n=—  30. 120,480,30(2) 31. Rs500 (L1)®
32. X2-16x+25=0
| EXERCISE 9.4
. g(n+1)(n+2) 5 n(n+1)(n;r2)(n+3)
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27.
31.

11.
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n 5 n

—(n+1){3n“+5n+1 —_

s ( )( ) 4. — 5. 2840
1)% (n+2

3n(n+1) (n+3) ;. nn+1) (n+2)
12

1
n(n+ )(3n2+23n+34)
12

g(n+1)(2n+1)+2(2”—1) 10. g(2n+1)(2n—1)

Miscellaneous Exercise on Chapter 9

5,8,11 4. 8729 5. 3050 6. 1210
4 8. 160;6 9. +£3 10. 8,16,32
4 12. 11

50 5n 2n 2
. _1On_1 - - . 4 1_10—n
(i) 81( ) 5 ()3 = ) 22. 1680
D(n2+3n+5) 25. 1(2n2+9n+13)
3 24

Rs16680 28. Rs39100 29. Rs43690 30. Rs17000; 20,000
Rs5120 32. 25days

EXERCISE 10.1

£1 uare unit

2 :

(0, @), (0,—a) and (—\/éa,O) or (0, a), (0, —a), and (fSao)

. . 15 1
) [y~ v, i) o x| .
—+/3 8. x=1 10. 135°

1 1 1
land 2, or E and 1, or —1 and -2, or _E and—-1 14. E’ 104.5 Crores
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|EXERCISE 10.2

y=0andx=0 2. x-2y+10=0 3. y=nmx

(V3+1)x—(v3-1)y=4(y3-1) 5. 2X+y+6=0

x—\/§y+2\/§:0 7. 5x+3y+2=0

J3x+y=10 9.3x—4y+8=0 10. Bx—-y+20=0

A+nx+ 3(1+ny=n+11 12. x+y=5

X+2y—-6=0,2x+y-6=0

J3x+y-2=0and~/3x+y+2=0 15. 2x—9y+85=0
192 :

L= ——(C-20)+124.942  17. 1340litres.  19. 2kx + hy = 3kh.

|EXERCISE 10.3]

1 1 5 5
Oy - 7 @i y 3 3 (iii)y=0x+0,0,0

LoXy _ XY 48
() 5+5=146 (3T 78
2

2 2
@y y= 3 intercept with y-axis = ~3 and no intercept with x-axis.

(i) xcos120° +ysin120° =4, 4, 120° (ii) x cos90° +y sin 90° = 2, 2, 90°;
(iii) xcos315°+ysin315° = 2./2, 2./2, 315° 4. 5units

65 |
(=2,0)and (8, 0) 6. (|) UnItS (i) \/,‘ units.
X-EYY1=0 8. y+7x =21 9. 30° and 150°
22
9

(\/§+2)x+(2\/§—1)y:8ﬁ+1 or (\/§—Z)x+(1+2\@)y:—1+8ﬁ
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_ (& 9 1.5
2X+y=5 4. |55 15. m=2,c=2
y—-x=1, /2

Miscellaneous Exercise on Chapter 10
n
@3 (=2 (c)b6orl 2. ?’1
8 32
2X—-3y=6,—-3x+2y=6 4, [0,——)[0,—}
3 3

9—6 __>° _
Oos(—j 6. x=—r> 7. 2x—3y+18=0

2
k? square units 9. 5 11. 3x—-y=7, x+3y=9
13x+ 13y =6 14. 1:2 15. Zifunits
Thelineisparallel to x - axisor paralel to y-axis

+
x=1 y=1 18. (-1, —4). 19. 1‘;)&

13
18x+ 12y +11=0 22. [E’Oj 24. 119x+ 102y = 125
| EXERCISE 11.1]

X+ye—4y=0 2. X +y +4x—-6y-3=0
36x? + 36y?—36x—18y+11 =0 4. X+y—-2x-2y=0
X+y? +2ax+2by+2b°=0 6. c(-5,3),r=6

1 1
c(2,4),r= .65 8. c4,-5),r=.63 9. C(Z,O);r =2
Xt+y —6x—8y+ 15=0 11, ¥ +y*—7x+5y—-14=0

X¥+yYP+4x-21=0& x*+y*—-12x+11=0
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X¥+y?—ax—hby =0 14 +y—4x—4y =5
Inside the circle; since the distance of the point to the centre of the circleisless
than the radius of the circle.

EXERCISE11.2

F(3,0), axis- x - axis, directrix x=—3, length of the Latusrectum =12

3 . . . 3
F (O, E),aX|s-y-aX|s, directrixy =— o length of the Latusrectum =6

F (-2, 0), axis- x- axis, directrix x= 2, length of the Latusrectum =8
F(0,-4), axis-y-axis, directrixy = 4, length of the Latusrectum =16

5 . - .
F(E , 0) axis- x- axis, directrix x=— g length of the Latusrectum =10

-9 9
F (O, 7) , aXis-y-axis, directrix y = 7 length of the Latusrectum=9

Y2 = 24x 8. x=-12y 9.y =12
y? = —8X 11. 2y = 9x 12. 2x2 = 25y
|EXERCISE 11.3|

F (£4/20,0); V (x 6, 0); Major axis = 12; Minor axis=8 , e = @
16

Latus rectum = —
3

F (0, £./21); V (0, £ 5); Major axis = 10; Minor axis=4 ,e = g;

8
Latusrectum:§
. . . . J7
F(&J7.0); V (x4, 0); Major axis = 8; Minor axis=6, e = e :

Latus rectum =

N | ©
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F (0, £J75); V (0, 10); Major axis = 20; Minor axis = 10 , e = -
Latusrectum =5
13
F (+13.0); V (£ 7, 0); Major axis =14 ; Minor axis =12 , e = —\/7_;
72
Latus rectum = 7
3
F (0, +1043); V (0,+ 20); Major axis =40 ; Minor axis= 20 , e = % :
Latus rectum = 10
22
F (0, % 442); V (0 6); Major axis =12 ; Minor axis = 4 , e = _[;
4
Latusrectung
15
F(O,i\/ﬁ); V (0, 4); Major axis = 8 ; Minor axis =2 , e = —\/4_;
Latusrectum:E
. . i . 5
F (£5,0); V (£ 3, 0); Major axis = 6 ; Minor axis =4 , e = %;
8
Latus rectum :5
2 2
2 9 144" 169 36 20
2 2 5 2
LA o XY 15 X Y g
9 4 15 160 144
\ 2 2
X Y y’ X° oy
& 100 17. —+==1 18. —+>-=1
64 100 16 7 25 9
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19.

10.

13.

MATHEMATICS

2 2 2 2
X y 2 2 X y
—+I-=1 20. X +4y =520r —+-—=1
10 40 X A =90l T3

|EXERCISE 11.4

N | ©

5
Foci (5, 0), Vertices (= 4, 0); e= Z; Latusrectum =

Foci (0% 6), Vertices (0, = 3); e=2; Latusrectum = 18

V13

Foci (0, £./13), Vertices (0, + 2); e = T; Latus rectum =9

5 64
Foci (£ 10, 0), Vertices (+ 6, 0); e =— ; Latus rectum =—

3 3
2\14 6 J1a 45
i (0+——= i +—=)e=—: ==
Foci (0, 5 ), Vertices (0, \/6)'9 3 ; Latus rectum 3
65 49
Foci (0, /65 ), Vertices (0, £ 4); e:g; Latus rectum =5
2 2 2 2 2 2
XY g Y.X g Y_X
4 5 25 39 9 16
2 2 2 2 2 2
X Y 1, X o X Y 4
16 9 25 144 25 20
2 2 2 2 2 2
X Y4 10 X9 4 15 Y X _4
4 12 49 343 5 5
Miscellaneous Exercise on Chapter 11
Focusisat the mid-point of the given diameter.
2.23 m (approx.) 3. 911m(approx.) 4. 1.56m (approx.)
X2 y2 X2 y2
—+=—=1 6. 1 nit 7. —+=—=1
8l 9 8squnits 25" 9
8\J/3a
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|EXERCISE 12.1]
1. yand z- coordinates are zero 2. y-coordinateis zero
3. 1LV, VLV, VI L L VI
4. (i) XY - plane (i) (xy,0) (i) Eight
|EXERCISE 12.2]
1. ()25 (i) 43 (i) 2426 (iv)2J5
4. x-2z=0 5 9%+ 25y2+252-225=0
| EXERCISE 12.3]
(-4 127 .
| —,=,— | (>()(-817,3 :
1. ()[555]()( ) 2. 1:2
3. 2:3 5. (6,—4,-2),(8,-10,2)

13.

Miscellaneous Exercise on Chapter 12

16
(1,-2,8) 2. 74347 3. a=-2, b:—g’ c=2
(0,2,0) and (0,-6,0)
2
(4,-2,6) 6. x2+y2+zz—2x—7y+22:k —109
[EXERCISE 13.1)
22 19
6 2. - 3. x -
_E 6. 5 7 E 38 &8
2 : 2 .
1
b 10. 2 11. 1 12. 2
2 14, 2 15 L 6 L
b b - -
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17.

21.
24.
25.
27.

29.

30.

32.

11.

MATHEMATICS

a+1l

4 18. Ny 19. 0 20. 1

0 22. 2 23. 3,6

Limit doesnotexistatx =1

Limit doesnot existat x=0 26. Limitdoesnotexistatx=0
0 28. a=0,b=4

Im f9=0and M f(x) =(a-a) (a-a) .. (a-a)

lim  (x) exists for all a = 0. 31, 2

For lIM £ (x) to exists, we need m = n; IIM  (x) exists for any integral value

of mand n.
|EXERCISE13.2
20 2.1 3. 99
- =2
(i) 3¢ (i) 2x-3 (iii) E (iv) (x—1)2

X" +a(n-1x" 2+ a?(n-2)x"° +...+a™*

a-b
() 2x-a-b (i) 4ax(ax®+b) (i) (x_b)?

n n-1_n n

nx" —anx

(x-ay

X +a

(i) 2 (i) 20¢—15¢+6x—4 (i) ;—f’(5+2x) (iv) 15X4+%

12 36 2 _X3x=2 _
M5 5@ M) (x41)?  (3x-D? 10. —sinx
(i) cos 2x (i) sec xtan x
(ili) 5sec x tan x —4sin x (iv) — cosec x cot X

(v) —3cosec?x —5cosec x cot x  (vi) 5cosx+ 6sin x
(vii) 2sec? x — 7sec X tan x
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15.

17.

20.

22.
23.

24.

25.

26.

Miscellaneous Exercise on Chapter 13

ANSWERS 457

(i)—1(ii)% (i) cos (x + 1) (iv) —sin[x—%j 2. 1

_—(f+ ps

ad —bc
(cx+d)’

—apx® — 2bpx+ar —bq

(px2+qx+r)2

2

N

(ax+b)" " (cx+d)™[mc(ax+b)+na(cx+d)] 14,

— COSeC® X — COSeC X cot? X

2 /7
(sin x—cosx)’

bc cos x+ad sin x+bd

(c+d cosx)?

-2

, X201
(X—1)2 7.
apx® + 2bpx+ bg —ar
2 10.
(ax+b)

12. na(ax+h)""

16.
2%€C X tan X 19
(sec x+1)° '
cosa
cosx

x°(5x cos X+ 3x sin X+ 20sin X—12cos x)

—x? dn X—sin X+ 2X CoS X

—q sinx(ax2+sin x)+(p+qcosx)(2ax+cosx)

—tan®x(x+ cos x) + (x—tan x)(1-sin x)

35+ 15X cos X+ 28 cos X+ 28x sin Xx—15sin X

(3x+7 cos x)*

2020-21

4. 2c (ax+b) (cx + d) + a (cx + d)?

—(2ax+b)

2 2
(ax +bx+c)
-4da 2b .
—~ 4+ —sinx

XX

COS (x+a)

-1
1+snXx

. =1
nsin X Cos X
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27.

T .
xcosz(an X— X COS X) 1+ tanx — X sec’x

28.

2
J25n%x (1+ tanx)

29. (x+secx) (1-sec®x)+ (x— tan x).(1+sec x tan x)

30 Sin X—N X coS X

(ii)
(ii)
(iv)

v)

(vi)
(vii)
(viii)

(ix)

)

S‘ nn+1X

|[EXERCISE 14.1|

This sentence is aways fal se because the maximum number of daysin a
month is 31. Therefore, it is a statement.

Thisis not a statement because for some people mathematics can be easy
and for some othersit can be difficult.

Thissentenceis always true becausethe sumis 12 and it isgreater than 10.
Therefore, it is a statement.

This sentence is sometimes true and sometimes not true. For example the
squareof 2iseven number and the square of 3isan odd number. Therefore,
it is not a statement.

Thissentenceis sometimes true and sometimesfal se. For example, squares
and rhombus have equal length whereas rectangles and trapezium have
unequal length. Therefore, it is not a statement.

It is an order and therefore, is not a statement.

This sentence is false as the product is (-8). Therefore, it is a statement.
This sentence is aways true and therefore, it is a statement.

Itisnot clear from the context which day is referred and therefore, it is not
a statement.

Thisisatrue statement because all real numbers can be written in the form
a+ix0.

2. The three examples can be:

(i)

(ii)
(ii)

Everyoneinthisroom isbold. Thisis not a statement because from the
context it is not clear which room is referred here and the term bold is not
precisely defined.

Sheis an engineering student. Thisis also not a statement because who
‘she’ is.

“cos’d is always greater than 1/2”. Unless, we know what 6 is, we cannot
say whether the sentence is true or not.
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(ii)
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(iv)
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0)

N

(if)

w

0)
(ii)
(ii)

(if)

(ii)

(iv)

(ii)
(ii)
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EXERCISES14.2

Chennai is not the capital of Tamil Nadu.
J2 isacomplex number.

All trianglesare equilateral triangles.

The number 2 is not greater than 7.

Every natural number is not an integer.

The negation of the first statement is “the number x is arational number.”
which isthe same as the second statement” Thisis because when anumber
isnotirrational, it isarational. Therefore, the given pairs are negations of
each other.

The negation of the first statement is “x is an irrational number” which is
the same as the second statement. Therefore, the pairs are negations of
each other.

Number 3 is prime; number 3 isodd (True).

All integers are positive; al integers are negative (False).
100isdivisibleby 3,100isdivisibleby 11 and 100isdivisibleby 5 (False).

EXERCISE 14.3 |

“And”. The component statements are:

All rational numbers arereal.

All real numbers are not complex.

“Or”. The component statements are:

Square of an integer is positive.

Square of an integer is negative.

“And”. the component statements are:

The sand heats up quickily in the sun.

The sand does not cool down fast at night.

“And’. The component statements are:

X = 2isaroot of the equation 3 —x-10=0

x = 3isaroot of the equation 3 -x-10=0

“There exists’. The negation is

There does not exist a number which is equal to its square.
“For every”. The negation is

There exists areal number x such that x is not less than x + 1.
“There exists’. The negation is

There exists a state in India which does not have a capital .
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3.

4. (@)
(ii)
(ii)

1)
(ii)
(ii)
(iv)

(if)

(ii)

(iv)

v)

(if)

No. The negation of the statement in (i) is“ There exists real number x and
y for which x+y #y+ X', instead of the statement given in (ii).
Exclusive
Inclusive
Exclusive

EXERCISE 14.4

A natural number isodd impliesthat its square is odd.

A natural number isodd only if its squareis odd.

For a natural number to be odd it is necessary that its square is odd.

For the square of anatural number to be odd, it issufficient that the number
isodd

If the square of a natural number is not odd, then the natural number
isnot odd.

Thecontrapositiveis

If anumber x isnot odd, then x is not a prime number.

The converseis

If anumber xin odd, then it is a prime number.

The contrapositiveis

If two lines intersect in the same plane, then they are not parallel

The converseis

If two lines do not interesect in the same plane, then they are parallel

The contrapositiveis

If something is not at |low temperature, then it isnot cold

The converseis

If something isat low temperature, then it iscold

The contrapositiveis

If you know how to reason deductively, then you can comprehend geometry.
The converseis

If you do not know how to reason deductively, then you can not comprehend
geometry.

This statement can be written as “If x is an even number, then X is
divisbleby 4”.

Thecontrapositiveis, If xisnot divisible by 4, then xis not an even number.
The converseis, If x isdivisible by 4, then x is an even number.

If you get ajob, then your credentials are good.

If the banana tree stays warm for a month, then it will bloom.
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(ii)
(iv)

4. a (i)

5.

2.

(ii)
b (@)
(ii)

0)
(ii)
(ii)
(iv)
v)

(i)
(i)
(iii)
(iv)

(i)

(if)

(ii)

ANSWERS 461

If diagonals of aquadrilateral bisect each other, thenit isaparallelogram.
If you get A* in the class, then you do al the exercises in the book.
Contrapositive

Converse

Contrapositive

Converse

EXERCISE 14.5

False. By definition of the chord, it should intersect the circlein two points.
False. Thiscan be shown by giving acounter example. A chord whichisnot
adimaeter gives the counter example.

True. In the equation of an ellipse if we put a = b, then it is a circle
(Direct Method)

True, by therule of inequality

False. Since 11 is aprime number, therefore /11 isirrational.

Miscellaneous Exercise on Chapter 14

There exists a positive real number x such that x-1 is not positive.

There exists a cat which does not scratch.

There exists areal number x such that neither x> 1 nor x < 1.

There does not exist a number x such that 0 < x < 1.

The statement can bewritten as“ If apositiveinteger isprime, thenit hasno
divisors other than 1 and itself.

The converse of the statement is

If apositiveinteger hasno divisorsother than 1 and itself, thenitisaprime.
The contrapositive of the statement is

If positive integer has divisors other than 1 and itself then it is not prime.
The given statement can be written as “If it is a sunny day, then | go
to a beach.

The converse of the statement is

If | go to beach, then it isasunny day.

Thecontrapositiveis

If I do not go to a beach, then it isnot a sunny day.

The converseis

If you feel thirsty, then it ishot outside.

Thecontrapositiveis

If you do not feel thirsty, thenitisnot hot outside.
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(i) If youlog on to the server, then you have a password.

(i) If itrains, then thereistraffic jam.

(iii) If you can access the website, then you pay a subscription fee.

(i) Youwatchtelevisionif and only if your mindin free.

(i) YougetanA gradeif and only if you do all the homework regularly.
(i) A quadrilateral isequiangular if and only if it isarectangle.
The compound statement with “And” is25isamultiple of 5and 8
Thisis afalse statement.

The compound statement with “Or” is 25isamultiple of 5or 8
Thisis true statement.
Same as Q1 in Exercise 14.4

EXERCISE15.1
3 2. 84 3. 233 4. 7
6.32 6. 16 7. 323 8. 51
157.92 10. 11.28 11. 10.34 12. 7.35
EXERCISE15.2
n+l n’-1
9,9.25 2. —/—, 3. 16.5,74.25 4. 19,434
2 12
100, 29.09 6. 64,1.69 7. 107,2276 8. 27,132
93, 105.58, 10.27 10. 5.55,435
EXERCISE 153 |
B 2. Y 3. (i)B, (i)B
A 5. Weight
Miscellaneous Exercise on Chapter 15
4,8 2. 6,8 3. 24,12
() 10.1, 1.99 (ii) 10.2, 1.98
Highest Chemistry and lowest Mathematics 7. 20,3.036
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| EXERCISE 16.1|

{HHH, HHT, HTH, THH, TTH, HTT, THT, TTT}

{(x,y):x,y=1,23,4,5,6}

{(1,2),(1,2), (1,3), ..., (1,6), (2,1), (2,2), ..., (2,6), ..., (6, 1), (6, 2), ..., (6,6)}
{HHHH, HHHT, HHTH, HTHH, THHH, HHTT,HTHT, HTTH, THHT, THTH,
TTHH, HTTT, THTT, TTHT, TTTH, TTTT}

{H1, H2, H3, H4,H5,H6, T1, T2, T3, T4, T5, T6}

{H1, H2, H3, H4, H5, H6, T}

{XB,, XB,,XG,, XG,, YB,, YG,, YG,, YG.}

{R1,R2,R3, R4, R5, R6, W1, W2, W3, W4, W5, W6, B1, B2, B3, B4, B5, B6}
() {BB,BG GB, GG} (ii){0,1,2}

{RW, WR, WW}

[HH, HT, T1, T2, T3, T4, T5, T6}

. {DDD, DDN, DND, NDD, DNN, NDN, NND, NNN}
. {T,H1,H3,H5,H21, H22, H23, H24, H25, H26, H41, H42, H43, H44, H45, H46,

H61, H62, H63, H64, H65, HE6}

- {(1,2),(13),(14), (2.1),(2,3),(24), (3.1), (3.2), (34), (4.1), (4,2), (4,3)}

{1HH, 1HT, 1TH, 1TT, 2H, 2T, 3HH, 3HT, 3TH, 3TT, 4H, 4T, 5HH, 5HT, 5TH,
5TT, 6H, 6T}

. {TR, TR, TB,, TB,, TB,, H1, H2, H3, H4, H5, H6}
. {6, (1,6), (2,6), (3.6), (4,6), (5,6), (1,1,6), (1,2,6), ..., (15,6), (2,1.6). (2,2,6), ...,

(2,56),...,(51,6),(5206),...}

| EXERCISE 16.2 |

No.
() {1,2,3,4,5,6} @i)o (i) {3,6} (iv) {1,2,3 (v) {6}
i) {3,4,56},AuB={1,2,3,4,56}, AnB=¢,BuC={3,6},EnF={6},
DNE = ¢,
A-C={1,245 D-E={123}, EnF =¢, F ={1, 2}
A={(3,6),(45),(54),(6.3),(46),(55),(6:4),(56),(65), (6,6)}
B={(12),(2.2),(3,2),(4.2),(52),(6,2),(21),(23),(24),(25), (2.6)}
C={(36),(6.3),(5,4),(4.5),(6,6)}
A and B, B and C are mutually exclusive.
() AandB;AandC;BandC; Cand D (ii)Aand C (iii) B and D
(i) “Getting at least two heads’, and “getting at |east two tails’
(i) “Getting no heads’, “getting exactly one head” and “getting at least two
heads’
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(ili) “Getting at most two tails’, and “ getting exactly two tails’

(iv) “Getting exactly one head” and “getting exactly two heads’

(v) “Getting exactly onetail”, “getting exactly two tails’, and getting exactly
threetails’

There may be other events also as answer to the above question.

6. A= {(21),(22), (23), (24), (25), (26), (4,1), (4,2), (4,3), (44), (4,5), (4,6),
(6,1),(6,2), (6,3), (6:4), (6,5), (6,6)}
B={(11),(12),(13),(14), (159, (16), (31), (32), (3.3), (34), (35), (36),
(5.1),(5.2),(53),(54), (55), (56)}
C= {(11),(12,(13),(14),(21),(22),(23),(31),(32),(41)}
0 A ={(11),(12),(13),(14).(15),(16),(31),(32),(33), (34, (35),(36),
(5,), (5.2), (5,3), (54), (5,5), (5,6)} =B
(i) B'={(21),(22),(23),(24),(25),(26), (41), (42),(4.3),(44),(45), (46),
(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)} =A
(i) AUB={(11), (12), (L3), (1L4), (1,5), (1,6), (3,1), (3.2), (3:3), (3.4), (3.5),
(36),(51), (52), (53), (54), (55), (56), (21), (22), (2,3), (2,5),
(2,6),(41), (4.2), (4.3), (44), (45), (46), (6,1), (6,2), (6,3), (64),
(6,5), (6,6)} =S
(iv) AnB=¢
(v) A-C={(24),(25),(26),(42),(43),(44).(45),(46),(61),(6,2), (673),
(6,4),(6,5), (6,6)}
i) BuC={(11),(12),(1,3),(L4), (1,5),(16),(21), (22), (23), (3.1), (3,2),
(3.3),(34),(35),(36),(41),(51),(52), (53), (54), (55), (5.6)}
i) BAC={(1,1),(12),(1,3),(14), (3.1), (32)}
Vi) ANB NC ={(24),(25),(26),(42),(4,3), (44, (45), (46),(61), (6,2),
(6,3),(6,4), (6,5), (6,6)}
7. () True (i) True (iii) True (iv) False (v) Fase (vi) False

| EXERCISE 16.3 |

1. (@Yes (b)Yes (c)No (d)No (e)No 2. %
1 o2 1 5 1 11
3. 5 (i) 5 (i) 5 (V)0 (v) o 4. @52 () - (© (')E (”)E
11 3
5. (I)E (“)E 6. 5

2020-21



12.

13.

15.
18.

21.

©

ANSWERS 465
Rs4.00 gain, Rs1.50gain, Re1.00loss, Rs3.50loss, Rs6.00 loss.

1 1 3
P (Winning Rs4.00) :E’ P(Winning Rs 1.50) =Z , P(Losing Re. 1.00) =§

1 1
P (Losing Rs 3.50) ZZ’ P (Losing Rs 6.00) =1—6.

B R R A | T 1 3 1 7
(I)g (|l)§ (|||)§ (|v)§ (V)§ (V|)§ (vu)g (V|||)§ (|x)§

2 RO (1) AT g
11 ' 13 13 © 38760

(1) No, because P(AnB) must be less than or equal to P(A) and P(B), (ii) Yes

Y A 4

(I)E (i) 0.5 (iii) 0.15 14. 5

5 ... 3 . .

() 3 (i) P 16. No 17. (i)0.58 (ii) 0.52 (iii) 0.74
0.6 19. 055 20. 0.65

(i)% (i) % (i) 1—25

Miscellaneous Exercise on Chapter 16

i 200, oo 0C, . 8c, .1,
() B, (i) o, 2 52—04
1 .1 .5 999 e #%Cy,
— — e a) —— b) ———= C) ———
(i) 5 (i) 5 (iii) 6 4. ( )1000 (b) 1ooooC2 (© 10000C10
17 16 2
Sl ) e “
@ = ( )33 6. 3
4
()088 (i))0.12 (ii))0.19 (iv)0.34 8 ¢
3 .3 1
1) — 1) — —_—
()83 ( )8 10 5040
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