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FOREWORD

The National Curriculum Framework (NCF), 2005, recommends that children’slife
at school must belinked to their life outside the school. Thisprinciple marksadeparture
from thelegacy of bookish learning which continuesto shape our system and causes
agap between the school, home and community. The syllabi and textbooks devel oped
on the basis of NCF signify an attempt to implement this basic idea. They also
attempt to discourage rote learning and the maintenance of sharp boundaries between
different subject areas. We hope these measures will take us significantly further in
the direction of achild-centred system of education outlined in the national Policy on
Education (1986).

The success of this effort depends on the steps that school principals and teachers
will taketo encourage children to reflect ontheir ownlearning and to pursueimaginative
activitiesand questions. We must recognizethat, given space, time and freedom, children
generate new knowledge by engaging with theinformation passed on to them by adults.
Treating the prescribed textbook as the sole basis of examination is one of the key
reasons why other resources and sites of learning are ignored. Inculcating creativity
andinitiativeispossibleif we perceive and treat children as participantsin learning, not
asreceivers of afixed body of knowledge.

Thisaimsimply considerable change is school routines and mode of functioning.
Flexibility inthe daily time-tableis as necessary asrigour in implementing the annual
calendar so that the required number of teaching daysare actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’slife at school ahappy experience, rather then a
source of stress or boredom. Syllabus designers have tried to address the problem of
curricular burden by restructuring and reorienting knowledge at different stages with
greater consideration for child psychology and the time available for teaching. The
textbook attempts to enhance this endeavour by giving higher priority and space to
opportunitiesfor contemplation and wondering, discussionin small groups, and activities
requiring hands-on experience.

TheNational Council of Educational Research and Training (NCERT) appreciates
the hard work done by the textbook devel opment committee responsiblefor thisbook.
We wish to thank the Chairperson of the advisory group in science and mathematics,
Professor J.V. Narlikar and the Chief Advisor for this book, Professor P. Sinclair of
IGNOU, New Delhi for guiding thework of thiscommittee. Several teachers contributed

2021-22



to the development of thistextbook; we are grateful to their principalsfor making this
possible. We are indebted to the institutions and organi zations which have generously
permitted us to draw upon their resources, material and personnel. We are especially
grateful to the members of the National Monitoring Committee, appointed by the
Department of Secondary and Higher Education, Ministry of Human Resource
Development under the Chairpersonship of Professor Mrinal Miri and Professor G.P.
Deshpande, for their valuable time and contribution. As an organi sation committed to
systemic reform and continuous improvement in the quality of its products, NCERT
wel comes comments and suggestionswhich will enable usto undertake further revision
and refinement.

Director
New Delhi Nationa Council of Educational
20 December 2005 Research and Training
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AprrENDIX 1

PROOFS IN MATHEMATICS
L

Al.1lIntroduction

Suppose your family ownsaplot of land and
thereisno fencing around it. Your neighbour
decides one day to fence off hisland. After

he has fenced his land, you discover that a L

part of your family’sland has been enclosed

by his fence. How will you prove to your 7 //
neighbour that he has tried to encroach on 71

your land? Your first step may betoseekthe ~ *

help of the village elders to sort out the

differencein boundaries. But, supposeopinion

isdivided among the elders. Some feel you are right and othersfeel your neighbour is
right. What can you do?Your only optionisto find away of establishing your claimfor
the boundaries of your land that is acceptable to all. For example, a government
approved survey map of your village can be used, if necessary in a court of law, to
prove (claim) that you are correct and your neighbour iswrong.

Let uslook at another situation. Suppose your mother has paid the electricity hill
of your house for the month of August, 2005. The bill for September, 2005, however,
claims that the bill for August has not been paid. How will you disprove the claim
made by the electricity department? You will have to produce a receipt proving that
your August bill has been paid.

You have just seen some examples that show that in our daily life we are often
called upon to prove that a certain statement or claim is true or false. However, we
also accept many statements without bothering to prove them. But, in mathematics
we only accept a statement as true or false (except for some axioms) if it has been
proved to be so, according to the logic of mathematics.
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Proors IN MATHEMATICS 287

In fact, proofsin mathematics have been in existence for thousands of years, and
they are central to any branch of mathematics. The first known proof is believed to
have been given by the Greek philosopher and mathematician Thales. While
mathematicswas central to many ancient civilisationslike M esopotamia, Egypt, China
and India, there is no clear evidence that they used proofs the way we do today.

In this chapter, we will look at what a statement is, what kind of reasoning is
involved in mathematics, and what amathematical proof consists of.

Al1.2 Mathematically Acceptable Satements

In this section, we shall try to explain the meaning of a mathematically acceptable
statement. A ‘ statement’ isasentence which isnot an order or an exclamatory sentence.
And, of course, a statement is not a question! For example,

“What isthe colour of your hair?’ isnot astatement, it isaquestion.

“Please go and bring me some water.” isareguest or an order, not a statement.
“What a marvellous sunset!” is an exclamatory remark, not a statement.
However, “The colour of your hair is black” is a statement.

In general, statements can be one of the following:

e always true

e always false

e ambiguous

The word ‘ambiguous’ needs some explanation. There are two situations which
make a statement ambiguous. The first situation is when we cannot decide if the
statement is always true or always false. For example, “Tomorrow is Thursday” is
ambiguous, since enough of a context is not given to usto decide if the statement is
true or false.

The second situation leading to ambiguity iswhen the statement i s subjective, that
is, itistruefor some peopleand not truefor others. For example, “Dogsareintelligent”
is ambiguous because some people believe thisis true and others do not.

Example 1 : State whether the following statements are always true, always false or
ambiguous. Justify your answers.

(i) There are 8 days in a week.
(i) Itisraning here.
(ili) The sun setsin the west.
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288 MATHEMATICS

(iv) Gauriisakindgirl.

(v) The product of two odd integersis even.

(vi) The product of two even natural numbersis even.

Solution :

(i) This statement is always false, since there are 7 days in a week.

(i) Thisstatement is ambiguous, sinceit isnot clear where ‘here’ is.

(ili) Thisstatement isawaystrue. The sun setsin the west no matter where welive.

(iv) Thisstatement is ambiguous, sinceit is subjective-Gauri may be kind to some
and not to others.

(v) Thisstatement is aways false. The product of two odd integersis always odd.

(vi) This statement is always true. However, to justify that it is true we need to do
somework. It will be proved in Section Al.4.

As mentioned before, in our daily life, we are not so careful about the validity of
statements. For example, supposeyour friend tellsyou that in July it rainseveryday in
Manantavadi, Kerala. In al probability, you will believe her, even though it may not
have rained for aday or two in July. Unlessyou are alawyer, you will not argue with
her!

As another example, consider statements we \ _.
often make to each other like “it is very hot today”. H;%I i\‘—i
We easily accept such statements because we know .
the context even though these statements are _
ambiguous. ‘It isvery hot today’ can mean different

things to different people because what is very hot

for aperson from Kumaon may not be hot for aperson

from Chennai.

But amathematical statement cannot be ambiguous. |n mathematics, a statement
is only acceptable or valid, if it is either true or false. We say that a statement is
true, if it isalwaystrue otherwiseit is called a fal se statement.

For example, 5+ 2 = 7 isaways true, so ‘5 + 2 = 7' is a true statement and
5+ 3 =7 isafase statement.
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Proors IN MATHEMATICS 289

Example 2 : State whether the following statements are true or false:
(i) Thesum of theinterior angles of atriangleis 180°.

(i) Every odd number greater than 1 is prime.

(iii) For any real number X, 4x + X = bx.

(iv) For every real number X, 2x > X.

(v) For every real number X, x2> X.

(vi) If aquadrilateral hasall its sides equal, then it is a square.
Solution :

() Thisstatement istrue. You have already proved thisin Chapter 6.
(i) Thisstatement isfalse; for example, 9 is not a prime number.

(ili) This statement is true.

(iv) Thisstatement isfalse; for example, 2 x (—1) =2, and — 2 is not greater than —1.

. . 1Y 1 1. 1
(v) Thisstatement isfalse; for example, [EJ =2 and 7 is not greater than >

(vi) Thisstatement isfalse, since arhombus has equal sides but need not be asquare.

You might have noticed that to establish that a statement is not true according to
mathematics, all we need to do isto find one case or example where it breaks down.
Soin(ii), since9isnot aprime, it isan example that shows that the statement “Every
odd number greater than 1 is prime” is not true. Such an example, that counters a
statement, is called a counter-example. We shall discuss counter-examplesin greater
detail in SectionA1.5.

You might have al so noticed that while Statements(iv), (v) and (vi) arefalse, they
can be restated with some conditions in order to make them true.

Example 3 : Restate the following statements with appropriate conditions, so that
they become true statements.

(i) For every real number X, 2x > X.

(if) For every real number x, X* > X.

(iii) If you divide anumber by itself, you will alwaysget 1.

(iv) The angle subtended by a chord of acircle at apoint on the circle is 90°.
(v) If aquadrilateral hasall its sides equal, then it is a square.

2021-22



290 MATHEMATICS

Solution :

@) Ifx>0,then2x>x.

(i) Ifx<0orx=>1,then x> x.

(i) If you divide anumber except zero by itself, you will always get 1.

(iv) The angle subtended by a diameter of acircle at a point on the circleis 90°.
(v) If aquadrilateral hasall its sides and interior angles equal, then it is asquare.

EXERCISEA1.1
1. State whether the following statements are always true, always false or ambiguous.
Justify your answers.
(i) Thereare 13 monthsinayear.
(i) DiwalifallsonaFriday.
(i) Thetemperaturein Magadi is26°C.
(iv) The earth has one moon.
(v) Dogscanfly.
(vi) February hasonly 28 days.
2. Statewhether thefollowing statementsaretrue or false. Givereasonsfor your answers.
() Thesum of theinterior angles of aquadrilateral is350°.
(i) For any real number x, X2 > 0.
(iii) A rhombusisaparallelogram.
(iv) The sum of two even numbersis even.
(v) The sum of two odd numbersis odd.

3. Restate the following statements with appropriate conditions, so that they become
true statements.

(i) All primenumbersareodd.

(i) Twotimesarea number isalwayseven.

(iii) Forany x,3x+1>4.

(iv) Forany x,x®>0.

(v) Inevery triangle, amedian is also an angle bisector.

A1.3 Deductive Reasoning

The main logical tool used in establishing the truth of an unambiguous statement is
deductive reasoning. To understand what deductive reasoning is all about, let us
begin with apuzzle for you to solve.
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You are given four cards. Each card has anumber printed on one side and aletter
on the other side.

A vV 6 5

Suppose you are told that these cards follow therule:
“If acard has an even number on one side, then it has avowel on the other side.”

What is the smallest number of cards you need to turn over to check if the rule
istrue?

Of course, you have the option of turning over all the cards and checking. But can
you manage with turning over afewer number of cards?

Notice that the statement mentions that a card with an even number on one side
has a vowel on the other. It does not state that a card with avowel on one side must
have an even number on the other side. That may or may not be so. The rule also does
not state that a card with an odd number on one side must have a consonant on the
other side. It may or may not.

So, do we need to turn over ‘A’ ? No! Whether thereis an even number or an odd
number on the other side, the rule still holds.

What about ‘5’ ? Again we do not need to turn it over, because whether thereisa
vowel or aconsonant on the other side, therule still holds.

But you do need to turn over V and 6. If V has an even number on the other side,
then the rule has been broken. Similarly, if 6 hasaconsonant on the other side, then the
rule has been broken.

The kind of reasoning we have used to solve this puzzle is called deductive
reasoning. It iscalled ‘ deductive’ because we arrive at (i.e., deduce or infer) aresult
or astatement from apreviously established statement using logic. For example, inthe
puzzle above, by aseries of logical arguments we deduced that we need to turn over
only V and 6.

Deductive reasoning also helps us to conclude that a particular statement istrue,
because it isa special case of amore general statement that is known to be true. For
example, once we prove that the product of two odd numbersis aways odd, we can
immediately conclude (without computation) that 70001 x 134563 isodd simply because
70001 and 134563 are odd.
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292 MATHEMATICS

Deductive reasoning has been a part of human thinking for centuries, and is used
all thetimeinour daily life. For example, suppose the statements“ The flower Solaris
blooms, only if the maximum temperature is above 28° C on the previous day” and
“Solarisbloomed in Imaginary Valley on 15th September, 2005” aretrue. Then using
deductive reasoning, we can conclude that the maximum temperature in Imaginary
Valley on 14th September, 2005 was more than 28° C.

Unfortunately we do not always use correct reasoning in our daily lifel We often
cometo many conclusions based on faulty reasoning. For example, if your friend does
not smile at you one day, then you may conclude that sheisangry with you. Whileit
may betruethat “if sheisangry with me, shewill not smileat me”, it may also betrue
that “if she has a bad headache, she will not smile at me”. Why don’'t you examine
some conclusions that you have arrived at in your day-to-day existence, and see if
they are based on valid or faulty reasoning?

EXERCISE Al.2

1. Usedeductive reasoning to answer the following:

() Humans are mammals. All mammals are vertebrates. Based on these two
statements, what can you conclude about humans?

(i) Anthony isabarber. Dinesh had his hair cut. Can you conclude that Antony cut
Dinesh’shair?

(i) Martians have red tongues. Gulag isaMartian. Based on these two statements,
what can you conclude about Gulag?

(iv) If itrainsfor morethanfour hours on aparticular day, the gutterswill haveto be
cleaned the next day. It has rained for 6 hours today. What can we conclude
about the condition of the gutters tomorrow?

(v) What isthefallacy in the cow’s reasoning in the cartoon below?

All dogs have tails.
I have a tail.

Therefore I am a

[tr'-,) [] dog.
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2. Onceagainyou aregiven four cards. Each card hasanumber printed on one side and
aletter onthe other side. Which are the only two cards you need to turn over to check
whether the following rule holds?

“If acard has aconsonant on one side, then it has an odd number on the other side.”

B 3 U 8

A1.4Theorems, Conjecturesand Axioms

So far we have discussed statements and how to check their validity. In this section,
you will study how to distinguish between the three different kinds of statements
mathematicsis built up from, namely, atheorem, a conjecture and an axiom.

You have already come across many theorems before. So, what is atheorem? A
mathematical statement whose truth has been established (proved) iscalled atheorem.
For example, the following statements are theorems, as you will seein Section A1.5.

Theorem AL1.1 : The sum of the interior angles of a triangle is 180°.
Theorem A1.2 : The product of two even natural numbers is even.

Theorem A1.3 : The product of any three consecutive even natural numbers is
divisible by 16.

A conjecture is a statement which we believe istrue, based on our mathematical
understanding and experience, that is, our mathematical intuition. The conjecture may
turn out to be true or false. If we can prove it, then it becomes a theorem.
M athematicians often come up with conjectures by looking for patterns and making
intelligent mathematical guesses. Let uslook at some patterns and see what kind of
intelligent guesses we can make.

Example 4 : Take any three consecutive even numbers and add them, say,
2+4+6=12,4+6+8=18,6+8+10=24,8+10+ 12=30, 20 + 22 + 24 =66.

Is there any pattern you can guess in these sums? What can you conjecture about
them?

Solution : One conjecture could be:

(i) the sum of three consecutive even numbersis even.
Another could be:

(i) the sum of three consecutive even numbersisdivisible by 6.
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Example 5 : Consider the following pattern of numbers called the Pascal’s Triangle:
Line Sum of numbers
1 1 1
1 1 2
1 2 1 4
1 3 3 1 8
16
1 5 10 10 5 1 32

0o N o oA WN
(SN
IN
o
N
-

What can you conjecture about the sum of the numbersin Lines 7 and 8? What
about the sum of the numbersin Line 21?7 Do you see a pattern? Make a guess about
aformulafor the sum of the numbersin linen.

Solution : Sum of the numbersinLine7=2x 32 =64 =2°
Sum of the numbersinLine8=2x 64 =128 =27

Sum of the numbersin Line 21 = 2%

Sum of the numbersin Linen= 2"

Example 6 : Consider the so-called triangular numbers T :

o
]
o o
o
o o ° ° °

] [ e o ([ e O ] ([ o
T, T, T, T,

Fig.AL1

The dots here are arranged in such a way that they form a triangle. Here T, = 1,
T,=3,T,=6, T, =10, and so on. Can you guess what T, is? What about T,? What
about T ?
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Make a conjecture about T .
It might help if you redraw them in the following way.

[] |

T, T, T, T,
Fig.A1.2
. 5x 6
Solution : T,=1+2+3+4+5=15= N
6x7
T, = 1+2+3+4+5+6:21:T
_ nx(n+)
- 2

A favourite example of a conjecture that has been open (that is, it has not been
proved to be true or false) is the Goldbach conjecture named after the mathematician
Christian Goldbach (1690 — 1764). This conjecture states that “ every even integer
greater than 4 can be expressed as the sum of two odd primes.” Perhaps you will
prove that thisresult is either true or false, and will become famous!

You might have wondered — do we need to prove everything we encounter in
mathematics, and if not, why not?

Why do I have to
preove everything I
sayl
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Thefact isthat every areain mathematicsis based on some statements which are
assumed to be true and are not proved. These are ‘ self-evident truths' which we take
to betrue without proof. These statements are called axioms. In Chapter 5, you would
have studied the axioms and postulates of Euclid. (We do not distinguish between
axioms and postul ates these days.)

For example, the first postulate of Euclid states:

A straight line may be drawn from any point to any other point.
And the third postul ate states:

A circle may be drawn with any centre and any radius.

These statements appear to be perfectly true and Euclid assumed them to be true.
Why? This is because we cannot prove everything and we need to start somewhere.
We need some statements which we accept as true and then we can build up our
knowledge using the rules of logic based on these axioms.

You might then wonder why we don't just accept all statements to be true when
they appear self-evident. There are many reasonsfor this. Very often our intuition can
bewrong, pictures or patterns can deceive and the only way to be sure that something
istrueistoproveit. For example, many of usbelievethat if anumber ismultiplied by
another, the result will be larger than both the numbers. But we know that thisis not
alwaystrue: for example, 5 x 0.2 = 1, which isless than 5.

Also, look at the Fig. A1.3. Which line segment islonger, AB or CD?

A& >B
Line segment AB

C> - <D
Line segment CD

Fig.A13

It turns out that both are of exactly the same length, even though AB appears
shorter!

You might wonder then, about the validity of axioms. Axioms have been chosen
based on our intuition and what appearsto be self-evident. Therefore, we expect them
to be true. However, it is possible that later on we discover that a particular axiomis
not true. What is a safeguard against this possibility? We take the following steps:

() Keep the axioms to the bare minimum. For instance, based on only axioms
and five postulates of Euclid, we can derive hundreds of theorems.
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(i) Make sure the axioms are consistent.

We say a collection of axioms is inconsistent, if we can use one axiom to
show that another axiom isnot true. For example, consider the following two
statements. We will show that they are inconsistent.

Statement1: No whole number is equal to its successor.
Statement 2: A whole number divided by zero isawhole number.

(Remember, division by zero is not defined. But just for the moment, we
assume that it is possible, and see what happens.)

1
From Statement 2, we get 0 = a, where a is some whole number. This

impliesthat, 1 = 0. But thisdisproves Statement 1, which statesthat no whole
number is equal to its successor.

(iii) A falseaxiomwill, sooner or later, result in a contradiction. We say that there
is a contradiction, when we find a statement such that, both the statement
and its negation are true. For example, consider Statement 1 and Statement
2 above once again.

From Statement 1, we can derive the result that 2 = 1.

Now look at x> —x2. We will factorise it in two different ways as follows:
(i) X —=x%=x(x-Xx) and

(i) X =x2=(X+ X) (X=X

S0, X(X —X) = (X + X)(X — X).

From Statement 2, we can cancel (X — x) from both sides.

We get x = 2x, whichinturnimplies2 = 1.

So we have both the statement 2 # 1 and its negation, 2 = 1, true. Thisis a
contradiction. The contradiction arose because of thefal se axiom, that awhole number
divided by zero isawhole number.

So, the statements we choose as axioms require alot of thought and insight. We
must make surethey do not lead to inconsistenciesor logical contradictions. Moreover,
the choice of axiomsthemselves, sometimes|eads usto new discoveries. From Chapter
5, you are familiar with Euclid' s fifth postulate and the discoveries of non-Euclidean
geometries. You saw that mathematicians believed that the fifth postulate need not be
a postulate and is actually a theorem that can be proved using just the first four
postulates. Amazingly these attempts|ed to the discovery of non-Euclidean geometries.

We end the section by recalling the differences between an axiom, atheorem and
a conjecture. An axiom is a mathematical statement which is assumed to be true
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without proof; aconjectureisamathematical statement whose truth or falsity isyet
to be established; and atheorem is a mathematical statement whose truth has been
logically established.

EXERCISEA1.3

1. Take any three consecutive even numbers and find their product; for example,
2x4x6=48,4x6x 8=192, and so on. Make three conjectures about these products.

2. Goback to Pascal’striangle.
Linel:1=11°
Line2: 1 1=11"
Line3:12 1=112

Make a conjecture about Line 4 and Line 5. Does your conjecture hold? Does your
conjecture hold for Line 6 too?

3. Let uslook at the triangular numbers (see Fig.A1.2) again. Add two consecutive
triangular numbers. For example, T, +T,=4,T,+T,=9, T+ T,=16.

What about T, + T_? Make aconjectureabout T, +T .
4. Look at thefollowing pattern:
12=1
112=121
1112=12321
11112=1234321
111112=123454321
Make a conjecture about each of the following:
1111122=
11111112=
Check if your conjectureistrue.
5. List five axioms (postulates) used in this book.

Al.5What isaMathematical Proof?

Let usnow ook at various aspects of proofs. We start with understanding the difference
between verification and proof. Before you studied proofsin mathematics, you were
mainly asked to verify statements.

For example, you might have been asked to verify with examplesthat “the product
of two even numbersiseven”. So you might have picked up two random even numbers,

2021-22



Proors IN MATHEMATICS 299

say 24 and 2006, and checked that 24 x 2006 = 48144 iseven. You might have done so
for many more examples.

Also, you might have been asked as an activity to draw several triangles in the
class and compute the sum of their interior angles. Apart from errors due to
measurement, you would have found that the interior angles of atriangle add up to
180°.

What is the flaw in this method? There are several problems with the process of
verification. Whileit may help you to make astatement you believeistrue, you cannot
be surethat it istruein all cases. For example, the multiplication of several pairs of
even numbers may lead us to guess that the product of two even numbers is even.
However, it does not ensure that the product of all pairs of even numbersiseven. You
cannot physically check the products of all possible pairs of even numbers. If you did,
then like the girl in the cartoon, you will be cal culating the products of even numbers
for therest of your life. Similarly, there may be sometriangleswhich you have not yet
drawn whose interior angles do not add up to 180°. We cannot measure the interior
anglesof all possibletriangles.

242 x 3002 =

3248 x 5468 =
726484 even

17760064 , even

At age 8 % At age 16

12466 x 3474 = 43306884 x 45676

=1978085233584 ., even

At age 36 % At age 86
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Moreover, verification can often be misleading. For example, we might be tempted
to conclude from Pascal’striangle (Q.2 of ExerciseA1.3), based on earlier verifications,
that 11° = 15101051. But in fact 11° =161051.

So, you need another approach that does not depend upon verification for some
cases only. There is another approach, namely ‘proving a statement’. A process
which can establish the truth of a mathematical statement based purely on logical
arguments is called a mathematical proof.

In Example 2 of Section A1.2, you saw that to establish that a mathematical
statement isfalse, it is enough to produce asingle counter-example. So whileit is not
enough to establish the validity of amathematical statement by checking or verifying
it for thousands of cases, it is enough to produce one counter-example to disprove a
statement (i.e., to show that something isfalse). This point isworth emphasising.

Girlsdon’t
climb trees.

To show that a mathematical statement is false, it is enough to find a single
counter-example.

So, 7 + 5 = 12 is a counter-example to the statement that the sum of two odd
numbersis odd.

Let usnow look at thelist of basic ingredientsin a proof:
() To prove atheorem, we should have arough idea as to how to proceed.

(i) Theinformation already given to usin atheorem (i.e., the hypothesis) hasto
be clearly understood and used.
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(i)

(iv)

For example, in Theorem A 1.2, which statesthat the product of two even
numbersis even, we are given two even natural numbers. So, we should use
their properties. In the Factor Theorem (in Chapter 2), you are given a
polynomial p(x) and are told that p(a) = 0. You have to use this to show that
(x—a) isafactor of p(x). Similarly, for the converse of the Factor Theorem,
you aregiventhat (x—a) isafactor of p(x), and you haveto usethishypothesis
to prove that p(a) =0.

You can also use constructions during the process of proving atheorem.
For example, to prove that the sum of the angles of a triangle is 180°, we
draw alineparallel to one of the sidesthrough the vertex oppositeto the side,
and use properties of paralel lines.

A proof is made up of a successive sequence of mathematical statements.
Each statement in a proof is logically deduced from a previous statement in
the proof, or from atheorem proved earlier, or an axiom, or our hypothesis.

The conclusion of a sequence of mathematically true statementslaid out in a
logically correct order should be what we wanted to prove, that is, what the
theorem claims.

To understand theseingredients, wewill analyse TheoremA1.1 and itsproof. You
have already studied thistheorem in Chapter 6. But first, afew commentson proofsin
geometry. We often resort to diagrams to help us prove theorems, and this is very
important. However, each statement in the proof has to be established using only
logic. Very often, we hear students make statements like “Those two angles are
equal becausein the drawing they look equal” or “that angle must be 90°, because the
two lines look asif they are perpendicular to each other”. Beware of being deceived
by what you see (remember Fig A1.3)! .

So now let usgo to Theorem A1.1.

Theorem AL.1 : The sum of the interior angles of a triangle is 180°.
Proof : Consider atriangle ABC (see Fig. A1.4).

We have to prove that £ ABC + £« BCA + £ CAB = 180° (@D}
pa D A E N
B C
FigA 1.4
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Construct aline DE parallel to BC passing through A. 2
DE isparallel to BC and AB isatransversal.
So, « DAB and £ ABC are alternate angles. Therefore, by Theorem 6.2, Chapter 6,

they areequal, i.e. £ DAB = £ ABC 3
Similarly, « CAE= ZACB 4
Therefore, £ ABC + « BAC+ L ACB =« DAB +Z BAC + £ CAE (5)
But £ DAB +«£ BAC + £ CAE = 180°, since they form a straight angle. (6)
Hence, £ ABC + £ BAC+ £ ACB = 180°. (7)

Now, we comment on each step of the proof.

Sep 1: Our theorem is concerned with a property of triangles, so we begin with a
triangle.

Sep 2: Thisisthekey idea—theintuitive leap or understanding of how to proceed so
asto be ableto provethe theorem. Very often geometric proofsrequire aconstruction.

Seps 3 and 4 : Here we conclude that £« DAE = Z ABC and £ CAE = Z ACB, by
using the fact that DE is parallel to BC (our construction), and the previously proved
Theorem 6.2, which states that if two parallel lines are intersected by atransversal,
then the alternate angles are equal .

Sep 5: Herewe use Euclid’'s axiom (see Chapter 5) which statesthat: “If equals are
added to equals, the wholes are equal” to deduce

ZABC+ Z BAC+ ZLACB = Z DAB +£ BAC + Z CAE.

That is, the sum of theinterior angles of thetriangle are equal to the sum of the angles
onastraight line.

Sep 6: Herewe use the Linear pair axiom of Chapter 6, which states that the angles
on astraight line add up to 180°, to show that £ DAB +£ BAC + £ CAE = 180°.

Sep 7 We use Euclid’'s axiom which states that “ things which are equal to the same
thing are equal to each other” to conclude that £~ ABC + £ BAC +
ZACB =2 DAB +£ BAC + « CAE = 180°. Naticethat Step 7 isthe claim madein
the theorem we set out to prove.

We now prove Theorems A1.2 and A1.3 without analysing them.

Theorem A1.2 : The product of two even natural numbers is even.
Proof : Letx andy be any two even natural numbers.
We want to prove that Xy is even.
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Since x and y are even, they are divisible by 2 and can be expressed in the form
x = 2m, for some natural number mand y = 2n, for some natural number n.
Thenxy =4 mn. Since4 mnisdivisibleby 2, soisxy.

Therefore, xy is even.

Theorem A1.3 : The product of any three consecutive even natural numbers is
divisible by 16.

Proof : Any three consecutive even numbers will be of the form 2n, 2n + 2 and
2n + 4, for some natural number n. We need to prove that their product
2n(2n+ 2)(2n + 4) isdivisible by 16.

Now, 2n(2n + 2)(2n + 4) = 2n x 2(n +1) x 2(n + 2)

=2x2x2n(n+ 1L(n+2) =8n(n+1)(n+2).

Now we have two cases. Either nis even or odd. Let us examine each case.
Suppose nis even : Then we can write n = 2m, for some natural number m.

And, then 2n(2n + 2)(2n + 4) = 8n(n + 1)(n + 2) = 16M(2m+ 1)(2m + 2).

Therefore, 2n(2n + 2)(2n + 4) isdivisible by 16.

Next, suppose nisodd. Then n + 1 is even and we can writen + 1 = 2r, for some
natural number r.

We then have : 2n(2n +2)(2n + 4) = 8n(n + 1)(n + 2)
=8(2r—1)x2r x(2r +1)
=16r(2r—1)(2r + 1)
Therefore, 2n(2n + 2)(2n + 4) isdivisible by 16.

So, in both cases we have shown that the product of any three consecutive even
numbersisdivisibleby 16.

We conclude this chapter with a few remarks on the difference between how
mathematicians discover results and how formal rigorous proofs are written down. As
mentioned above, each proof has a key intuitive idea (sometimes more than one).
Intuitioniscentral to amathematician’sway of thinking and discovering results. Very
often the proof of atheorem comesto amathematician all jumbled up. A mathematician
will often experiment with several routes of thought, and logic, and examples, before
she/he can hit upon the correct solution or proof. It is only after the creative phase
subsides that all the arguments are gathered together to form a proper proof.

It is worth mentioning here that the great Indian mathematician Srinivasa
Ramanujan used very highlevelsof intuitionto arrive at many of his statements, which
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he claimed were true. Many of these have turned
out be true and are well known theorems. However,
even to this day mathematicians all over the world
arestruggling to prove (or disprove) someof hisclams

(conjectures).
SrinivasaRamanujan
(1887-1920)
Fig.AL5
EXERCISEAl14
1. Find counter-examplesto disprove the following statements:

o o bk~ W

(i) If the corresponding angles in two triangles are equal, then the triangles are
congruent.

(i) A quadrilateral with all sidesequal isasquare.
(i) A quadrilateral with all anglesequal isasquare.

(iv) Forintegersaandb, \/a? +b? =a+b
(v) 2n?+ 1lisaprimefor all whole numbersn.
(vi) n?—n+4lisaprimefor all positiveintegersn.

Take your favourite proof and analyse it step-by-step along the lines discussed in
Section A1.5 (what is given, what has been proved, what theorems and axioms have
been used, and so on).

Prove that the sum of two odd humbersis even.

Prove that the product of two odd numbersis odd.

Prove that the sum of three consecutive even numbersisdivisible by 6.
Prove that infinitely many pointslie on the line whose equation isy = 2x.
(Hint : Consider the point (n, 2n) for any integer n.)

You must have had a friend who must have told you to think of a number and do
variousthingstoit, and then without knowing your original number, telling you what
number you ended up with. Here are two examples. Examine why they work.

(i) Choose a number. Double it. Add nine. Add your original number. Divide by
three. Add four. Subtract your original number. Your result is seven.

(i) Writedown any three-digit number (for example, 425). Make asix-digit number by
repeating these digitsin the same order (425425). Your new number isdivisible by
7,11and 13.
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Al.6 Summary

In this Appendix, you have studied the following points:
1. Inmathematics, astatement isonly acceptableif itiseither alwaystrue or awaysfalse.

2. To show that a mathematical statement is false, it is enough to find a single counter-
example.

3. Axioms are statements which are assumed to be true without proof.

4. A conjecture is a statement we believe is true based on our mathematical intuition, but
which we are yet to prove.

5. A mathematical statement whose truth has been established (or proved) iscalled atheorem.
6. Themainlogical tool in proving mathematical statementsis deductive reasoning.

7. A proof is made up of asuccessive sequence of mathematical statements. Each statement
inaproof islogically deduced from apreviouly known statement, or from atheorem proved
earlier, or an axiom, or the hypothesis.
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APPENDIX 2

INTRODUCTION TO MATHEMATICAL MODELLING
i

A2.1Introduction

Right from your earlier classes, you have been solving problems related to the
real-world around you. For example, you have solved problemsin simpleinterest using
theformulafor finding it. Theformula(or equation) isarelation between theinterest
and the other three quantitiesthat arerelated to it, the principal, the rate of interest and
the period. This formulais an example of a mathematical model. A mathematical
model isamathematical relation that describes some real-life situation.

Mathematical models are used to solve many real-life situationslike:

launching asatellite.
predicting the arrival of the monsoon.

controlling pollution dueto vehicles.

reducing traffic jamsin big cities.

Inthis chapter, wewill introduce you to the process of constructing mathematical
models, which is called mathematical modelling. In mathematical modelling, we
take a real-world problem and write it as an equivalent mathematical problem. We
then solve the mathematical problem, and interpret its solution in terms of the
real-world problem. After thiswe seeto what extent the solutionisvalid in the context
of the real-world problem. So, the stages involved in mathematical modelling are
formulation, solution, interpretation and validation.

Wewill start by looking at the process you undertake when solving word problems,
in Section A2.2. Here, we will discuss some word problems that are similar to the
ones you have solved in your earlier classes. We will see later that the steps that are
used for solving word problems are some of those used in mathematical modelling
aso.

2021-22



INTRODUCTION TO MATHEMATICAL MODELLING 307

In the next section, that is Section A2.3, we will discuss some simple models.

In Section A2.4, we will discuss the overall process of modelling, its advantages
and some of itslimitations.

A 2.2 Review of Word Problems

In this section, we will discuss some word problems that are similar to the ones that
you havesolvedinyour earlier classes. Let usstart with aproblem on direct variation.

Example 1: | travelled 432 kilometres on 48 litres of petrol inmy car. | haveto go by
my car to a place which is 180 km away. How much petrol do | need?

Solution : Wewill list the stepsinvolved in solving the problem.

Sep 1 : Formulation : You know that farther we travel, the more petrol we
require, that is, the amount of petrol we need varies directly with the distance we
travel.

Petrol needed for travelling 432 km = 48 litres
Petrol needed for travelling 180 km = ?
Mathematical Description : Let

x = distance | travel

y = petral | need
y varies directly with x.

o, y = kx, where k is a constant.
| can travel 432 kilometres with 48 litres of petrol.
o, y = 48, x=432.
Therefore k=X=4—8=}.

’ X 432 9
Since y = kx,
therefore, y= % X @

Equation or Formula (1) describesthe rel ationship between the petrol needed and
distancetravelled.

Step 2 : Solution : We want to find the petrol we need to travel 180 kilometres;
s0, we have to find the value of y when x = 180. Putting x = 180 in (1), we have
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180
= =—=20

Step 3 : Interpretation : Since y = 20, we need 20 litres of petrol to travel
180 kilometres.

Did it occur to you that you may not be ableto usetheformula(l) in all situations?
For example, suppose the 432 kilometres route is through mountains and the 180
kilometres route isthrough flat plains. The car will use up petrol at afaster rateinthe
first route, so we cannot use the same rate for the 180 kilometres route, where the
petrol will be used up at aslower rate. So the formulaworksif all such conditionsthat
affect the rate at which petrol is used are the same in both the trips. Or, if thereisa
difference in conditions, the effect of the difference on the amount of petrol needed
for the car should be very small. The petrol used will vary directly with the distance
travelled only in such asituation. We assumed this while solving the problem.

Example 2 : Suppose Sudhir has invested ¥ 15,000 at 8% simple interest per year.
With the return from the investment, he wants to buy a washing machine that costs
% 19,000. For what period should he invest % 15,000 so that he has enough money to
buy awashing machine?

Solution : Step 1 : Formulation of the problem : Here, we know the principal and
therate of interest. Theinterest isthe amount Sudhir needsin addition to 15,000 to buy
the washing machine. We have to find the number of years.

. ) . . . Pnr
Mathematical Description : The formulafor simpleinterest is| = 00

where P = Principd,
n = Number of years,
r % = Rate of interest
| = Interest earned
Here, theprincipal = ¥ 15,000
The money required by Sudhir for buying awashing machine =< 19,000
So, the interest to be earned = % (19,000 — 15,000)
=%4,000
The number of years for which ¥ 15,000 is deposited = n
The interest on ¥ 15,000 for n years at the rate of 8% = |
| = 15000 x nx 8

Then, 100
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So, | = 1200n (1)
givestherel ationship between the number of yearsand interest, if ¥ 15000 isinvested
at an annua interest rate of 8%.

We have to find the period in which the interest earned is ¥ 4000.
Putting | =4000in (1), we have

4000= 1200n 2
Sep 2 : Solution of the problem : Solving Equation (2), we get
_ 4000 1
"= 1200 73

1
Sep 3 Interpretation : Since n = 3:—3 and one third of a year is 4 months,

Sudhir can buy awashing machine after 3 years and 4 months.

Can you guess the assumptions that you have to make in the example above? We
have to assume that the interest rate remains the same for the period for which we

Pnr
calculate the interest. Otherwise, the formulal = 10 will not bevalid. We have aso

assumed that the price of the washing machine does not increase by the time Sudhir
has gathered the money.

Example 3 : A motorboat goes upstream on ariver and covers the distance between
two towns on the riverbank in six hours. It covers this distance downstream in five
hours. If the speed of the stream is 2 km/h, find the speed of the boat in still water.

Solution : Sep 1: Formulation : We know the speed of the river and the time taken
to cover the distance between two places. We have to find the speed of the boat in
still water.

Mathematical Description : Let us write x for the speed of the boat, t for the time
taken and y for the distance travelled. Then

y = tx N
Let d be the distance between the two places.
While going upstream, the actual speed of the boat

= gspeed of the boat — speed of the river,
because the boat is travelling against the flow of theriver.
So, the speed of the boat upstream = (x — 2) km/h
It takes 6 hours to cover the distance between the towns upstream. So, from (1),
we get d=6(x-2) 2
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When going downstream, the speed of the river has to be added to the speed of the
boat.

So, the speed of the boat downstream = (x + 2) km/h
The boat takes 5 hours to cover the same distance downstream. So,
d=5(x+2) (3)
From (2) and (3), we have
5(x +2) = 6(x —2) (4)

Sep 2 : Finding the Solution

Solving for x in Equation (4), we get x = 22.

Sep 3 : Interpretation

Since x = 22, therefore the speed of the motorboat in still water is 22 km/h.

In the example above, we know that the speed of the river is not the same
everywhere. It flows slowly near the shore and faster at the middle. The boat starts at
the shore and movesto the middle of theriver. Whenit iscloseto the destination, it will
slow down and move closer to the shore. So, there is a small difference between the
speed of the boat at the middle and the speed at the shore. Since it will be closeto the
shore for a small amount of time, this difference in speed of the river will affect the
speed only for asmall period. So, we can ignore this difference in the speed of the
river. We can also ignorethe small variationsin speed of the boat. Also, apart from the

speed of the river, the friction between the water and surface of the boat will also
affect the actual speed of the boat. We also assume that this effect is very small.

So, we have assumed that
1. The speed of the river and the boat remains constant al the time.

2. Theeffect of friction between the boat and water and the friction dueto air is
negligible.
We have found the speed of the boat in still water with the assumptions
(hypotheses) above.

As we have seen in the word problems above, there are 3 steps in solving a
word problem. These are

1. Formulation : We analyse the problem and see which factors have a major
influence on the solution to the problem. These are the relevant factors. In
our first example, the relevant factors are the distance travelled and petrol
consumed. We ignored the other factors like the nature of the route, driving
speed, etc. Otherwise, the problem would have been more difficult to solve.
The factors that we ignore are the irrelevant factors.
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We then describe the problem mathematically, in the form of one or more
mathematical equations.

2. Solution : We find the solution of the problem by solving the mathematical
equations obtained in Step 1 using some suitable method.

3. Interpretation : We see what the solution obtained in Step 2 means in the
context of the original word problem.

Here are some exercises for you. You may like to check your understanding of
the stepsinvolved in solving word problems by carrying out the three steps above for
thefollowing problems.

EXERCISE A21

In each of the following problems, clearly state what the relevant and irrelevant factors are
while going through Steps 1, 2 and 3 given above.

1. Suppose a company needs a computer for some period of time. The company can
either hireacomputer for ¥ 2,000 per month or buy onefor ¥ 25,000. If the company
hasto use the computer for along period, the company will pay such ahigh rent, that
buying a computer will be cheaper. On the other hand, if the company hasto use the
computer for say, just one month, then hiring a computer will be cheaper. Find the
number of months beyond which it will be cheaper to buy a computer.

2. Supposeacar startsfrom aplace A and travels at aspeed of 40 km/h towards another
place B. At the same instance, another car starts from B and travels towards A at a
speed of 30 km/h. If the distance between A and B is 100 km, after how much timewill
the cars meet?

3. Themoonisabout 3,84,000 km from the earth, and its path around the earth is nearly
circular. Find the speed at which it orbitsthe earth, assuming that it orbitsthe earth in
24 hours. (Usew =3.14)

4. A family pays3 1000 for el ectricity on an averagein those monthsin which it does not
useawater heater. Inthe monthsinwhichit usesawater heater, the average electricity
bill is¥ 1240. The cost of using the water heater is¥ 8.00 per hour. Find the average
number of hours the water heater is used in aday.

A2.3 SomeMathematical M odels

So far, nothing was new in our discussion. In this section, we are going to add another
step to the three steps that we have discussed earlier. This step is called validation.
What does validation mean? Let us see. In areal-life situation, we cannot accept a
model that givesus an answer that does not match thereality. Thisprocess of checking
the answer against reality, and modifying the mathematical descriptionif necessary, is
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called validation. Thisisavery important step in modelling. Wewill introduceyou to
thisstep in this section.

First, let uslook at an example, where we do not have to modify our model after
validation.

Example4: Suppose you have aroom of length 6 m and breadth 5 m. You want to
cover the floor of the room with square mosaic tiles of side 30 cm. How many tiles
will you need? Solve this by constructing amathematical model.

Solution : Formulation : We have to consider the area of the room and the area of
atilefor solving the problem. The side of thetileis0.3 m. Sincethelengthis6 m, we

6
can fitin 03 = 20 tiles along the length of the room in one row (see Fig. A2.1.).
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5
Since the breadth of the room is5 metres, we have 03 =16.67. So, wecanfitin

16tilesinacolumn. Since 16 x 0.3 =4.8, 5—4.8 = 0.2 metres along the breadth will
not be covered by tiles. Thispart will haveto be covered by cutting the other tiles. The
breadth of the floor left uncovered, 0.2 metres, is more than half the length of atile,
whichis0.3 m. Sowe cannot break atileinto two equal halves and use both the halves
to cover the remaining portion.

Mathematical Description : We have:
Total number of tilesrequired = (Number of tiles along the length
x Number of tiles along the breadth) + Number of tiles along the uncovered area

D
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Solution : Aswe said above, the number of tiles along the length is 20 and the
number of tilesalong the breadth is 16. We need 20 moretilesfor thelast row. Substituting
these valuesin (1), we get (20 x 16) + 20 = 320 + 20 = 340.

Interpretation : We need 340 tiles to cover the floor.

Validation : In real-life, your mason may ask you to buy some extra tiles to
replace those that get damaged while cutting them to size. This number will of course
depend upon the skill of your mason! But, we need not modify Equation (1) for this.
This gives you arough idea of the number of tiles required. So, we can stop here.

L et us now look at another situation now.

Example5: Intheyear 2000, 191 member countries of the U.N. signed adeclaration.
In this declaration, the countries agreed to achieve certain development goals by the
year 2015. These are called the millennium development goals. One of these goals
isto promote gender equality. One indicator for deciding whether this goal has been
achieved is the ratio of girls to boys in primary, secondary and tertiary education.
India, asasignatory to the declaration, iscommitted to improvethisratio. Thedatafor
the percentage of girlswho are enrolled in primary schoolsisgivenin Table A2.1.

Table A2.1
Year Enrolment
(in %)
1991-92 41.9
1992-93 42.6
1993-94 27
1994-95 429
1995-96 431
1996-97 43.2
1997-98 435
1998-99 435
1999-2000 43.6*
2000-01 43.7*
2001-02 44.1*

Source : Educational statistics, webpage of Department of Education, GOI.

* indicates that the data is provisional.
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Using thisdata, mathematically describetherate at which the proportion of girlsenrolled
in primary schools grew. Also, estimate the year by which the enrolment of girlswill
reach 50%.

Solution : Let usfirst convert the problem into a mathematical problem.

Sep 1 : Formulation : Table A2.1 gives the enrolment for the years 1991-92,
1992-93, etc. Since the students join at the beginning of an academic year, we can
take the years as 1991, 1992, etc. Let us assume that the percentage of girlswho join
primary schools will continue to grow at the same rate asthe rate in Table A2.1. So,
the number of yearsisimportant, not the specific years. (To give asimilar situation,
when we find the simple interest for, say, ¥ 1500 at the rate of 8% for three years, it
does not matter whether the three-year period is from 1999 to 2002 or from 2001 to
2004. What isimportant isthe interest rate in the years being considered). Here also,
we will see how the enrolment grows after 1991 by comparing the number of years
that has passed after 1991 and the enrolment. Let us take 1991 as the Oth year, and
write 1 for 1992 since 1 year has passed in 1992 after 1991. Similarly, wewill write 2
for 1993, 3 for 1994, etc. So, Table A2.1 will now look like as Table A2.2.

Table A2.2

Enrolment
(in %)

<
3

41.9
42.6
42.7
42.9
43.1
43.2
435
435
43.6
43.7
44.1

© 00 N o oA W DN - O

=
o
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Theincreasein enrolment isgiveninthefollowing table:

Table A2.3
Year Enrolment I ncrease
(in %)

0 41.9 0

1 42.6 0.7
2 27 0.1
3 42.9 0.2
4 431 0.2
5 43.2 0.1
6 435 0.3
7 435 0

8 43.6 0.1
9 437 0.1
10 4.1 0.4

At the end of the one-year period from 1991 to 1992, the enrolment hasincreased
by 0.7% from 41.9% to 42.6%. At the end of the second year, this has increased by
0.1%, from 42.6% to 42.7%. From the tabl e above, we cannot find adefinite rel ationship
between the number of years and percentage. But the increase is fairly steady. Only
in the first year and in the 10th year there is ajump. The mean of the valuesis

07+01+02+02+01+03+0+0.1+01+0.4
10

Let us assume that the enrolment steadily increases at the rate of 0.22 per cent.

=0.22

Mathematical Description : We have assumed that the enrolment increases
steadily at the rate of 0.22% per year.

So, the Enrolment Percentage (EP) in the first year = 41.9 + 0.22

EPin the second year = 41.9+0.22 + 0.22=41.9+ 2 x 0.22
EPinthethirdyear =419+ 0.22+0.22 + 0.22=41.9+ 3 x 0.22

So, the enrolment percentage in the nth year = 41.9 + 0.22n, for n > 1. (@D}
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Now, we also have to find the number of years by which the enrolment will reach
50%. So, we have to find the value of nin the equation or formula

50= 41.9+0.22n 2
Sep 2 : Solution : Solving (2) for n, we get

_50-419 81
"= T2 o2
Sep 3: Interpretation : Since the number of yearsis an integral value, we will

take the next higher integer, 37. So, the enrolment percentage will reach 50% in
1991 + 37 = 2028.

In aword problem, we generally stop here. But, since we are dealing with areal-
life situation, we have to see to what extent this value matches the real situation.

=36.8

Sep 4 Validation: Let us check if Formula(2) isin agreement with the reality.
Let usfind the valuesfor the years we already know, using Formula(2), and compare
it with the known values by finding the difference. Thevaluesaregivenin TableA2.4.

Table A2.4
Year Enrolment Values given by (2) Difference

(in %) (in %) (in %)
0 41.9 41.90 0
1 42.6 42.12 0.48
2 42.7 42.34 0.36
3 429 42.56 0.34
4 431 42.78 0.32
5 432 43.00 0.20
6 435 43.22 0.28
7 435 43.44 0.06
8 43.6 43.66 -0.06
9 43.7 43.88 -0.18
10 44.1 44.10 0.00

Asyou can see, some of the values given by Formula (2) are less than the actual
values by about 0.3% or even by 0.5%. Thiscan giveriseto adifference of about 3to
5 years since the increase per year is actually 1% to 2%. We may decide that this
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much of adifferenceis acceptable and stop here. In this case, (2) isour mathematical
model.

Suppose we decide that this error is quite large, and we have to improve this
model. Then we haveto go back to Step 1, the formulation, and change Equation (2).
Let us do so.

Sep 1: Reformulation : We still assume that the values increase steadily by
0.22%, but we will now introduce a correction factor to reduce the error. For this, we
find the mean of all the errors. Thisis

0+048+0.36+034+032+0.2+0.28+ 006-006-0.18+0
10 =0.18

We take the mean of the errors, and correct our formula by this value.

Revised Mathematical Description : Let us now add the mean of the errors to
our formulafor enrolment percentage givenin (2). So, our corrected formulais:

Enrolment percentage in the nth year = 41.9 + 0.22n + 0.18 = 42.08 + 0.22n, for
n>1 (3)

We will also modify Equation (2) appropriately. The new equation for nis:
50= 42.08 + 0.22n 4
Sep 2 : Altered Solution : Solving Equation (4) for n, we get

_ 50-4208 7.92

n= = =36
0.22 0.22

Sep 3: Interpretation: Since n = 36, the enrolment of girlsin primary schools
will reach 50% in the year 1991 + 36 = 2027.

Sep 4 Validation: Once again, let us compare the values got by using Formula
(4) with the actual values. Table A2.5 gives the comparison.
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Table A2.5
Year Enrolment Values | Difference Values Difference
(in %) given between given between
by (2) values by (4) values

0 41.9 41.90 0 41.9 0

1 42.6 42.12 0.48 42.3 0.3

2 42.7 42.34 0.36 42.52 0.18

3 429 42.56 0.34 42.74 0.16

4 43.1 42.78 0.32 42.96 0.14

5 432 43.00 0.2 43.18 0.02

6 435 43.22 0.28 434 0.1

7 435 43.44 0.06 43.62 -0.12

8 43.6 43.66 —0.06 43.84 -0.24

9 43.7 43.88 -0.18 44.06 -0.36
10 44.1 44.10 0 44.28 —-0.18

As you can see, many of the values that (4) gives are closer to the actual value
than the values that (2) gives. The mean of the errorsis 0 in this case.

We will stop our process here. So, Equation (4) is our mathematical description
that givesamathematical relationship between years and the percentage of enrolment
of girlsof thetotal enrolment. We have constructed amathematical model that describes
the growth.

The process that we have followed in the situation above is called
mathematical modelling.

We havetried to construct amathematical model with the mathematical tool s that
we aready have. There are better mathematical tools for making predictionsfrom the
datawe have. But, they are beyond the scope of this course. Our aim in constructing
thismodel isto explain the process of modelling to you, not to make accurate predictions
at this stage.

You may now liketo model somereal-life situationsto check your understanding
of our discussion so far. Here is an Exercise for you to try.
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EXERCISEA2.2

1. We have given the timings of the gold medalists in the 400-metre race from the time the
event was included in the Olympics, in the table below. Construct a mathematical model
relating the years and timings. Use it to estimate the timing in the next Olympics.

Table A2.6
Year Timing (in seconds)
1964 5201
1968 5203
1972 51.08
1976 49.28
1980 4883
1984 4883
1988 4865
1992 4883
1996 4825
2000 4911
2004 4941

A2.4TheProcessof Modelling, itsAdvantagesand L imitations

L et usnow conclude our discussion by drawing out aspects of mathematical modelling
that show up in the examples we have discussed. With the background of the earlier
sections, we are now in a position to give a brief overview of the stepsinvolved in
modelling.

Sep 1 : Formulation : You would have noticed the difference between the
formulation part of Example 1 in Section A2.2 and the formul ation part of the model
wediscussed inA2.3. InExample 1, al theinformationisin areadily usableform. But,
in the model given in A2.3 this is not so. Further, it took us some time to find a
mathematical description. We tested our first formula, but found that it was not as
good as the second one we got. This is usualy true in general, i.e. when trying to
model real-life situations; the first model usually needs to be revised. When we are
solving areal-life problem, formulation can requirealot of time. For example, Newton's
threelaws of motion, which are mathematical descriptionsof mation, are ssimpleenough
to state. But, Newton arrived at these laws after studying alarge amount of data and
the work the scientists before him had done.
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Formulation involvesthefollowing three steps:

(i) Stating the problem : Often, the problem is stated vaguely. For example,
the broad goal isto ensurethat the enrolment of boysand girlsare equal. This
may mean that 50% of the total number of boys of the school-going age and
50% of the girls of the school-going age should be enrolled. Theother way is
to ensure that 50% of the school-going children aregirls. Inour problem, we
have used the second approach.

(i) Identifying relevant factors : Decide which quantities and relationships
areimportant for our problem and which are unimportant and can be neglected.
For example, in our problem regarding primary schools enrolment, the
percentage of girlsenrolled in the previous year can influence the number of
girls enrolled this year. This is because, as more and more girls enrol in
schools, many more parents will feel they also have to put their daughtersin
schools. But, we haveignored thisfactor because this may becomeimportant
only after the enrolment crossesacertain percentage. Also, adding thisfactor
may make our model more complicated.

(iii) Mathematical Description : Now suppose we are clear about what the
problem is and what aspects of it are more rel evant than the others. Then we
have to find a relationship between the aspects involved in the form of an
equation, a graph or any other suitable mathematical description. If it isan
equation, then every important aspect should be represented by avariablein
our mathematical equation.

Sep 2 : Finding the solution : The mathematical formulation does not give the
solution. We haveto solve this mathematical equivalent of the problem. Thisiswhere
your mathematical knowledge comesin useful.

Sep 3: Interpretating the solution : The mathematical solution is some value
or values of the variablesin the model . We have to go back to thereal-life problem and
see what these values mean in the problem.

Sep 4 : Validating the solution : Aswe saw in A2.3, after finding the solution
wewill have to check whether the solution matchesthe reality. If it matches, then the
mathematical model isacceptable. If the mathematical solution does not match, we go
back to the formulation step again and try to improve our model.

This step in the process is one major difference between solving word problems
and mathematical modelling. Thisisone of the most important step in modelling that is
missing inword problems. Of coursg, itispossiblethat in somereal-life situations, we
do not need to validate our answer because the problem is simple and we get the
correct solution right away. Thiswas so in the first model we considered in A2.3.
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We have given asummary of the order inwhich the stepsin mathematical modelling
arecarriedoutin Fig. A2.2 below. Movement from the validation step to theformulation
step isshown using adotted arrow. Thisis because it may not be necessary to carry
out this step again.

Formulation of the Solution of the
problem — problem
Checking/validating Interpretation of the
the solution — solution

Fig.A2.2

Now that you have studied the stages involved in mathematical modelling, let us
discuss some of its aspects.

Theaimof mathematical modelling isto get some useful information about areal -
world problem by converting it into amathematical problem. Thisisespecially useful
when it is not possible or very expensive to get information by other means such as
direct observation or by conducting experiments.

You may also wonder why we should undertake mathematical modelling? Let us
look at some advantages of modelling. Suppose we want to study the corrosive
effect of the discharge of the Mathurarefinery onthe Taj Mahal. We would not like to
carry out experiments on the Taj Mahal directly since it may not be safe to do so. Of
course, we can use a scaled down physical model, but we may need special facilities
for this, which may be expensive. Here is where mathematical modelling can be of
great use.

Again, suppose we want to know how many primary schoolswewill need after 5
years. Then, we can only solvethis problem by using amathematical model. Similarly,
itisonly through modelling that scientists have been ableto explain the existence of so
many phenomena.

You saw in Section A2.3, that we could have tried to improve the answer in the
second example with better methods. But we stopped because we do not have the
mathematical tools. This can happen in real-life aso. Often, we have to be satisfied
with very approximate answers, because mathematical tools are not available. For
example, the model equations used in modelling weather are so complex that
mathematical toolsto find exact solutions are not available.
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You may wonder to what extent we should try to improve our model. Usually, to
improveit, we need to take into account more factors. When we do this, we add more
variablesto our mathematical equations. We may then have avery complicated model
that isdifficult to use. A model must be simple enough to use. A good model balances
two factors:

1. Accuracy, i.e., how closeit isto redlity.
2. Ease of use.

For example, Newton’s laws of motion are very simple, but powerful enough to
model many physical situations.

So, ismathematical modelling the answer to all our problems? Not quite! It hasits
limitations.

Thus, we should keep in mind that a model is only a simplification of a real-
world problem, and the two are not the same. It is something like the difference
between amap that givesthe physical features of acountry, and the country itself. We
canfind the height of a place abovethe sealevel from thismap, but we cannot find the
characteristics of the peoplefromit. So, we should use amodel only for the purposeit
issupposed to serve, remembering all the factorswe have neglected while constructing
it. We should apply the model only withinthe limitswhereit isapplicable. In the later
classes, we shall discuss this aspect alittle more.

EXERCISEA2.3

1. How arethe solving of word problems that you come across in textbooks different
from the process of mathematical modelling?

2. Supposeyou want to minimisethewaiting time of vehiclesat atraffic junction of four
roads. Which of these factors are important and which are not?

(i) Priceof petrol.
(i) Therateat which thevehiclesarrivein the four different roads.

(iii) Theproportion of slow-moving vehicleslike cyclesand rickshawsand fast moving
vehicleslike cars and motorcycles.

A2.5Summary

InthisAppendix, you have studied the following points:
1. Thestepsinvolved in solving word problems.
2. Construction of some mathematical models.
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3. Thestepsinvolved in mathematical modelling given in the box below.

1 Formulation:
(i) Stating the question
(i) Identifying the relevant factors
(ili) Mathematical description

2. Findingthesolution.

3. Interpretation of thesolution in the context of thereal-world
problem.

4. Checking/validating to what extent the model is a good
repr esentation of the problem being studied.

4. Theams, advantagesand limitations of mathematical modelling.
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CHAPTER 1

NUMBER SYSTEMS
I

1.1Introduction

In your earlier classes, you have learnt about the number line and how to represent
various types of numbersonit (see Fig. 1.1).
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Fig.1.1: Thenumber line

Just imagine you start from zero and go on walking along this number linein the
positive direction. As far as your eyes can see, there are numbers, numbers and
numbers!
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Fig. 1.2

Now supposeyou start walking along the number line, and collecting some of the
numbers. Get a bag ready to store them!
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You might begin with picking up only natural

numberslikel, 2, 3, and so on. You know that thislist 58, N
goes on for ever. (Why is this true?) So, now your 16,10 © )
bag containsinfinitely many natural numbers! Recall ot
that we denote this collection by the symbol N. B0z 7440

Now turn and walk all the way back, pick up
zero and put it into the bag. You now have the
collection of whole numbers which is denoted by
the symbol W.

Now, stretching in front of you are many, many negative integers. Put al the
negative integers into your bag. What is your new collection? Recall that it is the
collection of all integers, and it is denoted by the symbol Z.

>
5 ‘
SN . Z comesfromthe
222,
2 Germanword
16 77 98 “zahlen”, which means
0
A L9 7 “to count” .
&0 .04
74 40 1o,
22N
Are there some numbers still [eft on the line? Of course! There are numberslike
13 —-2005 ) N
52 or even 5006 If you put all such numbersalso into the bag, it will now bethe

NS
1}9

% 6251,
3 ¥ S 0,71
6L % NN

2 %, -2 65 g
893 0799 ¥ B

2% 5 87 6721 60

'27%4/66 v ;A ;\1 12
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collection of rational numbers. The collection of rational numbers is denoted by Q.
‘Rational’ comes from the word ‘ratio’, and Q comes from the word ‘ quotient’.

You may recall the definition of rational numbers:

A number ‘r’ is caled a rational number, if it can be written in the form ap

where p and q are integers and g # 0. (Why do we insist that q # 0?)

Noticethat all the numbers now in the bag can be written in the form g , Wherep

-25
and q are integers and q # 0. For example, —25 can be written as T; here p =25

and g = 1. Therefore, the rational numbers also include the natural numbers, whole
numbers and integers.
You also know that the rational numbers do not have a unique representation in
theform 2 , where p and q areintegersand q # 0. For example, 1 = 2 = 10 = 2
q 2 4 20 50
47

= 9 and so on. These are equivalent rational numbers (or fractions). However,

when we say that g isarationa number, or when we represent g on the number

line, we assume that q # 0 and that p and g have no common factors other than 1
(that is, p and q are co-prime). So, on the number line, among the infinitely many

1 1
fractions equivalent to > we will choose 5 to represent all of them.

Now, let us solve some exampl es about the different types of numbers, which you
have studied in earlier classes.

Examplel: Arethefollowing statementstrue or false? Givereasonsfor your answers.
(i) Every whole number isanatural number.

(i) Every integer isarational number.

(ii) Every rational number is an integer.

Solution : (i) False, because zero is awhole number but not a natural number.

m
(i) True, because every integer m can be expressed in the form 1 andsoitisa
rational number.
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3
(ili) False, because = is not an integer.

Example 2 : Find five rational numbers between 1 and 2.
We can approach this problem in at least two ways.
Solution 1 : Recall that to find arational number betweenr and s, you can add r and

r+s 3
s and divide the sum by 2, that is —— lies betweenr and s. So, = is a number

2 2
between 1 and 2. You can proceed in this manner to find four more rational numbers
5 11 13 7
between 1 and 2. These four numbers are 2388 an y

Solution 2 : Theother optionisto find all the five rational numbersin one step. Since
we want five numbers, we write 1 and 2 as rational numbers with denominator 5 + 1,

) 6 12 7 8 9 10 11 )
i.e., 1=— and2=—. Thenyou can check that =, and — areadll rational

6 6 6'6'6°6°" 6
. 74 35 11
numbers between 1 and 2. So, the five numbers are E’?E’éaﬂdg'

Remark : Notice that in Example 2, you were asked to find five rational numbers
between 1 and 2. But, you must have realised that in fact there are infinitely many
rational numbers between 1 and 2. In general, there are infinitely many rational
numbers between any two given rational numbers.

Let ustake alook at the number line again. Have you picked up al the numbers?
Not, yet. The fact is that there are infinitely many more numbers |eft on the number
line! There are gapsin between the places of the numbers you picked up, and not just
one or two but infinitely many. The amazing thing is that there are infinitely many
numbers lying between any two of these gaps too!

So we areleft with the following questions:

1. What arethe numbers, that areleft on the number
line, called?

2. How do we recognise them? That is, how do we
distinguish them from the rationals (rational
numbers)?

These questions will be answered in the next section.
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EXERCISE11

1. Iszeroarationa number? Canyouwriteitintheform g , Wherep and qareintegers

and q=07?
2. Findsix rationa numbers between 3 and 4.

3
3. Findfiverational numbers between 5 and 5

4. Statewhether thefollowing statementsaretrueor false. Givereasonsfor your answers.
(i) Every natura number isawhole number.
(i) Every integer isawhole number.
(iii) Every rational number isawhole number.

1.2Irrational Numbers

We saw, in the previous section, that there may be numbers on the number line that
arenot rational s. In this section, we are going to investigate these numbers. So far, all
the numbers you have come across, are of the form g , Where p and g are integers

and q# 0. So, you may ask: are there numberswhich are not of thisform? There are
indeed such numbers.

The Pythagoreans in Greece, followers of the famous
mathematician and philosopher Pythagoras, were the first
to discover the numbers which were not rationals, around
400 BC. These numbers are called irrational numbers
(irrationals), because they cannot be written in the form of
aratio of integers. There are many myths surrounding the
discovery of irrational numbers by the Pythagorean,
Hippacus of Croton. In all the myths, Hippacus has an

unfortunate end, either for discovering that V2 isirrational

or for disclosing the secret about V2 to people outside the Pythagoras
secret Pythagorean sect! (569 BCE —479BCE)
Fig.1.3

Let usformally define these numbers.
A number ‘s iscalled irrational, if it cannot be written in the form g , Where p

and g are integersand q # 0.
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6 MATHEMATICS

You already know that there are infinitely many rationals. It turns out that there
areinfinitely many irrational numberstoo. Some examplesare:

J2,+/3, /15,7, 0.10110111011110...

Remark : Recall that when we use the symbol ./, we assume that it is the
positive square root of the number. So /4 = 2, though both 2 and -2 are square
roots of 4.

Some of theirrational numberslisted above arefamiliar to you. For example, you
have already come across many of the square roots listed above and the number 7.

The Pythagoreans proved that /2 isirrational. Later in approximately 425 BC,

Theodorus of Cyrene showed that /3, /5, /6, V7, V10, V11, V12, 13, /14, V15
and \/17 are also irrationals. Proofs of irrationality of /2, /3, /5, €tc., shall be

discussed in Class X. Asto m, it was known to various cultures for thousands of
years, it was proved to beirrational by Lambert and Legendre only in the late 1700s.
In the next section, wewill discusswhy 0.10110111011110... and &t areirrational.

Let usreturn to the questionsraised at the end of
the previous section. Remember the bag of rational e R
numbers. If we now put al irrational numbers into 981 3'@71

N7
the bag, will there be any number |eft on the number fgo@()@% 136 %
line? Theanswer isno! It turnsout that the collection 08 ee 5 0%
of all rational numbersand irrational numberstogether o 2 51 7 _66%

. qs O 60 -5
make up what we call the collection of real numbers, 7o

whichisdenoted by R. Therefore, areal number iseither rational or irrational. So, we
can say that every real number isrepresented by a unique point on the number
line. Also, every point on the number line represents a unique real number.
Thisiswhy we call the number line, the real number line.

In the 1870s two German mathematicians,
Cantor and Dedekind, showed that :
Corresponding to every real number, thereisa
point on thereal number line, and corresponding
to every point on the number line, thereexistsa
uniquerea number.

R. Dedekind (1831-1916) G. Cantor (1845-1918)
Fig. 1.4 Fig. 1.5
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NUMBER SysSTEMS 7

L et us see how we can locate some of the irrational numbers on the number line.

Example 3 : Locate /2 on the number line.

Solution : It is easy to see how the Greeks might have discovered C B

2
J2 . Consider a sguare OABC, with each side 1 unit in length (see 2 1

Fig. 1.6). Then you can see by the Pythagoras theorem that © LA

OB = /1% + 2 = /2. How dowerepresent /2 onthenumber line? 71916

This is easy. Transfer Fig. 1.6 onto the number line making sure that the vertex O
coincides with zero (see Fig. 1.7).

ﬁl\\ﬁ

} 1 !‘Z: }
s S AP 2 3
5 3

3 2 1=
Fig. 1.7

We have just seen that OB = /2 . Using a compass with centre O and radius OB,

draw an arc intersecting the number line at the point P. Then P correspondsto /2 on
the number line.

Example 4 : Locate /3 on the number line.

Solution : Let usreturnto Fig. 1.7.

D
\\
V3 N
! \\ \\ J3
t t — ! !!‘/: t
3 2 71%0 APQ 3
Fig.1.8

Construct BD of unit length perpendicular to OB (as in Fig. 1.8). Then using the

Pythagoras theorem, we see that OD = (x/E)Z +12 =4/3. Using a compass, with

centre O and radius OD, draw an arc which intersects the number line at the point Q.
Then Q corresponds to /3.
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8 MATHEMATICS

In the same way, you can locate /n for any positiveinteger n, after ./n —1 hasbeen
located.

EXERCISE1.2

1. State whether the following statements are true or false. Justify your answers.
(i) Everyirrational numberisarea number.

(i) Every point onthe number lineisof theform /m , wheremisanatural number.
(iii) Every real number isanirrational number.

2. Arethesquarerootsof all positiveintegersirrational? If not, give an example of the
square root of anumber that isarational number.

3. Show how /5 can be represented on the number line.

4. Classroom activity (Constructingthe‘sgquareroot
spiral’) : Take alarge sheet of paper and construct
the‘squareroot spiral’ in thefollowing fashion. Start
with apoint O and draw aline segment OP, of unit
length. Draw aline segment P P, perpendicular to
OP, of unit length (see Fig. 1.9). Now draw aline
segment P,P, perpendicular to OP,. Then draw aline ) _
segment P,P, perpendicular to OP,. Continuing in ~ F19- 1.9 Constructing
this manner, you can get the line segment P_ P by squarer oot spiral
drawing aline segment of unit Iength perpendicular to OP, ,. In thismanner, you will
have created the pointsP,, P,,...., P ,... ., and joined them to create a beautiful spiral

21 Tgreees

depicting /2, /3, /4, ...

1.3 Real Numbersand their Decimal Expansions

In this section, we are going to study rational and irrational numbers from adifferent
point of view. We will look at the decimal expansions of real numbers and see if we
can use the expansions to distinguish between rationals and irrationals. We will also
explain how to visualise the representation of real numbers on the number line using
their decimal expansions. Since rationals are more familiar to us, let us start with
them. Let us take three examples : %, %, %

Pay special attention to the remainders and see if you can find any pattern.
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. . . 10 7 1
Example 5 : Find the decimal expansions of 38 and 7

Solution :
[3:333... 0.875 0.142857...
3[10 8]7.0 7110
|9 64 7
10 60 30
| 9 56 28
10 40 20
9 40 14
10 0 60
9 56
1 40
35
50
49
1
Remainders: 1,1,1,1,1... Remainders: 6, 4, 0 Remainders: 3,2, 6,4, 5, 1,
Divisor: 3 Divisor: 8 3,2,6,4,5,1,...
Divisor: 7

What have you noticed? You should have noticed at |east three things:
() Theremainderseither become 0 after acertain stage, or start repeating themsel ves.
(i) Thenumber of entriesin the repeating string of remaindersis|essthan the divisor

10 1
(in 3 one number repeats itself and the divisor is 3, in 7 there are six entries

326451 in the repeating string of remainders and 7 isthe divisor).
(iii) If the remainders repeat, then we get arepeating block of digitsin the quotient

10 1
(for 3 3 repeatsin the quotient and for 7 we get the repeating block 142857

inthe quotient).
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10 MATHEMATICS

Although we have noticed this pattern using only the examples above, it istruefor all

rationalsof theform g (g#0). Ondivision of p by g, two main things happen —either

the remainder becomes zero or never becomes zero and we get a repeating string of
remainders. Let us look at each case separately.

Case (i) : The remainder becomes zero

7
In the exampl e of 8 we found that the remainder becomes zero after some steps and

7 1
the decimal expansion of 3 =0.875. Other examplesare > =0.5, 50 =2.556. Inall

these cases, the decimal expansion terminates or ends after a finite number of steps.
We call the decimal expansion of such numbers terminating.

Case (il) : The remainder never becomes zero

10 1
In the examples of 3 and 7 we notice that the remainders repeat after a certain

stage forcing the decimal expansion to go on for ever. In other words, we have a
repeating block of digitsin the quotient. We say that this expansion isnon-terminating

10 1
recurring. For example, 3 3.3333...and 7= 0.142857142857142857...

10 _
The usual way of showing that 3 repeats in the quotient of 3 isto writeit as 3.3.

1 1
Similarly, since the block of digits 142857 repeatsin the quotient of 7 wewrite 7 as

0142857 , Where the bar above the digits indicates the block of digits that repeats.
Als0 3.57272... can bewritten as 3.572. So, all these examples give us non-terminating
recurring (repeating) decimal expansions.

Thus, we see that the decimal expansion of rational numbers have only two choices:
either they are terminating or non-terminating recurring.

Now suppose, on the other hand, on your walk on the number line, you come across a
number like 3.142678 whose decimal expansion is terminating or a number like
1.272727... that is, 1.27 , whose decimal expansion is non-terminating recurring, can
you conclude that it is arational number? The answer is yes!
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Wewill not proveit but illustrate this fact with afew examples. The terminating cases
are easy.

Example6: Show that 3.142678 isarational number. In other words, express 3.142678

in the form ap , Where p and g are integers and q # 0.

Solution : We have 3.142678 = % » and hence is arational number.
1000000

Now, let us consider the case when the decimal expansion isnon-terminating recurring.

Example 7 : Show that 0.3333... = 0.3 can be expressed in the form ap , where p and

g areintegersand g # O.

Solution : Since we do not know what 03 is, let uscall it ‘x and so
x = 0.3333...
Now here is where the trick comesin. Look at
10x= 10 x (0.333...) = 3.333...
Now, 3.3333...= 3+ X, since x = 0.3333...
Therefore, 10x= 3+X
Solving for x, we get

9x=3,i.e,x=

wlk

Example 8 : Show that 1.272727... = 1.27 can be expressed in the form ap , Wwherep

and g are integers and q # 0.
Solution : Let x=1.272727... Sincetwo digits are repeating, we multiply x by 100 to
get
100 x = 127.2727...
So, 100 x = 126 + 1.272727... = 126 + X

Therefore, 100 x —x = 126, i.e, 99x=126
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12 MATHEMATICS

. _ 126 _14
ie, X = 9 - 11

14 _
You can check the reverse that 1—1 =127.

Example 9 : Show that 0.2353535... = 0.235 can be expressed in the form ap

where p and g are integers and g # 0.
Solution : Let x = 0.235. Over here, note that 2 does not repeat, but the block 35
repeats. Since two digits are repeating, we multiply x by 100 to get

100 x = 23.53535...

So, 100x = 23.3+0.23535... = 23.3 + x
Therefore, 99 x= 233

- gox= 222 hichaivesx = 222
i.e, X= 10 » which givesx = 990

23 Y
You can also check the reverse that @ = 0.235.

So, every number with anon-terminating recurring decimal expansion can be expressed

intheform ap (q= 0), wherep and g areintegers. Let us summarise our resultsin the

following form:

The decimal expansion of a rational number is either terminating or non-
terminating recurring. Moreover, a number whose decimal expansion is
terminating or non-terminating recurring is rational.

So, now we know what the decimal expansion of a rational number can be. What
about the decimal expansion of irrational numbers? Because of the property above,
we can conclude that their decimal expansions are non-terminating non-recurring.

So, the property for irrational numbers, similar to the property stated above for rational
numbers, is

The decimal expansion of an irrational number is non-terminating non-recurring.
Moreover, a number whose decimal expansion is non-terminating non-recurring
is irrational.
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Recall s = 0.10110111011110... from the previous section. Notice that it is non-
terminating and non-recurring. Therefore, from the property above, it is irrational.
Moreover, notice that you can generate infinitely many irrationalssimilar to s.

What about the famousiirrationals /2 and n? Here are their decimal expansions up
to a certain stage.

J2 =1.4142135623730950488016887242096...
7 = 3.14159265358979323846264338327950...

22 22
(Note that, we often take Ea as an approximate value for m, but T # Ea )

Over the years, mathemati cians have devel oped various techniques to produce more
and more digits in the decimal expansions of irrational numbers. For example, you
might havelearnt to find digitsin the decimal expansionof /2 by thedivision method.
Interestingly, in the Sulbasutras (rules of chord), amathematical treatise of the Vedic

period (800 BC - 500 BC), you find an approximation of /2 asfollows:

\/§ = 1+%+(:11><%j—(B—ix%xéjzl.4l42156

Notice that it isthe same as the one given above for thefirst five decimal places. The
history of the hunt for digitsin the decimal expansion of &t isvery interesting.

The Greek genius Archimedes was the first to compute
digitsinthe decimal expansion of 7. He showed 3.140845
<1 < 3.142857. Aryabhatta (476 — 550 C.E.), the great
Indian mathematician and astronomer, found the value
of m correct to four decimal places(3.1416). Using high
speed computers and advanced algorithms, T has been
computed to over 1.24 trillion decimal places!

Archimedes (287 BCE — 212 BCE)
Fig. 1.10

Now, let us see how to obtain irrational numbers.

1 2
Example 10 : Find an irrational number between 7 and .

7
1 R _
Solution : We saw that 7 = 0142857 . So, you can easily caculate % =0.285714.

1 2
To find an irrational number between 7 and 7 we find a number which is
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14 MATHEMATICS

non-terminating non-recurring lying between them. Of course, you can find infinitely
many such numbers.

An example of such anumber is0.150150015000150000...

EXERCISE 1.3
1. Writethefollowingin decimal form and say what kind of decimal expansion each

has :

36 1 1
) o1 —
O (i) 73 (i) 45
o3 2 ) 39
™) 13 T V) 200

1 J— 2 3
2. Youknow that 7= 0142857 . Can you predict what the decimal expansions of 707

4 5

717, 7 A€ without actually doing the long division? If so, how?

1
[Hint : Study the remainderswhilefinding the value of 7 carefully.]

3. Expressthefollowingintheform Ep , Wherepand g areintegersand g = 0.
@) 06 (i) 0.47 (i) 0.001
4. Express 0.99999 .... in the form Ep . Are you surprised by your answer? With your

teacher and classmates discuss why the answer makes sense.
5. What can the maximum number of digits be in the repeating block of digits in the

1
decimal expansion of 7 ? Perform the division to check your answer.

6. Look at several examplesof rationa numbersin theform Ep (g#0), wherepand g are

integers with no common factors other than 1 and having terminating decimal
representations (expansions). Can you guess what property g must satisfy?

7. Writethree numberswhose decimal expansions are non-terminating non-recurring.

5 9
8. Findthreedifferent irrational numbers between the rational numbers 7 and TR

9. Classify thefollowing numbersasrational or irrational :

0 23 (i) 225 (iii) 03796
(iv) 7.478478... (v) 1.10100100010000L...
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1.4 Representing Real Numberson theNumber Line

In the previous section, you have seen that any
real number has adecimal expansion. This helps
us to represent it on the number line. Let us see
how.

Suppose we want to locate 2.665 on the
number line. We know that this lies between 2
and 3.

So, let us look closely at the portion of the
number line between 2 and 3. Suppose we divide
this into 10 equal parts and mark each point of
divisionasin Fig. 1.11 (i). Then thefirst mark to

A
&
o
)
}N

Fig. 1.11

theright of 2 will represent 2.1, the second 2.2, and so on. You might be finding some
difficulty in observing these points of division between 2 and 3inFig. 1.11 (i). To have
a clear view of the same, you may take a magnifying glass and look at the portion
between 2 and 3. It will look likewhat you seein Fig. 1.11 (ii). Now, 2.665 liesbetween
2.6 and 2.7. So, let us focus on the portion between 2.6 and 2.7 [See Fig. 1.12(i)]. We
imagineto dividethisagaininto ten equal parts. Thefirst mark will represent 2.61, the
next 2.62, and so on. To see this clearly, we magnify thisas shown in Fig. 1.12 (ii).

2.65

| 2.61 262 2.63 2.64 2.66 2.67 2.68 2.69

(i1)
Fig. 1.12

Again, 2.665 lies between 2.66 and 2.67. So, let us focus on this portion of the
number line [see Fig. 1.13(i)] and imagine to divide it again into ten equal parts. We
magnify it to seeit better, asin Fig. 1.13 (ii). Thefirst mark represents 2.661, the next
one represents 2.662, and so on. So, 2.665 is the 5th mark in these subdivisions.
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2.61 2.62 2.63 2.64

4|||||I

2.67

2.665

| 2.6612.6622.6632.664 2.6662.6672.6682.669

AN NN
(i)
Fig. 1.13

We call this process of visualisation of representation of numbers on the number line,
through a magnifying glass, as the process of successive magnification.

So, we have seenthat it ispossible by sufficient successive magnificationsto visualise
the position (or representation) of areal number with aterminating decimal expansion
on the number line.

Let us now try and visualise the position (or representation) of areal number with a
non-terminating recurring decimal expansion on the number line. We can look at
appropriate intervals through a magnifying glass and by successive magnifications
visualise the position of the number on the number line.

Example 11 : Visualizethe representation of 5.37 on the number line upto 5 decimal
places, that is, up to 5.37777.

Solution : Once again we proceed by successive magnification, and successively
decrease the lengths of the portions of the number linein which 5.37 islocated. First,

we see that 5.37 is located between 5 and 6. In the next step, we locate 5.37
between 5.3 and 5.4. To get a more accurate visualization of the representation, we
dividethisportion of the number lineinto 10 equal partsand use amagnifying glassto

visualizethat 5.37 liesbetween 5.37 and 5.38. To visualize 5.37 more accurately, we
again dividethe portion between 5.37 and 5.38 into ten equal partsand use amagnifying

glassto visualizethat 5.37 liesbetween 5.377 and 5.378. Now to visualize 5.37 till
more accurately, we divide the portion between 5.377 an 5.378 into 10 equal parts, and
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17

visualize the representation of 5.37 asin Fig. 1.14 (iv). Notice that 5.37 islocated

closer t0 5.3778 than to 5.3777 [see Fig 1.14 (iv)].

56575859

II!I >
(@)

5.4

5.35

5317532 533 534 | 53 5.37&.38 .39 ‘

1ML

5.3
4‘||||

(i)

5.37 538

5.375 .
5.371 5.372 5.373 5.374 | 5.37 5377;.37 379 ‘
LIS/

(iii)

o

5.377 51378

5.3775
|5.3771 53773 | 5.3771I 53779
Lty
537 (iv)
Fig. 1.14

Remark : We can proceed endlessly in this manner, successively viewing through a

magnifying glass and smultaneously imagining the decreasein the length of the portion

of the number line in which 5.37 islocated. The size of the portion of the line we
specify depends on the degree of accuracy we would like for the visualisation of the

position of the number on the number line.
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You might have realised by now that the same procedure can be used to visualise a
real number with a non-terminating non-recurring decimal expansion on the number
line.

In the light of the discussions above and visualisations, we can again say that every
real number is represented by a unique point on the number line. Further, every
point on the number line represents one and only one real number.

EXERCISE 14

1. Visualise 3.765 on the number line, using successive magnification.

2. Visualise 4.26 onthenumber line, up to 4 decimal places.

1.5 Operationson Real Numbers

You have learnt, in earlier classes, that rational numbers satisfy the commutative,
associative and distributive laws for addition and multiplication. Moreover, if we add,
subtract, multiply or divide (except by zero) two rational numbers, we still get arational
number (that is, rational numbers are ‘closed’ with respect to addition, subtraction,
multiplication and division). It turns out that irrational numbers also satisfy the
commutative, associative and distributive lawsfor addition and multiplication. However,
the sum, difference, quotients and products of irrational numbers are not always

irrational. For example, (\/E)Jr(_\/é)(\/ﬁ)—(\/ﬁ)(ﬁ)(\@) and % are

rationals.
Let uslook at what happens when we add and multiply arational number with an

irrational number. For example, /3 isirrational. What about 2 + J3 and 23 ?Since
J3 has a non-terminati ng non-recurring decimal expansion, the same is true for

2 ++/3 and 23 . Therefore, both 2 + J3 and 23 arealsoirrational numbers.

7 L
Example 12 : Check whether 7./5, E\/5 +21,m -2 areirrational numbers or

not.

Solution : /5 =2.236..., /2 =14142.., 1 =3.1415...
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5 745
Then 7./5 =15.652..., N ﬁ:? = 3.1304...

J2 +21=224142..., 1 -2 =11415...
All theseare non-terminating non-recurring decimals. So, all theseareirrational numbers.

Now, let us see what generally happens if we add, subtract, multiply, divide, take
square roots and even nth roots of these irrational numbers, where n is any natural
number. Let uslook at some examples.

Example 13 : Add 24/2 + 5J3 and /2 - 3J/3.
Solution : (2\/§+5\/§)+(\/§—3\/§) = (2\/§+\/§)+(5\/§—3\/§)
= 2+DV2+(5-3)/3=3/2+23

Example 14 : Multiply 65 by 2./5.
Solution: 65 x 2/5 =6x2x /5 x /5 =12x5=60

Example 15 : Divide 815 by 2./3.

Solution : 8\/E+2\/§:8*/§—X\/§:4\/§
243

These examples may lead you to expect the following facts, which aretrue:
() Thesum or difference of arational number and anirrational number isirrational.

(i) Theproduct or quotient of anon-zero rational number with anirrational number is
irrationd.

(iii) If weadd, subtract, multiply or dividetwoirrationals, the result may berational or
irrationd.

We now turn our attention to the operation of taking square roots of real numbers.

Recall that, if aisanatural number, then \/a = b meansb?=aand b > 0. The same
definition can be extended for positive real numbers.

Let a> 0 be area number. Then /g =b meansb?=aand b > 0.

In Section 1.2, we saw how to represent /n for any positiveinteger n on the number
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line. We now show how tofind /x for any given positive real number x geometrically.

For example, let usfind it for x=3.5, i.e., wefind /3.5 geometrically.

D

Fig. 1.15

Mark the distance 3.5 unitsfrom afixed point A on agiven lineto obtain apoint B such
that AB = 3.5 units (see Fig. 1.15). From B, mark a distance of 1 unit and mark the
new point as C. Find the mid-point of AC and mark that point as O. Draw asemicircle
with centre O and radius OC. Draw aline perpendicular to AC passing through B and

intersecting the semicircle at D. Then, BD = +/3.5.

More generally, to find \/;, for any positive real
number x, we mark B so that AB = x units, and, asin
Fig. 1.16, mark C so that BC = 1 unit. Then, aswe

have done for the case x = 3.5, we find BD = Jx A x - B 1 C
(see Fig. 1.16). We can prove this result using the _
Pythagoras Theorem. Fig. 1.16
Noticethat, inFig. 1.16, A OBD isaright-angled triangle. Also, theradius of thecircle
oo X+1
is Y units.
X+1

Therefore, OC = 0D = OA = S units.
Now, OB = X—[X—HJZX—_l'

' 2 2

So, by the Pythagoras Theorem, we have

2
BD? = OD? — OB? = (ilj —(

x—1j2 _4x
2

_:X.
2 4

This shows that BD = /x .
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This construction gives usavisual, and geometric way of showing that \/x existsfor

al real numbers x > 0. If you want to know the position of /x on the number line,

then let us treat the line BC as the number line, with B as zero, C as 1, and so on.
Draw an arc with centre B and radius BD, which intersects the number line in E

(see Fig. 1.17). Then, E represents Jx.

Fig. 1.17

We would like to now extend the idea of square roots to cube roots, fourth roots,
and in general nth roots, where n is a positive integer. Recall your understanding of
square roots and cube roots from earlier classes.

What is 3/g ?Well, we know it has to be some positive number whose cubeis 8, and
you must have guessed ¥/g = 2. Let ustry 5/243. Do you know some number b such
that b® = 243? The answer is 3. Therefore, 5243 = 3.

From these examples, can you define /g for areal number a> 0 and a positive
integer n?

Let a > 0 be area number and n be a positive integer. Then /g = b, if b»= aand
b > 0. Note that thesymbol * |/’ usedin /2, ¥/8, ¥/a, etc. iscalled theradical sign.

We now list some identities relating to square roots, which are useful in various
ways. You are already familiar with some of these from your earlier classes. The
remaining onesfollow from the distributive law of multiplication over addition of real
numbers, and from the identity (x +y) (x—y) = x2—Vy?, for any real numbersx and y.

Let a and b be positive real numbers. Then

() +ab=+avb (i) \/%:%
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iy (vVa++b)(va-+b)
v) (Va++b) (Ve +d)=ac +ad + b + Vod

a-b (i) (a+J5)(a—J5):a2—b

(Vi) («/5+\/5)2:a+2\/%+b

Let uslook at some particular cases of these identities.

Example 16 : Simplify the following expressions:

i) (5+7)(2+5) (i) (5+5)(5-+5)
(i (V3+7) (v) (V11-V7) (Vi1 +7)

solution : () (5++/7)(2++/5)=10+5J5+ 27 +/35

(i) (5++5)(5-5)=5-(v5) =25-5=20

i) (V3+7) =(v3) + 237+ (V7) =3+ 221+ 7=10+2/21
(V) (VI -7) (VI +7)= (W11) - (V7) =11-7=4

Remark : Notethat ‘simplify’ in the example above has been used to mean that the
expression should be written as the sum of arational and an irrational number.

1
We end this section by considering the following problem. Look at E Canyoutell

whereit shows up on the number line? You know thatitisirrational. May beitiseasier
to handleif the denominator isarational number. Let usseg, if wecan ‘rationalise’ the
denominator, that is, to make the denominator into a rational number. To do so, we
need the identities involving square roots. Let us see how.

1
Example 17 : Rationalise the denominator of E

1
Solution : Wewant towrite E asan equivalent expression in which the denominator

isarational number. Weknow that /2 . /2 isrational. We also know that multiplying
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1 2
—= by —= will giveusan eguivalent expression, since —= = 1. So, we put thesetwo
J2 Y\/E g €q press \/’ p

facts together to get

=— X —= =

V2 2 V2

1
In this form, it is easy to locate E on the number line. It is half way between 0

and V2.

1_1 2 2
2

1
Example 18 : Retionalise the denominator of %~ /3"

1
Solution : We use the Identity (iv) given earlier. Multiply and divide 2+3 by

1 2-Y3_2-3
=243
2-3toget 5 BT 3T 43

5
Example 19 : Rationalise the denominator of J3- \@'

Solution : Here we use the Identity (iii) given earlier.

5 5 V3+5_5(¥3+V5) (s
© B EE AR i (25

1
Example 20 : Rationalise the denominator of :
*amp 7+3V2

Solution :

1 _ 1 [(7-32)_7-3/2_7-3J2
7+3J2 7+3/2 (7-3J/2) 49-18 31
So, when the denominator of an expression contains aterm with a square root (or

anumber under aradical sign), the process of converting it to an equivalent expression
whose denominator is a rational number is called rationalising the denominator.

2021-22



24 MATHEMATICS

EXERCISE 1.5
1. Classify thefollowing numbersasrational or irrational:
| ) 27
i) 2-+/5 (ii) (3+ \@)—\/ﬁ (iii) il

1
™ 5 (v) 21

2. Simplify each of thefollowing expressions:

0 (3++3)(2++2) i) (3++/3) (3-+3)
i) (5 +2) @) (V5 -2) (V5 +2)

3. Recall, misdefined astheratio of the circumference (say c) of acircleto itsdiameter

(say d). Thatis,mt= % Thisseemsto contradict thefact that wisirrational. How will
you resolve this contradiction?
Represent /9.3 on the number line,

5. Rationalisethe denominators of the following:

1 1

0 5 i) 575
1 1

i) 75472 ™) 7>

1.6 Lawsof Exponentsfor Real Numbers

Do you remember how to simplify thefollowing?

(i) 172.17°= (i) 5" =
23°
L 230 o os
(i) 7 - (iv) 7¢. 9=
Did you get these answers? They are as follows:
() 172.17°=17" (ii) (5?7 =5
0
(i) % =23 (iv) 7°.9°=63°
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To get these answers, you would have used the following laws of exponents,
which you have learnt in your earlier classes. (Here a, n and m are natural numbers.
Remember, a is called the base and m and n are the exponents.)

@ am.a=am*" @i @m" = am
(i) 2—:1 =a""",m>n (iv) a™b™ = (ab)™

What is (a)°? Yes, itis 1! So you have learnt that (a)° = 1. So, using (iii), we can
1 o .
get — =4a . We can now extend the laws to negative exponents too.

n

So, for example:

() 17°-17°=17° =i3 (i) (5°)7 =5"
17
10
(i) S5 =" V) (7@ =63
Suppose we want to do the following computations:
2 1 1\4
(i) 23.28 (i) [35]
1
I & : £S
(i) — (iv) 135 175
75

How would we go about it? It turns out that we can extend the laws of exponents
that we have studied earlier, even when the base is a positive real number and the
exponentsarerational numbers. (Later you will study that it can further to be extended
when the exponents are real numbers.) But before we state these laws, andsto even
make sense of these laws, we need to first understand what, for example 42 is. So,
we have some work to do!

In Section 1.4, we defined /g for areal number a> 0 asfollows:

Let a> 0 be areal number and n a positive integer. Then /g = b, if b"=a and
b>0.

1 1
In the language of exponents, we define /g = a". So, in particular, 3/2 = 23.

3
There are now two ways to look at 42 .
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3 EAN
42 = [42j -2°-8

= (43)% = (64)% =8

Nl w

4

Therefore, we have thefollowing definition:

Let a > 0 be areal number. Let m and n be integers such that m and n have no
common factors other than 1, and n > 0. Then,

aF = (Q/a)m = Y am
We now have the following extended laws of exponents:
Let a> 0 be areal number and p and g be rational numbers. Then, we have

(|) aP . a¥ = agrd (||) (ap)q = g™
... af _ :
(iii) P ah (iv) arbe = (ab)®
You can now use these laws to answer the questions asked earlier.
B 1
Example 21 : Simplify (i) 23 .23 (i) [35]
= 101
(iii) — (iv) 135 -175
Solution : 7

0} 23-2§=2(5+5j=2§=21=2 (ii) [32] :3g

7% (3-3 s 2 - 1 1
i)y ——=7°%¥=71 =7 (iv) 135 -17° = (13x17)5 = 221°
75
EXERCISE 1.6
1 1 1
1. Find: (i) 642 (i) 325 (i) 1253
3 2 3 -1
2. Find: (i) 92 (i) 325 (i) 164 (iv) 1253
1
2 1 7 2 11
3. Smplify: (i) 2325 (i) [;j (iii) % (iv) 72.82
114
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1.7Summary
Inthis chapter, you have studied thefollowing points:

1. Anumber r iscalled arational number, if it can bewrittenintheform Ep ,wherepandqare

integersand g # 0.

2. Anumber siscalled airrational number, if it cannot bewrittenintheform Ep , Wherep and

g areintegersand g # 0.

3. Thedecimal expansion of arational number iseither terminating or non-terminating recurring.
Moreover, anumber whose decimal expansion isterminating or non-terminating recurring
isrational.

4. Thedecimal expansion of anirrational number isnon-terminating non-recurring. Moreover,
anumber whose decimal expansion isnon-terminating non-recurring isirrational .

5. All therational and irrational numbers make up the collection of real numbers.

6. Thereis aunique rea number corresponding to every point on the number line. Also,
corresponding to each real number, there is a unique point on the number line.

r
7. Ifrisrational and sisirrationa, thenr + sandr —sareirrational numbers, andrsand S are

irrational numbers, r = 0.
8. For positivereal numbersa and b, the following identities hold:

0 ab=+avb (if) \/%=%
i) (Va++b)(va-vb)=a-b (v) (a++b)(a-vb)=a’-b
(v) (\/5+«/5)2=a+2«/£+b

Ja-b
Ja-b

1
9. Torationalisethe denominator of NP b’ wemultiply thisby » whereaandbare

integers.
10. Let a> 0 bearea number and p and g be rational numbers. Then
() ar.adi=artd (i) (aP)a=am

(i) Z—: =aP e (iv) arbe = (ab)?
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CHAPTER 2

POLYNOMIALS
I

2.1 Introduction

You have studied algebraic expressions, their addition, subtraction, multiplication and
division in earlier classes. You also have studied how to factorise some agebraic
expressions. You may recall the algebraic identities:

(X +y)? =X +2xy +y?

(X=y)? =% —2xy +y*
and -y = (x+y) (x-y)
and their usein factorisation. In this chapter, we shall start our study with a particular
type of algebraic expression, called polynomial, and the terminology related to it. We
shall aso study the Remainder Theorem and Factor Theorem and their use in the

factorisation of polynomials. In addition to the above, we shall study somemorealgebraic
identities and their use in factorisation and in eval uating some given expressions.

2.2 Polynomialsin OneVariable
Let us begin by recalling that a variable is denoted by a symbol that can take any real

1
value. We use the letters x, v, z, efc. to denote variables. Notice that 2x, 3x, — X, — > X

are algebraic expressions. All these expressions are of the form (a constant) x x. Now
suppose we want to write an expression which is (a constant) x (avariable) and we do
not know what the constant is. In such cases, we write the constant as a, b, c, etc. So
the expression will be ax, say.

However, there is a difference between a letter denoting a constant and a letter
denoting avariable. Thevauesof the constantsremain the samethroughout aparticular
situation, that is, the values of the constants do not changein agiven problem, but the
value of avariable can keep changing.
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Now, consider a square of side 3 units (see Fig. 2.1). 3
What isits perimeter?You know that the perimeter of asquare
isthe sum of the lengths of its four sides. Here, each sideis

3units. S, itsperimeter is4 x 3, i.e., 12 units. What will bethe 3 3
perimeter if each side of the squareis 10 units? The perimeter

is4 x 10, i.e, 40 units. In case the length of each sideis x 3

units (see Fig. 2.2), the perimeter is given by 4x units. So, as Fig.2.1

the length of the side varies, the perimeter varies.

Can you find the area of the square PQRS? It is

X X X = x2 square units. x?isan algebraic expression. Youare s X R
also familiar with other algebraic expressions like
2X, X2 + 2x, X3 — X2 + 4x + 7. Note that, all the algebraic
expressions we have considered so far have only whole
numbers asthe exponents of the variable. Expressionsof this
formarecalled polynomialsinonevariable. Intheexamples P X Q
above, the variable is x. For instance, X3 — x> + 4x + 7 isa Fig. 2.2
polynomial in x. Similarly, 3y? + 5y is a polynomial in the o
variabley and t> + 4 isapolynomial in the variablet.

In the polynomial x* + 2x, the expressions x? and 2x are called the terms of the
polynomial. Similarly, the polynomial 3y? + 5y + 7 hasthreeterms, namely, 3y?, Sy and
7. Can you write the terms of the polynomial —x® + 4x2 + 7x — 2 ? This polynomial has
4 terms, namely, =, 42, 7x and 2.

Each term of a polynomial has a coefficient. So, in —x3 + 4x2 + 7x — 2, the
coefficient of x3is—1, the coefficient of x? is 4, the coefficient of x is 7 and -2 is the
coefficient of xX° (Remember, x° = 1). Do you know the coefficient of xin X2 —x + 7?
Itis—1.

2isasoapolynomial. Infact, 2, -5, 7, etc. are examples of constant polynomials.
The constant polynomial 0 is called the zer o polynomial. This plays avery important
roleinthe collection of al polynomials, asyou will seein the higher classes.

1
Now, consider algebraic expressionssuch asx + X Jx +3and §/§ + Y2 Doyou

1
know that you can write x + ; =X + x1? Here, the exponent of the second term, i.e.,

xtis—1, whichisnot awhole number. So, thisalgebraic expressionisnot apolynomial.

1 1
Again, \/§ + 3 can be written as x2 + 3. Here the exponent of x is E ,whichis

not a whole number. So, is +/x + 3 a polynomial? No, it is not. What about
W +y??Itisaso not apolynomia (Why?).
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If thevariablein apolynomial isx, we may denote the polynomia by p(x), or q(x),
or r(x), etc. So, for example, we may write :

p(x) =2x2+5x - 3
q() =x° -1
ry)=y’+y+1
S(u) =2—-u-—u+ 6w
A polynomial can have any (finite) number of terms. For instance, x** + x40 + ...
+ X2+ x + 1lisapolynomial with 151 terms.

Consider the polynomials 2x, 2, 5x3, -5x2, y and u*. Do you see that each of these
polynomials has only oneterm? Polynomialshaving only oneterm are called monomials
(‘mono’ means ‘one’).

Now observe each of thefollowing polynomials:

POO=x+1, AW =x-x =Y+l )= uE -

How many terms are there in each of these? Each of these polynomials has only
two terms. Polynomialshaving only two termsare called binomials (‘ bi’ means*two’).

Similarly, polynomials having only three terms are called trinomials
(“tri” means ‘three’). Some examples of trinomials are

() =x+ X+, 40 =2 +Xx—%,

r(uy= u+u-2, tly) =y*+y+5.

Now, look at the polynomial p(x) = 3x” —4x® + x + 9. What is the term with the
highest power of x ? It is 3x’. The exponent of x in this term is 7. Similarly, in the
polynomial q(y) = 5y8 — 4y? — 6, the term with the highest power of y is 5y° and the
exponent of yinthistermis6. Wecall the highest power of the variablein apolynomial
as the degree of the polynomial. So, the degree of the polynomial 3x” —4x® + x + 9
is 7 and the degree of the polynomial 5y® — 4y? — 6 is 6. The degree of a non-zero
constant polynomial is zero.

Example 1 : Find the degree of each of the polynomials given below:

(i) x¥-x*+3 (i) 2—y?—y3 + 28 (i) 2
Solution : (i) The highest power of thevariableis5. So, the degree of the polynomial
is5.
(if) The highest power of the variable is 8. So, the degree of the polynomial is 8.

(iii) The only term here is 2 which can be written as 2x° So the exponent of x is 0.
Therefore, the degree of the polynomial isO.

2021-22



PoLyNowmIALS 31

Now observe the polynomials p(x) = 4x + 5, q(y) = 2y, r(t) =t + J2 and
s(u) = 3—u. Do you see anything common among all of them? The degree of each of
these polynomialsis one. A polynomial of degree oneiscalled alinear polynomial.
Some morelinear polynomialsin onevariableare2x—1, J2 y+1,2—-u.Now, try and
find alinear polynomial in x with 3 terms?You would not be ableto find it because a
linear polynomial in x can have at most two terms. So, any linear polynomial in x will
be of the form ax + b, where a and b are constants and a # 0 (why?). Similarly,
ay + bisalinear polynomial iny.

Now consider the polynomials:
2%+ 5, Bx?+ 3x+m, x?and xX* + %x
Doyou agreethat they are all of degreetwo?A polynomial of degreetwoiscalled
a quadratic polynomial. Some examples of a quadratic polynomial are 5 — y?,
4y + 5y? and 6 —y —y2. Can you write aquadratic polynomial in one variable with four
different terms? You will find that aquadratic polynomial in one variable will have at
most 3 terms. If you list a few more quadratic polynomials, you will find that any
quadratic polynomial in x is of the form ax? + bx + ¢, wherea # 0 and a, b, c are
constants. Similarly, quadratic polynomial inywill be of theformay? + by + ¢, provided
a=# 0and a, b, c are constants.

We call a polynomial of degree three a cubic polynomial. Some examples of a
cubic polynomial inxare4x3, 2x3 + 1, 5x3 + X2, 63 — X, 6 — X3, 2 + 4x2 + 6x + 7. How
many terms do you think a cubic polynomial in one variable can have? It can have at
most 4 terms. These may be written in the form ax® + bx? + ¢x + d, where a # 0 and
a, b, c and d are constants.

Now, that you have seen what a polynomial of degree 1, degree 2, or degree 3
lookslike, can you write down apolynomial in one variable of degreen for any natural
number n? A polynomial in one variable x of degree nisan expression of the form

axt+a xt+...+ax+a
wherea, a,, a,, . . ., a are constants and a_ # O.

Inparticular, ifa,=a, =a,=a,=...=a =0 (all the constants are zero), we get
the zer o polynomial, which isdenoted by 0. What isthe degree of the zero polynomia ?
The degree of the zero polynomial is not defined.

So far we have dealt with polynomials in one variable only. We can aso have
polynomials in more than one variable. For example, X2 + y? + xyz (where variables
are x, y and 2) is a polynomial in three variables. Similarly p> + *° + r (where the
variablesare p, q and r), u® + v? (where the variables are u and v) are polynomialsin
three and two variables, respectively. You will be studying such polynomialsin detail
later.
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EXERCISE21

1. Which of the following expressions are polynomials in one variable and which are
not? State reasons for your answer.

2
() 4x2—3x+7 (i) y*+ 2 (i) 3t +tv/2 (iv) y+ M
(V) XlO + y3 + t50
2. Writethe coefficients of x? in each of the following:
() 2+x2+x (i) 2=+ (i) gxz +X (V) V2x—1
3. Giveoneexampleeach of abinomial of degree 35, and of amonomial of degree 100.
Write the degree of each of the following polynomials:

() 5C+ae+Tx (i) 4-y?
(i) 5t— /7 (iv) 3
5. Classify thefollowing aslinear, quadratic and cubic polynomials:
i) x2+x (i) x—x3 (i) y+y?+4 (iv) 1+x
(v) 3t (vi) r2 (vii) 7

2.3 Zeroesof a Polynomial
Consider thepolynomial  p(x) = 5x® —2x% + 3x — 2.
If we replace x by 1 everywhere in p(x), we get
p(1) =5x(10°-2x(1)*+3x(1)-2

=5-2+3-2
=4
So, we say that the value of p(x) at x =1is4.
Smilarly, p(0) = 5(0) — 2(0)? + 3(0) -2

=2
Can you find p(-1)?
Example2: Find the value of each of thefollowing polynomialsat theindicated value
of variables:
(i) pX)=5x—3x+7ax=1
(i) oy) =3y’ —4y+ il aty=2.
(i) pt)=4t*+5t2-t2+6att=a
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Solution : (i) p(x) =5x2=3x + 7
The value of the polynomia p(x) at x =1 isgiven by
p(1) = 5(1)?=3(1) +7
=5-3+7=9
(i) a(y) =3y*—4y + 11
The value of the polynomia q(y) aty = 2 isgiven by

q(2) = 3(2°—4(2) + V11 =24—8+ /11 =16 + /11
(iii) p(t) =4t*+ 52 —t2+ 6
The value of the polynomial p(t) at t = aisgiven by

p(@ =4a*+5a%—-a2+6

Now, consider the polynomial p(x) =x—1.
What isp(1)? Notethat : p(1) =1-1=0.
Asp(l) =0, we say that 1 isa zero of the polynomial p(x).
Similarly, you can check that 2 is a zero of q(x), where q(x) = x — 2.
In general, we say that a zero of a polynomial p(x) is anumber c such that p(c) = 0.

You must have observed that the zero of the polynomial x — 1 is obtained by
equating it to O, i.e.,, x— 1 = 0, which gives x = 1. We say p(x) = 0 is a polynomial
equation and 1 istheroot of the polynomial equation p(x) = 0. Sowe say 1 isthe zero
of the polynomial x — 1, or aroot of the polynomial equation x—1 = 0.

Now, consider the constant polynomial 5. Can you tell what its zero is? It has no
zero because replacing x by any number in 5X° still gives us 5. In fact, a non-zero
constant polynomial has no zero. What about the zeroes of the zero polynomial? By
convention, every real number is a zero of the zero polynomial.

Example 3 : Check whether —2 and 2 are zeroes of the polynomial x + 2.
Solution : Let p(x) =x + 2.

Thenp(2)=2+2=4, p(-2) = -2+2=0

Therefore, —2 isa zero of the polynomial x + 2, but 2 is not.

Example 4 : Find azero of the polynomial p(x) = 2x + 1.

Solution : Finding a zero of p(x), is the same as solving the equation

p(x) =0
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Now, 2x+1:0givesusx=—5

1
So, _5 isazero of the polynomial 2x + 1.

Now, if p(x) = ax + b, a# 0, isalinear polynomial, how can we find a zero of
p(x)? Example 4 may have given you someidea. Finding azero of the polynomial p(x),
amountsto solving the polynomial equation p(x) = 0.

Now, p(x) = 0 means ax+b=0a%0
3), =—b

. b
i.e., X=——":

b
S0, X = 3 isthe only zero of p(x), i.e., alinear polynomial has one and only one zero.
Now we can say that 1 isthe zero of x — 1, and —2 is the zero of x + 2.

Example 5 : Verify whether 2 and O are zeroes of the polynomial x* — 2x.

Solution : Let p(x) = x2 — 2Xx
Then p2)=22-4=4-4=0
and p(0)=0-0=0

Hence, 2 and 0 are both zeroes of the polynomial x2 — 2x.
Let usnow list our observations:
(i) A zero of apolynomial need not be O.
(i) 0 may beazero of apolynomial.
(ii) Every linear polynomial hasone and only one zero.
(iv) A polynomial can have more than one zero.

EXERCISE 2.2
1. Findthevalue of the polynomial 5x —4x2 + 3 at
i x=0 (i) x=-1 (iii) x=2
2. Findp(0), p(1) and p(2) for each of thefollowing polynomials:
0 py)=y*-y+1 (i) p()=2+t+22-1t°
(i) p()=x° (iv) p(x) =(x-1) (x+1)
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3. Verify whether thefollowing are zeroes of the polynomial, indicated against them.

: 1 ) 4
(i) p(x)=3x+1, x= —5 (i) p(x) =5x—m, X=z
@(ii) p(x)=x*-1, x=1,-1 (iv) p(X)=(x+1) (x-2), x=—1,2
(v) p(xX)=x?, x=0 (Vi) p(x)=Ix+m, x= _Im
(vii) p(x) =3x2—-1 x-—i'i (viii) p(x) =2x+1 x-1
SRR RN - N TR XER
4. Findthe zero of the polynomial in each of the following cases:
@) p(X)=x+5 (i) p() =x=5 (i) p(x)=2x+5
(iv) p(x) =3x-2 (V) p(x)=3x (vi) p(x)=ax,a=0

(vii) p(x) =cx+d, c#0, ¢, d arereal numbers.

2.4Remainder Theorem

L et us consider two numbers 15 and 6. You know that when we divide 15 by 6, we get
the quotient 2 and remainder 3. Do you remember how this fact is expressed? We
write 15 as

15=(6x%x2)+3

We observe that the remainder 3 islessthan thedivisor 6. Similarly, if we divide
12 by 6, we get
12=(6%x2)+0
What is the remainder here? Here the remainder is 0, and we say that 6 is a
factor of 12 or 12 is a multiple of 6.

Now, the question is: can we divide one polynomial by another? To start with, let
us try and do this when the divisor is a monomial. So, let us divide the polynomial
23+ X2 + x by the monomial x.

2 X X

We have (3C+X+X)+X= —+—+—
X X X
=2¢+x+1

In fact, you may have noticed that x is common to each term of 2x3 + x2 + x. So
we can write 2 + x2 + X as X(2x% + X + 1).

We say that x and 2x* + x + 1 are factors of 2+ x? + x, and 2¢ + X2 + X isa
multiple of x aswell asamultiple of 2x2 + x + 1.
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Consider another pair of polynomials 3x* + x + 1 and x.
Here, BC+x+1)+x=(3+x)+ (X=X +(1+X).
We see that we cannot divide 1 by x to get a polynomial term. So in this case we
stop here, and note that 1 is the remainder. Therefore, we have
I+ x+1={xx(Bx+1}+1

Inthiscase, 3x + 1isthe quotient and 1 isthe remainder. Do you think that x isa
factor of 3x2 + x + 1? Since the remainder is not zero, it is not a factor.

Now let us consider an example to see how we can divide a polynomial by any
non-zero polynomial.
Example 6 : Divide p(x) by g(x), where p(x) = x + 3x2 =1 and g(x) =1 + x.
Solution : We carry out the process of division by means of the following steps:
Sep 1: Wewritethe dividend x + 3x2 — 1 and the divisor 1 + x in the standard form,
i.e., after arranging the terms in the descending order of their degrees. So, the
dividend is 3x? + x—1 and divisor isx + 1.
Sep 2: Wedividethefirst term of the dividend
by the first term of the divisor, i.e., we divide 3x?

3x? by x, and get 3x. Thisgivesusthefirstterm 5~ 3x = first term of quotient
of the quotient.

Sep 3: Wemultiply thedivisor by thefirst term 3x
of the quotient, and subtract this product from X+ 1 J 3+ x-1
the dividend, i.e., we multiply x + 1 by 3x and

subtract the product 3x2 + 3x from the dividend 3% + 3x
3x? + x — 1. This gives us the remainder as —
—2x — 1. -2&-1

Sep 4 We treat the remainder —2x — 1

asthenew dividend. Thedivisor remains

the same. We repeat Step 2 to get the X _
next term of the quotient, i.e., we divide —= = _2 New Quotient
the first term — 2x of the (new) dividend X _ =3x-2

by thefirst term x of thedivisor and obtain = Second term of quotient

— 2. Thus, — 2 is the second term in the

quotient.
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Sep 5: Wemultiply thedivisor by the second (x+1)(-2) [-2x-1
term of the quotient and subtract the product =
fromthedividend. That is, we multiply x + 1

by — 2 and subtract the product — 2x — 2

from the dividend —2x — 1. Thisgivesus 1

as the remainder.

This process continuestill the remainder is 0 or the degree of the new dividend isless
than the degree of the divisor. At this stage, this new dividend becomesthe remainder
and the sum of the quotients gives us the whole quotient.

Step 6 : Thus, the quotient in full is 3x — 2 and the remainder is 1.
Let uslook at what we have done in the process above as a whole:

3X-2

x+1] 3¢ 4 x_1

3x% + 3x

-2x-1

—-2x-2
+ o+

1

Noticethat 3x*+x—1=(x+1) (3x—-2) +1
i.e, Dividend = (Divisor x Quotient) + Remainder
In genera, if p(x) and g(x) are two polynomials such that degree of p(x) > degree of
g(x) and g(x) # 0, then we can find polynomials q(x) and r(x) such that:
p(X¥) = g(x)q(x) + r(x),
where r(x) = 0 or degree of r(x) < degree of g(x). Here we say that p(x) divided by
g(x), gives q(x) as quotient and r(x) as remainder.
In the example above, the divisor was alinear polynomial. In such asituation, let us
seeif thereisany link between the remainder and certain values of the dividend.
In p(x) =3x2+ x -1, if we replace x by -1, we have
p(-L) = 3(-17 + (-1 -1=1
So, the remainder obtained on dividing p(x) = 3x? + x— 1 by x + 1 isthe same as the
value of the polynomial p(x) at the zero of the polynomial x+ 1, i.e, 1.
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Let us consider some more examples.
Example 7 : Divide the polynomial 3x* —4x3 —3x -1 by x — 1.
Solution : By long division, we have:

I -—x2-x—-4

X=1) g _a¢_3x—1
4 _ 23
3x +3x

- x@ —-3x-1

7 Xr

-5

Here, theremainder is—5. Now, the zero of x—1is 1. So, putting x = 1in p(x), we see
that
p(1) = 3(1)*-4(1)°-3(1) -1
=3-4-3-1
= —5, which is the remainder.
Example 8 : Find the remainder obtained on dividing p(x) =x3+ 1 by x + 1.
Solution : By long division,

X¥—x+1

X+1l 3+ 1

X3+ X2

-x  +1
—x2—
PR

X+1
_x+1

0
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So, we find that the remainder is 0.
Herep(x) = x®+ 1, and theroot of x+ 1 =0 is x=-1. We see that
p(-1) = (-1)°+1
=-1+1
=0
whichisequal to the remainder obtained by actual division.

Isit not a simple way to find the remainder obtained on dividing a polynomial by a
linear polynomial? We shall now generalise this fact in the form of the following
theorem. We shall al so show you why the theorem istrue, by giving you aproof of the
theorem.

Remainder Theorem : Let p(x) be any polynomial of degree greater than or
equal to one and let a be any real number. If p(x) is divided by the linear
polynomial x — a, then the remainder is p(a).

Proof : Let p(x) be any polynomial with degree greater than or equal to 1. Suppose

that when p(x) isdivided by x — a, the quotient is q(x) and the remainder isr(x), i.e.,
p() = (x—2a) a(x) + r(x)

Since the degree of x —ais 1 and the degree of r(x) isless than the degree of x —a,

the degree of r(x) = 0. This means that r(x) is a constant, say r.

So, for every value of x, r(x) =r.

Therefore, p(x) = (x—2a) q(x) +r
In particular, if x = a, thisequation gives us
p@@=(@-aq@+r

r,
which proves the theorem.
Let us use this result in another example.

Example 9 : Find the remainder when x* + x3 —2x? + x + 1 isdivided by x — 1.
Solution : Here, p(X) = x*+x3—2x2+ x+ 1, and the zero of x — 1 is 1.
o, p(l) = ()*+ (1 —-2(1*+1+1

=2
So, by the Remainder Theorem, 2 is the remainder when x* + x¥ — 2 + x + 1 is
divided by x— 1.

Example 10 : Check whether the polynomial q(t) = 4t® + 4t —t — 1 isamultiple of
2t + 1.
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Solution : Asyou know, q(t) will be a multiple of 2t + 1 only, if 2t + 1 divides q(t)

1
leaving remainder zero. Now, taking 2t + 1 = 0, we havet = _E .

1 1)’ 1Y 1 1 1
) _= | - |- Z|-1=—+1+—-1=
Also, q[ 2} 4( ZJ +4( ZJ [ ZJ 1 5 > 0

So the remainder obtained on dividing q(t) by 2t + 1isO.

So, 2t + 1 is a factor of the given polynomial q(t), that is q(t) is a multiple of
2t+ 1.

EXERCISE 2.3

1. Findtheremainder when x¢ + 3x2 + 3x + Lisdivided by

i) x+1 (i) x—% (iii) x (iv) x+7 (V) 5+ 2x

Find the remainder when x® —ax2 + 6x —aisdivided by x—a.
Check whether 7 + 3x isafactor of 3x®+ 7x.

2.5Factorisation of Polynomials

Let usnow look at the situation of Example 10 above more closely. It tellsusthat since

1
the remainder, QK—EJ =0, (2t + 1) isafactor of q(t), i.e, q(t) = (2t + 1) g(t)

for some polynomial g(t). Thisisa particular case of the following theorem.

Factor Theorem : If p(x) isapolynomial of degree n > 1 and a is any real number,
then (i) x—aisafactor of p(x), if p(a) =0, and (ii) p(a) =0, if x—aisafactor of p(x).

Proof: By the Remainder Theorem, p(x)=(x — a) q(x) + p(a).
(i) If p(a) =0, then p(x) = (x—a) q(x), which showsthat x —aisafactor of p(x).
(i) Since x—aisafactor of p(x), p(x) = (x —a) g(x) for same polynomial g(x).
In this case, p(a) = (a—a) g(a) = 0.

Example 11 : Examine whether x + 2 is a factor of x3 + 3x? + 5x + 6 and of 2x + 4.
Solution : Thezeroof x + 2is—2. Let p(xX) =x®+ 3x2+ 5x+ 6 and s(x) = 2x + 4
Then, p(-2) = (-2)°+ 3(-2)?+5(-2) + 6
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=-8+12-10+6

=0
So, by the Factor Theorem, x + 2 isafactor of x* + 3x? + bx + 6.
Again, S(-2)=2(-2)+4=0

So, x + 2 isafactor of 2x + 4. In fact, you can check this without applying the Factor
Theorem, since 2x + 4 = 2(x + 2).

Example 12 : Find the value of k, if x— 1 isafactor of 4 + 3x2 —4x + k.

Solution : Asx—1isafactor of p(x) = 43+ 32— 4x + k, p(1) =0

Now, p(1) = 4(1)° + 3(1)>-4(1) +k
So, 4+3-4+k=0
ie, k=-=3

Wewill now usethe Factor Theorem to factorise some polynomials of degree2 and 3.
You are already familiar with the factorisation of a quadratic polynomial like
X%+ Ix + m. You had factorised it by splitting the middle term Ix as ax + bx so that
ab=m. Then x® + Ix + m= (x + a) (x + b). We shall now try to factorise quadratic
polynomials of the type ax? + bx + ¢, wherea = 0 and a, b, ¢ are constants.

Factorisation of the polynomial ax? + bx + ¢ by splitting the middle term is as
follows:

Let its factors be (px + g) and (rx + s). Then
at+bx+c=(px+q) (rx+s) =pr x>+ (ps+qr) X+ Qs

Comparing the coefficients of X2, we get a = pr.

Similarly, comparing the coefficients of x, we get b= ps+qr.

And, on comparing the constant terms, we get ¢ = gs.

This shows us that b is the sum of two numbers ps and gr, whose product is
(ps)(ar) = (pr)(as) = ac.

Therefore, to factorise ax? + bx + ¢, we have to write b as the sum of two
numbers whose product is ac. Thiswill be clear from Example 13.

Example 13 : Factorise 6x2 + 17x + 5 by splitting the middle term, and by using the
Factor Theorem.

Solution 1 : (By splitting method) : If we can find two numbers p and q such that
p+q=17 and pq=6x5=30, then we can get the factors.
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So, let uslook for the pairs of factors of 30. Some are 1 and 30, 2 and 15, 3 and 10, 5
and 6. Of these pairs, 2 and 15 will giveusp + q=17.

So, 6x2+ 17x+5 = 6%+ (2+ 15)x + 5
= 6X°+2x+ 15x+ 5
= 2X(3x+ 1) +5(3x + 1)
=(3x+1) (2x+5)
Solution 2 : (Using the Factor Theorem)

17 5
6x2+17x+5= 6[x2 + EX + _GJ =6 p(x), say. If aand b are the zeroes of p(x), then

5
Iy Let uslook at some possibilitiesfor a and

,i},ig,ii—;,il. Now, p l :1+£ 1 +E # 0. But
3 3 2 2 4 6\2 6

6x2+ 17x+5=6(x—a) (x—b). So, ab

b. They could be +

N

-1 1
p[EJ = 0. So, [X+§j is a factor of p(x). Similarly, by trial, you can find that

5
[x + Ej is afactor of p(x).

Therefore, 6x2+ 17x+5

o3
(229

(3x+1) (2x+5)

For the exampl e above, the use of the splitting method appears more efficient. However,
let us consider another example.

Example 14 : Factorise y?> — 5y + 6 by using the Factor Theorem.

Solution : Let p(y) = y?> -5y + 6. Now, if p(y) = (y — a) (y — b), you know that the
constant term will be ab. So, ab = 6. So, to look for the factors of p(y), welook at the
factors of 6.

The factorsof 6 are 1, 2 and 3.
Now, p(2)=22-(5%x2)+6=0

2021-22



PoLyNowmIALS 43

So, y-—2isafactor of p(y).

Also, p(3)=3*-(5%x3)+6=0

So, y-3isalsoafactor of y> -5y + 6.

Therefore, y?—5y+6=(y—2)(y—23)

Note that y? — 5y + 6 can also be factorised by splitting the middle term —5y.

Now, let us consider factorising cubic polynomials. Here, the splitting method will not

be appropriate to start with. We need to find at |east one factor first, asyou will seein

thefollowing example.

Example 15 : Factorise x® — 23x? + 142x — 120.

Solution : Let p(x) = x®—23x% + 142x — 120

We shall now look for al the factors of —120. Some of these are £1, +2, +3,

+4,45,+6, 8, +10, £12, £15, +20, +24, +30, +60.

By trial, we find that p(1) = 0. So x — 1 is afactor of p(x).

Now we see that X3 — 23x% + 142x — 120 = x3 — x2 — 22x2 + 22x + 120x — 120
=x(x-1) —22x(x—1) + 120(x—1) (Why?)
=(x=1) (x*=22x +120) [Taking (x— 1) common]

We could have also got this by dividing p(x) by x — 1.

Now x2 — 22x + 120 can be factorised either by splitting the middle term or by using
the Factor theorem. By splitting the middle term, we have:

X2 —22x+ 120 = x2—12x—10x + 120
X(x —12) — 10(x — 12)
(x-12) (x — 10)

o, X3 —23x% — 142x — 120 = (x — 1)(x — 10)(x — 12)

EXERCISE 24
1. Determinewhich of thefollowing polynomialshas (x + 1) afactor :
i) x+x2+x+1 (i) X*+x+x2+x+1
(i) x*+3C+32+x+1 (iv) x3_x2_(2+\/§)x+\/§

2. Usethe Factor Theorem to determine whether g(x) is afactor of p(x) in each of the
following cases:
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) px)=2c¢+x2—2x—-1,g(x)=x+1
(i) p(X)=x+3+3x+1,g(xX)=x+2
(i) p(x)=x3—4x2+x+6,g(X) =x—3
3. Findthevaueof k, if x—1isafactor of p(x) in each of the following cases:

@) p)=x+x+k () p()=2¢+kx+ /2
(i) p(x) =k— J2x+1 (iv) p(x) =k®=3x+k
4. Factorise:
(i) 12e-7x+1 (i) 22+7x+3
(i) 6x2+5x—6 (iv) 3x¢—x—-4
5. Factorise:
i) x-2x—-x+2 (i) x*-3x*—9x—-5
(i) 3+ 132+ 32x+20 (iv) 2y3+y?—2y-1

2.6 Algebraicldentities

From your earlier classes, you may recall that an algebraic identity is an algebraic
equation that istruefor all values of the variablesoccurringinit. You have studied the
following algebraicidentitiesin earlier classes:

ldentity | (X+Yy)2=x2+ 2xy + y?
Identity 11 @ (X—y)?=x2—=2xy +y?
Identity 111 :x2=y?=(X+Yy) (X-Y)
Identity IV : (x+a) (x+b)=x2+(a+bx+ab

You must have a so used some of these algebraicidentitiesto factorisethe algebraic
expressions. You can aso seetheir utility in computations.

Example 16 : Find the following products using appropriate identities:
(i) (x+3)(x+3) (i) (x—=3) (x+5)

Solution : (i) Here we can use ldentity | : (x +y)2 = X2+ 2xy + y2. Puttingy = 3iinit,
we get

(x+3) (x+3) = (x+ 3)=x*+ 2(X)(3) + (3)?
=x2+6x+9
(i) Using Identity 1V above, i.e., (x + @) (x + b) = x2 + (a + b)x + ab, we have
(x=3) (x+5)=x+ (=3 +5)x+ (=3)(5)
=x2+2x-15
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Example 17 : Evaluate 105 x 106 without multiplying directly.

Solution : 105 x 106 = (100 + 5) x (100 + 6)
= (100)? + (5 + 6) (100) + (5 x 6), using Identity 1V
= 10000 + 1100 + 30
= 11130

You have seen some uses of theidentitieslisted above in finding the product of some
given expressions. Theseidentitiesare useful in factorisation of algebraic expressions
also, asyou can seein the following examples.

Example 18 : Factorise:

2
(i) 4922 + 70ab + 250 (ii) %xz -L

Solution : (i) Here you can see that
49a? = (7a)?, 25b? = (5b)?, 70ab = 2(7a) (5b)
Comparing the given expression with x2 + 2xy + y?, we observe that x = 7aand y = 5b.
Using ldentity I, we get
49a? + 70ab + 25b? = (7a + 5b)? = (7a + 5b) (7a + 5b)

2 2 2
(i) We have 222 —l=[§xj —(XJ
4 9 |2

Now comparing it with Identity 111, we get

2 2 2
§Xz—y—: EX — X
4 9 2 3

_(5,,Y)(5,_Y
2 3)\2 3
Sofar, al our identitiesinvolved products of binomials. Let us now extend the I dentity
| to atrinomial x +y + z. We shall compute (x + y + 2)? by using Identity I.
Letx+y=t. Then,
(x+y+2?2=(t+2?
=2+ 2tz + 12 (Using Identity I)
=(X+y)P+2(x+y)z+ 22 (Substituting the val ue of t)
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=X+ 22Xy + Y2+ 22+ 2yz + 22 (Using Identity )
=x2+y?+ 22+ 2xy + 2yz+ 2zx  (Rearranging the terms)
So, we get thefollowing identity:
ldentity V : (X +y + 22 =X2+ y?> + 72 + 2Xy + 2yz + 27X

Remark : We call the right hand side expression the expanded for m of theleft hand
side expression. Note that the expansion of (x +y + 2)2 consists of three square terms
and three product terms.

Example 19 : Write (3a + 4b + 5c)2 in expanded form.
Solution : Comparing the given expression with (x +y + 2)2, we find that
X=3a,y=4bandz="5c.
Therefore, using Identity V, we have
(3a + 4b + 5¢)? = (3a)? + (4b)? + (5¢)? + 2(3a)(4b) + 2(4b)(5c) + 2(5¢)(3a)
= 9a? + 16b? + 25¢% + 24ab + 40bc + 30ac
Example 20 : Expand (4a — 2b — 3c)2.
Solution : Using ldentity V, we have
(4a—2b - 3c)? = [4a + (—2b) + (=3¢)]?
= (4a)? + (—2b)? + (—3c)? + 2(4a)(—2b) + 2(-2b)(—3c) + 2(—3c)(4a)
= 16a? + 4b? + 9¢? — 16ab + 12bc — 24ac
Example 21 : Factorise 4x? + y? + 72 — 4xy — 2yz + 4xz.
Solution : We have 4x2 + y? + 72 — 4xy — 2yz + 4xz = (2X)? + (—Y)? + (2)* + 2(2X)(~y)
+2(-y)(2 + 2(2)(2)
= [2x+ (=) + 2] (Using Identity V)
= (2X-y+2P=(X-y+2)(2X-y+2)

So far, we have dealt with identities involving second degree terms. Now let us
extend Identity | to compute (x + y)3. We have:

(X+y)P=(x+y) (x+y)
= (X+Y)(¢ + 2xy +y?)
= X0 + 2y + ¥?) + Y(X + 2xy + ¥7)
=X+ 2y XYY+ 2 Y
=X+ 3y + 33X+ Y8
=X+ Y+ 3xy(x +y)
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So, we get thefollowing identity:
Identity VI : (X +yP=x3+y+ 3y (X +Y)
Also, by replacing y by —y in the Identity VI, we get
Identity VIT : (X =y =x3—y3—3xy(X —Y)
= x3— 3%y + 3xy?—y®
Example 22 : Write the following cubesin the expanded form:
(i) (3a + 4b)° (i) (5p — 3a)°
Solution : (i) Comparing the given expression with (x + y)3, we find that
x=3aandy = 4b.
So, using ldentity VI, we have:
(3a+ 4b)® = (3a)® + (4b)® + 3(3a)(4b)(3a + 4b)
= 27a% + 64b* + 108a%b + 144ab?
(if) Comparing the given expression with (x —y)3, we find that
X = 5p,y=3q.
S0, using ldentity V11, we have:
(5p —30)* = (5p)° — (30)*— 3(5p)(3a)(5p — 30)
= 125p® — 27q° — 225p°q + 135pg?
Example 23 : Evaluate each of the following using suitable identities:
(i) (104)3 (i) (999)2
Solution : (i) We have
(104)® = (100 + 4)®
= (100)% + (4)® + 3(100)(4)(100 + 4)
(Using Identity V1)
= 1000000 + 64 + 124800
= 1124864
(ii) We have
(999) = (1000 —1)®
= (1000)3 — (1)* — 3(1000)(1)(1000 — 1)
(Using Identity VII)
= 1000000000 — 1 —2997000
= 997002999
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Example 24 : Factorise 8x® + 27y® + 36x%y + 54xy?
Solution : The given expression can be written as
(2x)° + (3y)* + 3(4x*)(3y) + 3(2X) (%)
= (29° + (3y)® + 3(29*(3y) + 3(2X)(3y)?
= (2x + 3y)® (Using Identity V1)
= (2x+ 3y)(2x + 3y)(2x + y)
Now consider (X +y + 2)(X® + y?+ 22 — Xy — yZ — ZX)
On expanding, we get the product as
XOC+ Y+ Z2—xy—yz—2X) + Y(X* + y* + Z2 — Xy — yZ — ZX)
+Z(C+y2+ 2 — Xy —yz—2X) = X3 + Xy? + X22 — X%y — Xyz — 2¢% + X%y
+Y A YE - XY —YZ XYz + X2+ Y2+ P - Xyz - Y7 - X2
=x3+y3+ 2 —3xyz (On simplification)
So, we obtain thefollowing identity:
Identity VIIT : x3+y3+Z2-3xyz=(X +y + 2)(X2 + y> + ZZ — Xy — yZ — ZX)
Example 25 : Factorise : 8x® + y® + 2728 — 18xyz
Solution : Here, we have
8 +y® + 272 — 18xyz
= (29° + y* + (32° = 3(2))(y)(32)
= (2x+y + 39)[(2x)* + ¥ + (32)* — (2X)(y) — (¥)(32) — (2¢)(32)]
= (2x+y+ 32 (4 +y?+ 922 — 2xy — 3yz — 6x2)

EXERCISE 2.5
1. Usesuitableidentitiesto find the following products:
(i) (x+4)(x+10) (i) (x+8)(x—10) (i) (3x+4) (3x—5)
) 3 3
V) (2 +3) 0~ ) (v) 3-29(3+2%)
2. Evaluatethefollowing productswithout multiplying directly:
() 103x107 (i) 95x96 (iii) 104x 96
3. Factorisethefollowing using appropriate identities:
. ) y?
2 2 _ 2 _ =
i) 9C+6xy+y (i) 4y2—4y+1 (iii) x 100
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4.

10.

11

12.

13.
14.

15.

Expand each of the following, using suitableidentities:

(i) (x+2y+4z? (i) 2x—y+2)? (i) (—2x+3y+22)?
(iv) (3a—7b—c)? (V) (—2x+5y—32)? (vi) Ea - %b + 1}
Factorise:

(i) C+9y?+ 1622+ 12xy—24yz—16xz

(i) 2¢C+y2+82— 22 xy+ 42 yz—8xz
Writethefollowing cubesin expanded form:

. } 3 : . 2 T
i) (2x+1)3 (i) (2a—3b)® (i) {E X + 1} (iv) [x =5 y}
Evaluate the following using suitable identities:

@ (@ (i) (202y° (iif) (998)*

Factorise each of the following:

() 8a®+b*+12a% + 6ab? (i) 8a®—b®*—12a%b + 6ab?

(i) 27—125a°—135a+ 225a2 (iv) 64a®—27b%—1448% + 108ab?
1

9, 1
27p— —— —=p? + =
V) 2= 55~ P T 4P

Verify : (i) X+ Y2 = (x+y) (¢ —xy +y?) (i) X*=y*=(X=y) (¢+Xy+y?)
Factorise each of the following:
(i) 27y% + 1252 (i) 64me—343n°
[Hint : SeeQuestion 9.]
Factorise: 27x¢ +y® + 22— 9xyz

1
Verify that s° ++ 2-3xyz= 5 (X + Y + 2) [(x=y?+(y- 2+ (z- %]

If x+y+2z=0, show that x® + y® + 22 = 3xyz.

Without actually calculating the cubes, find the value of each of the following:
0) 2P+ @)+

(i) (28)%+ (-15)%+(-13)°

Give possible expressions for the length and breadth of each of the following
rectangles, in which their areas are given:

Area: 25a2—-35a+ 12 Area: 35y?+ 13y —12

(i) (ii)
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16. What are the possible expressions for the dimensions of the cuboids whose volumes
aregiven below?

Volume: 3x2—12x Volume: 12ky? + 8ky — 20k

(i) (i)

2.7Summary

In thischapter, you have studied the following points:

1

O N o O b~ WD

10.

11

12.
13.
14.
15.

A polynomial p(x) in one variable x isan algebraic expression in x of theform
pX)=ax"+a x""t+...+ax+ax+a,

wherea, a, a,, .. .,a areconstantsand a_# 0.

a,a,a,...a arerespectively the coefficientsof X% x, X2, . . ., X", and nis called the degree
of thepolynomial. Eachof a x",a_, x™, ..., a,, witha #0, iscalled atermof the polynomial
p().

A polynomial of onetermiscalled amonomial.

A polynomial of twotermsiscalled abinomial.

A polynomial of threetermsiscalled atrinomial.

A polynomial of degreeoneiscalled alinear polynomial.

A polynomial of degreetwoiscalled aquadratic polynomial.

A polynomial of degreethreeiscalled acubic polynomial.

A real number ‘a’ isazero of apolynomial p(x) if p(a) =0. Inthiscase, aisalso called a
root of the equation p(x) = 0.

Every linear polynomial in one variable hasaunique zero, anon-zero constant polynomial
has no zero, and every real number isazero of the zero polynomial.

Remainder Theorem : If p(x) isany polynomial of degree greater than or equal to 1 and p(X)
isdivided by thelinear polynomial x —a, then theremainder isp(a).

Factor Theorem : x —aisafactor of the polynomial p(x), if p(a) = 0.Also, if x—aisafactor
of p(x), then p(a) = 0.

(X+y+2?2=x+y2+ 22+ 2xy + 2yz + 27X
(X+y)* =X+ y3+ 3xy(x +Y)
(X=y)*=x*—y* = 3xy(x-Y)

X+ Y+ 2 -3xyz=(X+y+2) (X + Y +Z—xy—yz—2X)
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CHAPTER 3|

COORDINATE GEOMETRY
I

What's the good of Mercator’s North Poles and Equators, Tropics, Zones and
Meridian Lines? So the Bellman would cry; and crew would reply * They are
merely conventional signs!’

LEWISCARROLL, The Hunting of the Snark
3.1Introduction

You have aready studied how to locate apoint on anumber line. You also know how
to describethe position of apoint ontheline. There are many other situations, in which
to find apoint we are required to describe its position with reference to more than one
line. For example, consider the following situations:

I.InFig. 3.1, thereisamain road running
in the East-West direction and streets with
numbering from West to East. Also, on each
street, house numbers are marked. To look for
afriend shouse here, isit enough to know only
one reference point? For instance, if we only
know that sheliveson Street 2, will webe able
tofind her house easily? Not aseasily aswhen
we know two pieces of information about it, W E
namely, the number of the street on whichitis
situated, and the house number. If we want to
reach the house which is situated in the 2™
street and has the number 5, first of all we
would identify the 2™ street and then the house
numbered 5 on it. In Fig. 3.1, H shows the
location of the house. Similarly, P shows the
location of the house corresponding to Street
number 7 and House number 4.

— N W A W
Street 3

— N W R WD
Street 5

—_— N W B W
Street 7 g

— N W R W

Street 1

 Street 2
r oo =
Street 4

WD A W N =
Street 6

D R G o —
Street 8

[, T SO O'S T NS R

Fig. 3.1
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I'1. Suppose you put adot on asheet of paper [Fig.3.2 (a)]. If weask you to tell us
the position of the dot on the paper, how will you do this? Perhaps you will try in some
such manner: “The dot isin the upper half of the paper”, or “It is near the left edge of
the paper”, or “It is very near the left hand upper corner of the sheet”. Do any of
these statements fix the position of the dot precisely? No! But, if you say “ Thedot is
nearly 5 cm away from the left edge of the paper”, it helpsto give some idea but till
doesnot fix the position of the dot. A little thought might enable you to say that the dot
isalso a adistance of 9 cm abovethe bottom line. We now know exactly wherethedot is!

9cm

(a) (b)
Fig. 3.2

For this purpose, we fixed the position of the dot by specifying its distances from two
fixed lines, the left edge of the paper and the bottom line of the paper [Fig.3.2 (b)]. In
other words, we need two independent informationsfor finding the position of the dot.

Now, perform the following classroom activity known as ‘ Seating Plan’.

Activity 1 (Seating Plan) : Draw aplan of the seating in your classroom, pushing all
the desks together. Represent each desk by a square. In each square, write the name
of the student occupying the desk, which the square represents. Position of each
student in the classroom isdescribed precisely by using two independent informations:

() thecolumninwhich she or hesits,
(i) therow inwhich she or he sits.

If you are sitting on the desk lying in the 5" column and 3 row (represented by
the shaded squarein Fig. 3.3), your position could bewritten as (5, 3), first writing the
column number, and then the row number. Is this the same as (3, 5)? Write down the
names and positions of other studentsin your class. For example, if Soniaissittingin
the 4™ column and 1% row, write S(4,1). The teacher’s desk is not part of your seating
plan. We are treating the teacher just as an observer.
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7 T shows teacher’s desk
S shows Sonia’s desk

1 2 3 4 5 6 7 8 9 10

Columns n‘}1

Fig. 3.3

In the discussion above, you observe that position of any object lying in a plane
can be represented with the help of two perpendicular lines. In case of ‘dot’, we
require distance of the dot from bottom line aswell as from left edge of the paper. In
case of seating plan, we require the number of the column and that of the row. This
simple idea has far reaching consequences, and has given rise to a very important
branch of Mathematics known as Coordinate Geometry. In this chapter, we aim to
introduce some basic concepts of coordinate geometry. You will study more about
theseinyour higher classes. Thisstudy wasinitially developed by the French phil osopher
and mathematician René Déscartes.

René Déscartes, the great French mathematician of the
seventeenth century, liked to lie in bed and think! One
day, when resting in bed, he solved the problem of
describing the position of apoint in aplane. His method
was a development of the older idea of latitude and
longitude. In honour of Déscartes, the system used for
describing the position of a point in a plane is also

known as the Cartesian system.

René Déscartes (1596 - 1650)
Fig. 3.4

EXERCISE31

1. How will you describe the position of a table lamp on your study table to another
person?

2. (Street Plan) : A city hastwo main roads which cross each other at the centre of the
city. These two roads are along the North-South direction and East-West direction.
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All the other streets of the city run parallel to these roads and are 200 m apart. There
are 5 streetsin each direction. Using 1cm = 200 m, draw amaodel of the city on your
notebook. Represent the roads/streets by single lines.

There are many cross- streetsin your model. A particular cross-street is made by
two streets, one running in the North - South direction and another in the East - West
direction. Each cross street is referred to in the following manner : If the 2™ street
running in the North - South direction and 5" in the East - West direction meet at some
crossing, then we will call this cross-street (2, 5). Using this convention, find:

(i) how many cross - streets can be referred to as (4, 3).
(i) how many cross - streets can be referred to as (3, 4).

3.2 Cartesian System

You have studied the number line in the chapter on * Number System’. On the number
line, distancesfrom afixed point are marked in equal units positively in one direction
and negatively in the other. The point from which the distances are marked is called
the origin. We use the number line to represent the numbers by marking points on a
line at equal distances. If one unit distance represents the number ‘1’, then 3 units
distance represents the number ‘3', ‘0" being at the origin. The point in the positive
direction at a distance r from the origin represents the number r. The point in the
negative direction at adistance r from the origin represents the number —r. Locations
of different numbers on the number line are shown in Fig. 3.5.

One unit One unit
distance distance
P SN Origin P S
5 4 3 2 -1 0 1 2 3 4 5
Fig.3.5

Descartesinvented theidea of placing two such lines perpendicular to each other
on a plane, and locating points on the plane by referring them to these lines. The
perpendicular lines may bein any direction such asin Fig.3.6. But, when we choose

(a) (b) (c)
Fig.3.6
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these two lines to locate a point in a plane in this chapter, one line Y
will be horizontal and the other will bevertical, asin Fig. 3.6(c).
These lines are actually obtained as follows : Take two number
lines, calingthem X’X and Y"Y. Place X"X horizontal [asin Fig. 3.7(a)] 41
and write the numberson it just aswritten on the number line. We do
the same thing with Y”Y except that Y'Y is vertical, not horizontal 31
[Fig. 3.7(b)]. 24
1 4
0t Origin
14
,2 4
-3+
— 44
Origin
X’ t t t t t t +— t X
-5 -4 -3 -2 -1 0 1 4 5 Y
(a) (b)
Fig.3.7
Combineboth thelinesin such v
away that thetwo linescrosseach - ,
. « 4 Positive y -axis
other at their zeroes, or origins '
(Fig. 3.8). The horizontal line X"X 5
iscalled thex - axisand the vertical 4
lineYY’iscaledthey - axis. The 3
point where X’X and Y'Y crossis ' . 2
called the origin, and is denoted X,N“g“t"’c s ! Positive x -axis
by O. Since the positive numbers 6-5-4-3-210 1 2 3 4 5 6 X
lie on the directions OX and OY, ’l
OX and OY arecalled thepositive o
directions of the x - axis and the 7;
y- axis, respectively. Similarly, OX’ .
and OY’ are called the negative '
directions of the x - axis and the Negative y -axis
y - axis, respectively. Y’
Fig.3.8

2021-22



56

MATHEMATICS

You observe that the axes (plura of the word
‘axis') divide the plane into four parts. These four
parts are called the quadrants (one fourth part),
numbered |, I, 11 and IV anticlockwise from OX
(seeFig.3.9). So, the plane consists of the axesand
these quadrants. We call the plane, the Cartesian
plane, or the coordinate plane, or the xy-plane.
The axes are called the coordinate axes.

Y
Quadrant I1 Quadrant [
X
0]
Quadrant III Quadrant IV
v’
Fig.3.9

Now, let us see why this system is so basic to mathematics, and how it is useful.
Consider the following diagram where the axes are drawn on graph paper. Let us see
the distances of the points P and Q from the axes. For this, we draw perpendiculars
PM onthe x - axisand PN on they - axis. Similarly, we draw perpendiculars QR and

QSasshowninFig. 3.10.

Y
N
4
3N
2
% 1
e Ligl-Ll5-l gt it O L3l L4 15 il
i M
s
S
i e
v
Fig.3.10

You find that

(i) Theperpendicular distance of the point Pfrom they - axis measured along the
positive direction of the x - axisis PN = OM = 4 units.

(i) Theperpendicular distance of the point Pfrom the x - axis measured along the
positive direction of they - axisis PM = ON = 3 units.
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(iii) The perpendicular distance of the point Q from they - axis measured along
the negative direction of the x - axisis OR = SQ = 6 units.

(iv) The perpendicular distance of the point Q from the x - axis measured along
the negative direction of they - axisis OS = RQ = 2 units.

Now, using these distances, how can we describe the points so that there is no
confusion?

We write the coordinates of apoint, using thefollowing conventions:

(i) Thex - coordinate of a point is its perpendicular distance from they - axis
measured along the x -axis (positive along the positive direction of the x - axis
and negative along the negative direction of the x - axis). For the point P, itis
+ 4 and for Q, itis—6. The x - coordinate is also called the abscissa.

(i) They - coordinate of a point isits perpendicular distance from the x - axis
measured along they - axis (positive along the positive direction of they - axis
and negative along the negative direction of they - axis). For the point P, itis
+3andfor Q, itis—2. They - coordinate is also called the ordinate.

(ili) Instating the coordinates of apoint in the coordinate plane, the x - coordinate
comesfirst, and then they - coordinate. We place the coordinatesin brackets.

Hence, the coordinates of P are (4, 3) and the coordinates of Q are (— 6, — 2).
Note that the coordinates describe a point in the plane uniquely. (3, 4) is not the

same as (4, 3).

Example 1: SeeFig. 3.11 and complete the following statements:

0)

(ii)
(iii)
(iv)

The abscissa and the ordinate of thepoint Bare _~_and __ _, respectively.
Hence, the coordinatesof Bare (_ _, _ ).

The x-coordinate and the y-coordinate of the point M are .~ and _
respectively. Hence, the coordinatesof M are (_ _, _ ).

The x-coordinate and the y-coordinate of the point L are  ~_and _

respectively. Hence, the coordinatesof Lare (_ _, ).

The x-coordinate and the y-coordinate of the point Sare ___ and ,
respectively. Hence, the coordinatesof Sare (__, _ ).
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Y
/
M
LR
3 ———m———— +B

X €«— + + } t + + + t
—? -4 -3 -2 -1 O 1 2 %
I =y I
| |
I Bl & I
| |
| |
I =371 I
| |
Ll —————————— :4— ———————— é S
\
v
Fig. 3.11

Solution : (i) Since the distance of the point B from the y - axis is 4 units, the
X - coordinate or abscissa of the point B is 4. The distance of the point B from the
X - axisis 3 units; therefore, they - coordinate, i.e., the ordinate, of the point B is 3.
Hence, the coordinates of the point B are (4, 3).

Asin (i) above:

(i) Thex- coordinate and they - coordinate of the point M are—3 and 4, respectively.
Hence, the coordinates of the point M are (=3, 4).

(ili) Thex- coordinate and they - coordinate of the point L are—5 and —4, respectively.
Hence, the coordinates of the point L are (-5, — 4).

(iv) Thex- coordinate and they- coordinate of the point Sare 3and —4, respectively.
Hence, the coordinates of the point S are (3, — 4).
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Example 2 : Write the coordinates of the
points marked on the axesin Fig. 3.12. Y

Solution : You can seethat :

(i) The point A is at adistance of + 4 units 3tB
fromthey - axisand at adistance zero 2
from the x - axis. Therefore, the C TE A

y - coordinate is 0. Hence, the
coordinates of A are (4, 0).

x - coordinate of A is 4 and the * 76—5—4—3—271(])

(i) Thecoordinatesof B are (0, 3). Why? :;1 D
(iii) The coordinates of C are (— 5, 0).
Why? v.

(iv) The coordinates of D are (0, — 4). Why?

(v) The coordinates of E are [% OJ. Why?

Since every point on the x - axis has no distance (zero distance) from the x - axis,
therefore, they - coordinate of every point lying onthex - axisisalwayszero. Thus, the
coordinates of any point onthe x - axisare of the form (x, 0), where x isthe distance of
the point fromthey - axis. Similarly, the coordinates of any point on they - axis are of
the form (0, y), where y is the distance of the point from the x - axis. Why?

What are the coordinates of the origin O? It has zero distance from both the
axes so that its abscissa and ordinate are both zero. Therefore, the coordinates of
the origin are (O, 0).

Inthe examples above, you may have observed the following rel ationship between
the signs of the coordinates of apoint and the quadrant of a point in which it lies.

() If apointisinthe 1st quadrant, then the point will beintheform (+, +), sincethe
1st quadrant is enclosed by the positive x - axis and the positivey - axis.

(i) If apointisinthe2nd quadrant, thenthe point will beintheform (-, +), sincethe
2nd quadrant is enclosed by the negative x - axis and the positivey - axis.

(iii) If apointisinthe 3rd quadrant, then the point will beintheform (-, -), sincethe
3rd quadrant is enclosed by the negative x - axis and the negative y - axis.

(iv) If apointisinthe4th quadrant, then the point will beintheform (+, -), sincethe
4th quadrant is enclosed by the positive x - axis and the negative y - axis
(see Fig. 3.13).
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N W R W

(77 +)

-5-4-3-2-10 1 2 3 4 5

M1 -271 v
(=) =371 (+,-)
_44
75 L

v
Fig. 3.13

Remark : The system we have discussed above for describing a point in aplaneis

only a convention, which is accepted all over the world. The system could also have

been, for example, the ordinate first, and the abscissa second. However, the whole
world sticks to the system we have described to avoid any confusion.

EXERCISE 3.2

1. Writethe answer of each of the following questions:

() What is the name of horizontal and the vertical lines drawn to determine the
position of any point in the Cartesian plane?

(i) What isthe name of each part of the plane formed by these two lines?
(iii) Write the name of the point where these two lines intersect.
2. SeeFig.3.14, and writethefollowing:
(i) The coordinates of B.
(i) The coordinates of C.
(iii) The point identified by the coordinates (-3, -5).
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(iv) The point identified by the coordinates (2, — 4).
(v) The abscissa of the point D.

(vi) The ordinate of the point H.

(vii) The coordinates of the point L.

(viii) The coordinates of the point M.

Y

3.3Plotting a Point in thePlaneif itsCoor dinatesare Given

Uptil now we have drawn the points for you, and asked you to give their coordinates.
Now wewill show you how we place these pointsin the planeif weknow its coordinates.
We call this process“ plotting the point”.

L et the coordinates of apoint be (3, 5). Wewant to plot this point in the coordinate
plane. We draw the coordinate axes, and choose our units such that one centimetre
represents one unit on both the axes. The coordinates of the point (3, 5) tell usthat the
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distance of this point from the y - axis along the positive x - axis is 3 units and the
distance of the point fromthe x - axisalong the positivey - axisis5 units. Starting from
the origin O, we count 3 unitson the positive x - axis and mark the corresponding point
asA. Now, starting from A, we movein the positive direction of they - axisand count
5 unitsand mark the corresponding point as P (see Fig.3.15). You seethat the distance
of Pfromthey - axisis 3 unitsand from the x - axisis 5 units. Hence, Pisthe position
of the point. Note that P liesin the 1st quadrant, since both the coordinates of P are
positive. Similarly, you can plot the point Q (5, — 4) in the coordinate plane. The distance
of Q fromthe x - axisis 4 unitsalong the negativey - axis, so that itsy - coordinateis
— 4 (see Fig.3.15). The point Q liesin the 4th quadrant. Why?

Y
51 P@3,5)
4l
34
24
14 I
X........'_A.I_BX
5 4 -3-2 10l 1 2 3 4Hs
1 1
5l
4l
~4f Q.- 4)
sl
v
Fig. 3.15

Example 3: Locatethe points (5, 0), (0, 5), (2, 5), (5, 2), (-3, 5), (-3, -5), (5,-3) and
(6, 1) in the Cartesian plane.

Solution : Taking 1cm = 1unit, we draw the x - axis and the y - axis. The positions of
the points are shown by dotsin Fig.3.16.
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(7 37 5).

N W R W

$(0,5) (2,9

(—3,-5)e =51

Fig.

5 4 3 2 -0

3.16

*(5,3)

Note : In the example above, you see that (5, 0) and (0, 5) are not at the same
position. Similarly, (5, 2) and (2, 5) are at different positions. Also, (=3, 5) and (5, —3)
areat different positions. By taking several such examples, youwill find that, if Xy,
then the position of (x, y) in the Cartesian plane is different from the position
of (y, X). So, if weinterchange the coordinates x and y, the position of (y, x) will differ
from the position of (X, y). This means that the order of x and y isimportant in (X, y).
Therefore, (X, y) iscalled an ordered pair. The ordered pair (X, y) # ordered pair (y, X),

if x=y. Also (X, ¥) = (y, X), if x=y.

Example4: Plot thefollowing ordered pairs (X, y) of numbersas pointsin the Cartesian
plane. Use the scale 1cm = 1 unit on the axes.

X -3 0

-1

y 7

-35

-3

2021-22



64 MATHEMATICS

Solution : The pairs of numbers given in the table can be represented by the points
(-3,7),(0,-35),(-1,-3), (4, 4) and (2, — 3). Thelocations of the points are shown
by dotsinFig.3.17.

Y

(73a7). 7 1

5
4] . (4,4)
3
2

~1,-3) ¢ 3] . (2,-3
( ) ~(o,f3.5)( )

Fig. 3.17

Activity 2 : A game for two persons (Regquirements; two counters or coins, graph
paper, two dice of different colours, say red and green):

Place each counter at (0, 0). Each player throws two dice simultaneously. When
the first player does so, suppose the red die shows 3 and the green one shows 1. So,
shemoves her counter to (3, 1). Similarly, if the second player throws 2 onthered and
4 onthe green, she moves her counter to (2, 4). On the second throw, if thefirst player
throws 1 on the red and 4 on the green, she moves her counter from (3, 1) to
(3+1,1+4),thatis, adding 1to thex - coordinate and 4 to they - coordinate of (3, 1).

The purpose of the game is to arrive first at (10, 10) without overshooting, i.e.,
neither the abscissa nor the ordinate can be greater than 10. Also, acounter should not
coincide with the position held by another counter. For example, if the first player’s
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counter moves on to apoint already occupied by the counter of the second player, then
the second player’scounter goesto (0, 0). If amoveisnot possiblewithout overshooting,
the player misses that turn. You can extend this game to play with more friends.

Remark : Plotting of points in the Cartesian plane can be compared to some extent
with drawing of graphs in different situations such as Time-Distance Graph, Side-
Perimeter Graph, etc which you have comeacrossin earlier classes. In such situations,
we may call the axes, t-axis, d-axis, s-axis or p-axis, etc. in place of the
X and y axes.

EXERCISE 3.3
1. Inwhich quadrant or on which axis do each of the points (- 2, 4), (3, - 1), (- 1, 0),
(1, 2) and (— 3, —5) lie?Verify your answer by locating them on the Cartesian plane.

2. Plotthepoints (X, y) giveninthefollowing table on the plane, choosing suitable units
of distance on the axes.

X -2 -1 0 1 3

y 8 7 ~125 3 -1

3.4Summary

In this chapter, you have studied the following points :
1. To locate the position of an object or a point in a plane, we require two perpendicular
lines. One of them is horizontal, and the other is vertical.

2.  Theplaneiscalledthe Cartesian, or coordinate plane and thelinesare called the coordinate
axes.

3. Thehorizontal lineiscalled thex-axis, and thevertical lineiscalled they - axis.
4. The coordinate axes divide the plane into four parts called quadrants.

5. Thepoint of intersection of the axesis called the origin.

6

The distance of a point from the y - axisis called its x-coordinate, or abscissa, and the
distance of the point from the x-axisis called its y-coordinate, or ordinate.

7. Iftheabscissaof apointisx andtheordinateisy, then (x, y) are called the coordinates of
the point.

8. Thecoordinates of apoint on the x-axis are of the form (x, 0) and that of the point on the
y-axisare (0, y).
9. Thecoordinates of theorigin are (0, 0).

10. Thecoordinatesof apoint are of theform (+, +) inthefirst quadrant, (—, +) in the second
guadrant, (—, —) in the third quadrant and (+, —) in the fourth quadrant, where + denotes a
positive real number and — denotes a negative real number.

11. If x=zy,then(x,y) = (y,x), and (X, y) = (y, X), if x=Yy.
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CHAPTER 4

LINEAR EQUATIONS IN TWO VARIABLES
I

The principal use of the Analytic Art is to bring Mathematical Problems to
Equations and to exhibit those Equations in the most simple terms that can be.

—Edmund Halley

4.1 1ntroduction

In earlier classes, you have studied linear equations in one variable. Can you write
down alinear equation in one variable? You may say that x + 1 =0, x+ /2 =0and
J2y+ J3 =0are examples of linear equations in one variable. You aso know that
such eguations have aunique (i.e., oneand only one) solution. You may al so remember
how to represent the solution on anumber line. In thischapter, the knowledge of linear
equations in one variable shall be recalled and extended to that of two variables. You
will be considering questions like: Does a linear equation in two variables have a
solution?If yes, isit unique? What does the solution ook like on the Cartesian plane?
You shall also use the concepts you studied in Chapter 3 to answer these questions.

4.2 Linear Equations

Let usfirst recall what you have studied so far. Consider the following equation:
2X+5=0
Its solution, i.e., the root of the equation, is —E . This can be represented on the
number line as shown below: 2
R90t

A\ 4

Fig. 4.1
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While solving an equation, you must always keep the following pointsin mind:
The solution of alinear equation is not affected when:
(i) thesamenumberisaddedto (or subtracted from) both the sides of the equation.

(i) you multiply or divide both the sides of the equation by the same non-zero
number.

L et usnow consider the following situation:

In aOne-day International Cricket match between Indiaand Sri Lankaplayed in
Nagpur, two Indian batsmen together scored 176 runs. Expressthisinformationinthe
form of an equation.

Here, you can see that the score of neither of them is known, i.e., there are two
unknown quantities. Let us use x and y to denote them. So, the number of runs scored
by one of the batsmen is x, and the number of runs scored by the other isy. We know
that

X+y =176,
which istherequired equation.

Thisisan example of alinear equation in two variables. It is customary to denote
the variables in such equations by x and y, but other letters may aso be used. Some
examples of linear equationsin two variables are:

12s+3t=5p+4q=7,mu+5=9and 3= 2 x—7y.
Note that you can put these equations in the form 1.2s + 3t — 5 = 0,
p+4q—7=0,1u+5v—9=0and <2 x—7y—3=0, respectively.

So, any equation which can be put in the form ax + by + ¢ = 0, wherea, b and ¢
are real numbers, and a and b are not both zero, is called alinear equation in two
variables. This means that you can think of many many such equations.

Example 1 : Write each of the following equations in the form ax + by + ¢ =0 and
indicate the values of a, b and ¢ in each case:

(iY2x+3y=437 (i)x—4= 3y (iii) 4 =5x — 3y (iv)2x=y
Solution : (i) 2x + 3y = 4.37 can be written as2x + 3y —4.37 = 0. Herea=2,b=3
andc=-437.

(i) The equation x — 4 = /3y can be written as x — \/3y —4 = 0. Here a = 1,
b=-3 andc=-4.

(ili) The equation 4 = 5x — 3y can be writtenas5x—3y -4 =0. Herea=5,b=-3
and c =—4. Do you agree that it can also be written as—5x + 3y + 4 =0 ?In this
casea=-5b=3andc=4.
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(iv) The equation 2x =y can be writtenas2x—-y +0=0. Herea=2, b = -1 and
c=0.

Equations of thetypeax + b =0 are a so examples of linear equationsin two variables
because they can be expressed as

ax+0y+b=0

For example, 4 — 3x = 0 can be written as—-3x + 0.y + 4 = 0.
Example 2 : Write each of the following as an equation in two variables:

(i)x=-5 (ihy=2 (iii) 2x=3 (iv) by =2
Solution : (i) x=-5can bewrittenas1.x+ 0.y =-5,0or 1L.x+ 0y +5=0.
(ii)y=2canbewrittenas0.x+ 1Ly=2, or O.x+1y—-2=0.
(iii) 2x = 3 can be writtenas 2x + 0.y —3 = 0.
(iv) By = 2 can be writtenas 0.x + 5y — 2 = 0.

EXERCISE4.1

1. The cost of a notebook is twice the cost of a pen. Write a linear equation in two
variables to represent this statement.
(Take the cost of a notebook to be< x and that of a pen to beX y).

2. Expressthe following linear equationsin the form ax + by + ¢ = 0 and indicate the
values of a, b and cin each case:

() 2x+3y= 9.35 (ii) x—% —-10=0 (i) 2x+3y=6 (iv) x=3y
(v) 2x=-by (vi) 3x+2=0 (vii) y—2=0 (viii) 5=2x

4.3Solution of aLinear Equation

You have seen that every linear equation in one variable has a unique solution. What
can you say about the solution of alinear equation involving two variables? As there
aretwo variablesin the equation, a solution means apair of values, onefor x and one
for y which satisfy the given equation. Let us consider the equation 2x + 3y = 12.
Here, x =3 and y = 2 is a solution because when you substitute x = 3and y = 2 in the
equation above, you find that
2X+3y=2%x3)+(3x2)=12

This solution iswritten as an ordered pair (3, 2), first writing the value for x and

thenthevaluefory. Similarly, (O, 4) isalso asolution for the equation above.
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On the other hand, (1, 4) is not a solution of 2x + 3y = 12, because on putting
x=1andy=4weget 2x + 3y = 14, which isnot 12. Note that (0, 4) is a solution but
not (4, 0).

You have seen at least two solutions for 2x + 3y = 12, i.e., (3, 2) and (0, 4). Can
you find any other solution? Do you agree that (6, 0) is another solution? Verify the
same. In fact, we can get many many solutionsin the following way. Pick a value of
your choicefor x (say x=2) in 2x+ 3y = 12. Then the equation reducesto 4 + 3y = 12,

3
another solution of 2x + 3y =12. Similarly, choosing x = —5, you find that the equation

22
becomes —10 + 3y = 12. This givesy = 3 o, [_5, 2_32j is another solution of

8
whichisalinear equationin onevariable. On solving this, yougety= ~. So 2,% is

2x + 3y = 12. So there is no end to different solutions of a linear equation in two
variables. That is, a linear equation in two variables has infinitely many solutions.

Example 3 : Find four different solutions of the equation x + 2y = 6.

Solution : By inspection, x = 2, y = 2 isa solution because for x=2,y =2
X+2y=2+4=6

Now, let us choose x = 0. With this value of X, the given equation reducesto 2y = 6

which has the unique solutiony = 3. Sox =0, y = 3isalso asolution of x + 2y = 6.

Similarly, taking y = 0, the given equation reducestox = 6. So, x =6, y = 0isasolution

of x+ 2y = 6 aswell. Finally, let us takey = 1. The given eguation now reduces to

X + 2 = 6, whose solution is given by x = 4. Therefore, (4, 1) isaso asolution of the
given equation. So four of theinfinitely many solutions of the given equation are:

(2,2),(0,3),(6,0) and (4, 1).

Remark : Note that an easy way of getting a solution is to take x = 0 and get the
corresponding value of y. Similarly, we can put y = 0 and obtain the corresponding
value of x.

Example 4 : Find two solutionsfor each of the following equations:
(i) 4x+3y=12
(i) 2x+5y=0
(i) 3y+4=0
Solution : (i) Taking x=0, we get 3y =12, i.e, y =4. So, (0, 4) isasolution of the

given equation. Similarly, by takingy = 0, we get x= 3. Thus, (3, 0) isalso asolution.
(ii) Taking x =0, weget 5y =0, i.e.,, y=0. So (0, 0) isasolution of the given equation.
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Now, if you take y = 0, you again get (0, 0) as a solution, which is the same as the
earlier one. To get another solution, take x = 1, say. Then you can check that the

2
corresponding value of yis 5 So [J, —éj is another solution of 2x + 5y = 0.

4
(iii) Writing the equation 3y + 4=0as0.x + 3y + 4 =0, you will find that y = 3 for

any value of x. Thus, two solutions can be given as [0, _gj and [1, _gj .

EXERCISE 4.2
1.  Which one of the following optionsis true, and why?
y=3x+5has
(i) auniquesolution,  (ii) only twosolutions,  (iii) infinitely many solutions
2. Writefour solutions for each of the following equations:

(i) 2x+y=7 (i) tx+y=9 (i) x=4y
3. Check which of the following are solutions of the equation x — 2y = 4 and which are
not:

@ (0,2 (i) (2,0 (i) (4,0
iv) (V2,42) @
4. Findthevalueof k, if x=2,y=1isasolution of the equation 2x + 3y = k.

4.4 Graph of aLinear Equationin Two Variables

Sofar, you have obtained the solutions of alinear equationintwo variablesalgebraicaly.
Now, let uslook at their geometric representation. You know that each such equation
has infinitely many solutions. How can we show them in the coordinate plane? You
may have got some indication in which we write the solution as pairs of values. The
solutions of thelinear equation in Example 3, namely,

X+2y=6 D
can be expressed in the form of atable asfollows by writing the values of y below the
corresponding values of X :

Table 1
X 0 2 4 6
\ 3 2 1 0
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In the previous chapter, you Y
studied how to plot the points on a
graph paper. Let us plot the points
0, 3),(2,2), (4,1 and (6,0) on a
graph paper. Now join any two of
these pointsand obtainaline. Let us
call thisasline AB (see Fig. 4.2).

Do you see that the other two
pointsalso lieonthelineAB? Now,
pick another point on this line, say
(8, —1). Is this a solution? In fact,
8+2(-1) =6. S0, (8,—-1) isasolution. v’

Pick any other point onthislineAB
and verify whether its coordinates Fig. 4.2
satisfy the equation or not. Now, take
any point not lying on theline AB, say (2, 0). Do its coordinates satisfy the equation?
Check, and see that they do not.
Let uslist our observations:

1. Every point whose coordinates satisfy Equation (1) lieson theline AB.
2. Every point (a, b) on theline AB gives asolution x = a, y = b of Equation (1).
3. Any point, which does not lie on the line AB, is not a solution of Equation (1).

So, you can conclude that every point on the line satisfies the equation of theline
and every solution of the equationisapoint ontheline. Infact, alinear equation intwo
variablesisrepresented geometrically by aline whose points make up the collection of
solutions of the equation. Thisis called the graph of the linear equation. So, to obtain
the graph of a linear equation in two variables, it is enough to plot two points
corresponding to two solutionsand join them by aline. However, it isadvisableto plot
more than two such points so that you can immediately check the correctness of the
graph.

Remark : Thereason that a, degree one, polynomial equationax +by +c=0iscalled
alinear equation is that its geometrical representation is astraight line.

Example 5 : Given the point (1, 2), find the equation of aline on which it lies. How
many such equations are there?

Solution : Here(1, 2) isasolution of alinear equation you arelooking for. So, you are
looking for any line passing through the point (1, 2). One example of such a linear
equationisx +y=3. Othersarey—x =1,y = 2%, since they are also satisfied by the
coordinates of the point (1, 2). Infact, thereareinfinitely many linear equationswhich
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are satisfied by the coordinates of the point (1, 2). Can you see this pictorially?

Example 6 : Draw the graph of x +y = 7.

Solution : To draw the graph, we
need at least two solutions of the
equation. You can check that x = 0,
y=7,andx=7,y=0 aresolutions
of the given equation. So, you can
use the following table to draw the

graph:

Table 2
3
X 0 7 . T
y 7 0

Draw the graph by plotting the
two pointsfrom Table 2 and then
by joining the same by aline (see Fig. 4.3).

Example 7 : You know that the force applied on
abody isdirectly proportional to the acceleration
produced in the body. Write an equation to express
this situation and plot the graph of the equation.

Solution : Here the variables involved are force
and acceleration. Let the force applied bey units
and the acceleration produced be x units. From
ratio and proportion, you can express thisfact as
y = kx, where k is a constant. (From your study
of science, you know that k is actually the mass
of the body.)

Now, since we do not know what k is, we cannot
draw the precise graph of y = kx. However, if we
give a certain value to k, then we can draw the
graph. Let ustake k = 3, i.e., we draw the line
representing y = 3x.

For thiswefind two of itssolutions, say (0, 0) and
(2, 6) (seeFig. 4.4).
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From the graph, you can see that when the force applied is 3 units, the acceleration
produced is1 unit. Also, notethat (O, O) lies on the graph which meansthe accel eration
produced is 0 units, when the force applied is O units.

Remark : The graph of the equation of the formy = kxisaline which always passes
through theorigin.

Example 8 : For each of the graphsgivenin Fig. 4.5 select the equation whaose graph
it isfrom the choices given below:

(a) For Fig. 4.5 (i),

(i) x+y=0 (i) y=2x (i) y=x (iv) y=2x+1
(b) For Fig. 4.5 (ii),

@) x+y=0 (i) y=2x (i) y=2x+4 (iv) y=x-4
(c) For Fig. 4.5 (iii),

(i) x+y=0 (i) y=2x (i) y=2x+1 (iv) y=2x—-4

Fig. 4.5
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Solution : (&) In Fig. 4.5 (i), the points on the line are (-1, —2), (0, 0), (1, 2). By
inspection, y = 2x is the equation corresponding to this graph. You can find that the
y-coordinate in each case is double that of the x-coordinate.

(b) In Fig. 4.5 (ii), the points on the line are (-2, 0), (0, 4), (1, 6). You know that the
coordinates of the points of the graph (line) satisfy the equation y = 2x + 4. So,
y = 2x + 4 isthe equation corresponding to the graph in Fig. 4.5 (ii).

(o) InFig. 4.5(iii), thepointsonthelineare (-1, —6), (0,-4), (1,-2), (2, 0). By inspection,
you can see that y = 2x — 4 is the equation corresponding to the given graph (line).

EXERCISE 4.3
1. Draw thegraph of each of thefollowing linear equationsin two variables:
(i) x+y=4 (i) x—y=2 (i) y=3x (iv) 3=2x+y

2. Givethe equations of two lines passing through (2, 14). How many more such lines
arethere, and why?

3. If thepoint (3, 4) lies on the graph of the equation 3y = ax + 7, find the value of a.

Thetaxi farein acity isasfollows: For thefirst kilometre, the fareis3 8 and for the
subsequent distance it isT 5 per km. Taking the distance covered as x km and total
fareas? y, writealinear equation for thisinformation, and draw its graph.

5. From the choices given below, choose the equation whose graphsaregivenin Fig. 4.6

andFig. 4.7.
For Fig. 4.6 For Fig. 4.7
@) y=x () y=x+2
(i) x+y=0 (i) y=x-2
(iii) y=2x (iii) y=—x+2
(iv) 2+3y="7x (iv) x+2y=6 Y
4
Y (-1,3)3 ¢
(0, 2)
24
e — X e—— ! ! X
X — —t—> X O 3
-2 -19I\y 2 3 2-17 1 2\‘
- -1
24 D 271
73..
v’
v
Fig.4.6 Fig.4.7
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6. If thework doneby abody on application of a constant forceisdirectly proportional
to the distance travelled by the body, express this in the form of an equation in two
variablesand draw the graph of the same by taking the constant force as 5 units. Also
read from the graph the work done when the distance travelled by the body is

(i) 2 units (ii) Ounit

7. Yamini and Fatima, two students of Class|X of aschool, together contributed ¥ 100
towardsthe Prime Minister’sRelief Fund to hel p the earthquake victims. Writealinear
equation which satisfies this data. (You may take their contributions as ¥ x and
< y.) Draw the graph of the same.

8. Incountrieslike USA and Canada, temperatureis measured in Fahrenheit, whereasin
countrieslikeIndia, it ismeasured in Celsius. Hereisalinear equation that converts

Fahrenheit to Celsius:
F= (gj C+32
5
(i) Draw thegraph of thelinear equation above using Celsiusfor x-axisand Fahrenheit
for y-axis.

(ii) If thetemperatureis30°C, what isthe temperaturein Fahrenheit?
(i) If thetemperatureis 95°F, what isthe temperaturein Celsius?

(iv) If the temperature is 0°C, what is the temperature in Fahrenheit and if the
temperature is 0°F, what isthe temperature in Celsius?

(v) Is there a temperature which is numerically the same in both Fahrenheit and
Celsius?If yes, find it.

4.5 Equationsof LinesParallel tothe x-axisand y-axis

You have studied how to write the coordinates of agiven point in the Cartesian plane.
Do you know where the points (2, 0), (=3, 0), (4, 0) and (n, 0), for any real number
n, liein the Cartesian plane? Yes, they al lie on the x-axis. But do you know why?
Because on the x-axis, the y-coordinate of each point is 0. In fact, every point on the
x-axisisof the form (x, 0). Can you now guess the equation of the x-axis? It isgiven
by y = 0. Notethat y = 0 can be expressed as 0.x + 1.y = 0. Similarly, observe that the
equation of the y-axisisgiven by x=0.

Now, consider the equation x — 2 = 0. If this is treated as an equation in one
variablex only, then it hasthe unique solution x = 2, which isapoint on the number line.
However, when treated as an equation in two variables, it can be expressed as
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X + 0.y — 2 = 0. This has infinitely many
solutions. In fact, they are all of the form
(2,1), wherer isany real number. Also, you
can check that every point of theform (2, r)
is a solution of this equation. So as, an
equation in two variables, x — 2 = 0 is
represented by the line AB in the graph in
Fig.4.8.

Example 9 Solve the equation
2x + 1 =x— 3, and represent the solution(s)
on (i) thenumber line,

(ii) the Cartesian plane.
Solution : We solve 2x+ 1= x—3, to get
2X—-x=-3-1

i.e., X= -4

%
4 Ad
3 ¢(2,3)
2 $(2,2)
1 ‘(2321)0)
2 10[ 1 21_/ N
1 $2,-1)
—2 B{
3
v
Fig.4.8

() The representation of the solution on the number line is shown in Fig. 4.9, where

X =—4istreated as an equation in one variable.

x=-4

e

32 -1 0
Fig. 4.9

|
|
v
5 4

(ii) We know that x = — 4 can be written as
x+0y=-4

which is a linear equation in the variables
x andy. Thisis represented by aline. Now
al the values of y are permissible because
0.y isaways 0. However, x must satisfy the
equation x =—4. Hence, two solutions of the
givenequationarex=—4,y= 0and x=-4,
y=2.

Note that the graph AB is aline paralel to
the y-axis and at a distance of 4 unitsto the
left of it (see Fig. 4.10).
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Similarly, you can obtain aline parallel to the x-axis corresponding to equations of

the type

y=3 o 0Ox+1y=3

EXERCISE4.4

1. Givethe geometric representations of y = 3 as an equation
(i) inonevariable
(i) intwovariables
2. Givethe geometric representations of 2x + 9 = 0 asan equation
(i) inonevariable
(i) intwovariables

4.6 Summary

In this chapter, you have studied the following points:

1

O N o g bk~ wWwDd

An equation of theform ax + by + ¢ = 0, where a, b and c arereal numbers, such that a and
b are not both zero, is called alinear equation in two variables.

A linear equation in two variables hasinfinitely many solutions.

The graph of every linear equation in two variablesisastraight line.

x = 0isthe equation of they-axisand y = 0 isthe equation of the x-axis.

The graph of x = aisastraight line parallel to the y-axis.

Thegraph of y = aisastraight line parallel to the x-axis.

An eguation of the type y = mx represents a line passing through the origin.

Every point on the graph of alinear equation in two variables is a solution of the linear
equation. Moreover, every solution of the linear equation is a point on the graph of the
linear equation.
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CHAPTER 5|

INTRODUCTION TO EUCLID’S GEOMETRY
I

5.1 Introduction

The word ‘geometry’ comes form the Greek words ‘geo’, meaning the ‘earth’,
and ‘metrein’, meaning ‘to measure’ . Geometry appears to have originated from
the need for measuring land. This branch of mathematics was studied in various
formsin every ancient civilisation, beit in Egypt, Babylonia, China, India, Greece,
the Incas, etc. The people of these civilisations faced several practical problems
which required the development of geometry in various ways.

For example, whenever the river Nile
overflowed, it wiped out the boundaries between
theadjoining fields of different land owners. After
such flooding, these boundaries had to be
redrawn. For this purpose, the Egyptians
developed anumber of geometric techniques and
rules for calculating simple areas and also for
doing simple constructions. The knowledge of
geometry was also used by them for computing
volumes of granaries, and for constructing canals
and pyramids. They also knew the correct formula
to find the volume of a truncated pyramid (see
Fig. 5.1).You know that apyramidisasolid figure,
the base of whichisatriangle, or square, or some
other polygon, and its side faces are triangles  Fig. 5.1 : A Truncated Pyramid
converging to a point at the top.
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In the Indian subcontinent, the excavations at Harappa and Mohenjo-Daro, etc.
show that the Indus Valley Civilisation (about 3000 BCE) made extensive use of
geometry. It was a highly organised society. The cities were highly developed and
very well planned. For example, the roads were parallel to each other and there was
an underground drai nage system. The houses had many rooms of different types. This
shows that the town dwellers were skilled in mensuration and practical arithmetic.
Thebricksused for constructionswerekiln fired and theratio length : breadth : thickness,
of the brickswasfoundtobe4:2: 1.

In ancient India, the Sulbasutras (800 BCE to 500 BCE) were the manuals of
geometrical constructions. The geometry of the Vedic period originated with the
construction of altars (or vedis) and fireplacesfor performing Vedic rites. Thelocation
of the sacred fires had to be in accordance to the clearly laid down instructions about
their shapes and areas, if they were to be effective instruments. Square and circular
altars were used for household rituals, while altars whose shapes were combinations
of rectangles, trianglesand trapeziumswere required for public worship. The sriyantra
(given in the Atharvaveda) consists of nine interwoven isosceles triangles. These
trianglesare arranged in such away that they produce 43 subsidiary triangles. Though
accurate geometric methods were used for the constructions of altars, the principles
behind them were not discussed.

These examples show that geometry was being devel oped and applied everywhere
in the world. But this was happening in an unsystematic manner. What is interesting
about these developments of geometry in the ancient world is that they were passed
on from one generation to the next, either orally or through palm leaf messages, or by
other ways. Also, wefind that in somecivilisationslike Babylonia, geometry remained
avery practical oriented discipline, aswasthe casein Indiaand Rome. The geometry
developed by Egyptians mainly consisted of the statements of results. There were no
genera rules of the procedure. In fact, Babylonians and Egyptians used geometry
mostly for practical purposes and did very littleto develop it as a systematic science.
But in civilisationslike Greece, the emphasi s was on the reasoning behind why certain
constructions work. The Greeks were interested in establishing the truth of the
statements they discovered using deductive reasoning (see Appendix 1).

A Greek mathematician, Thalesis credited with giving the
first known proof. This proof was of the statement that a circle
ishisected (i.e., cut into two equal parts) by itsdiameter. One of
Thales' most famous pupils was Pythagoras (572 BCE), whom
you have heard about. Pythagoras and hisgroup discovered many
geometric properties and devel oped the theory of geometry to a
great extent. This process continued till 300 BCE. At that time
Euclid, ateacher of mathematicsat Alexandriain Egypt, collected
al theknown work and arranged it in hisfamoustreatise,

Thales
(640BCE —546 BCE)
Fig.5.2
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caled‘Elements . Hedivided the‘ Elements' into thirteen
chapters, each called a book. These books influenced
the whole world’'s understanding of geometry for
generations to come.

In this chapter, we shall discuss Euclid’s approach
to geometry and shall try to link it with the present day
geometry.

Euclid (325 BCE —265BCE)
Fig.5.3

5.2 Euclid’sDefinitions, Axiomsand Postulates

The Greek mathematicians of Euclid’stime thought of geometry as an abstract model
of theworldinwhichthey lived. The notions of point, line, plane (or surface) and so on
were derived from what was seen around them. From studies of the space and solids
in the space around them, an abstract geometrical notion of asolid object was devel oped.
A solid has shape, size, position, and can be moved from one place to another. Its
boundaries are called surfaces. They separate one part of the space from another,
and are said to have no thickness. The boundaries of the surfaces are curves or
straight lines. These lines end in points.

Consider the three steps from solids to points (solids-surfaces-lines-points). In
each step we lose one extension, also called a dimension. So, a solid has three
dimensions, asurface hastwo, aline has one and apoint has none. Euclid summarised
these statements as definitions. He began his exposition by listing 23 definitions in
Book 1 of the ‘Elements’. A few of them are given below :

1. A point isthat which has no part.

A lineis breadthless length.

The ends of aline are points.

A straight lineisalinewhich lies evenly with the points on itself.
A surfaceis that which has length and breadth only.

The edges of a surface are lines.

o 0 b~ wiN

7. A planesurfaceisasurfacewhichliesevenly with the straight linesonitself.

If you carefully study these definitions, you find that some of the termslike part,
breadth, length, evenly, etc. need to be further explained clearly. For example, consider
hisdefinition of apoint. Inthisdefinition, ‘apart’ needsto be defined. Supposeif you
define *apart’ to be that which occupies ‘area’, again ‘an area’ needs to be defined.
So, to define onething, you need to define many other things, and you may get along
chain of definitions without an end. For such reasons, mathematicians agreeto leave
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some geometric terms undefined. However, we do have a intuitive feeling for the
geometric concept of apoint than what the* definition” above givesus. So, werepresent
apoint as a dot, even though a dot has some dimension.

A similar problem arisesin Definition 2 above, sinceit refersto breadth and length,
neither of which has been defined. Because of this, a few terms are kept undefined
while developing any course of study. So, in geometry, we take a point, a line and a
plane (in Euclid's words a plane surface) as undefined terms. The only thing is
that we can represent them intuitively, or explain them with the help of ‘physical
models'.

Starting with hisdefinitions, Euclid assumed certain properties, which werenot to
be proved. These assumptionsare actually ‘ obviousuniversal truths . Hedivided them
into two types: axiomsand postul ates. He used theterm ‘ postulate’ for the assumptions
that were specific to geometry. Common notions (often called axioms), on the other
hand, were assumptions used throughout mathematics and not specifically linked to
geometry. For details about axioms and postulates, refer to Appendix 1. Some of
Euclid’s axioms, not in his order, are given below :

(1) Thingswhich are equal to the same thing are equal to one another.
(2) If equals are added to equals, the wholes are equal.

(3) If equals are subtracted from equals, the remainders are equal.

(4) Thingswhich coincide with one another are equal to one another.

(5) Thewholeis greater than the part.

(6) Thingswhich are double of the same things are equal to one another.
(7) Thingswhich are halves of the same things are equal to one another.

These ‘common notions’' refer to magnitudes of some kind. The first common
notion could be applied to planefigures. For example, if an areaof atriangle equalsthe
area of arectangle and the area of the rectangle equalsthat of a square, then the area
of the triangle also equals the area of the square.

Magnitudes of the same kind can be compared and added, but magnitudes of
different kinds cannot be compared. For example, a line cannot be compared to a
rectangle, nor can an angle be compared to a pentagon.

The 4th axiom given above seems to say that if two things are identical (that is,
they are the same), then they are equal. In other words, everything equalsitself. Itis
the justification of the principle of superposition. Axiom (5) gives usthe definition of
‘greater than'. For example, if aquantity B isapart of another quantity A, then A can
bewritten asthe sum of B and somethird quantity C. Symbolically, A > B meansthat
thereissome C suchthat A = B + C.
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Now let us discuss Euclid’s five postulates. They are :
Postulate 1 : A straight line may be drawn from any one point to any other point.

Note that this postul ate tells us that at least one straight line passes through two
distinct points, but it doesnot say that there cannot be morethan one such line. However,
in hiswork, Euclid hasfrequently assumed, without mentioning, that thereisaunique
linejoining two distinct points. We state thisresult in the form of an axiom asfollows:

Axiom 5.1 : Given two distinct points, there is a unique line that passes through
them.

How many lines passing through P also pass through Q (see Fig. 5.4)? Only one,
that is, theline PQ. How many lines passing through Q also pass through P? Only one,
that is, the line PQ. Thus, the statement above is self-evident, and so is taken as an
axiom.

Fig.5.4

Postulate 2 : A terminated line can be produced indefinitely.

Notethat what we call aline segment now-a-daysiswhat Euclid called aterminated
line. So, according to the present day terms, the second postulate says that a line
segment can be extended on either side to form aline (see Fig. 5.5).

Fig.5.5

Postulate 3 : A circle can be drawn with any centre and any radius.
Postulate 4 : All right angles are equal to one another.

Postulate 5 : If a straight line falling on two straight lines makes the interior
angles on the same side of it taken together less than two right angles, then the
two straight lines, if produced indefinitely, meet on that side on which the sum of
angles is less than two right angles.
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For example, thelinePQinFig. 5.6 fallsonlines
AB and CD such that the sum of theinterior angles 1
and 2 is less than 180° on the left side of PQ.
Therefore, the lines AB and CD will eventually
intersect on the left side of PQ.

Fig.5.6

A brief look at the five postul ates bringsto your noticethat Postulate 5isfar more
complex than any other postulate. On the other hand, Postulates 1 through 4 are so
simple and obvious that these are taken as ‘self-evident truths'. However, it is not
possible to prove them. So, these statements are accepted without any proof
(see Appendix 1). Because of its complexity, the fifth postulate will be given more
attention in the next section.

Now-a-days, ‘postulates’ and ‘axioms' are terms that are used interchangeably
and in the same sense. ‘Postulate’ is actually averb. When we say “let us postulate”,
we mean, “let us make some statement based on the observed phenomenon in the
Universe”. Itstruth/validity is checked afterwards. If it istrue, thenit is accepted asa
‘Postulate’ .

A system of axioms is called consistent (see Appendix 1), if it isimpossible to
deduce from these axioms a statement that contradicts any axiom or previously proved
statement. So, when any system of axioms is given, it needs to be ensured that the
system is consistent.

After Euclid stated his postul ates and axioms, he used them to prove other results.
Then using these results, he proved some moreresults by applying deductive reasoning.
The statements that were proved are called propositions or theorems. Euclid
deduced 465 propositionsin alogical chain using hisaxioms, postul ates, definitionsand
theorems proved earlier in the chain. In the next few chapters on geometry, you will
be using these axioms to prove some theorems.

Now, let us seein thefollowing examples how Euclid used hisaxiomsand postul ates
for proving some of theresults:

Example 1 : If A, B and C are three points on aline, and B lies between A and C
(see Fig. 5.7), then prove that AB + BC = AC.

- ¢

A
Fig.5.7
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Solution : Inthe figure given above, AC coincides with AB + BC.

Also, Euclid’'sAxiom (4) saysthat thingswhich coincide with one another are equal to
one another. So, it can be deduced that
AB +BC=AC

Note that in this solution, it has been assumed that there is a unique line passing
through two points.

Example 2 : Prove that an equilateral triangle can be constructed on any given line
segment.

Solution : In the statement above, a line segment of any length is given, say AB
[see Fig. 5.8(i)].
C C

A B A B A B
(1) \ (ii) (iii)
Fig.5.8

Here, you need to do some construction. Using Euclid’s Postulate 3, you can draw a
circlewith point A asthe centre and AB astheradius[see Fig. 5.8(ii)]. Similarly, draw
another circle with point B asthe centre and BA asthe radius. The two circles meet at
a point, say C. Now, draw the line segments AC and BC to form A ABC
[seeFig. 5.8 (iii)].

So, you have to prove that thistriangleis equilateral, i.e.,, AB =AC =BC.

Now, AB = AC, since they are theradii of the same circle (1)
Similaly, AB = BC (Radii of the same circle) 2

From these two facts, and Euclid’'s axiom that things which are equal to the samething
are equal to one another, you can conclude that AB = BC = AC.

So, AABC isan equilateral triangle.

Note that here Euclid has assumed, without mentioning anywhere, that thetwo circles
drawn with centres A and B will meet each other at a point.

Now we prove atheorem, which isfrequently used in different results:
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Theorem 5.1 : Two distinct lines cannot have more than one point in common.

Proof : Hereweare given two lines| and m. We need to prove that they have only one
pointin common.

For thetimebeing, let us supposethat the two linesintersect in two distinct points,
say Pand Q. So, you have two lines passing through two distinct points P and Q. But
thisassumption clasheswith the axiom that only oneline can passthrough two distinct
points. So, the assumption that we started with, that two lines can pass through two
distinct pointsiswrong.

From this, what can we conclude? We are forced to conclude that two distinct
lines cannot have more than one point in common.

EXERCISES.1

1. Which of thefollowing statements are true and which are fal se? Give reasonsfor your
answers.

(i) Only one line can pass through a single point.

(i) Therearean infinite number of lines which pass through two distinct points.
(iii) A terminated line can be produced indefinitely on both the sides.

(iv) Iftwocirclesareequal, thentheir radii are equal.

(v) InFig.5.9,if AB=PQand PQ=XY, thenAB =XY.

Fig.5.9

2. Giveadefinitionfor each of thefollowing terms. Arethere other termsthat need to be
defined first? What are they, and how might you define them?

(i) peralé lines (i) perpendicular lines (i) linesegment
(iv) radiusof acircle (v) square
3. Consider two ‘postulates’ given below:

(i) Given any two distinct points A and B, there exists a third point C which isin
between A and B.

(i) Thereexist at least three points that are not on the sameline.

Do these postulates contain any undefined terms? Are these postulates consistent?
Dothey follow from Euclid’ s postul ates? Explain.
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4. If apoint C lies between two points A and B such that AC = BC, then prove that
1
AC= EAB' Explain by drawing thefigure.
5. InQuestion 4, point Ciscalled amid-point of line segment AB. Provethat every line
segment has one and only one mid-point.
6. InFig.5.10,if AC=BD, then provethatAB =CD.

B D
A C

Fig. 5.10

7. WhyisAxiom5,inthelist of Euclid’saxioms, considered a‘ universal truth’? (Notethat
the question is not about the fifth postulate.)

5.3 Equivalent Versionsof Euclid’sFifth Postulate

Euclid'sfifth postulateisvery significant in the history of mathematics. Recall it again
from Section 5.2. We see that by implication, no intersection of lines will take place
when the sum of the measures of the interior angles on the same side of thefalling line
isexactly 180°. There are several equivalent versions of this postul ate. One of themis
‘Playfair’'sAxiom’ (given by a Scottish mathematician John Playfair in 1729), as stated
below:

‘For every line | and for every point P not lying on |, there exists a unique line
m passing through P and parallel to I'.

From Fig. 5.11, you can seethat of all thelines passing through the point P, only line
misparalle tolinel.

m S

Fig. 5.11

Thisresult can aso be stated in the following form:
Two distinct intersecting lines cannot be parallel to the same line.
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Euclid did not require hisfifth postulate to prove hisfirst
28 theorems. Many mathematicians, including him, were
convinced that the fifth postulate is actually a theorem that
can be proved using just the first four postulates and other
axioms. However, all attemptsto provethefifth postulate asa
theorem have failed. But these efforts have led to a great
achievement —the creation of several other geometries. These
geometriesare quite different from Euclidean geometry. They
are called non-Euclidean geometries. Their creation is
considered a landmark in the history of thought because till
then everyone had believed that Euclid’ swasthe only geometry
and theworld itself was Euclidean. Now the geometry of the universewelivein hasbeen
shown to beanon-Euclidean geometry. Infact, itiscalled spherical geometry. In spherical
geometry, lines are not straight. They are parts of great circles(i.e., circles obtained by
the intersection of a sphere and planes passing through the centre of the sphere).

Fig. 5.12

InFig. 5.12, thelinesAN and BN (which are parts of great circles of a sphere) are
perpendicular to the samelineAB. But they are meeting each other, though the sum of
the angles on the same side of line AB isnot lessthan two right angles (in fact, it is90°
+90° = 180°). Also, note that the sum of the angles of thetriangle NAB isgreater than
180°, as Z A + £ B =180°. Thus, Euclidean geometry isvalid only for thefiguresinthe
plane. On the curved surfaces, it fails.

Now, let us consider an example.

Example 3 : Consider the following statement : There exists a pair of straight lines
that are everywhere equidistant from one another. I sthis statement adirect consegquence
of Euclid’sfifth postulate? Explain.

Solution : Takeany linel and apoint P not on |. Then, by Playfair’'s axiom, which is
equivalent to thefifth postul ate, we know that thereisaunique line mthrough P which
isparallel tol.

Now, the distance of a point from a line is the length of the perpendicular from
the point to theline. This distance will be the same for any point on mfrom | and any
point on | from m. So, these two lines are everywhere equidistant from one another.

Remark : The geometry that you will be studying in the next few chapters is
Euclidean Geometry. However, the axioms and theorems used by us may be different
from those of Euclid's.
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EXERCISES.2

1. Howwouldyourewrite Euclid’sfifth postulate so that it would be easier to understand?
2. DoesEuclid’sfifth postulateimply the existence of parallel lines? Explain.

54 Summary

In this chapter, you have studied the following points:

1

Though Euclid defined a point, a line, and a plane, the definitions are not accepted by
mathematicians. Therefore, these terms are now taken as undefined.

Axiomsor postul ates are the assumptionswhich are obvious universal truths. They are not
proved.

Theorems are statements which are proved, using definitions, axioms, previously proved
statements and deductive reasoning.

Someof Euclid'saxiomswere:

() Thingswhich are equal to the same thing are equal to one another.
(2 If equals are added to equals, the wholes are equal .

(@ If equalsare subtracted from equals, the remainders are equal.

(4) Thingswhich coincide with one another are equal to one another.

(5 Thewholeisgreater than the part.

(6) Things which are double of the same things are equal to one another.
(7) Thingswhich are halves of the same things are equal to one another.
Euclid’'spostulateswere::

Postulate 1 : A straight line may be drawn from any one point to any other point.
Postulate 2 : A terminated line can be produced indefinitely.

Postulate 3: A circle can be drawn with any centre and any radius.
Postulate 4 : All right angles are equal to one another.

Postulate 5: If astraight linefalling on two straight lines makestheinterior angleson the
same side of it taken together less than two right angles, then the two straight lines, if
produced indefinitely, meet on that side on which the sum of anglesislessthan two right
angles.

Two equivalent versions of Euclid’sfifth postulate are:

(i) ‘For every linel and for every point P not lying on |, there exists a unique line m
passing through P and parallel tol’.

(i) Twodistinct intersecting lines cannot be parallel to the same line.

All the attemptsto prove Euclid’ sfifth postul ate using thefirst 4 postul atesfailed. But they
led to the discovery of several other geometries, called non-Euclidean geometries.
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CHAPTER 6|

LINES AND ANGLES
I

6.1 Introduction

In Chapter 5, you have studied that a minimum of two points are required to draw a
line. You have also studied some axioms and, with the help of these axioms, you
proved some other statements. In this chapter, you will study the properties of the
angles formed when two lines intersect each other, and also the properties of the
angles formed when a line intersects two or more parallel lines at distinct points.
Further you will use these propertiesto prove some statements using deductive reasoning
(seeAppendix 1). You have already verified these statements through some activities
in the earlier classes.

Inyour daily life, you see different types of angles formed between the edges of
plane surfaces. For making asimilar kind of model using the plane surfaces, you need
to have a thorough knowledge of angles. For instance, suppose you want to make a
model of ahut to keep in the school exhibition using bamboo sticks. Imagine how you
would make it? You would keep some of the sticks parallel to each other, and some
stickswould be kept danted. Whenever an architect hasto draw aplanfor amultistoried
building, she hasto draw intersecting linesand parallel linesat different angles. Without
the knowledge of the properties of these lines and angles, do you think she can draw
thelayout of the building?

In science, you study the properties of light by drawing the ray diagrams.
For example, to study the refraction property of light when it enters from one medium
to the other medium, you use the properties of intersecting lines and parallel lines.
When two or more forces act on a body, you draw the diagram in which forces are
represented by directed line segments to study the net effect of the forces on the
body. At that time, you need to know the relation between the angles when the rays
(or line segments) are parallel to or intersect each other. To find the height of atower
or to find the distance of a ship from the light house, one needs to know the angle
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formed between the horizontal and the line of sight. Plenty of other examples can be
given where lines and angles are used. In the subsequent chapters of geometry, you
will be using these properties of lines and angles to deduce more and more useful
properties.

Let us first revise the terms and definitions related to lines and angles learnt in
earlier classes.

6.2 Basic Termsand Definitions

Recall that a part (or portion) of aline with two end pointsis called a line-segment
and apart of alinewith oneend pointiscalled aray. Notethat thelinesegment AB is

denoted by AB, and itslength isdenoted by AB. Theray AB isdenoted by Ag , and

alineisdenoted by ap.However, we will not use these symboals, and will denote
the line segment AB, ray AB, length AB and line AB by the same symbol, AB. The
meaning will be clear from the context. Sometimes small letters|, m, n, etc. will be
used to denote lines.

If three or more points lie on the same line, they are called collinear points,
otherwise they are called non-collinear points.

Recall that an angle isformed when two rays originate from the same end point.
The rays making an angle are called the ar ms of the angle and the end point is called
the vertex of the angle. You have studied different types of angles, such as acute
angle, right angle, obtuse angle, straight angle and reflex angle in earlier classes
(see Fig. 6.1).

<

N

‘\x

(i) acuteangle: 0° <x<90° (i) right angle: y=90° (iii) obtuseangle: 90° <z< 180°

£ ,

(iv) straight angle: s=180° (v) reflex angle : 180° <t < 360°

Fig.6.1: Typesof Angles
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An acute angle measures between 0° and 90°, whereas aright angle is exactly
equal to 90°. An angle greater than 90° but less than 180° is called an obtuse angle.
Also, recall that astraight angleisequal to 180°. An angle whichisgreater than 180°
but less than 360° is called areflex angle. Further, two angles whose sum is 90° are
called complementary angles, and two angles whose sum is 180° are called
supplementary angles.

You have a so studied about adjacent angles

in the earlier classes (see Fig. 6.2). Two angles

are adjacent, if they have a common vertex, a A

common arm and their non-common arms are D
on different sides of the common arm. In

Fig. 6.2, « ABD and £ DBC are adjacent

angles. Ray BD istheir common arm and point

B istheir common vertex. Ray BA and ray BC

B C

are non common arms. Moreover, when two
angles are adjacent, then their sum is always
equal to the angle formed by the two non-
common arms. So, we can write

£ ABC=ZABD + £ DBC.

Note that ~ ABC and £ ABD are not D
adjacent angles. Why? Because their non-
common arms BD and BC lie on the same side
of the common arm BA.
If the non-common arms BA and BC in
A B C

Fig. 6.2, formalinethenit will look likeFig. 6.3.

In this case, £ ABD and £ DBC are called
linear pair of angles. Fig.6.3: Linear pair of angles

Fig. 6.2: Adjacent angles

You may asorecall thevertically opposite
anglesformed when two lines, say AB and CD,
intersect each other, say at the point O
(see Fig. 6.4). There are two pairs of vertically
oppositeangles.

One pair is ZAOD and #BOC. Can you
find the other pair?

Fig.6.4: Vertically opposite
angles
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6.3 Intersecting Linesand Non-inter secting Lines

Draw two different lines PQ and RS on a paper. You will see that you can draw them
in two different ways as shown in Fig. 6.5 (i) and Fig. 6.5 (ii).

P Q
R s
(i) Intersecting lines (i) Non-intersecting (parallel) lines

Fig. 6.5: Different waysof drawingtwolines

Recall the notion of aline, that it extendsindefinitely in both directions. Lines PQ
and RSin Fig. 6.5 (i) areintersecting linesand in Fig. 6.5 (ii) are parallel lines. Note
that the lengths of the common perpendiculars at different points on these parallel
linesisthe same. This equal length is called the distance between two parallel lines.

6.4 Pairsof Angles

In Section 6.2, you have learnt the definitions of

some of the pairs of angles such as C
complementary angles, supplementary angles,

adjacent angles, linear pair of angles, etc. Can

you think of some relations between these

angles?Now, let usfind out the relation between

the angles formed when aray stands on aline.

Draw afigureinwhicharay standsonalineas < ) B
shownin Fig. 6.6. NamethelineasAB and the

ray as OC. What are the angles formed at the  Fig.6.6: Linear pair of angles
point O?They are £ AOC, £ BOCand £ AOB.

Can we write £ AOC + £ BOC = £ AOB? 1)
Yes! (Why? Refer to adjacent anglesin Section 6.2)
What is the measure of £ AOB? It is180°. (Why?) 2

From (1) and (2), can you say that £~ AOC + 2 BOC =180°? Yes! (Why?)
From the above discussion, we can state the following Axiom:
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Axiom 6.1 : If a ray stands on a line, then the sum of two adjacent angles so
formed is 180°.

Recall that when the sum of two adjacent angles is 180°, then they are called a
linear pair of angles.

InAxiom 6.1, itisgiven that ‘aray standson aline'. From this‘given’, we have
concluded that ‘the sum of two adjacent angles so formed is 180°'. Can we write
Axiom 6.1 the other way? That is, take the ‘conclusion’ of Axiom 6.1 as ‘given’ and
the‘given’ asthe‘conclusion’. So it becomes:

(A) If the sum of two adjacent anglesis 180°, then aray stands on aline (that is,
the non-common arms form aline).

Now you see that the Axiom 6.1 and statement (A) are in a sense the reverse of
each others. We call each as converse of the other. We do not know whether the
statement (A) istrue or not. Let us check. Draw adjacent angles of different measures
asshownin Fig. 6.7. Keep theruler along one of the non-common armsin each case.
Does the other non-common arm also lie along the ruler?

At C
A
C (e}
00 60
30° . 80
O B O B
(1) (ii)
A B

YTHUYHIHH['HHIIHTUHIIIHTUTHIHH[HHIHH‘[HHIHH[HH

(iii)

Fig. 6.7 : Adjacent angleswith different measures
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You will find that only in Fig. 6.7 (iii), both the non-common arms lie along the
ruler, that is, pointsA, O and B lie on the same line and ray OC standson it. Also see
that £ AOC + £ COB =125° + 55° = 180°. From this, you may concludethat statement
(A) istrue. So, you can state in the form of an axiom as follows:

Axiom 6.2 : If the sum of two adjacent angles is 180°, then the non-common arms
of the angles form a line.

For obvious reasons, the two axioms above together is called the Linear Pair
Axiom.

Let us now examine the case when two lines intersect each other.

Recall, from earlier classes, that when two linesintersect, the vertically opposite
anglesare equal. Let us provethisresult now. See Appendix 1 for theingredients of a
proof, and keep those in mind while studying the proof given below.

Theorem 6.1 : If two lines intersect each other, then the vertically opposite
angles are equal.

Proof : In the statement above, it is given
that ‘two lines intersect each other’. So, let
AB and CD betwo linesintersecting at O as
shownin Fig. 6.8. They lead to two pairs of
vertically opposite angles, namely,

(i) £ AOC and £ BOD (ii) £ AOD and
Z BOC. Fig. 6.8 Vertically oppositeangles

We need to prove that £ AOC = £ BOD
and £ AOD =« BOC.

Now, ray OA standson line CD.
Therefore, £ AOC + £ AOD = 180° (Linear pair axiom) (1)
Can we write £ AOD + £ BOD = 180°? Yes! (Why?) 2
From (1) and (2), we can write
£ AOC+ £ AOD = Z AOD + £ BOD
Thisimpliesthat £ AOC =2 BOD (Refer Section 5.2, Axiom 3)
Similarly, it can be proved that ZAOD = ZBOC
Now, let us do some examples based on Linear Pair Axiom and Theorem 6.1.
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Example 1 : In Fig. 6.9, lines PQ and RS
intersect each other at point O. If
ZPOR: £ZR0OQ=5:7,findal theangles.

Solution : £ POR +£ ROQ = 180°
(Linear pair of angles)

But ZPOR:ZROQ=5:7

(Given)
5
Therefore, Z POR = D x 180° = 75° Fig.6.9
- 7
Smilarly, Z ROQ = TR 180° = 105°
Now, £ POS = ZROQ = 105° (Vertically opposite angles)
and £ S0Q = ZPOR = 75° (Vertically opposite angles)

Example 2 : In Fig. 6.10, ray OS stands on a line POQ. Ray OR and ray OT are
angle bisectors of £ POS and £ SOQ), respectively. If £ POS = x, find £ ROT.

Solution : Ray OS stands on the line POQ.

Therefore, £ POS + £ SOQ = 180° d S
But, Z POS = x T
Therefore, X+ £ SOQ = 180°

So, Z SOQ = 180° — X
Now, ray OR bisects £ POS, therefore,

1
LROS=E><LPOS

X
x
1

N | X

Similarly, Z SOT =

NP NP NP
X
N
@)

I
©
S
o
|
I
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Now, Z ROT = £ ROS + /£ SOT
= Xy900 -2
2 2
= 90°

Example 3: In Fig. 6.11, OP, OQ, OR and OS are
four rays. Prove that £ POQ + £ QOR + £ SOR +
Z POS = 360°.

Solution : In Fig. 6.11, you need to produce any of
the rays OP, OQ, OR or OS backwards to a point.
Let us produce ray OQ backwards to a point T so
that TOQ isaline (see Fig. 6.12).

Now, ray OP stands on line TOQ.

Therefore, ZTOP+ £ POQ=180° (1)
(Linear pair axiom)

Similarly, ray OS standson line TOQ.

Therefore, ZTOS+ £S0Q=180° (2
But £ S0Q = £ SOR + £ QOR
S0, (2) becomes

ZTOS+ £ SOR + / QOR = 180°
Now, adding (1) and (3), you get
Z TOP+ £ POQ + £ TOS+ £ SOR + Z QOR = 360° 4
But ZTOP+ £ TOS= Z POS
Therefore, (4) becomes
Z POQ + £ QOR + £ SOR + £ POS = 360°

EXERCISE 6.1

1. InFig.6.13, linesAB and CD intersect at O. If C
£ AOC+ £BOE =70° and £ BOD = 40°, find
Z BOEandreflex £ COE.

Fig. 6.13
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2. InFig. 6.14, lines XY and MN intersect at O. If
ZPOY =90°anda:b=2:3,findc.

3. InFig. 6.15, Z PQR = £ PRQ, then prove that
ZPQS=ZPRT.

4. InFig.6.16,if x+y=w+ z then provethat AOB
isaline.

5. InFig.6.17, POQisaline. Ray ORisperpendicular
toline PQ. OSisanother ray lying between rays R
OP and OR. Provethat S

1
£ROS= (£Q0S~£POS)

6. Itisgiventhat £ XYZ=64° and XY isproduced ¢ —
to point P. Draw a figure from the given P 0 Q
information. If ray Y Qbisects Z ZYP, find £ XYQ .
andreflex £ QYP. Fig. 6.17
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6.5Parallel Linesand aTransver sal

Recall that aline which intersects two or more lines
at distinct points is called a transversal
(see Fig. 6.18). Line | intersects lines m and n at
points P and Q respectively. Therefore, line | is a
transversal for linesmand n. Observethat four angles
are formed at each of the points P and Q.

Letusnametheseanglesas /1, £ 2,..., Z8as
showninFig. 6.18.

£ 1, 22, 2 7and £ 8 are called exterior
angles, while £ 3, £ 4, £ 5 and Z 6 are called _
interior angles. Fig. 6.18

Recall that in the earlier classes, you have named some pairs of angles formed
when atransversal intersects two lines. These are as follows:

(a) Corresponding angles :

(h£land £5 (i) £2and £ 6

(il £4and £ 8 (iv) £3and £ 7
(b) Alternate interior angles :

(Y£4and £ 6 (i) £3and £5
(c) Alternate exterior angles:

(Yzland £ 7 (i) £2and £ 8
(d) Interior angles on the same side of the transversal:

(Y £4and £5 (i) £3and £ 6

Interior angles on the same side of thetransversal
are also referred to as consecutive interior angles [
or allied anglesor co-interior angles. Further, many 1/[
atimes, wesimply usethe words alternate anglesfor
alternate interior angles. m

Now, let us find out the relation between the
anglesinthesepairswhenlinemisparalel tolinen. 6
You know that the ruled lines of your notebook are E?%

parallel to each other. So, with ruler and pencil, draw
two parallel lines along any two of these linesand a
transversal to intersect them as shown in Fig. 6.19. Fig. 6.19
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Now, measure any pair of corresponding angles and find out the rel ation between
them. Youmay findthat: £ 1=4£5,£42=/26,£4=24Z8and £ 3=Z 7. Fromthis,
you may conclude thefollowing axiom.

Axiom 6.3 : If a transversal intersects two parallel lines, then each pair of
corresponding angles is equal.

Axiom 6.3 is also referred to as the corresponding angles axiom. Now, let us
discussthe converse of thisaxiom whichisasfollows:

If atransversal intersects two lines such that a pair of corresponding angles is
equal, then the two lines are parallel.

Does this statement hold true? It can be verified asfollows: Draw aline AD and
mark points B and C on it. At B and C, construct £ ABQ and £ BCS equal to each
other as shown in Fig. 6.20 (i).

. //

@

Fig. 6.20

Produce QB and SC on the other side of AD to form two lines PQ and RS
[seeFig. 6.20(ii)]. You may observethat the two lines do not intersect each other. You
may also draw common perpendicularsto the two lines PQ and RS at different points
and measuretheir lengths. You will find it the same everywhere. So, you may conclude
that the lines are parallel. Therefore, the converse of corresponding angles axiom is
alsotrue. So, we have the following axiom:

Axiom 6.4 : If a transversal intersects two lines such that a pair of corresponding
angles is equal, then the two lines are parallel to each other.

Can we use corresponding angles axiom to find P
out the relation between the alternate interior angles Q
when a transversal intersects two parallel lines? In <+ é
Fig. 6.21, transveral PS intersects parallel linesAB
and CD at points Q and R respectively. X

Is£BQR=ZQRCand £ AQR = £ QRD?
You know that £ PQA = £ QRC D S
(Corresponding angles axiom)
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Is Z PQA = £ BQR?Yes! (Why ?) 2
So, from (1) and (2), you may conclude that
Z BOR = £ QRC.
Smilarly, Z AQR = £ QRD.
This result can be stated as a theorem given below:

Theorem 6.2 : If a transversal intersects two parallel lines, then each pair of
alternate interior angles is equal.

Now, using the converse of the corresponding angles axiom, can we show the two
linesparallel if apair of aternateinterior anglesisequal ?In Fig. 6.22, the transversal
PS intersects lines AB and CD at points Q and R respectively such that

Z BQR = £ QRC. D
IsAB || CD? /
Z BQR = Z PQA (Why?) (1)
But, ZBQR= £ QRC (Given) (2)
So, from (1) and (2), you may conclude that
ZPQA = Z QRC C 1;/ D
S

But they are corresponding angles.

So,AB ||CD (Converse of corresponding angles axiom)

This result can be stated as a theorem given below: Fig. 6.22

Theorem 6.3 : If a transversal intersects two lines such that a pair of alternate
interior angles is equal, then the two lines are parallel.

Inasimilar way, you can obtain the following two theorems related to interior angles
on the same side of the transversal.

Theorem 6.4 : If a transversal intersects two parallel lines, then each pair of
interior angles on the same side of the transversal is supplementary.

Theorem 6.5 : If a transversal intersects two lines such that a pair of interior
angles on the same side of the transversal is supplementary, then the two lines
are parallel.

You may recall that you have verified all the above axioms and theorems in earlier
classes through activities. You may repeat those activities here al so.
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6.6LinesParallel tothe SameLine

If two lines are parallel to the same line, will they be parallel to each other? Let us
check it. See Fig. 6.23inwhichlinem||linel and linen || linel.

Let us draw a line t transversal for the lines, I, m and n. It is given that

linem||linel andlinen||linel. t
Therefore, £ 1=22 and £1=/23 ,\\1
(Corresponding angles axiom) l
So, £2=2/3(Why?) \“2
But 2 2 and £ 3 are corresponding angles and they "
are equal. \n3
Therefore, you can say that n
Linem]| Linen \

(Converse of corresponding angles axiom) Fig. 6.23
Thisresult can be stated in the form of the following theorem:
Theorem 6.6 : Lines which are parallel to the same line are parallel to each
other.
Note : The property above can be extended to more than two lines also.
Now, let us solve some examplesrelated to parallel lines.

Example4:InFig.6.24,if PQ|| RS, £ MXQ=135°and Z MYR =40°,find £ XMY.

" X Q
. 7 .
135°
M
40°
R Y s
Fig. 6.24 Fig. 6.25

Solution : Here, we need to draw aline AB parallel to line PQ, through point M as
shown in Fig. 6.25. Now, AB || PQ and PQ || RS.
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Therefore, AB || RS (Why?)
Now, Z QXM + £ XMB = 180°

(AB || PQ, Interior angles on the same side of the transversal XM)
But Z QXM = 135°
So, 135° + Z XMB = 180°
Therefore, Z XMB = 45° D
Now, ZBMY = Z MYR (AB || RS, Alternate angles)
Therefore, Z BMY = 40° 2
Adding (1) and (2), you get

Z XMB + £ BMY = 45° + 40°

Thatis, ZXMY = 85°

Example 5 : If atransversal intersects two lines such that the bisectors of a pair of
corresponding angles are parallel, then prove that the two lines are parallel.

Solution : In Fig. 6.26, atransversal AD intersects two lines PQ and RS at points B

and C respectively. Ray BE is
Z BCS; and BE || CG.

We are to prove that PQ || RS.
It isgiven that ray BE isthe bi

1
Therefore, Z ABE = E Z

the bisector of £ ABQ and ray CG is the bisector of

sector of £ ABQ. AVE

ABQ @ ° B Q

Similarly, ray CG isthe bisector of £ BCS.

1
Therefore, Z BCG= E Z

But BE || CG and AD is the transversal.

R C S
BCS ) D

Fig. 6.26

Therefore, Z ABE = 2ZBCG

(Corresponding angl

es axiom) 3

Substituting (1) and (2) in (3), you get

2
Thatis,

1 1
ZABQ= - ZBCS

Z ABQ= ZBCS
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But, they are the corresponding angles formed by transversal AD with PQ and RS;
and are equal.

Therefore, PQ || RS
(Converse of corresponding angles axiom)

Example6: InFig.6.27,AB ||CD and CD || EF. Also EA L AB. If £ BEF=55°, find
the values of x, y and z.

Solution :  y+ 55°=180° = C __JE
(Interior angles on the same side of the >
transversal ED) D N
Therefore, y = 180°— 550 = 125° / )
Agan X=y B )X
(AB || CD, Corresponding angles axiom) +F
Therefore X =125° 4
Now, since AB || CD and CD || EF, therefore, AB || EF. Fig. 6.27
o, Z EAB + £ FEA = 180° (Interior angles on the same
side of the transversal EA)
Therefore, 90° + z+ 55° = 180°
Which gives z=35°

EXERCISE 6.2

1. InFig. 6.28, find the values of x and y and then
show that AB || CD.
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InFig. 6.29,if AB||CD, CD ||EFandy: z=3:7, v\
findx.

Fig. 6.29
In Fig. 6.30, if AB || CD, EF L CD and
/ GED=126°,find £ AGE, / GEFand L/ FGE. £ C F B
<€ —] >
C E D

In Fig. 6.31, if PQ || ST, £ PQR = 110° and
£ RST =130° find £ QRS.

[Hint : Draw a line parallel to ST through
point R.]

In Fig. 6.32, if AB || CD, £ APQ = 50° and
Z PRD =127°, findx andy.

InFig. 6.33, PQ and RS are two mirrorsplaced _ |
parallel to each other. Anincident ray AB strikes X
themirror PQ at B, thereflected ray movesalong D
the path BC and strikes the mirror RS at C and A

again reflects back along CD. Prove that
AB||CD.

/S

Fig. 6.33
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6.7 Angle Sum Property of aTriangle

Intheearlier classes, you have studied through activities that the sum of all theangles
of atriangle is 180°. We can prove this statement using the axioms and theorems
related to parallel lines.

Theorem 6.7 : The sum of the angles of a triangle is 180°.

Proof : Let us see what is given in the statement P
above, that is, the hypothesis and what we need to
prove. We are given atriangle POQR and £ 1, £ 2
and £ 3 are the angles of A PQR (see Fig. 6.34).

We need to provethat £ 1+ £ 2+ £ 3=180°. Let
us draw a line XPY parallel to QR through the
opposite vertex P, as shown in Fig. 6.35, so that we 2 3
can use the properties related to parallel lines. Q

Now, XPY isaline. Fig. 6.34
Therefore, L4+ /£1+2£5=180° (1)
But XPY || QR and PQ, PR are transversals.

o, £L4=/2 and «£5=4/3
(Pairs of aternate angles)

Substituting £ 4 and £ 5in (1), we get
L2+ /£1+£3=180°
Thatis, L1+ /£2+2£3=180°

Fig. 6.35

Recall that you have studied about the formation of an exterior angle of atrianglein
the earlier classes (see Fig. 6.36). Side QR is produced to point S, Z PRSiscalled an
exterior angle of APQR.

Is £3+ £4=180°?(Why?) (1)
Also, see that
L1+ £2+ £ 3= 180° (Why?) (2
From (1) and (2), you can see that
LA4=/L1+ /2.

Thisresult can be stated intheformof ~ Q R 3
atheorem as given below: Fig. 6.36

p
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Theorem 6.8 : If a side of a triangle is produced, then the exterior angle so
formed is equal to the sum of the two interior opposite angles.

It is obvious from the above theorem that an exterior angle of a triangle is greater
than either of its interior apposite angles.

Now, let us take some examples based on the above
theorems.

Example7:InFig. 6.37,if QT L PR, Z TQR = 40°
and £ SPR =30°, find xand y.
Solution : In A TQR, 90° + 40° + x = 180°

(Angle sum property of atriangle)
Therefore, x = B0°

Now, y=ZSPR+x (Theorem 6.8)
Therefore, y = 30° +50°
= 80° Q

Example 8 : In Fig. 6.38, the sides AB and AC of
AABC are produced to points E and D respectively.
If bisectors BO and CO of £ CBE and £ BCD
respectively meet at point O, then prove that

1
£ BOC=90° - - ZBAC.

2
Solution : Ray BO is the bisector of £ CBE. E b
1
Therefore, ~/ CBO = > ~/ CBE
= 5 (180°-y)
= 90° —12/ 1) )
Similarly, ray CO isthe bisector of £ BCD. Fig. 6.38
1
Therefore, ZBCO= > Z BCD
= (180°-2)
— 900 E 2
B ) (2
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In ABOC, £BOC + £ BCO + £ CBO = 180° 3
Substituting (1) and (2) in (3), you get
A y
LBOC+90°—§ +90°_E = 180°
So £ BOC= z + Y
’ 202
1
or, £ BOC = 5 (y+2 4)
But, Xx+y+z=180° (Anglesum property of atriangle)
Therefore, y+z=180° —Xx
Therefore, (4) becomes
1
£ BOC= 5 (180° —x)
= 90° X
PRV
1
=90°- - £ BAC
2
EXERCISE6.3

1. InFig.6.39, sidesQPand RQ of A PQR are produced to points Sand T respectively.
If £ SPR=135°and £ PQT = 110°, find £ PRQ.

2. InFig.6.40, £ X =62°, £ XYZ =54°.1f YO and ZO arethebisectorsof £ XY Z and
Z XZY respectively of AXYZ, find £ OZY and £ YOZ.

3. InFig.6.41,ifAB||DE, £« BAC=35°and £ CDE=53°,find £ DCE.

S X
p{)135° /\
62°
0

1102 4

T Q R Y /
Fig. 6.39 Fig. 6.40 Fig. 6.41

4. InFig.6.42,if linesPQ and RSintersect at point T, such that # PRT =40°, Z RPT =95°
and £ TSQ=75°, find £ SQT.
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5. InFig.6.43,if PQL PS, PQ|| SR, £ SQR = 28° and £ QRT = 65°, then find the values
of xandy.
P
P Q
X
95° 9
40° S 8
R T . : 7
75 J 65°
S R T
Fig. 6.42 Q Fig. 6.43
6. InFig.6.44,theside QR of A PQR isproduced to T
a point S. If the bisectors of ~ PQR and P
Z PRS meet at point T, then prove that
1
Z/QTR== ZQPR.
2
Q R S
Fig. 6.44
Summary

In this chapter, you have studied the following points:

1

If aray standson aline, then the sum of the two adjacent angles so formed is180° and vice-
versa. Thisproperty iscalled asthe Linear pair axiom.

If two lines intersect each other, then the vertically opposite angles are equal.

If atransversal intersectstwo parallel lines, then

(i) each pair of corresponding anglesis equal,

(i) eachpair of alternate interior anglesisequal,

(i) each pair of interior angles on the same side of the transversal is supplementary.
If atransversal intersects two lines such that, either

(i) any onepair of corresponding anglesis equal, or

(i) any onepair of alternate interior anglesisequal, or

(iii) any one pair of interior angles on the same side of the transversal is supplementary,
thenthelinesare parallel.

Lineswhich are parallel to agivenlineareparalel to each other.
The sum of the three angles of atriangleis 180°.

If asideof atriangleis produced, the exterior angle so formed isequal to the sum of thetwo
interior opposite angles.
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7.1Introduction

You have studied about triangles and their various propertiesin your earlier classes.
You know that a closed figure formed by three intersecting linesis called atriangle.
(“Tri” means ‘three’). A triangle has three sides, three angles and three vertices. For
example, intriangle ABC, denoted asA ABC (seeFig. 7.1); AB, BC, CA arethethree
sides, Z A, Z B, z C arethethree anglesand A, B, C are three vertices.

In Chapter 6, you have also studied some properties A

of triangles. In this chapter, you will study in details

about the congruence of triangles, rules of congruence,

some more properties of trianglesand inequalitiesin

atriangle. You have already verified most of these

propertiesin earlier classes. Wewill now prove some

of them.

7.2 Congruenceof Triangles Fig.7.1

You must have observed that two copies of your photographs of the same size are
identical. Similarly, two bangles of the same size, two ATM cards issued by the same
bank are identical. You may recall that on placing a one rupee coin on another minted
in the same year, they cover each other completely.

Do you remember what such figures are called? Indeed they are called congruent
figures (‘congruent’ means equal in all respects or figures whose shapes and sizes
are both the same).

Now, draw two circles of the same radius and place one on the other. What do
you observe? They cover each other completely and we call them as congruent circles.

2021-22



110 MATHEMATICS

Repeat this activity by placing one
square on the other with sides of the same
measure (see Fig. 7.2) or by placing two
equilateral triangles of equal sides on each
other. You will observethat the squaresare
congruent to each other and so are the
equilateral triangles. Fig.7.2

You may wonder why we are studying congruence. You all must have seentheice
tray in your refrigerator. Observe that the moulds for making ice are all congruent.
The cast used for moulding in the tray also has congruent depressions (may be all are
rectangular or al circular or al triangular). So, whenever identical objects haveto be
produced, the concept of congruence is used in making the cast.

Sometimes, you may find it difficult to replace therefill in your pen by anew one
and this is so when the new refill is not of the same size as the one you want to
remove. Obviougdly, if thetwo refillsareidentical or congruent, the new refill fits.

So, you can find numerous examples where congruence of objectsis applied in
daily lifesituations.

Can you think of some more examples of congruent figures?

Now, which of the following figures are not congruent to the square in
Fig7.3(i):

(1) (i1) (iii) (iv)
Fig. 7.3

Thelargesquaresin Fig. 7.3 (ii) and (iii) are obviously not congruent to the onein
Fig 7.3 (i), but the squarein Fig 7.3 (iv) is congruent to the one givenin Fig 7.3 (i).

Let us now discuss the congruence of two triangles.

You aready know that two triangles are congruent if the sides and angles of one
triangle are equal to the corresponding sides and angles of the other triangle.
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Now, which of the triangles given below are congruent to triangle ABC in
Fig. 7.4 (1)?

5cm

4.5 cm

45 cm

(iv)

Fig.7.4

Cut out each of these triangles from Fig. 7.4 (ii) to (v) and turn them around and
try to cover A ABC. Observethat trianglesin Fig. 7.4 (ii), (iii) and (iv) are congruent
to A ABC while A TSU of Fig 7.4 (v) isnot congruent to A ABC.

If A PQR is congruent to A ABC, we write A PQR = A ABC.

Notice that when A PQR = A ABC, then sides of A PQR fall on corresponding
equal sides of A ABC and so is the case for the angles.

That is, PQ covers AB, QR covers BC and RP covers CA; £ P covers £ A,
Z Q covers £ B and £ R covers £ C. Also, there is a one-one correspondence

between the vertices. That is, P correspondsto A, Q to B, R to C and so on which is
written as

P~>A Q& B R C

Note that under this correspondence, A PQR = A ABC; but it will not be correct to
write AQRP= A ABC.

Similarly, for Fig. 7.4 (iii),
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FD < AB, DE <> BC and EF <> CA
and Fo A DoB andE« C
So, A FDE = A ABC but writing A DEF = A ABC is not correct.
Give the correspondence between the triangle in Fig. 7.4 (iv) and A ABC.

So, it isnecessary to write the correspondence of vertices correctly for writing of
congruence of trianglesin symbolic form.

Note that in congruent triangles corresponding parts are equal and we write
in short ‘CPCT’ for corresponding parts of congruent triangles.

7.3 Criteriafor Congruenceof Triangles

In earlier classes, you have learnt four criteria for congruence of triangles. Let us
recall them.

Draw two triangles with one side 3 cm. Are these triangles congruent? Observe
that they are not congruent (see Fig. 7.5).

D
A
3 cm
1.8 cm
3 cm
B E F
2.4 cm

(i) (it
Fig. 7.5

Now, draw two triangles with one side 4 cm and one angle 50° (see Fig. 7.6). Are

they congruent?
P

50° 50°

4 cm 4 cm

Fig. 7.6
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See that these two triangles are not congruent.
Repeat this activity with some more pairs of triangles.

So, equality of one pair of sides or one pair of sides and one pair of anglesis not
sufficient to give us congruent triangles.

What would happen if the other pair of arms (sides) of the equal angles are also
equal?

InFig 7.7, BC = QR, £ B = £ Q and aso, AB = PQ. Now, what can you say
about congruence of A ABC and A PQR?

Recall from your earlier classesthat, in this case, the two triangles are congruent.
Verify thisfor A ABC and A PQR in Fig. 7.7.

Repeat this activity with other pairs of triangles. Do you observe that the equality
of two sides and the included angle is enough for the congruence of triangles? Yes, it
isenough.

4 cm
Fig. 7.7
Thisisthefirst criterion for congruence of triangles.

Axiom 7.1 (SAS congruence rule) : Two triangles are congruent if two sides
and the included angle of one triangle are equal to the two sides and the included
angle of the other triangle.

Thisresult cannot be proved with the help of previously known resultsand soitis
accepted true as an axiom (see Appendix 1).

Let us now take some examples. C B

Example 1 : InFig. 7.8, OA = OB and OD = OC. Show that
(i) AAOD = ABOC and (ii) AD || BC.

Solution : (i) You may observethat in A AOD and A BOC, J
OA = OB } (Given)
iven
OD = OC A D
Fig.7.8
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Also, since # AOD and £ BOC form a pair of vertically opposite angles, we have
£ AOD = « BOC.
So, A AOD =z ABOC (by the SAS congruence rule)
(i) In congruent triangles AOD and BOC, the other corresponding parts are also
equal.

So, £ OAD = Z OBC and these form a pair of aternate angles for line segments
AD and BC.

Therefore, AD || BC.
Example 2 : ABisaline segment and linel isits perpendicular bisector. If apoint P
lieson |, show that Pis equidistant from A and B. /
Solution : Linel L AB and passes through C which p

is the mid-point of AB (see Fig. 7.9). You have to
show that PA = PB. Consider A PCA and A PCB.

We have AC=BC (Cisthemid-point of AB)
Z PCA = £ PCB =90° (Given) A
PC = PC (Common)
So, A PCA = A PCB (SASrule)

and so, PA = PB, asthey are corresponding sides of
congruent triangles. Fig.7.9

Now, |et us construct two triangles, whose sidesare 4 cm and 5 cm and one of the
anglesis50° and thisangleis not included in between the equal sides (see Fig. 7.10).
Are the two triangles congruent?

5cm 5cm

50°

4 cm 4 cm
Fig. 7.10
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Notice that the two triangles are not congruent.

Repeat thisactivity with more pairsof triangles. You will observethat for triangles
to be congruent, it is very important that the equal angles are included between the
pairs of equal sides.

So, SAS congruence rule holds but not ASS or SSA rule.

Next, try to construct the two triangles in which two angles are 60° and 45° and
the side included between these anglesis 4 cm (see Fig. 7.11).

60° 459 60° 450

4 cm 4 cm

Fig.7.11

Cut out these triangles and place one triangle on the other. What do you observe?
Seethat onetriangle coversthe other completely; that is, thetwo triangles are congruent.
Repeat this activity with more pairs of triangles. You will observe that equality of two
angles and the included side is sufficient for congruence of triangles.

This result is the Angle-Side-Angle criterion for congruence and is written as
ASA criterion. You have verified this criterion in earlier classes, but let us state and
prove thisresult.

Since this result can be proved, it is called a theorem and to prove it, we use the
SAS axiom for congruence.

Theorem 7.1 (ASA congruencerule) : Two triangles are congruent if two angles
and the included side of one triangle are equal to two angles and the included
side of other triangle.

Proof : We are given two trianglesABC and DEF in which:
£ZB= ZLE, £LC=/LF
and BC= EF
We need to prove that A ABC = A DEF
For proving the congruence of the two triangles see that three cases arise.
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Case (i) : Let AB = DE (see Fig. 7.12).
Now what do you observe? You may observe that

AB = DE (Assumed)
/Z/B=/E (Given)
BC = EF (Given)
So, A ABC = A DEF (By SASrule)
A D
B f C E ; F
Fig.7.12

Case (ii) : Let if possible AB > DE. So, we can take a point P on AB such that
PB = DE. Now consider A PBC and A DEF (see Fig. 7.13).

A D

} F
Observe that in A PBC and A DEF,
PB = DE (By construction)
/Z/B=ZE (Given)
BC=EF (Given)

So, we can conclude that:
A PBC = A DEF, by the SAS axiom for congruence.
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Sincethetriangles are congruent, their corresponding partswill be equal .
So, £ PCB = £ DFE
But, we are given that
Z ACB = £ DFE
So, Z ACB = £ PCB
Isthispossible?
Thisispossibleonly if Pcoincideswith A.
or, BA = ED
So, A ABC = A DEF (by SAS axiom)

Case (iii) : If AB < DE, we can choose a point M on DE such that ME = AB and
repeating the arguments as given in Case (ii), we can concludethat AB = DE and so,
A ABC = A DEF.

Suppose, now in two triangles two pairs of angles and one pair of corresponding
sides are equal but the side is not included between the corresponding equal pairs of
angles. Are the triangles still congruent? You will observe that they are congruent.
Can you reason out why?

You know that the sum of the three angles of atriangleis 180°. So if two pairs of
angles are equal, the third pair isalso equal (180° — sum of equal angles).

So, two triangles are congruent if any two pairs of angles and one pair of
corresponding sides are equal. We may call it as the AAS Congruence Rule.

Now let us perform the following activity :

Draw triangles with angles 40°, 50° and 90°. How many such triangles can you
draw?

In fact, you can draw as many triangles as you want with different lengths of
sides (see Fig. 7.14).

[] [] /O\

Fig. 7.14
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Observe that the triangles may or may not be congruent to each other.

So, equality of threeanglesisnot sufficient for congruence of triangles. Therefore,
for congruence of triangles out of three equal parts, one hasto be a side.

Let us now take some more examples.

Example 3 : Line-segment AB is parallel to another line-segment CD. O is the
mid-point of AD (see Fig. 7.15). Show that (i) AAOB = ADOC (ii) O is also the
mid-point of BC.

Solution : (i) Consider AAOB and A DOC. ¢ D
ZABO= £ DCO
(Alternate angles as AB || CD o)
and BC is the transversal)
ZAOB = £ DOC

A B
(Vertically opposite angles)
OA = OD (Given) Fig. 7.15
Therefore, AAOB = ADOC (AASrule)
(i) OB =0C (CPCT)
So, O isthe mid-point of BC.
EXERCISE 7.1
1. Inquedrilateral ACBD, C
AC = AD and AB bisects £ZA
(seeFig. 7.16). Show that AABC = A ABD.
What can you say about BC and BD?
A B
D
Fig. 7.16
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2. ABCDisaquadrilateral in which AD = BC and A ) D

Z DAB = Z CBA (seeFig. 7.17). Provethat

() AABD=ABAC

(i) BD=AC

(i) £ABD=Z«BAC. B

C
Fig. 7.17
AD and BC are equal perpendiculars to a line
segment AB (seeFig. 7.18). Show that CD bisects B C
AB.
0]
D A
\NT Fig.7.18
| and m are two parallel lines intersected by
another pair of parallel lines p and q p 4q
(seeFig. 7.19). Show that A ABC = A CDA. /‘ /‘
A D !
m
AVA
Fig. 7.19
Linel isthebisector of anangle £ A and B isany
point on|. BPand BQ are perpendicularsfrom B
tothearmsof £ A (seeFig. 7.20). Show that: Q
(i) AAPB=AAQB !
(i) BP=BQ or B isequidistant from the arms B
of ZA. , >
A P
Fig. 7.20
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6. In Fig. 7.21, AC = AE, AB = AD and E
Z BAD = Z EAC. Show that BC=DE.
A
B D C
Fig. 7.21
7. ABisalinesegment and Pisitsmid-point. D and
E are points on the same side of AB such that B 2
Z BAD = £ ABE and £ EPA = £ DPB
(seeFig. 7.22). Show that
() ADAP=AEBP
(i) AD=BE
A B
P
Fig. 7.22
8. InrighttriangleABC, rightangledat C, M is 5 A

the mid-point of hypotenuse AB. Cisjoined
to M and produced to a point D such that
DM = CM. Point D is joined to point B
(see Fig. 7.23). Show that: M

(i) AAMC=ABMD
(i) « DBCisaright angle.
(i) ADBC = AACB Fig. 7.23

os)
@

1
(iv) CM = 3 AB

7.4 SomePropertiesof aTriangle

In the above section you have studied two criteriafor congruence of triangles. Let us
now apply these resultsto study some propertiesrelated to atriangle whose two sides
are equal.
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Perform the activity given below: A

Construct a triangle in which two sides are
equal, say each equal to 3.5 cm and the third side 3.5cm 3.5cm
equal to5 cm (seeFig. 7.24). You have done such
constructionsin earlier classes.

Do you remember what is such a triangle 5cm
caled?

A triangleinwhichtwo sidesareequal iscalled
an isoscelestriangle. So, A ABC of Fig. 7.24 is
an isosceles triangle with AB = AC.

Fig. 7.24

Now, measure £ B and £ C. What do you observe?
Repeat this activity with other isosceles triangles with different sides.

You may observethat in each such triangle, the angles opposite to the equal sides
are equal.

Thisisavery important result and isindeed true for any isoscelestriangle. It can
be proved as shown below.

Theorem 7.2 : Angles opposite to equal sides of an isosceles triangle are equal.

This result can be proved in many ways. One of A
the proofsis given here.

Proof : We are given an isosceles triangle ABC
in which AB = AC. We need to prove that

ZB=«C.
Let us draw the bisector of Z A and let D be D ¢
the point of intersection of this bisector of Fig. 7.25
Z A and BC (see Fig. 7.25).
In A BAD and A CAD,
AB=AC (Given)
Z BAD = « CAD (By construction)
AD = AD (Common)
So, A BAD = A CAD (By SASrule)
So, Z ABD = Z ACD, sincethey are corresponding angles of congruent triangles.

So, £ZB=ZC
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Is the converse also true? That is;

If two angles of any triangle are equal, can we conclude that the sides opposite to
them are also equal ?

Perform thefollowing activity.

Construct atriangle ABC with BC of any length and £ B = £ C = 50°. Draw the
bisector of £ A and let it intersect BC at D (see Fig. 7.26).

Cut out the triangle from the sheet of paper and fold it along AD so that vertex C
falls on vertex B. A

What can you say about sides AC and AB?
Observe that AC covers AB completely

So, AC =AB

Repeat thisactivity with somemoretriangles. 50° 50°
Each timeyou will observethat thesidesopposite B D C
to equal angles are equal. So we have the Fig. 7.26
fallowing:

Theorem 7.3 : The sides opposite to equal angles of a triangle are equal.
Thisis the converse of Theorem 7.2.
You can prove this theorem by ASA congruence rule.
Let us take some examples to apply these results.

Example 4 : In A ABC, the bisector AD of £ A is perpendicular to side BC
(see Fig. 7.27). Show that AB = AC and A ABC isisosceles.

Solution : In AABD and AACD,

ZBAD = / CAD (Given) A
AD = AD (Common)
/ ADB = / ADC = 90° (Given)
So, AABD= AACD (ASA rule)
0, AB = AC (CPCT)
o, A ABCisanisoscelestriangle. B ) C
Fig. 7.27
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Example5: Eand F arerespectively the mid-points A
of equal sidesAB and AC of A ABC (seeFig. 7.28).
Show that BF = CE.

Solution : In A ABF and A ACE, E F

AB=AC (Given)

ZA=ZA (Common)

AF= AE (Halvesof equal sides) " C
o, A ABF= AACE (SASrule) Fig.7.28
Therefore, BF=CE (CPCT)

Example 6: Inanisoscelestriangle ABC with AB = AC, D and E are points on BC
such that BE = CD (see Fig. 7.29). Show that AD = AE.

Solution : In A ABD and A ACE,

AB = AC (Given) (1) A
£LB=«ZC
(Angles opposite to equal sides) (2)
Also, BE=CD
o, BE-DE = CD - DE B D E C
Thatis, BD = CE 3 Fig. 7.29
o, A ABD = AACE
(Using (1), (2), (3) and SASrule).
Thisgives AD = AE (CPCT)
EXERCISE 7.2
1. Inanisoscelestriangle ABC, with AB = AC, the bisectors of £ B and £ C intersect
each other at O. JoinA to O. Show that : A
i OB=0C (i) AObisects£A
2. InAABC,AD isthe perpendicular bisector of BC
(seeFig. 7.30). Show that A ABC isanisosceles
triangleinwhichAB =AC.
B D C
Fig. 7.30
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ABC is an isosceles triangle in which altitudes
BE and CF aredrawn to equal sidesAC and AB
respectively (see Fig. 7.31). Show that these
altitudes are equal .

ABCisatriangleinwhich atitudesBE and CFto
sidesAC andAB areequal (seeFig. 7.32). Show
that

() AABE=AACF
(i) AB=AC,i.e,ABCisanisoscelestriangle.

ABC and DBC aretwo isoscelestriangleson the
same base BC (see Fig. 7.33). Show that
ZABD=ZACD.

AABCisanisoscelestriangleinwhichAB =AC.
Side BA is produced to D such that AD = AB
(seeFig. 7.34). Show that # BCD isaright angle.

ABCisaright angledtriangleinwhich £ A =90°
andAB=AC.Find £Band £ C.

Show that the angles of an equilateral triangle
are 60° each.
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7.5SomeMoreCriteriafor Congruenceof Triangles

You have seen earlier in this chapter that equality of three angles of one triangle to
three angles of the other is not sufficient for the congruence of the two triangles. You
may wonder whether equality of three sides of one triangle to three sides of another
triangle is enough for congruence of the two triangles. You have already verified in
earlier classes that thisisindeed true.

To be sure, construct two triangles with sides 4 cm, 3.5 cm and 4.5 cm
(see Fig. 7.35). Cut them out and place them on each other. What do you observe?
They cover each other completely, if the equal sides are placed on each other. So, the
triangles are congruent.

4 cm

3.5cm 4.5 cm
4.5 cm 3.5cm

4 cm

Fig. 7.35

Repeat this activity with some more triangles. We arrive at another rule for
congruence.

Theorem 7.4 (SSS congruence rule) : If three sides of one triangle are equal to
the three sides of another triangle, then the two triangles are congruent.
This theorem can be proved using a suitable construction.

You have already seen that in the SAS congruence rule, the pair of equal angles
hasto betheincluded angle between the pairs of corresponding pair of equal sidesand
if thisisnot so, the two triangles may not be congruent.

Perform thisactivity:

Construct two right angled triangles with hypotenuse equal to 5 cm and one side
equal to 4 cm each (see Fig. 7.36).
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5 cm 5 cm

4 cm 4 cm
Fig. 7.36

Cut them out and place onetriangle over the other with equal side placed on each
other. Turn the triangles, if necessary. What do you observe?

Thetwo triangles cover each other completely and so they are congruent. Repeat
this activity with other pairs of right triangles. What do you observe?

You will find that two right triangles are congruent if one pair of sides and the
hypotenuse are equal. You have verified thisin earlier classes.

Note that, theright angleis not the included anglein this case.
So, you arrive at the following congruencerule;

Theorem 7.5 (RHS congruence rule) : If in two right triangles the hypotenuse
and one side of one triangle are equal to the hypotenuse and one side of the
other triangle, then the two triangles are congruent.

Note that RHS stands for Right angle - Hypotenuse - Side.
Let us now take some examples.

Example 7 : AB is a line-segment. P and Q are P

points on opposite sides of AB such that each of them

isequidistant fromthe pointsA and B (seeFig. 7.37). / \
Show that the line PQ is the perpendicular bisector A B
of AB. C

Solution : You are given that PA = PB and
QA = QB and you are to show that PQ L AB and
PQ hisects AB. Let PQ intersect AB at C.

Can you think of two congruent trianglesin thisfigure?
Let us take A PAQ and A PBQ. Fig. 7.37
In these triangles,
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AP =BP (Given)

AQ=BQ (Given)

PQ = PQ (Common)

So, A PAQ = A PBQ (SSSrule)

Therefore, Z APQ = £ BPQ (CPCT).
Now let us consider A PAC and A PBC.

You have: AP =BP (Given)

Z APC = # BPC(«£ APQ = £ BPQ proved above)

PC =PC (Common)

So, A PAC = A PBC (SASrule)

Therefore, AC=BC (CPCT) (1)

and £ ACP =« BCP (CPCT)

Also, Z ACP + £ BCP = 180° (Linear pair)
So, 2/ ACP =180°

or, Z ACP =90° 2

From (1) and (2), you can easily concludethat PQ isthe perpendicular bisector of AB.
[Note that, without showing the congruence of A PAQ and A PBQ, you cannot show

that APAC = A PBC even though AP= BP (Given)

PC = PC (Common)

and 2 PAC = £ PBC (Anglesoppositeto equal sidesin
AAPB)

It is because these results give us SSA rule which is not always valid or true for
congruence of triangles. Also the angle is not included between the equal pairs of
sides]

Let us take some more examples.

Example 8 : Pisapoint equidistant from two lines| and m intersecting at point A
(see Fig. 7.38). Show that the line AP bisects the angle between them.

Solution : You are given that lines | and mintersect each other at A. Let PB L |,
PC L m. Itisgiven that PB = PC.

You are to show that £ PAB = £ PAC.
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Let us consider A PAB and A PAC. In these two

/
triangles,
B
PB =PC (Given)
‘A P
C
m

£ PBA = Z PCA =90° (Given)
PA =PA (Common)

o, A PAB =A PAC (RHSrule) Fig. 7.38
o, Z PAB = Z PAC (CPCT)

Note that this result is the converse of the result proved in Q.5 of Exercise 7.1.

EXERCISE 7.3
1. AABCand ADBC aretwoisoscelestriangleson

A
the same base BC and verticesA and D areon the
samesideof BC (seeFig. 7.39). If AD isextended
to intersect BC at P, show that
() AABD=z=AACD
(i) AABP=AACP
B P C

(i) APbisectsZ A aswell as 2 D.

(iv) APisthe perpendicular bisector of BC. Fig. 7.39
2. ADisanaltitude of anisoscelestriangle ABC in which AB = AC. Show that
(i) AD bisectsBC (i) AD bisects£A.

3. TwosidesAB and BC and median AM

A P
of one triangle ABC are respectively
equal to sides PQ and QR and median
PN of A PQR (seeFig. 7.40). Show that:
() AABM=APQN B v c© 3 R

(i) AABC=APQR Fig. 7.40

4. BEand CFaretwo equal altitudesof atriangle ABC. Using RHS congruence
rule, prove that the triangle ABC isisosceles.

5. ABC isan isosceles triangle with AB = AC. Draw AP L BC to show that
£ZB=«C.
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7.6 InequalitiesinaTriangle

So far, you have been mainly studying the equality of sidesand angles of atriangle or
triangles. Sometimes, we do come across unequal objects, we need to compare them.
For example, line-segment AB isgreater in length as compared to line segment CD in
Fig. 7.41 (i) and £ A isgreater than £ B in Fig 7.41 (ii).

L ——————
C D
B
A B
(i) @
Fig. 7.41

Let us now examine whether there is any relation between unequal sides and
unequal anglesof atriangle. For this, let us perform the following activity:

Activity : Fix two pinson adrawing board say at B and C and tie athread to mark a
side BC of atriangle.

Fix one end of another thread at C and tie apencil
at the other (free) end . Mark a point A with the
pencil and draw A ABC (see Fig 7.42). Now, shift
the pencil and mark another point A” on CA beyond
A (new position of it)

So, A’'C>AC (Comparing the lengths)

Join A” to B and complete the triangle A’BC.
What can you say about ~ A'BC and £ ABC?
Compare them. What do you observe? Fig. 7.42

Clearly, £ZA’BC>ZABC

Continue to mark more points on CA (extended) and draw the triangles with the
side BC and the points marked.

You will observethat asthelength of the sideAC isincreased (by taking different
positions of A), the angle oppositeto it, that is, £ B also increases.

Let us now perform another activity :
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Activity : Construct a scalene triangle (that is a triangle in which all sides are of
different lengths). Measure the lengths of the sides.

Now, measure the angles. What do you ©
observe?

InA ABC of Fig 7.43, BCisthelongest side
and AC is the shortest side.

Also, Z Aisthelargest and £ B isthesmallest. A
Repeat this activity with some other triangles. Fig.7.43

We arrive at avery important result of inequalitiesin atriangle. It isstated in the
form of atheorem as shown below:

Theorem 7.6 : If two sides of a triangle are unequal, the angle opposite to the
longer side is larger (or greater).

You may prove this theorem by taking a point P
on BC such that CA = CPin Fig. 7.43.

Now, let us perform another activity :

Activity : Draw aline-segment AB. With A ascentre
and some radius, draw an arc and mark different
pointssay P, Q, R, S, T onit. Fig. 7.44

Join each of these points with A aswell aswith B (see Fig. 7.44). Observe that as
we move from Pto T, £ A is becoming larger and larger. What is happening to the
length of the side opposite to it? Observe that the length of the sideis also increasing;
thatisZ TAB>ZSAB>~ZRAB>/ZQAB>/ZPABandTB >SB >RB > QB > PB.

Now, draw any triangle with all anglesunequal A
to each other. Measure the lengths of the sides
(see Fig. 7.45).

Observethat the side oppositeto thelargest angle
isthe longest. In Fig. 7.45, £ B isthe largest angle
and AC isthelongest side.

Repeat this activity for some more triangles and B C
we see that the converse of Theorem 7.6 isalso true. Fig. 7.45
In thisway, we arrive at the following theorem:
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Theorem 7.7 : In any triangle, the side opposite to the larger (greater) angleis
longer.

This theorem can be proved by the method of contradiction.

Now take atriangle ABC and iniit, find AB + BC, BC+ AC and AC + AB. What
do you observe?

You will observe that AB + BC > AC,
BC + AC>AB and AC + AB > BC.
Repeat thisactivity with other trianglesand with thisyou can arrive at the following
theorem: D

Theorem 7.8 : The sum of any two sides of a
triangle is greater than the third side.

A
In Fig. 7.46, observe that the side BA of A ABC has
been produced to a point D such that AD = AC. Can you
show that £ BCD > £ BDC and BA + AC > BC? Have
you arrived at the proof of the above theorem. B C
Let us now take some examples based on these results. Fig. 7.46

Example 9 : D isapoint on side BC of A ABC such that AD = AC (see Fig. 7.47).
Show that AB > AD.

Solution : In A DAC,

AD = AC (Given) A
So, ZADC= £ ACD
(Angles opposite to equal sides)
Now, 2 ADC isan exterior angle for AABD.
So, Z ADC> Z ABD ‘
o, Z/ ACD > / ABD . D ¢
o, ~ ACB> ~ ABC Fig. 7.47
So, AB > AC (Side opposite to larger anglein A ABC)
o, AB > AD (AD = AC)
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EXERCISE 7.4
Show that in a right angled triangle, the

A
hypotenuse is the longest side.
In Fig. 7.48, sides AB and AC of A ABC are
extended to points P and Q respectively. Also,
£ PBC < £ QCB. Show that AC>AB. c
B
/ N

Fig. 7.48
InFig.7.49, /B< £ A and £ C< £ D. Show that B
AD<BC. D
@)
A
C
Fig. 7.49
AB and CD are respectively the smallest and D
longest sides of a quadrilateral ABCD
(see Fig. 7.50). Show that £ A > « C and
/B>/D.
A
B C
Fig. 7.50

InFig7.51, PR>PQ and PShisects £ QPR. Prove
that / PSR > / PSQ. P

|

|

|

|

|

|

|

1

Q S R
Fig. 7.51
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6. Show that of all line segments drawn from a given point not on it, the perpendicular
line segment is the shortest.

EXERCI SE 7.5 (Optional)*

1. ABCisatriangle. Locateapoint intheinterior of A ABC whichisequidistant fromall
theverticesof A ABC.

2. Inatrianglelocate apointinitsinterior which isequidistant from all the sides of the
triangle.

3. Inahuge park, people are concentrated at three .A
points(seeFig. 7.52):

A wherethere are different slides and swings
for children,

B: near whichaman-madelakeissituated,
C: whichisnear to alarge parking and exit.

Qe

Where should an icecream parlour be set up so

that maximum number of persons can approach Fig. 7.52
it?

(Hint : The parlour should be equidistant from A, B and C)

4. Completethe hexagonal and star shaped Rangolies[seeFig. 7.53 (i) and (ii)] by filling
them with as many equilateral triangles of side 1 cm asyou can. Count the number of
triangles in each case. Which has more triangles?

5cm
S cm
§
\e
o
% 5cm /o

@) (ii)
Fig. 7.53

W 5

C‘/]]

* These exercises are not from examination point of view.
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7.7Summary

In this chapter, you have studied the following points :

1. Two figuresare congruent, if they are of the same shape and of the same size.

2. Twocirclesof the sameradii are congruent.

3. Two squares of the same sides are congruent.

4. If two triangles ABC and PQR are congruent under the correspondence A < P,

B <> Qand C < R, then symbolically, it isexpressed asA ABC = A PQR.

5. Iftwosidesandtheincluded angle of onetriangle are equal to two sides and theincluded
angle of the other triangl e, then the two triangles are congruent (SAS Congruence Rule).

6. If two angles and the included side of one triangle are equal to two angles and the
included side of the other triangle, then thetwo triangles are congruent (ASA Congruence
Rule).

7. If two anglesand one side of onetriangle are equal to two angles and the corresponding
side of the other triangle, then the two triangles are congruent (AAS Congruence Rule).

Angles opposite to equal sides of atriangle are equal.
9. Sidesoppositeto equal angles of atriangle are equal.
10. Eachangleof an equilateral triangleisof 60°.

11. If three sides of one triangle are equal to three sides of the other triangle, then the two
triangles are congruent (SSS Congruence Rule).

12. Ifintworight triangles, hypotenuse and one side of atriangle are equal to the hypotenuse
and one side of other triangle, then the two triangles are congruent (RHS Congruence
Rule).

13. Inatriangle, angle opposite to thelonger sideislarger (greater).
14. Inatriangle, side opposite to the larger (greater) angleislonger.
15. Sum of any two sides of atriangle is greater than the third side.
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CHAPTER 8|

QUADRILATERALS
I

8.1Introduction

You have studied many properties of atriangle in Chapters 6 and 7 and you know that
on joining three non-collinear pointsin pairs, the figure so obtained isatriangle. Now,
let us mark four points and see what we obtain on joining them in pairsin some order.

/NS>

(@) (i) (i) (iv)
Fig.8.1

Note that if all the points are collinear (in the same line), we obtain a line
segment [see Fig. 8.1 (i)], if three out of four points are collinear, we get atriangle
[see Fig. 8.1 (ii)], and if no three points out of four are collinear, we obtain a closed
figurewith four sides[see Fig. 8.1 (iii) and (iv)].

Such afigure formed by joining four pointsin an order is called a quadrilateral.
In this book, wewill consider only quadrilaterals of thetype givenin Fig. 8.1 (iii) but
not asgiveninFig. 8.1 (iv).

A quadrilateral has four sides, four angles and four vertices [see Fig. 8.2 (i)].

D

@ _ (i1)
Fig.8.2
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In quadrilateral ABCD, AB, BC, CD and DA arethefour sides; A, B, Cand D are
the four verticesand £ A, « B, £ C and £ D are the four angles formed at the
vertices.

Now join the opposite vertices A to C and B to D [see Fig. 8.2 (ii)].
AC and BD are the two diagonals of the quadrilateral ABCD.

In this chapter, we will study more about different types of quadrilaterals, their
properties and especially those of parallelograms.

You may wonder why should we study about quadrilaterals (or parallelograms)
Look around you and you will find so many objects which are of the shape of a
guadrilateral - the floor, walls, ceiling, windows of your classroom, the blackboard,
each face of the duster, each page of your book, the top of your study table etc. Some
of these are given below (see Fig. 8.3).

Blackboard Book Table

Fig.8.3

Although most of the objectswe see around are of the shape of specia quadrilateral
called rectangle, we shall study more about quadrilateralsand especially parallelograms
because arectangle is also a parallelogram and all properties of a parallelogram are
true for a rectangle as well.

8.2Angle Sum Property of aQuadrilateral

Let us now recall the angle sum property of a
quadrilateral.

The sum of the angles of aquadrilateral is 360°.
Thiscan beverified by drawing adiagonal and dividing
the quadrilateral into two triangles.

Let ABCD be a quadrilateral and AC be a A B
diagonal (seeFig. 8.4).

What is the sum of anglesin A ADC? Fig.8.4
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You know that

ZDAC+ «£ACD + £ D =180 (1)
Similarly,inA ABC,

ZCAB+ ZACB + £ B =180 2

Adding (1) and (2), we get
/DAC+2ACD+«2D+ «ZCAB+ ZACB+ Z B =180° + 180° = 360°

Also, «ZDAC+ZCAB=ZAand£ZACD+ZACB =«C

o, ZA+ZD+ 4B+ £ C=360°

i.e.,, the sum of the angles of a quadrilateral is 360°.

8.3 Typesof Quadrilaterals
Look at the different quadrilaterals drawn bel ow:

D C S R
Z7R
A B P M
0 (i) 2 p
G 2 D C
A C
(IV) (V) (Vl)
Fig. 8.5

Observe that :

e One pair of opposite sides of quadrilateral ABCD in Fig. 8.5 (i) namely, AB
and CD are parallel. You know that it is called atrapezium.

e Both pairsof opposite sides of quadrilaterals givenin Fig. 8.5 (ii), (iii) , (iv)
and (v) are parallel. Recall that such quadrilateralsare called parallelograms.

So, quadrilateral PQRS of Fig. 8.5 (ii) isaparallelogram.
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Similarly, al quadrilaterasgiveninFig. 8.5 (iii), (iv) and (v) areparallelograms.

e Inparalelogram MNRS of Fig. 8.5 (iii), note that one of its angles namely
Z M isaright angle. What isthis special parallelogram called? Try to recall.
It is called arectangle.

e Theparalelogram DEFG of Fig. 8.5 (iv) hasall sidesequal and we know that
it is called a rhombus.

e Theparalelogram ABCD of Fig. 8.5 (v) has £ A =90° and all sidesequal; it
is called a square.

e Inquadrilateral ABCD of Fig. 8.5 (vi),AD=CD andAB =CBi.e., two pairs
of adjacent sides are equal. It is not a parallelogram. It is called akite.

Note that a square, rectangle and rhombus are all parallelograms.
e A squareisarectangle and al'so arhombus.

e A pardlelogramisatrapezium.

e AKkiteisnot aparalelogram.
[ J

A trapeziumisnot aparalelogram (asonly one pair of oppositesidesisparallel
in atrapezium and we require both pairsto be parallel in a parallelogram).

e A rectangle or arhombusis not a square.

Look at theFig. 8.6. We have arectangle and a parall el ogram with same perimeter
14 cm.

D C
b C
4dem 4cm
A
A B 3em P B
3cm
(1) (ii)
Fig.8.6

Here the area of the parallelogram is DP x AB and thisis|essthan the area of the
rectangle, i.e., AB x AD asDP< AD. Generally sweet shopkeepers cut ‘Burfis inthe
shape of a parallelogram to accomodate more pieces in the same tray (see the shape
of the Burfi before you eat it next time!).

Let us now review some properties of a parallelogram learnt in earlier classes.
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8.4 Propertiesof aParallelogram

Let us perform an activity.

Cut out a parallelogram from a sheet of paper
and cut it along adiagonal (seeFig. 8.7). You obtain
two triangles. What can you say about these
triangles?

Place onetriangleover the other. Turn onearound,
if necessary. What do you observe?

AL
Observe that the two triangles are congruent to

each other. Fig.8.7

Repeat this activity with some more parallelograms. Each time you will observe
that each diagonal dividesthe parallelogram into two congruent triangles.

Let us now prove this result.

Theorem 8.1 : A diagonal of a parallelogram divides it into two congruent
triangles.

Proof : Let ABCD be aparallelogram and AC be a diagonal (see Fig. 8.8). Observe
that the diagonal AC divides parallelogram ABCD into two triangles, namely, A ABC
and A CDA. We need to prove that these triangles are congruent.

In A ABC and A CDA, note that BC || AD and AC is atransversal.
So, ZBCA =_2/DAC (Pair of aternate angles) b C
Also, AB || DCand AC isatransversal.
So, Z BAC =« DCA (Pair of aternate angles)
and AC=CA (Common) A 5
So, AABC=ACDA (ASArule) Fig. 8.8

or, diagona AC dividesparallelogram ABCD into two congruent
triangles ABC and CDA.
Now, measure the opposite sides of parallelogram ABCD. What do you observe?

You will find that AB = DC and AD = BC.
Thisisanother property of a parallelogram stated bel ow:

Theorem 8.2 : In a parallelogram, opposite sides are equal.
You haveaready proved that adiagona dividesthe parallelograminto two congruent
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triangles; so what can you say about the corresponding parts say, the corresponding
sides? They are equal.
So, AB=DC and AD=BC

Now what isthe converse of thisresult?You already know that whatever isgiven
in atheorem, the same isto be proved in the converse and whatever is proved in the
theorem it isgiven in the converse. Thus, Theorem 8.2 can be stated as given below :

If aquadrilateral isaparallelogram, then each pair of itsopposite sidesisequal. So
itsconverseis:

Theorem 8.3 : If each pair of opposite sides of a quadrilateral is equal, then it
is a parallelogram.

Can you reason out why? D , C
Let sidesAB and CD of the quadrilateral ABCD
be equal and also AD = BC (see Fig. 8.9). Draw
diagonal AC.
Clearly, AABC= A CDA (Why?)
0, ZBAC= 2 DCA A ' B
and ZBCA = Z DAC (Why?) Fig.8.9

Can you now say that ABCD is a parallelogram? Why?

You have just seen that in aparallelogram each pair of opposite sidesisequal and
conversely if each pair of opposite sides of a quadrilateral is equal, then it is a
parallelogram. Can we conclude the same result for the pairs of opposite angles?

Draw a parallelogram and measure its angles. What do you observe?
Each pair of opposite anglesis equal.

Repeat this with some more parallelograms. We arrive at yet another result as
given below.

Theorem 8.4 : In a parallelogram, opposite angles are equal.

Now, isthe converse of thisresult also true?Yes. Using the angle sum property of
aquadrilateral and theresults of parallel linesintersected by atransversal, we can see
that the converseis also true. So, we have the following theorem :

Theorem 8.5 : If in a quadrilateral, each pair of opposite angles is equal, then
it is a parallelogram.
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There is yet another property of a parallelogram. Let us study the same. Draw a
parallelogram ABCD and draw both its diagonals intersecting at the point O
(see Fig. 8.10).

Measure the lengths of OA, OB, OC and OD.
What do you observe? You will observe that
OA=0C and OB =O0D.
or, Oisthemid-point of both the diagonals.
Repeat this activity with some more parallelograms.
Each timeyou will find that O isthe mid-point of both the diagonals.
So, we have the following theorem :

Theorem 8.6 : The diagonals of a parallelogram D C

bisect each other.

Now, what would happen, if in a quadrilateral
the diagonals bisect each other? Will it be a
parallelogram? Indeed thisistrue.

This result is the converse of the result of A
Theorem 8.6. It isgiven below:

Theorem 8.7 : If the diagonals of a quadrilateral
bisect each other, then it is a parallelogram.

You can reason out this result as follows:

Note that in Fig. 8.11, it is given that OA = OC
and OB = OD.

So, AAOB=A COD (Why?)
Therefore, £ ABO =« CDO (Why?)
From this, we get AB || CD

Similarly, BC||AD

Therefore ABCD is a parallelogram.
Let us now take some examples.

Fig. 8.11

Example 1 : Show that each angle of arectangleisaright angle.
Solution : Let usrecall what arectangleis.
A rectangleisaparallelogram in which one angleisaright angle.
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D C
Let ABCD be arectanglein which £ A = 90°.
We haveto show that /B=2£C=2«£D =90°
We have, AD || BC and AB is a transversal
(see Fig. 8.12).
So, ZA+/B=180° (Interior anglesonthesame A B
side of the transversal) Fig. 8.12

But, ZA= 90
So, £ B=180°-« A=180°-90°=90°
Now, ZC=/ZAandzZD=«B

(Opposite angles of the parallellogram)
So, £ C=90° and £ D =90°.

Therefore, each of the angles of arectangleisaright angle.

Example 2 : Show that the diagonals of arhombus are perpendicular to each other.
Solution : Consider the rhombus ABCD (see Fig. 8.13).
You know that AB = BC = CD = DA (Why?)

Now, in A AOD and A COD,

OA = OC (Diagonals of aparallelogram
bisect each other)

OD = OD (Common)
AD = CD

Therefore, A AOD = A COD |
(SSS congruence rule) Fig. 8.13

Thisgives, £ AOD = £ COD (CPCT)

But, £ AOD + Z COD = 180° (Linear pair)

So, 2£ AOD = 180°

or, £ AOD = 90°

So, the diagonals of arhombus are perpendicular to each other.

Example 3 : ABC is an isosceles triangle in which AB = AC. AD bisects exterior
angle PAC and CD || AB (see Fig. 8.14). Show that
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(i) £ DAC=«BCA and (ii) ABCD isaparallelogram.
Solution : (i) A ABC isisoscelesin whichAB = AC (Given)
So, <ZABC= ZACB (Anglesoppositetoequa sides)
Also, £ PAC= ZABC+ £ ACB

(Exterior angle of atriangle) P
or, Z PAC=2£ZACB 1) A D
Now, AD bisects £ PAC.
So, ZPAC=2ZDAC 2
Therefore,
2/ DAC=2£ACB [From (1) and (2)] B C
or, ZDAC= ZACB Fig. 8.14

(ii) Now, these equal angles form a pair of alternate angles when line segments BC
and AD are intersected by a transversal AC.

So, BC || AD

Also, BA || CD (Given)

Now, both pairs of opposite sides of quadrilateral ABCD are paralel.

So, ABCD isaparallelogram.

Example 4 : Two parallel lines | and m are intersected by a transversal p

(see Fig. 8.15). Show that the quadrilateral formed by the bisectors of interior angles
is arectangle.

Solution : It isgiven that PS || QR and transversal p intersects them at points A and
C respectively.

The bisectors of £ PAC and £ ACQ intersect at B and bisectors of Z ACR and
2 SAC intersect at D. p

We are to show that quadrilateral ABCD is a /
rectangle. / A/ S

Now, Z PAC=ZACR

(Alternate angles as | || mand p is atransversal) 2
1 1

So, - £ZPAC= - ZACR
2 2 Q

ie, ZBAC= £/ ACD " f 0
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These form apair of alternate anglesfor linesAB and DC with AC astransversal and
they are equal also.

So, AB || DC
Smilarly, BC||AD (Considering £ ACB and £ CAD)
Therefore, quadrilateral ABCD isaparallelogram.
Also, Z PAC+ 2 CAS=180° (Linear pair)
So, l4PAC+l 4CAS=1 x 180° = 90°
2 2 2
or, Z BAC+ £ CAD = 9O°
or, £ BAD = 90°

So, ABCD isaparallelogram in which one angle is 90°.
Therefore, ABCD is arectangle.

Example 5 : Show that the bisectors of angles of a parallelogram form arectangle.

Solution : Let P, Q, R and S be the points of D C
intersection of the bisectorsof Z Aand £ B, Z B
and ZC, ZCand £ D, and £ D and £ A respectively
of parallelogram ABCD (see Fig. 8.16).

In A ASD, what do you observe? A 5
Since DS bisects £ D and AS bisects £ A, therefore, Fig. 8.16
1 1
Z DAS+ £ ADS= 5 ZA+ EzD
1
=5 (£A+£D)
1 .
= > x180° (£ A and £ D areinterior angles
on the same side of the transversal)
= 90°
Also, Z~ DAS+ £ ADS+ / DSA = 180° (Angle sum property of atriangle)
or, 90° + £ DSA = 180°
or, ZDSA = 90°
So, Z PSR = 90° (Being vertically oppositeto # DSA)
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Similarly, it can be shown that £ APB = 90° or £ SPQ = 90° (asit was shown for
£ DSA). Similarly, £ PQR =90° and £ SRQ = 90°.
So, PQRS isaquadrilateral in which al angles are right angles.

Can we conclude that it is a rectangle? Let us examine. We have shown that
Z PSR =/ PQR =90° and £ SPQ = £ SRQ = 90°. So both pairs of opposite angles
are equal.
Therefore, PQRS isaparallelogram in which one angle (in fact all angles) is90° and
s0, PQRS is arectangle.

8.5Another Condition for aQuadrilateral tobea Parallelogram

You have studied many propertiesof aparallelogram in this chapter and you have also
verifiedthat if inaquadrilateral any one of those propertiesis satisfied, thenit becomes
aparallelogram.

We now study yet another condition which is the least required condition for a
guadrilateral to be aparallelogram.

It is stated in the form of atheorem as given below:
Theorem 8.8 : A quadrilateral is a parallelogram if a pair of opposite sides is
equal and parallel.

Look at Fig 8.17 in which AB = CD and
AB || CD. Let usdraw adiagonal AC. You can show
that A ABC = A CDA by SAS congruence rule.

So, BC|AD (Why?)

L et usnow take an exampleto apply thisproperty A
of aparallelogram.

D ' C

Fig. 8.17
Example 6 : ABCD is a parallelogram in which P

and Q are mid-points of opposite sidesAB and CD D Q C
(see Fig. 8.18). If AQ intersects DP at S and BQ
intersects CP at R, show that:

() APCQ isaparallelogram. S R

(i) DPBQ isaparallelogram.

(i) PSQR isaparallelogram. A P B
Fig. 8.18
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Solution : (i) In quadrilateral APCQ,

AP | QC (SinceAB || CD) (1)

AP= % AB, CQ= % CD (Given)

Also, AB = CD (Why?)
So, AP=QC 2
Therefore, APCQ is a parallelogram [From (1) and (2) and Theorem 8.8]

(i)  Similarly, quadrilateral DPBQ isaparallelogram, because
DQ || PB and DQ = PB
(i)  Inquadrilateral PSQR,
SP|| QR (SPisapart of DP and QR is a part of QB)
Similarly, SQ || PR
So, PSQR isaparallelogram.

EXERCISE 8.1

1. Theangles of quadrilateral areintheratio 3:5: 9: 13. Find all the angles of the
quadrilateral.

If the diagonals of aparallelogram are equal, then show that it isarectangle.

Show that if the diagonals of aquadrilateral bisect each other at right angles, then it
isarhombus.

Show that the diagonals of a square are equal and bisect each other at right angles.

5. Show that if the diagonals of a quadrilateral are equal and bisect each other at right
angles, then it isa square.

6. Diagona AC of aparalelogram ABCD bisects
Z A (seeFig. 8.19). Show that

(i) itbisects Z Calso,
(i) ABCD isarhombus.

D C

7. ABCD is arhombus. Show that diagonal AC _
bisects £ A as well as £ C and diagonal BD Fig.8.19
bisects £ B aswell as £ D.

8. ABCD isarectanglein which diagonal AC bisects £ A aswell as £ C. Show that:
(i) ABCD isasquare(ii) diagonal BD bisects Z B aswell as £ D.
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9.

10.

11

12.

In paralelogram ABCD, two pointsPand Q are A
taken on diagonal BD such that DP = BQ
(seeFig. 8.20). Show that:

() AAPD=ACQB

(i) AP=CQ

(ili) AAQB=ACPD Q

(iv) AQ=CP C
(v) APCQisaparalelogram

ABCD is a paralelogram and AP and CQ are

perpendicularsfrom verticesA and C on diagonal
BD (seeFig. 8.21). Show that

() AAPB=ACQD
(i) AP=CQ

InAABCand ADEF,AB =DE,AB | DE,BC=EF
and BC || EF. VerticesA, B and C are joined to
vertices D, E and F respectively (see Fig. 8.22).
Show that

() Qquadrilateral ABED isaparallelogram
(i) quadrilateral BEFC isaparallelogram
(i) AD||CFandAD=CF

(iv) quadrilateral ACFD isaparallelogram
(v) AC=DF

(vi) AABC=ADEFR

ABCD is a trapezium in which AB || CD and A B
AD =BC (seeFig. 8.23). Show that JE

() £A=«B

(i) £C=«D .
(i) AABC=ABAD D C
(iv) diagonal AC =diagonal BD Fig. 8.23

[Hint: Extend AB and draw a line through C
parallel to DA intersecting AB produced at E.]

A\ 4
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8.6 TheMid-point Theorem

You have studied many properties of atriangle aswell as aquadrilateral. Now let us
study yet another result which isrelated to the mid-point of sides of atriangle. Perform
thefollowing activity.

Draw atriangle and mark the mid-points E and F of two sides of thetriangle. Join
the points E and F (see Fig. 8.24).

Measure EF and BC. Measure £ AEF and £ ABC. A
What do you observe?You will find that :
1 E F
EF = > BCand £ AEF= £ ABC
so, EF|BC B C
Repeat this activity with some more triangles. Fig. 8.24

So, you arrive at the following theorem:

Theorem 8.9 : The line segment joining the mid-points of two sides of a triangle
is parallel to the third side.

You can prove this theorem using the following

clue N
ObserveFig 8.25inwhich E and F are mid-points /\ /
of AB and AC respectively and CD || BA. E F 5
A AEF= A CDF (ASA Rule) / \/
So, EF=DFandBE =AE=DC (Why?) B C
Therefore, BCDE is a parallelogram.  (Why?) Fig. 8.25

Thisgives EF || BC.

1 1
In this case, also note that EF = > ED = EBC'

Can you state the converse of Theorem 8.9? Is the converse true?
You will see that converse of the above theorem is also true which is stated as
below:

Theorem 8.10 : The line drawn through the mid-point of one side of a triangle,
parallel to another side bisects the third side.
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In Fig 8.26, observe that E is the mid-point of A M
AB, linel ispasssing through E and isparallel to BC
and CM || BA.

Prove that AF = CF by using the congruence of E ]
A AEF and A CDF. F b

B C
Fig. 8.26

Example7:In A ABC, D, E and F are respectively A

the mid-points of sides AB, BC and CA
(seeFig. 8.27). Show that A ABCisdividedinto four
congruent trianglesby joining D, Eand F. D F

Solution : As D and E are mid-points of sidesAB
and BC of the triangle ABC, by Theorem 8.9,

DE || AC E
Smilarly, DF || BC and EF || AB Fig. 8.27
Therefore ADEF, BDFE and DFCE are all parallelograms.
Now DE isadiagonal of the parallelogram BDFE,
therefore, A BDE = A FED
Smilarly A DAF = A FED
and A EFC = A FED
So, all the four triangles are congruent.

Example 8 : |, mand n are three parallel lines

intersected by transversals p and g such that I, m r

and n cut off equal intercepts AB and BC on p A/ fD ;
(seeFig. 8.28). Show that I, mand n cut off equal

intercepts DE and EF on g aso. B E o,
Solution : We are given that AB = BC and have / G\/

to prove that DE = EF. C F oon
Let usjoinA to Fintersecting mat G.. / \/
Thetrapezium ACFD isdivided into two triangles, Fig. 8.28
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namely A ACF and A AFD.

InA ACF, itisgiven that B isthe mid-point of AC (AB = BC)
and BG ||CF (sincem]|| n).

So, Gisthemid-point of AF  (by using Theorem 8.10)

Now, in A AFD, we can apply the same argument as G is the mid-point of AF,
GE || AD and so by Theorem 8.10, E is the mid-point of DF,

i.e, DE = EF.
In other words, |, m and n cut off equal intercepts on g also.

EXERCISE 8.2

1. ABCDisaquadrilateral inwhichP, Q,Rand Sare D
mid-points of the sides AB, BC, CD and DA
(seeFig8.29). ACisadiagonal. Show that :

1
() SRIACaWSR= - AC

(i) PQ=SR
(i) PQRSisaparalelogram.

Fig. 8.29

2. ABCDisarhombusand P, Q, R and Sarethe mid-pointsof thesidesAB, BC, CD and
DA respectively. Show that the quadrilateral PQRSisarectangle.

3. ABCDisarectangleand P, Q, R and Sare mid-pointsof thesidesAB, BC, CD and DA
respectively. Show that the quadrilateral PQRSisarhombus.

4. ABCDisatrapeziuminwhichAB || DC, BD isadiagona and E isthe mid-point of AD.
A lineisdrawn through E parallel toAB intersecting BC at F (see Fig. 8.30). Show that
Fisthe mid-point of BC.
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5. In a parallelogram ABCD, E and F are the D F C
mid-points of sides AB and CD respectively
(see Fig. 8.31). Show that the line segments AF @
and EC trisect the diagonal BD.
A E B
Fig. 8.31

6. Show that the line segments joining the mid-points of the opposite sides of a
quadrilateral bisect each other.

7. ABCisatriangleright angled at C. A linethrough the mid-point M of hypotenuseAB
and parallel to BC intersectsAC at D. Show that

() Disthemid-pointof AC (i) MD LAC

1
(i) CM =MA = - AB

8.7Summary

In this chapter, you have studied the following points :

1
2.
3.

o N o o

10.

Sum of the angles of aquadrilateral is360°.

A diagonal of aparallelogram dividesit into two congruent triangles.
Inaparallelogram,

() opposite sides are equal (i) opposite angles are equal
(iii) diagonals bisect each other

A quadrilateral isaparallelogram, if

() opposite sides are equal or (i) opposite angles are equal
or (iii) diagonals bisect each other

or (iv)apair of opposite sidesisequal and parallel

Diagonals of arectangle bisect each other and are equal and vice-versa.
Diagonals of arhombus bisect each other at right angles and vice-versa.
Diagonals of a square bisect each other at right angles and are equal, and vice-versa.

The line-segment joining the mid-points of any two sides of atriangleis parallel to the
third side and is half of it.

A linethrough the mid-point of aside of atriangle parallel to another side bisectsthethird
side.

The quadrilateral formed by joining the mid-points of the sides of aquadrilateral, in order,
isaparalelogram.
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CHAPTER 9|

AREAS OF PARALLELOGRAMS AND TRIANGLES
I

9.1Introduction

In Chapter 5, you have seen that the study of Geometry, originated with the
measurement of earth (lands) in the process of recasting boundaries of the fields and
dividing them into appropriate parts. For example, a farmer Budhia had a triangular
field and shewanted to divideit equally among her two daughters and one son. Without
actually calculating the areaof thefield, shejust divided oneside of thetriangular field
into three equal parts and joined the two points of division to the opposite vertex. In
this way, the field was divided into three parts and she gave one part to each of her
children. Do you think that all the three parts so obtained by her were, infact, equal in
area? To get answers to this type of questions and other related problems, thereis a
need to have arelook at areas of plane figures, which you have already studied in
earlier classes.

You may recall that the part of the plane enclosed by a simple closed figure is
called aplanar region corresponding to that figure. The magnitude or measure of this
planar region is called its area. This magnitude or measure is always expressed with
the help of anumber (in some unit) such as’5 cm?, 8 m?, 3 hectares etc. So, we can say
that area of afigureis anumber (in some unit) associated with the part of the plane
enclosed by the figure.

We arealso familiar with the concept A B
of congruent figures from earlier classes
and from Chapter 7. Two figures are
called congruent, if they have the same
shape and the same size. In other words,
if two figures A and B are congruent
(seeFig. 9.1) , then using atracing paper, Fig.9.1
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you can superpose onefigure over the other such that it will cover the other compl etely.
So if two figures A and B are congruent, they must have equal areas. However,
the converse of this statement is not true. In other words, two figures having equal
areas need not be congruent. For example, in Fig. 9.2, rectanglesABCD and EFGH
have equal areas (9 x 4 cm? and 6 x 6 cm?) but clearly they are not congruent. (Why?)

E 6 cm F

9 cm

A B
4 cm 6 cm
D C
H G
Fig.9.2

Now let uslook at Fig. 9.3 given below:

T

Fig.9.3

You may observe that planar region formed by figure T is made up of two planar
regions formed by figures Pand Q. You can easily see that

Areaof figure T = Area of figure P + Area of figure Q.

You may denote the area of figure A as ar(A), area of figure B as ar(B), area of
figure T as ar(T), and so on. Now you can say that area of a figure is a number
(in some unit) associated with the part of the plane enclosed by the figure with
the following two properties:

() If A and B are two congruent figures, then ar(A) = ar(B);

and (2) if a planar region formed by a figure T is made up of two non-overlapping
planar regions formed by figures P and Q, then ar(T) = ar(P) + ar(Q).

You are also aware of some formulae for finding the areas of different figures
such as rectangle, square, parallelogram, triangle etc., from your earlier classes. In
this chapter, attempt shall be made to consolidate the knowledge about these formulae
by studying some relationship between the areas of these geometric figures under the
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condition when they lie on the same base and between the same parallels. This study
will also be useful in the understanding of someresultson ‘similarity of triangles'.
9.2 Figureson the Same Base and Between the Same Parallels

Look at thefollowing figures:

@BM@

(i) (ii1) €D (iv) €

Fig.9.4

In Fig. 9.4(i), trapezium ABCD and parallelogram EFCD have a common side
DC. We say that trapezium ABCD and parallelogram EFCD are on the same base
DC. Similarly, in Fig. 9.4 (ii), parallel ograms PQRS and MNRS are on the same base
SR; in Fig. 9.4(iii), triangles ABC and DBC are on the same base BC and in
Fig. 9.4(iv), paralelogram ABCD and triangle PDC are on the same base DC.

Now look at thefollowing figures:

WM% =4

(i) (ii1) (iv)
Fig.9.5

InFig. 9.5(i), clearly trapezium ABCD and parallelogram EFCD are on the same
base DC. In addition to the above, the verticesA and B (of trapezium ABCD) opposite
to base DC and the vertices E and F (of parallelogram EFCD) oppositeto base DC lie
on aline AF parallel to DC. We say that trapezium ABCD and parallelogram EFCD
are on the same base DC and between the same parallels AF and DC. Similarly,
parallelograms PQRS and MNRS are on the same base SR and between the same
parallels PN and SR [see Fig.9.5 (ii)] as vertices P and Q of PQRS and vertices
M and N of MNRS lie on aline PN parallel to base SR.In the same way, triangles
ABC and DBC lie on the same base BC and between the same parallelsAD and BC
[see Fig. 9.5 (iii)] and parallelogram ABCD and triangle PCD lie on the same base
DC and between the same parallels AP and DC [see Fig. 9.5(iv)].
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So, two figures are said to be on the same base and between the same parallels,
if they have a common base (side) and the vertices (or the vertex) opposite to the
common base of each figure lie on a line parallel to the base.

Keeping in view the above statement, you cannot say that A POR and A DQR of
Fig. 9.6(i) lie between the same parallels | and QR. Similarly, you cannot say that

MEE

(ii) (iii)
Fig.9.6

parallelograms EFGH and MNGH of Fig. 9.6(ii) lie between the same parallels EF
and HG and that parallelograms ABCD and EFCD of Fig. 9.6(iii) lie between the
same parallels AB and DC (even

though they haveacommonbaseDC 7 <
and lie between the parallelsAD and
BC). So, it should clearly be noted
that out of the two parallels, one

must be the line containing the

common base.Note that AABC and (ii)

ADBE of Fig. 9.7(i) are not on the Fig.9.7

common base. Similarly, AABC and parallelogram PQRS of Fig. 9.7(ii) arealso not on
the same base.

EXERCISE 9.1

1.  Which of the following figureslie on the same base and between the same parallels.
In such a case, write the common base and the two parallels

NH@

(ii) (iii)

Fig. 9.8
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9.3 Parallelogramson the same Base and Between the same Parallels

Now let ustry tofind arelation, if any, between the areas of two parallelogramson the
same base and between the same parallels. For this, let us perform the following
activities:

Activity 1 : Let us take a graph sheet and draw two parallelograms ABCD and
PQCD onit asshownin Fig. 9.9.

D EC

Fig. 9.9

The above two parallelograms are on the same base DC and between the same
parallels PB and DC. You may recall the method of finding the areas of these two
parallelograms by counting the squares.

In this method, the area is found by counting the number of complete squares
enclosed by the figure, the number of squares a having more than half their parts
enclosed by the figure and the number of squares having half their parts enclosed by
the figure. The squares whose less than half parts are enclosed by the figure are
ignored. Youwill find that areas of both the parallelogramsare (approximately) 15cm?.
Repeat this activity* by drawing some more pairs of parallelograms on the graph
sheet. What do you observe? Are the areas of the two parallelograms different or
equal? If fact, they are equal. So, this may lead you to conclude that parallelograms
on the same base and between the same parallels are equal in area. However,
remember that thisisjust averification.

Activity 2 : Draw aparallelogram ABCD on athick

A E B
sheet of paper or on a cardboard sheet. Now, draw a L7
line-segment DE as shown in Fig. 9.10. .
///
D C

Fig. 9.10

*This activity can also be performed by using a Geoboard.
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Next, cut atriangle A” D’ E” congruent to A E (A)B E’
triangle ADE on a separate sheet with the help
of atracing paper and place A A’'D’E’ in such
away that A’D” coincides with BC as shown
in Fig 9.11.Note that there are two
parallelogramsABCD and EE'CD onthesame (D')C
base DC and between the same parallelsAE’

and DC. What can you say about their areas? Fig.9.11
AS AADE = A ADFE
Therefore ar (ADE) = ar (A'D’E))
Also ar (ABCD) = ar (ADE) + ar (EBCD)
=a (A'D’E’) + ar (EBCD)
= ar (EE'CD)

So, the two parallelograms are equal in area.
Let us now try to prove this relation between the two such parallelograms.

Theorem 9.1 : Parallelograms on the same base and between the same parallels
are equal in area.

A E B F
Proof : Two parallelograms ABCD and EFCD, on
the same base DC and between the same parallels
AF and DC are given (see Fig.9.12).
D C

We need to prove that ar (ABCD) = ar (EFCD).
In AADE and A BCF, Fig.9.12

Z DAE = Z CBF (Corresponding angles from AD || BC and transversal AF) (1)
Z AED = £ BFC (Corresponding angles from ED || FC and transversal AF)  (2)

Therefore, « ADE = £ BCF (Angle sum property of atriangle) 3
Also, AD = BC (Opposite sides of the parallelogram ABCD) 4
So, A ADE = ABCF [By ASArule, using (1), (3), and (4)]
Therefore, ar (ADE) = ar (BCF) (Congruent figures have equal areas) 5)
Now, ar (ABCD) = ar (ADE) + ar (EDCB)
= ar (BCF) + ar (EDCB) [From(5)]
= ar (EFCD)

So, parallelograms ABCD and EFCD are equal in area.
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Let us now take some examples to illustrate the use of the above theorem.

Examplel: InFig. 9.13, ABCD isaparalelogram  E___A F_B
and EFCD is arectangle.

Also, AL L DC. Prove that
(i) ar (ABCD) = ar (EFCD)

(ii) ar (ABCD) = DC x AL D L C
Solution : (i) Asarectangleis also a parallelogram, Fig. 9.13
therefore, ar (ABCD) = ar (EFCD) (Theorem 9.1)

(i) From aboveresullt,
ar (ABCD) = DC x FC (Area of the rectangle = length x breadth) (1)

As AL L DC, therefore, AFCL is aso arectangle
So, AL =FC 2
Therefore, ar (ABCD) = DC x AL [From (1) and (2)]

Can you see from the Result (ii) above that area of a parallelogram is the product
of its any side and the coresponding altitude. Do you remember that you have
studied this formula for area of a parallelogram in Class VII. On the basis of this
formula, Theorem 9.1 can be rewritten as parallelograms on the same base or
equal bases and between the same parallels are equal in area.

Can you write the converse of the above statement? It is as follows:. Parallelograms
on the same base (or equal bases) and having equal areas lie between the same
parallels. |s the converse true? Prove the converse using the formula for area of the
parallelogram.

Example 2 : If atriangle and a parallelogram are on the same base and between the
same parallels, then prove that the area of the triangle is equal to half the area of the
parallelogram. p D Q C

Solution : Let A ABP and parallelogram ABCD be
on the same base AB and between the same parallels
AB and PC (see Fig. 9.14).

. 1 B
You wish to prove that ar (PAB) = > ar (ABCD) A Fig. 9.14

Draw BQ || AP to obtain another parallelogram ABQP. Now parallelograms ABQP
and ABCD are on the same base AB and between the same paralels AB and PC.
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Therefore, ar (ABQP) = ar (ABCD) (By Theorem 9.1) (1)
But A PAB = A BQP (Diagonal PB divides parallelogram ABQP into two congruent
triangles.)
o, ar (PAB) = ar (BQP) 2
1
Therefore, ar (PAB) = > ar (ABQP) [From (2)] 3
o 1
Thisgives ar (PAB) = 5& (ABCD) [From (1) and (3)]
EXERCISE9.2
1. InFig.9.15,ABCD isaparalelogram,AE L DC A B
andCF L AD.IfAB=16cm,AE=8cm and
CF=10cm, findAD. F
2. If E,F,GandH arerespectively the mid-points of
the sides of a parallelogram ABCD, show that D E C

1 .
a (EFGH) = - & (ABCD). Fig. 9.15

3. PandQareany two pointslying onthesidesDC and AD respectively of aparallelogram

ABCD. Show that ar (APB) = ar (BQC).

4. In Fig. 9.16, P is a point in the interior of a A B
parallelogram ABCD. Show that

() a (APB)+ar (PCD)= % a (ABCD)

(i) a (APD)+ar (PBC)=ar (APB) +ar (PCD)
[Hint : Through P, draw aline parallel toAB.] Fig. 9.16

5. InFig.9.17, PORSandABRSareparallelograms P A Q B
and X is any point on side BR. Show that

(i) ar (PQRS) =ar (ABRS) -

(ii) ar (AX S):%a (PQRY) S R
Fig. 9.17
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6. Afarmerwashaving afieldintheform of aparallelogram PQRS. Shetook any pointA
on RSandjoined it to points P and Q. In how many partsthefieldsisdivided? What
are the shapes of these parts? The farmer wants to sow wheat and pulses in equal

portions of the field separately. How should she do it?

9.4 Triangles on the same Base and between the same Parallels

Let uslook at Fig. 9.18. Init, you havetwo triangles
ABC and PBC on the same base BC and between
the same parallels BC and AP. What can you say
about the areas of such triangles? To answer this
guestion, you may perform the activity of drawing
several pairs of triangles on the same base and
between the same parallels on the graph sheet and
find their areas by the method of counting the

A P

Fig. 9.18

squares. Each time, you will find that the areas of thetwo triangles are (approximately)
equal. Thisactivity can be performed using a geoboard also. You will again find that

the two areas are (approximately) equal.

To obtain alogical answer to the above question,
you may proceed asfollows:

In Fig. 9.18, draw CD || BA and CR || BP such

that D and R lieon line AP(see Fig.9.19). C
Fromthis, you obtain two parallelograms PBCR Fig. 9.19
and ABCD on the same base BC and between the
same paralels BC and AR.
Therefore, ar (ABCD) = ar (PBCR) (Why?)
Now AABC = ACDA and APBC = ACRP (Why?)
1 1
So, ar (ABC) = S& (ABCD) and ar (PBC) = & (PBCR)  (Why?)
Therefore, ar (ABC) = ar (PBC)

In thisway, you have arrived at the following theorem:

Theorem 9.2 : Two triangles on the same base (or equal bases) and between the

same parallels are equal in area.
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Now, suppose ABCD is a parallelogram whose one of the diagonals is AC
(see Fig. 9.20). Let AN L DC. Note that

A B
AADC= A CBA (Why?) .
%, ar (ADC) = ar (CBA) (Why?) i
1 |
Therefore, ar (ADC) = > ar (ABCD) h
D N C
- % (DCxAN) (Why?) Fig. 9.20

1
So, areaof AADC = > x base DC x corresponding altitude AN

In other words, area of a triangle is half the product of its base (or any side) and
the corresponding altitude (or height). Do you remember that you have learnt this
formulafor area of atriangle in Class VII ? From this formula, you can see that two
triangles with same base (or equal bases) and equal areas will have equal
corresponding altitudes.

For having equal corresponding altitudes, thetriangles must lie between the same
parallels. From this, you arrive at the following converse of Theorem 9.2.

Theorem 9.3 : Two triangles having the same base (or equal bases) and equal
areas lie between the same parallels.

Let us now take some examples to illustrate the use of the above results.

Example 3 : Show that a median of atriangle divides it into two triangles of equal
areas.

Solution : Let ABC be atriangle and let AD be one of its medians (see Fig. 9.21).
You wish to show that

ar (ABD) = ar (ACD). o
Since the formula for area involves altitude, let us
draw AN L BC.
1
Now ar(ABD) = - x base x dtitude (of A ABD) ,
2 B N D C
= %x BDxAN Fig.9.21
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1
=X CDXAN  (AsBD = CD)
1 .
= > x base x dtitude (of A ACD)
= ar(ACD)
Example 4 : In Fig. 9.22, ABCD is a quadrilateral s
and BE || AC and also BE meets DC produced at E. A
Show that areaof A ADE isequal to the area of the
guadrilateral ABCD.
Solution : Observe the figure carefully . b S 5
ABAC and A EAC lie on the same base AC and Fig.9.22
between the same parallels AC and BE.
Therefore, ar(BAC) = ar(EAC) (By Theorem 9.2)

So, ar(BAC) + ar(ADC) = ar(EAC) +ar(ADC) (Adding same areas on both sides)
or ar(ABCD) = ar(ADE)

EXERCISE 9.3

A
1. InFig.9.23, Eisany point on median AD of a
A ABC. Show that ar (ABE) =ar (ACE).
2. Inatriangle ABC, E isthe mid-point of median
1
AD. Show that ar (BED) = N ar(ABC).
B D C

3. Show that the diagonalsof aparallelogram divide
itintofour triangles of equal area. Fig. 9.23

4. InFig.9.24, ABCandABD aretwotriangleson
thesamebaseAB. If line- segment CD ishisected
by AB at O, show that ar(ABC) =ar (ABD).

/////;ii:\\\\\\\\\\\\\
A W B
D
Fig. 9.24
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10.

11

D, E and F are respectively the mid-points of the sidesBC, CAand AB of a A ABC.
Show that

(i) BDEFisaparalelogram. (ii) ar (DEF) = % ar (ABC)

(iii) ar (BDEF) = % ar (ABC)

InFig. 9.25, diagonalsAC and BD of quadrilateral A
ABCD intersect at O such that OB = OD. D,

If AB = CD, then show that:

(i) ar (DOC) =ar (AOB)

(ii)ar (DCB)=ar (ACB) B
(iii) DA ||CB or ABCD isapardlelogram.

C
[Hint: From D and B, draw perpendicularsto AC.] Fig. 9.25

D and E are points on sides AB and AC respectively of A ABC such that
ar (DBC) =ar (EBC). Provethat DE||BC.

XY isalineparalel tosideBC of atriangleABC. If BE||ACand CF||AB meet XY at E
and F respectively, show that

ar (ABE)=ar (ACF) D C
ThesideAB of aparallelogram ABCD is produced
toany point P. A linethrough A and parallel to CP N p
meets CB produced at Q and then parallelogram B

PBQR is completed (see Fig. 9.26). Show that
ar (ABCD) =ar (PBQR).

[Hint: Join AC and PQ. Now compare ar (ACQ)

R

and ar (APQ).] Q

Fig. 9.26
DiagonalsAC and BD of atrapezium ABCD with AB || DC intersect each other at O.
Provethat ar (AOD) = ar (BOC). A B
InFig.9.27, ABCDE isapentagon. A linethrough
B parallel to AC meets DC produced at F. Show
that E
(i)ar (ACB)=ar (ACF)
(ii) ar (AEDF) =ar (ABCDE) D C .

Fig. 9.27
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12

13.

14.

15.

16.

. Avillager Itwaari hasaplot of land of the shape of aquadrilateral. The Gram Panchayat
of thevillage decided to take over some portion of his plot from one of the cornersto
construct a Health Centre. lItwaari agrees to the above proposal with the condition
that he should be given equal amount of land in lieu of hisland adjoining his plot so
astoform atriangular plot. Explain how thisproposal will beimplemented.

ABCD isatrapeziumwithAB || DC. A line parallel to AC intersectsAB at X and BC
atY.Provethat ar (ADX) =ar (ACY).

[Hint: Join CX.]
InFig.9.28, AP ||BQ|| CR. Provethat
ar (AQC)=ar (PBR).

Diagonals AC and BD of a quadrilateral

ABCD intersect at O in such away that R
ar (AOD) =ar (BOC). Provethat ABCD isa
trapezium.

In Fig.9.29, ar (DRC) = ar (DPC) and A B

ar (BDP) = ar (ARC). Show that both the

quadrilaterals ABCD and DCPR are

trapeziums. D C

A P

Fig.9.28

Fig. 9.29

EXERCI SE 9.4 (Optional*

Parallelogram ABCD and rectangle ABEF are on the same base AB and have equal
areas. Show that the perimeter of the parallelogram isgreater than that of the rectangle.

In Fig. 9.30, D and E are two points on BC A
such that BD = DE = EC. Show that

ar (ABD) =ar (ADE) =ar (AEC).

Can you now answer the question that you have
leftinthe‘Introduction’ of this chapter, whether

the field of Budhia has been actualy divided
into three parts of equal area? B D E C

* These exercises are not from examination point of view.
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[Remark: Notethat by taking BD = DE = EC, thetriangle ABC isdivided into three
trianglesABD, ADE and AEC of equal areas. Inthe sameway, by dividing BCinton
equal parts and joining the points of division so obtained to the opposite vertex of
BC, you can divide AABC into n triangles of equal areas.]

3. In Fig. 9.31, ABCD, DCFE and ABFE are parallelograms. Show that
ar (ADE) =ar (BCF).

4. InFig. 9.32, ABCD is a parallelogram and BC is produced to a point Q such that
AD =CQ. If AQintersect DC at P, show that ar (BPC) = ar (DPQ).

[Hint: JoinAC.]
A B
A
A AES
DN C
E F Q
Fig.9.31 Fig. 9.32

5. InFig.9.33, ABC and BDE are two equilateral
trianglessuch that D isthemid-point of BC. If AE

A
intersects BC at F, show that
@ ar(BDE):%ar(ABC)
ii BD =4 BAE
(i) ar(BDE)= ar (BAE) B\Fyn .
E

(iii) ar (ABC)=2ar (BEC)
(iv) ar (BFE) =ar (AFD)

(v) a (BFE)=2a (FED)
. Fig. 9.33
(vi) a (FED) = 5 & (AFC)

[Hint : Join EC and AD. Show that BE || AC and DE || AB, etc.]
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6. DiagonalsAC and BD of aquadrilateral ABCD intersect each other at P. Show that

ar (APB) x ar (CPD) =ar (APD) x ar (BPC).
[Hint: FromA and C, draw perpendicularsto BD.]

Pand Q arerespectively the mid-points of sidesAB and BC of atriangleABC and R
is the mid-point of AP, show that

(i) ar (PRQ) = % ar (ARC) (i) ar (RQC) = g ar (ABC)

(iii) ar (PBQ) =ar (ARC)
InFig. 9.34, ABCisaright triangleright angled at A. BCED, ACFG and ABMN are

squares on the sidesBC, CA and AB respectively. Line segment AX | DE meetsBC
at'Y. Show that:

G
N
F
A _ %
M S~ II:\\////
/7/"(~\\\ -~
Bf ;Y C
\
I \
1o \
I 1 \
[ \
1 | \
1 | \
I | \
D X E
Fig. 9.34
() AMBC = A ABD (ii) ar (BYXD) =2ar (MBC)
(iii) ar (BYXD) =ar (ABMN) (v) AFCB = AACE
(v) & (CYXE) = 2ar (FCB) (vi) ar (CYXE) =ar (ACFG)

(vii) ar (BCED) =ar (ABMN) +ar (ACFG)
Note : Result (vii) is the famous Theorem of Pythagoras. You shall learn a simpler
proof of thistheoremin Class X.
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9.5Summary

In this chapter, you have studied the following points :

1

10.
11

12.

Areaof afigureisanumber (in some unit) associated with the part of the plane enclosed
by that figure.

Two congruent figures have equal areas but the converse need not be true.

If aplanar region formed by afigure T ismade up of two non-overlapping planar regions
formed by figuresPand Q, then ar (T) = ar (P) + ar (Q), where ar (X) denotes the area of
figure X.

Two figures are said to be on the same base and between the same parall€els, if they have
a common base (side) and the vertices, (or the vertex) opposite to the common base of
eachfigurelieonaline parallel to the base.

Parallelograms on the same base (or equal bases) and between the same parallels are
equal inarea.

Areaof aparallelogram isthe product of its base and the corresponding altitude.

Parallelograms on the same base (or equal bases) and having equal areas lie between the
sameparalels.

If aparallelogram and atriangle are on the same base and between the same parallels, then
areaof thetriangleishalf the areaof the parallelogram.

Triangles on the same base (or equal bases) and between the same parallels are equal in
area.

Areaof atriangleis half the product of its base and the corresponding altitude.

Triangles on the same base (or equal bases) and having equal areas lie between the same
parallels.

A median of atriangle dividesit into two triangles of equal areas.
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CHarTER 10

CIRCLES
I

10.1 Introduction

You may have come across many objectsin daily life, which are round in shape, such
as wheels of avehicle, bangles, dials of many clocks, coins of denominations 50 p,
Re 1 and Rs 5, key rings, buttons of shirts, etc. (see Fig.10.1). In aclock, you might
have observed that the second’s hand goes round the dial of the clock rapidly and its
tip movesin around path. This path traced by the tip of the second’'shand iscalled a
circle. In this chapter, you will study about circles, other related terms and some

properties of acircle.
O—P
Button

Wheel Clock Key Ring

Bangle

Fig. 10.1
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10.2 Circlesand ItsRelated Terms: A Review

Take acompass and fix apencil init. Put its pointed
leg on a point on a sheet of a paper. Open the other
leg to some distance. Keeping the pointed leg on the
same point, rotatethe other leg through onerevolution.
What is the closed figure traced by the pencil on
paper? Asyou know, itisacircle (seeFig.10.2). How
did you get acircle? You kept one point fixed (A in
Fig.10.2) and drew all the pointsthat were at afixed
distancefromA. Thisgivesusthefollowing definition:

The collection of all the points in a plane,
which are at a fixed distance from a fixed point in
the plane, is called a circle.

The fixed point is called the centre of the circle
and the fixed distance is called the radius of the
circle. InFig.10.3, O isthe centre and the length OP
isthe radius of the circle.

Remark : Note that the line segment joining the
centre and any point on the circle is also caled a
radius of the circle. That is, ‘radius’ is used in two
senses-in the sense of aline segment and also in the
sense of itslength.

You are already familiar with some of the
following concepts from Class VI. We are just
recalling them.

A circle divides the plane on which it lies into
three parts. They are: (i) inside the circle, which is
also called the interior of the circle; (ii) the circle
and (iii) outside the circle, which is also called the
exterior of the circle (see Fig.10.4). The circle and
its interior make up the circular region.

Fig. 10.3

Circle

‘/
Exterior

Fig. 10.4

If you take two points P and Q on acircle, then the line segment PQ is called a
chord of the circle (see Fig. 10.5). The chord, which passes through the centre of the
circle, iscalled adiameter of the circle. Asin the case of radius, the word ‘ diameter’
isalso used in two senses, that is, asaline segment and also asitslength. Do you find
any other chord of the circle longer than a diameter? No, you see that a diameter is
the longest chord and all diameters have the same length, which is equal to two
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times the radius. In Fig.10.5, AOB is a diameter of
the circle. How many diameters does a circle have?
Draw acircle and see how many diameters you can
find.

A piece of acircle between two pointsis called
an arc. Look at the pieces of the circle between two
points Pand Q in Fig.10.6. You find that there are
two pieces, one longer and the other smaller
(see Fig.10.7). The longer one is called the major
arc PQ and the shorter one is called the minor arc

PQ. The minor arc PQ is also denoted by @ and

themajor arc PQ by PRQ, where R issome point on
the arc between P and Q. Unless otherwise stated,

arc PQor |56 stands for minor arc PQ. When P and

Q are ends of a diameter, then both arcs are equal
and each is called a semicircle.

The length of the complete circle is called its
circumference. The region between a chord and
either of its arcsis called a segment of the circular
region or simply asegment of thecircle. Youwill find
that there are two types of segments also, which are
the major segment and the minor segment
(see Fig. 10.8). The region between an arc and the
two radii, joining the centre to the end points of the
arc is called a sector. Like segments, you find that

B
A
P Q
Fig. 10.5
P Q

P Minor arc PQ

PN 0

Fig. 10.7

the minor arc corresponds to the minor sector and the major arc corresponds to the
major sector. In Fig. 10.9, the region OPQ is the minor sector and remaining part of
the circular region is the major sector. When two arcs are equal, that is, each is a
semicircle, then both segments and both sectors become the same and each is known

as a semicircular region.

Major segment

Fig. 10.8
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1

2.

EXERCISE 10.1

Fill intheblanks:
() Thecentreof acircleliesin of thecircle. (exterior/ interior)

(i) A point, whose distance from the centre of acircleisgreater thanitsradiusliesin
of thecircle. (exterior/ interior)

(i) Thelongest chord of acircleisa of thecircle.

(iv) Anarcisa when its ends are the ends of a diameter.

(v) Segment of acircleistheregionbetweenanarcand_____ of thecircle.
(vi) A circledividesthe plane, onwhichitlies, in parts.

Write True or False: Give reasons for your answers.

() Linesegmentjoiningthe centretoany point onthecircleisaradiusof thecircle.
(i) A circlehasonly finite number of equal chords.

(i) If acircleisdividedintothree equal arcs, eachisamajor arc.

(iv) A chordof acircle, whichistwiceaslong asitsradius, isadiameter of thecircle.
(v) Sector isthe region between the chord and its corresponding arc.

(vi) Acircleisaplanefigure.

10.3 Angle Subtended by a Chord at a Point

Take aline segment PQ and apoint R not on the line containing PQ. Join PR and QR
(see Fig. 10.10). Then £ PRQ iscalled the angle subtended by the line segment PQ
at the point R. What are angles POQ, PRQ and PSQ called in Fig. 10.11? # POQ is
the angle subtended by the chord PQ at the centre O, £ PRQ and £ PSQ are
respectively the angles subtended by PQ at points R and S on the major and minor

arcs PQ.

R
R

P Q S

Fig. 10.10 Fig. 10.11

Let us examine the relationship between the size of the chord and the angle
subtended by it at the centre. You may see by drawing different chords of acircleand
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angles subtended by them at the centre that thelonger
is the chord, the bigger will be the angle subtended
by it at the centre. What will happen if you take two
equal chordsof acircle?Will the angles subtended at
the centre be the same or not?

Draw two or more equal chords of acircle and
measure the angles subtended by them at the centre
(seeFig.10.12). Youwill find that the angles subtended
by them at the centre are equal. Let us give a proof
of this fact. Fig. 10.12

Theorem 10.1 : Equal chords of a circle subtend equal angles at the centre.
Proof : You are given two equal chordsAB and CD

of acircle with centre O (see Fig.10.13). You want
to prove that £ AOB = Z COD.
Intriangles AOB and COD, A D
OA=OC (Radii of acircle) \V
OB = OD (Radii of acircle)
AB = CD (Given)
B C

Therefore, A AOB = A COD (SSSrule)

Thisgives Z AOB = £ COD Fig. 10.13
(Corresponding parts of congruent triangles)

Remark : For convenience, the abbreviation CPCT will be used in place of
‘Corresponding parts of congruent triangles’, because we use this very frequently as
you will see.

Now if two chords of acircle subtend equal angles at the centre, what can you
say about the chords? Are they equal or not? Let us examine this by the following
activity:

Take atracing paper and trace acircle onit. Cut
it along the circleto get adisc. At its centre O, draw
an angle AOB where A, B are points on the circle.
Make another angle POQ at the centre equal to
ZAOB. Cut the disc along AB and PQ
(see Fig. 10.14). You will get two segments ACB
and PRQ of the circle. If you put one on the other,
what do you observe? They cover each other, i.e.,
they are congruent. So AB = PQ. Fig. 10.14
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Though you have seen it for this particular case, try it out for other equal angles
too. The chordswill all turn out to be equal because of the following theorem:

Theorem 10.2 : If the angles subtended by the chords of a circle at the centre
are equal, then the chords are equal.

The above theorem is the converse of the Theorem 10.1. Note that in Fig. 10.13,
if you take £ AOB = £ COD, then

A AOB = A COD (Why?)
Can you now see that AB = CD?

EXERCISE 10.2

1. Recal that two circles are congruent if they have the same radii. Prove that equal
chords of congruent circles subtend equal angles at their centres.

2. Provethat if chords of congruent circles subtend equal angles at their centres, then
the chords are equal . |

10.4 Perpendicular from theCentretoaChord

|

|
Activity : Draw acircle on a tracing paper. Let O :
beitscentre. Draw achord AB. Fold the paper along 1O
alinethrough O so that a portion of the chord fallson :
the other. Let the crease cut AB at the point M. Then, A :M B
Z OMA = 2 OMB =90° or OM is perpendicular to v
AB. Doesthepoint B coincidewithA (seeFig.10.15)?

Yesit will. So MA = MB. Fig. 10.15

Giveaproof yourself by joining OA and OB and proving theright trianglesOMA
and OMB to be congruent. This example is a particular instance of the following
result:

Theorem 10.3 : The perpendicular from the centre of a circle to a chord bisects
the chord.

What is the converse of this theorem? To write this, first let us be clear what is
assumed in Theorem 10.3 and what is proved. Given that the perpendicular from the
centre of acircleto achordisdrawn and to provethat it bisectsthe chord. Thusinthe
converse, what the hypothesis is ‘if a line from the centre bisects a chord of a
circle’ and what isto be proved is ‘the line is perpendicular to the chord’. So the
converseis:
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Theorem 10.4 : The line drawn through the centre of a circle to bisect a chord is
perpendicular to the chord.

Is this true? Try it for few cases and see. You will
see that it is true for these cases. See if it istrue, in
generd, by doing thefollowing exercise. Wewill write
the stages and you give the reasons.

Let AB be achord of acirclewith centre O and
O isjoined to the mid-point M of AB. You have to
prove that OM L1 AB. Join OA and OB
(see Fig. 10.16). In triangles OAM and OBM,

OA=0B (Why ?) Fig. 10.16
AM = BM (Why ?)
OM = OM (Common)

Therefore, AOAM = AOBM (How ?)

Thisgives ZOMA = ZOMB =90° (Why ?)

10.5Circlethrough ThreePoints

You havelearnt in Chapter 6, that two points are sufficient to determinealine. That is,
there is one and only one line passing through two points. A natural question arises.
How many points are sufficient to determine acircle?

Take a point P. How many circles can be drawn through this point? You see that
there may be asmany circlesasyou like passing through thispoint [see Fig. 10.17(i)].
Now take two points P and Q. You again see that there may be an infinite number of
circles passing through P and Q [see Fig.10.17(ii)]. What will happen when you take
three pointsA, B and C? Can you draw acircle passing through three collinear points?

Q

(i)

Fig. 10. 17
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No. If thepointslie on aline, then thethird point will
lie inside or outside the circle passing through two
points (see Fig 10.18).

Fig. 10.18
So, let ustake three pointsA, B and C, which are not on the sameline, or in other
words, they are not collinear [see Fig. 10.19(i)]. Draw perpendicul ar bisectors of AB
and BC say, PQ and RS respectively. Let these perpendicular bisectors intersect at
one point O. (Note that PQ and RS will intersect because they are not parallel) [see
Fig. 10.19(ii)].

0]
Fig. 10.19

Now O lies on the perpendicular bisector PQ of AB, you have OA = OB, asevery
point on the perpendicular bisector of aline segment isequidistant from itsend points,
proved in Chapter 7.

Similarly, as O lies on the perpendicular bisector RS of BC, you get
OB =0C

So OA = OB = OC, which meansthat the pointsA, B and C are at equal distances
fromthepoint O. Soif you draw acirclewith centre O and radius OA, it will also pass
through B and C. This shows that there is a circle passing through the three points A,
B and C. You know that two lines (perpendicular bisectors) can intersect at only one
point, so you can draw only one circle with radius OA. In other words, there is a
uniquecircle passing through A, B and C. You have now proved thefollowing theorem:

Theorem 10.5 : There is one and only one circle passing through three given
non-collinear points.
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Remark : If ABCisatriangle, then by Theorem 10.5, thereisaunique circle passing
through the three vertices A, B and C of the triangle. This circle is called the
circumcircle of the A ABC. Its centre and radius are called respectively the
circumcentre and the circumradius of the triangle.

Example 1 : Given an arc of acircle, complete the circle.

Solution : Let arc PQ of acircle be given. We have
to complete the circle, which means that we have to
find its centre and radius. Take a point R on the arc.
Join PR and RQ. Use the construction that has been
used in proving Theorem 10.5, to find the centreand P
radius.

Taking the centre and the radius so obtained, we R

can complete the circle (see Fig. 10.20).
Fig. 10.20

EXERCISE 10.3

1. Draw different pairs of circles. How many points does each pair have in common?
What isthe maximum number of common points?

Suppose you are given acircle. Give a construction to find its centre.

If two circlesintersect at two points, prove that their centreslie on the perpendicular
bisector of the common chord.

10.6 Equal Chordsand Their Distancesfrom theCentre

Let AB be aline and P be a point. Since there are P
infinite numbers of pointsonaline, if you join these
pointsto P, you will get infinitely many line segments
PL,, PL,, PM, PL,, PL,, etc. Which of these is the
distance of AB from P? You may think a while and
get the answer. Out of these line segments, the
perpendicular fromPtoAB, namely PM inFig. 10.21, -

will betheleast. In Mathematics, wedefinethisleast AL, L, M L, L, L.B
length PM to bethedistance of AB from P. Soyou

may say that:

The length of the perpendicular from a point to a line is the distance of the
line from the point.

Notethat if the point lies on the line, the distance of thelinefrom the point is zero.

Fig. 10.21
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A circle can have infinitely many chords. You may observe by drawing chords of
a circle that longer chord is nearer to the centre than the smaller chord. You may
observe it by drawing several chords of acircle of different lengths and measuring
their distances from the centre. What is the distance of the diameter, which is the
longest chord from the centre? Since the centrelieson it, the distanceis zero. Do you
think that there is some rel ationship between the length of chords and their distances
from the centre? Let us seeif thisis so.

(i1)
Fig. 10.22

Activity : Draw acircle of any radius on atracing paper. Draw two equal chordsAB
and CD of it and al so the perpendiculars OM and ON on them from the centre O. Fold
the figure so that D fallson B and C falls on A [see Fig.10.22 (i)]. You may observe
that O lies on the crease and N fallson M. Therefore, OM = ON. Repeat the activity
by drawing congruent circles with centres O and O” and taking equal chordsAB and
CD one on each. Draw perpendiculars OM and O’'N on them [see Fig. 10.22(ii)]. Cut
one circular disc and put it on the other so that AB coincides with CD. Then you will
find that O coincides with O” and M coincides with N. In this way you verified the
fallowing:

Theorem 10.6 : Equal chords of a circle (or of congruent circles) are equidistant
from the centre (or centres).

Next, it will be seen whether the converse of thistheorem istrue or not. For this,
draw acircle with centre O. From the centre O, draw two line segments OL and OM
of equal length and lying inside the circle [see Fig. 10.23(i)]. Then draw chords PQ
and RS of the circle perpendicular to OL and OM respectively [see Fig 10.23(ii)].
Measure the lengths of PQ and RS. Are these different? No, both are equal. Repeat
the activity for more equal line segments and drawing the chords perpendicular to
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R
P
S {J
Qv S

(1) (ii)
Fig. 10.23

them. This verifies the converse of the Theorem 10.6 which is stated as follows;

Theorem 10.7 : Chords equidistant from the centre of a circle are equal in
length.

We now take an example to illustrate the use of the above results:

Example2: If twointersecting chordsof acircle make equal angleswith the diameter
passing through their point of intersection, prove that the chords are equal.

Solution : Given that AB and CD are two chords of
acircle, with centre O intersecting at a point E. PQ
isadiameter through E, such that £ AEQ = Z DEQ
(see Fig.10.24). You have to prove that AB = CD.
Draw perpendiculars OL and OM on chordsAB and
CD, respectively. Now
ZLOE=180°-90° - £ LEO=90° - Z LEO
(Angle sum property of atriangle)
=90° - L AEQ =90° — £ DEQ
=90° - £LMEO =« MOE Fig. 10.24
In triangles OLE and OME,

ZLEO= £ MEO (Why ?)

Z LOE= £ MOE (Proved above)

EO = EO (Common)

Therefore, A OLE =z A OME (Why ?)
Thisgives OL = OM (CPCT)
So, AB = CD (Why ?)
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EXERCISE 104
Two circles of radii 5 cm and 3 cm intersect at two points and the distance between
their centresis 4 cm. Find the length of the common chord.

If two equal chords of acircle intersect within the circle, prove that the segments of
one chord are equal to corresponding segments of the other chord.

If two equal chords of a circle intersect within the circle, prove that the line
joining the point of intersection to the centre makes equal angleswith the chords.

If alineintersectstwo concentric circles(circles
with the same centre) with centreO at A, B, Cand
D, provethat AB = CD (seeFig. 10.25).

Three girls Reshma, Salma and Mandip are

playing agame by standing on acircle of radius b
5m drawn in a park. Reshma throws a ball to

Salma, Salmato Mandip, Mandip to Reshma. I

the distance between Reshma and Salma and A

between Salmaand Mandip is6m each, what is

the distance between Reshma and Mandip? Fig. 10.25

A circular park of radius 20mis situated in acolony. Three boysAnkur, Syed and
David are sitting at equal distance on its boundary each having atoy telephonein
his hands to talk each other. Find the length of the string of each phone.

10.7 Angle Subtended by anArcof aCircle

You have seen that the end points of achord other than diameter of acircle cutsitinto
two arcs— one major and other minor. If you take two equal chords, what can you say
about the size of arcs? I's one arc made by first chord equal to the corresponding arc
made by another chord? In fact, they are more than just equal in length. They are
congruent in the sensethat if one arc is put on the other, without bending or twisting,

one superimposes the other compl etely.

D

You can verify this fact by cutting the arc,
corresponding to the chord CD from the circle along
CD and put it on the corresponding arc made by equal
chord AB. You will find that the arc CD superimpose A C
thearc AB completely (seeFig. 10.26). This shows
that equal chords make congruent arcs and
conversely congruent arcs make equal chords of a B
circle. You can stateit asfollows: Fig. 10.26

If two chords of a circle are equal, then their corresponding arcs are congruent
and conversely, if two arcs are congruent, then their corresponding chords are

equal.
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Also the angle subtended by an arc at the centre
isdefined to be angle subtended by the corresponding
chord at the centre in the sense that the minor arc
subtends the angle and the major arc subtends the
reflex angle. Therefore, in Fig 10.27, the angle
subtended by the minor arc PQ at O is ZPOQ and
the angle subtended by the magjor arc PQ at O is
reflex angle POQ. P Q

Inview of the property above and Theorem 10.1,
thefollowing resultistrue: Fig. 10.27

Congruent arcs (or equal arcs) of a circle subtend equal angles at the centre.

Therefore, the angle subtended by a chord of acircle at its centre is equal to the
angle subtended by the corresponding (minor) arc at the centre. Thefollowing theorem
gives the relationship between the angles subtended by an arc at the centre and at a
point onthecircle.

Theorem 10.8 : The angle subtended by an arc at the centre is double the angle
subtended by it at any point on the remaining part of the circle.

Proof : Given an arc PQ of a circle subtending angles POQ at the centre O and
PAQ at a point A on the remaining part of the circle. We need to prove that
£ POQ =2 £ PAQ.

A N A
) ' PQ
P Q v
()

(ii) (iii)
Fig. 10.28

Consider thethreedifferent casesasgiveninFig. 10.28. In (i), arc PQisminor; in (ii),
arc PQisasemicircle andin (iii), arc PQ ismgjor.

Let usbegin by joining AO and extending it to apoint B.

In al the cases,
ZBOQ=~0AQ+ £ AQO

because an exterior angle of atriangleisequal to the sum of the two interior opposite
angles.
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Alsoin A OAQ,

OA =0Q (Radii of acircle)
Therefore, Z OAQ = £ OQA (Theorem 7.5)
Thisgives 2 BOQ =2« OAQ @
Smilaly, £ BOP=2 2/ OAP 2
From (1) and (2), £ BOP+ /2 BOQ = 2(£ OAP + £ OAQ)
Thisisthe same as ZPOQ=2~ZPAQ 3

For the case (iii), where PQ isthe major arc, (3) is replaced by
reflex angle POQ = 2 £ PAQ
Remark : Supposewe join points Pand Q and

form a chord PQ in the above figures. Then A C
Z PAQ is also called the angle formed in the N /\
segment PAQP.

In Theorem 10.8, A can be any point on the
remaining part of the circle. So if you take any
other point C ontheremaining part of thecircle
(see Fig. 10.29), you have

ZPOQ=2/PCQ=2/PAQ P Q
Therefore, £ PCQ = £ PAQ. Fig. 10.29

Thisprovesthefollowing:
Theorem 10.9 : Angles in the same segment of a circle are equal.
Again let us discussthe case (ii) of Theorem 10.8 separately. Here Z/PAQ isan angle

in the segment, which isa semicircle. Also, £ PAQ = % ZPOQ= % x 180° = 90°.
If you take any other point C on the semicircle, again you get that
£ PCQ = 90°
Therefore, you find another property of the circle as:
Angle in a semicircle is a right angle.
The converse of Theorem 10.9 is also true. It can be stated as:

Theorem 10.10 : If a line segment joining two points subtends equal angles at
two other points lying on the same side of the line containing the line segment,
the four points lie on a circle (i.e. they are concyclic).
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You can see the truth of this result as follows:

InFig. 10.30, AB isaline segment, which subtends equal angles at two points C and
D. Thatis .

ZACB= ZADB

To show that the pointsA, B, Cand D lieon acircle
let us draw a circle through the points A, C and B.
Suppose it does not passthrough the point D. Then it
will intersect AD (or extended AD) at apoint, say E
(or E).

If pointsA, C, Eand B lieon acircle,

Z ACB= Z AEB (Why?)
Butitisgiventhat « ACB = £ ADB. Fig. 10.30
Therefore, Z AEB = Z ADB.
Thisisnot possible unless E coincides with D. (Why?)

Similarly, E” should also coincidewith D.

10.8 CyclicQuadrilaterals

A quadrilateral ABCD iscalled cyclicif all thefour vertices
of itlieonacircle (seeFig 10.31). Youwill find apeculiar
property in such quadrilaterals. Draw several cyclic
guadrilaterals of different sides and name each of these

as ABCD. (This can be done by drawing several circles B C
of different radii and taking four points on each of them.) \\/
M easure the opposite angles and write your observations

inthefollowing table. Fig. 10.31
S.No. of Quadrilateral ZA | B | £C| 4D ZA+ZLC | 4£B+4£D
1
2.
3.
4,
5.
6.

What do you infer from the table?
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You find that ZA + ZC = 180° and ZB + ZD = 180°, neglecting the error in
measurements. Thisverifiesthefollowing:

Theorem 10.11 : The sum of either pair of opposite angles of a cyclic
guadrilateral is 180°.
In fact, the converse of this theorem, which is stated below is also true.

Theorem 10.12 : If the sum of a pair of opposite angles of a quadrilateral is
180°, the quadrilateral is cyclic.

You can seethetruth of thistheorem by following amethod similar to the method
adopted for Theorem 10.10.

Example 3: InFig. 10.32, AB isadiameter of the circle, CD isachord equal to the
radius of the circle. AC and BD when extended intersect at a point E. Prove that
£ AEB =60°.

Solution : Join OC, OD and BC.
Triangle ODC is equilateral (Why?)
Therefore, ~« COD = 60°

1
— £ COD (Theorem 10.8)

Now, Z CBD =
2 A
Thisgives £ CBD = 30°
Again, £ ACB = 9O° (Why ?)
o, £ BCE = 180° - £ ACB =90°
Whichgives « CEB = 90° -30° =60°, i.e., Z AEB = 60° Fig. 10.32

Example 4 : In Fig 10.33, ABCD is a cyclic
guadrilateral in which AC and BD areits diagonals.
If £ DBC =55° and £ BAC =45°, find £ BCD.

Solution : £ CAD = £ DBC =55° 2
(Angles in the same segment)
Therefore, </ DAB = 2 CAD + Z BAC A
= 55° + 45° = 100°
But « DAB + 2« BCD = 180° [
(Opposite angles of acyclic quadrilateral)
So, « BCD = 180° —100° = 80° Fig. 10.33
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Example 5 : Two circles intersect at two points A A
and B. AD and AC are diameters to the two circles
(seeFig.10.34). Provethat B lieson theline segment
DC.

Solution : Join AB.
Z ABD = 90° (Angleinasemicircle)
Z ABC=90° (Angleinasemicircle)
So, ZABD + £ ABC = 90° +90° = 180°
Therefore, DBC isaline. That is B lies on the line segment DC.

<>

D C

vy

Fig. 10.34

Example 6 : Prove that the quadrilateral formed (if possible) by the internal angle
bisectors of any quadrilateral iscyclic. A D

Solution : InFig. 10.35, ABCD isaquadrilateral in
which the angle bisectors AH, BF, CF and DH of F
internal angles A, B, C and D respectively form a
quadrilateral EFGH.
Now, £ FEH = £ AEB = 180° — £ EAB — £ EBA (Why ?) C
1 B
=180° - > (LA+ £B) Fig. 10.35

and £ FGH = 2 CGD = 180° — ~ GCD — £ GDC (Why ?)

1
=180°~ 5 (£C+2D)
1 1
Therefore, 2 FEH + £ FGH =180° ~ > (L A+ £ B) +180° ~ = (£ C+ £ D)

1 1
= 360° — > (£LA+4B+£C+Z D)=3600_§ x 360°
= 360° —180° = 180°
Therefore, by Theorem 10.12, the quadrilateral EFGH iscyclic.

C
EXERCISE 105 A
1. InFg. 10.36, A,B and C are three points on a
circlewith centre O such that £ BOC = 30° and Y
Z AOB = 60°. If D isapoint on the circle other )
thanthearcABC, find ZADC.
D
Fig. 10.36
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2. A chord of acircleis equal to the radius of the 0
circle. Find the angle subtended by the chord at
apoint on theminor arc and also at apoint onthe .
major arc.
3. InFig.10.37, £ PQR=100°, whereP,Qand Rare P —_— \
pointson acirclewith centre O. Find £ OPR. R
Fig. 10.37
4. InFig.10.38, £ ABC=69°, £ ACB=31°, find D
ZBDC. >
69° >
B \—) C
Fig. 10.38
5. InFig.10.39,A, B, Cand D arefour pointson a
circle. AC and BD intersect at a point E such
that £ BEC = 130° and £ ECD = 20°. Find
£ BAC.
Fig. 10.39
6. ABCD isacyclic quadrilateral whose diagonalsintersect at apoint E. If £ DBC=70°,
£ BACIis30°,find £ BCD. Further, if AB=BC, find £ ECD.
7. |f diagonasof acyclic quadrilateral are diametersof the circle through the vertices of
the quadrilateral, provethat itisarectangle.
8. If thenon-paralel sidesof atrapezium are equal, provethatitiscyclic.
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9. Two circles intersect at two points B and C. P
Through B, two line segments ABD and PBQ B D
aredrawn to intersect thecirclesat A, D and P,
Q respectively (see Fig. 10.40). Prove that A
ZACP=ZQCD.

C

Fig. 10.40

10. If circlesare drawn taking two sides of atriangle asdiameters, prove that the point of
intersection of these circleslie on the third side.

11. ABC and ADC are two right triangles with common hypotenuse AC. Prove that
£ CAD=«ZCBD.

12. Provethat acyclic paralelogramisarectangle.

EXERCISE 10.6(Optional)*

1. Provethat theline of centres of two intersecting circles subtends equal angles at the
two points of intersection.

2. Two chordsAB and CD of lengths’5 cm and 11 cm respectively of acircle are parallel
to each other and are on opposite sides of its centre. If the distance between AB and
CD is6 cm, find theradius of thecircle.

3. Thelengthsof two parallel chords of acircleare 6 cmand 8 cm. If thesmaller chordis
at distance 4 cm from the centre, what is the distance of the other chord from the
centre?

4. Letthevertex of anangle ABC belocated outside acircleand let the sides of theangle
intersect equal chordsAD and CE with thecircle. Provethat Z£<ABCisequal to half the
difference of the angles subtended by the chords AC and DE at the centre.

5. Provethat the circle drawn with any side of arhombus as diameter, passes through
the point of intersection of its diagonals.

6. ABCD isaparallelogram. The circle through A, B and C intersect CD (produced if
necessary) at E. Provethat AE =AD.

7. ACandBD arechordsof acirclewhich bisect each other. Provethat (i) ACand BD are
diameters, (i) ABCD isarectangle.

8. Bisectorsof anglesA, B and C of atriangle ABC intersect itscircumcircleat D, E and

1 1
F respectively. Provethat the angles of thetriangle DEF are 90° — > A, 90°— > Band
1

90°--C.
2

* These exercises are not from examination point of view.
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9. Two congruent circles intersect each other at points A and B. Through A any line
segment PAQ isdrawn so that P, Q lie on thetwo circles. Prove that BP= BQ.

10. In any triangle ABC, if the angle bisector of ZA and perpendicular bisector of BC
intersect, prove that they intersect on the circumcircle of thetriangle ABC.

10.9 Summary

In this chapter, you have studied the following points:

1. Adcircleisthecollectionof al pointsin aplane, which are equidistant from afixed pointin
the plane.

2. Equal chords of acircle (or of congruent circles) subtend equal angles at the centre.

If the angles subtended by two chords of acircle (or of congruent circles) at the centre
(corresponding centres) are equal, the chords are equal.

The perpendicular from the centre of acircle to achord bisects the chord.

5. Theline drawn through the centre of a circle to bisect a chord is perpendicular to the
chord.

There is one and only one circle passing through three non-collinear points.

Equal chords of a circle (or of congruent circles) are equidistant from the centre (or
corresponding centres).

8. Chordsequidistant from the centre (or corresponding centres) of acircle (or of congruent
circles) areequal.

9. If two arcs of a circle are congruent, then their corresponding chords are equal and
conversely if two chords of acircle are equal, then their corresponding arcs (minor, major)
are congruent.

10. Congruent arcs of acircle subtend equal angles at the centre.

11. The angle subtended by an arc at the centre is double the angle subtended by it at any
point on the remaining part of thecircle.

12. Anglesin the same segment of acircle are equal.
13. Angleinasemicircleisaright angle.

14. If aline segment joining two points subtends equal angles at two other points lying on
the same side of the line containing the line segment, the four pointslie on acircle.

15. Thesum of either pair of opposite angles of acyclic quadrilateral is 180°.
16. If sum of apair of opposite angles of aquadrilateral is 180°, the quadrilateral iscyclic.
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CHapTER 11

CONSTRUCTIONS
I

11.1Introduction

In earlier chapters, the diagrams, which were necessary to prove atheorem or solving
exerciseswere not necessarily precise. They were drawn only to giveyou afeeling for
the situation and as an aid for proper reasoning. However, sometimes one needs an
accuratefigure, for example - to draw amap of abuilding to be constructed, to design
tools, and various parts of a machine, to draw road maps etc. To draw such figures
some basic geometrical instruments are needed. You must be having a geometry box
which containsthefollowing:

(i) A graduated scale, on one side of which centimetres and millimetres are
marked off and on the other side inches and their parts are marked off.

(i) A pair of set - squares, onewith angles90°, 60° and 30° and other with angles
90°, 45° and 45°.
(iii) A pair of dividers (or adivider) with adjustments.

(iv) A pair of compasses (or acompass) with provision of fitting apencil at one
end.

(v) A protractor.

Normally, al these instruments are needed in drawing a geometrical figure, such
asatriangle, acircle, aquadrilateral, a polygon, etc. with given measurements. But a
geometrical constructionisthe process of drawing ageometrical figure using only two
instruments — an ungraduated ruler, also caled a straight edge and a compass. In
construction where measurements are also required, you may use a graduated scale
and protractor also. Inthis chapter, some basic constructionswill be considered. These
will then be used to construct certain kinds of triangles.
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11.2 Basic Constructions

In Class VI, you have learnt how to construct acircle, the perpendicular bisector of a
line segment, angles of 30°, 45°, 60°, 90° and 120°, and the bisector of agiven angle,
without giving any justification for these constructions. In thissection, you will construct
some of these, with reasoning behind, why these constructions are valid.

Construction 11.1 : To construct the bisector of a given angle.
Given an angle ABC, we want to construct its bisector.
Seps of Construction :

1. Taking B as centre and any radius, draw an arc to intersect the rays BA and BC,
say at E and D respectively [see Fig.11.1(i)].

1
2. Next, taking D and E as centres and with the radius more than 5 DE, draw arcsto

intersect each other, say at F.

3. Draw theray BF [see Fig.11.1(ii)]. Thisray BF isthe required bisector of theangle
ABC.

A
E
" /D C
(1) (i1)
Fig. 11.1
Let us see how this method gives us the required angle bisector.
Join DF and EF.

In triangles BEF and BDF,
BE = BD (Radii of the same arc)
EF=DF (Arcsof equa radii)

BF = BF (Common)
Therefore, ABEF = ABDF (SSSrule)
Thisgives ZEBF= Z DBF (CPCT)
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Construction 11.2 : To construct the perpendicular bisector of a given line
segment.

Given aline segment AB, we want to construct its perpendicular bisector.

Seps of Construction :

1

Taking A and B as centres and radius more than

1
5 AB, draw arcs on both sides of theline segment

AB (to intersect each other).

Let these arcs intersect each other at P and Q.
Join PQ (see Fig.11.2).

Let PQ intersect AB at the point M. Then line
PMQ istherequired perpendicular bisector of AB.

Let us see how this method gives us the

perpendicular bisector of AB.

JoinA and B to both Pand Qtoform AP, AQ, BP

and BQ.
In triangles PAQ and PBQ,

AP=BP

AQ=BQ

PQ = PQ
Therefore, A PAQ = A PBQ
So, Z APM = « BPM
Now in triangles PMA and PMB,

AP=BP

PM = PM

Therefore, A PMA = A PMB

So, AM =BM and £« PMA = Z PMB
As Z PMA + £ PMB = 180°

we get

Z APM = 2 BPM

Z PMA = Z PMB = 90°.

Fig. 11.2

(Arcs of equal radii)
(Arcs of equal radii)
(Common)
(SSSrule)

(CPCT)

(As before)
(Common)

(Proved above)
(SASrule)

(CPCT)

(Linear pair axiom),

Therefore, PM, that is, PMQ is the perpendicular bisector of AB.
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Construction 11.3 : To construct an angle of 60° at the initial point of a given
ray.

Let ustake aray AB withinitial point A [see Fig. 11.3(i)]. We want to construct aray
AC such that « CAB = 60°. One way of doing so is given below.

Seps of Construction :
A B

1. Taking A as centre and some radius, draw an arc :
of acircle, which intersects AB, say at apoint D. (1)

2. Taking D as centre and with the same radius as
before, draw an arc intersecting the previously
drawn arc, say at a point E.

3. Draw theray AC passing through E [see Fig 11.3 (ii)].

Then £ CAB isthe required angle of 60°. Now,
let us see how this method gives us the required A .
angle of 60°. ID

Join DE.
Then, AE=AD =DE (By construction)

Therefore, A EAD isan equilateral triangle andthe £ EAD, whichisthesameas
« CAB isequal to 60°.

(i1)
Fig. 11.3

EXERCISE11.1

Construct an angle of 90° at theinitial point of agiven ray and justify the construction.
Construct anangleof 45°at theinitial point of agiven ray and justify the construction.
Construct the angles of the following measurements:

1 o
i 3o (i) 22 3 (iii) 15°
4. Construct the following angles and verify by measuring them by a protractor:
@ 7= (i) 105° (iii) 135°

5. Construct an equilateral triangle, given its side and justify the construction.

11.3 Some Constructionsof Triangles

So far, some basic constructions have been considered. Next, some constructions of
triangles will be done by using the constructions given in earlier classes and given
above. Recall from the Chapter 7 that SAS, SSS, ASA and RHS rules give the
congruency of two triangles. Therefore, atriangleis uniqueif : (i) two sides and the
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included angleisgiven, (ii) three sidesare given, (iii) two anglesand theincluded side
isgivenand, (iv) inaright triangle, hypotenuse and one sideisgiven. You have already
learnt how to construct such trianglesin Class VII. Now, let us consider some more
constructions of triangles. You may have noted that at least three parts of atriangle
haveto be given for constructing it but not all combinations of three partsare sufficient
for the purpose. For example, if two sides and an angle (not the included angle) are
given, then it isnot always possible to construct such atriangle uniquely.

Construction 11.4 : To construct a triangle, given its base, a base angle and sum
of other two sides.

Giventhe base BC, abase angle, say #B and the sum AB + AC of the other two sides
of atriangle ABC, you are required to construct it.

Seps of Construction :

1. Draw the base BC and at the point B make an
angle, say XBC equal to the given angle.

2. Cut aline segment BD equal to AB + AC from
the ray BX.

3. Join DC and makean angle DCY equal to £BDC. Y,
4, Let CY intersect BX at A (see Fig. 11.4).
Then, ABC istherequired triangle.

Let us see how you get the required triangle.

Fig. 11.4

Base BC and ZB aredrawn asgiven. Next intriangle
ACD,

ZACD = £ ADC (By construction)
Therefore, AC = AD and then

AB=BD -AD=BD -AC

AB +AC=BD
Alternative method :

Follow the first two steps as above. Then draw
perpendicular bisector PQ of CD to intersect BD at
apoint A (see Fig 11.5). Join AC. Then ABC isthe
required triangle. Notethat A lieson the perpendicular
bisector of CD, therefore AD = AC.

Remark : The construction of the triangle is not
possibleif thesumAB + AC < BC. Fig. 11.5
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Construction 11.5 : To construct a triangle given its base, a base angle and the
difference of the other two sides.

Given the base BC, a base angle, say #B and the difference of other two sides
AB — AC or AC — AB, you have to construct the triangle ABC. Clearly there are
following two cases:

Case (i) : Let AB >AC that isAB —AC isgiven. X
A
Seps of Construction :
1. Draw the base BC and at point B make an angle
say XBC equal to the given angle.
2. Cut the line segment BD equal to AB —AC from
ray BX.
3. Join DC and draw the perpendicular bisector, say
PQ of DC. B C
4, Let it intersect BX at a point A. Join AC BZ
(seeFig. 11.6). Q
Then ABC isthe required triangle. Fig. 11.6

Let us now see how you have obtained the required triangle ABC.

Base BC and B aredrawn asgiven. The point A lies on the perpendicular bisector of
DC. Therefore,

AD =AC
o, BD = AB -AD =AB -AC.
Case (i) : Let AB <AC that isAC —AB is given.
Seps of Construction :
1. Same asin case (i).

2. Cut line segment BD equal to AC —AB from the
lineBX extended on opposite side of line segment X
BC.
A

3. Join DC and draw the perpendicular bisector, say
PQ of DC. B C

4, Let PQintersect BX atA. JoinAC (seeFig. 11.7).
Then, ABC istherequired triangle.

You can justify the construction asin case (i).
Fig. 11.7
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Construction 11.6 : To construct a triangle, given its perimeter and its two base
angles.
Given the base angles, say # B and £ C and BC + CA + AB, you have to construct
the triangle ABC.
Seps of Construction :
1. Draw aline segment, say XY equal to BC + CA + AB.
2. MakeanglesLXY equa to «B and MY X equal to ZC.
3. Bisect ZLXY and £ MY X. Let these bisectors intersect at a point A
[seeFig. 11.8(i)].
L M

Fig. 11.8 (i)
4. Draw perpendicular bisectors PQ of AX and RS of AY.

5. Let PQ intersect XY at B and RS intersect XY at C. Join AB and AC
[seeFig 11.8(ii)].

Fig. 11.8 (ii)

Then ABC is the required triangle. For the justification of the construction, you
observe that, B lies on the perpendicular bisector PQ of AX.

Therefore, XB = AB and similarly, CY =AC.
Thisgives BC+ CA +AB = BC+ XB + CY =XY.

Agan ZBAX = ZAXB (Asin AAXB, AB = XB) and
ZABC = ZBAX + ZAXB =2 ZAXB = ZLXY
Smilarly, ZACB = ZMY X as required.
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Example 1 : Construct atriangle ABC, inwhich #B = 60°, £ C=45° and AB + BC
+CA=11cm.

Seps of Construction :
1. Draw aline segment PQ = 11 cm.( = AB + BC + CA).
2. At P construct an angle of 60° and at Q, an angle of 45°.

E
60° B C 45°

’ \ 7(0 Q

Fig. 11.9

3. Bisect these angles. Let the bisectors of these angles intersect at a point A.

4. Draw perpendicular bisectors DE of AP to intersect PQ at B and FG of AQ to
intersect PQ at C.

5. Join AB and AC (see Fig. 11.9).
Then, ABC istherequired triangle.

EXERCISE11.2

Construct atriangleABCinwhichBC =7cm, ZB =75°andAB +AC=13cm.
Construct atriangleABCinwhichBC =8cm, £B =45° andAB-AC=3.5cm.
Construct atriangle PQR inwhich QR =6cm, £Q = 60° and PR—PQ =2cm.
Construct atriangle XY Zinwhich £Y =30°, £ZZ=90° and XY +YZ +ZX =11cm.

Construct aright triangle whose base is 12cm and sum of its hypotenuse and other
sideis18cm.

a M~ w DN P
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11.4Summary

In this chapter, you have done the following constructions using a ruler and a compass:
To bisect agiven angle.

To draw the perpendicular bisector of agiven line segment.

To construct an angle of 60° etc.

To construct atriangle given its base, a base angle and the sum of the other two sides.

a b~ DN

To construct a triangle given its base, a base angle and the difference of the other two
sides.
6. To construct atriangle given its perimeter and its two base angles.
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CHAPTER 12

HERON’'S FORMULA
I

12.1Introduction

You have studied in earlier classes about figures of different shapes such as squares,
rectangles, triangles and quadrilaterals. You have also calculated perimeters and the
areas of some of these figures like rectangle, square etc. For instance, you can find
the area and the perimeter of the floor of your classroom.

Let ustakeawalk around the floor along itssidesonce; the distancewewalk isits
perimeter. The size of the floor of the room isits area.

So, if your classroom isrectangular with length 10 m and width 8 m, its perimeter
would be 2(10 m + 8 m) = 36 m and itsareawould be 10 m x 8 m, i.e., 80 m?.

Unit of measurement for length or breadth is taken as metre (m) or centimetre
(cm) etc.

Unit of measurement for area of any plane figure istaken as square metre (m?) or
square centimetre (cm?) etc.

Suppose that you are sitting in atriangular garden. How would you find its area?
From Chapter 9 and from your earlier classes, you know that:

1
Area of atriangle = 5 x base x height )
We see that when the triangle is right angled,
we can directly apply theformulaby using two sides C
containing the right angle as base and height. For 12 em
example, suppose that the sides of a right triangle 5 ¢m
ABC are 5 cm, 12 cm and 13 cm; we take base as A B
12 cm and height as 5 cm (see Fig. 12.1). Then the 13 cm
Fig. 12.1
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areaof A ABC isgiven by

1 . 1 :
> x base x height = > x 12 x5cm? i.e, 30 cm?

Note that we could also take 5 cm as the base and 12 cm as height.

Now suppose we want to find the area of an equilateral triangle PQR with side
10cm (see Fig. 12.2). To find its area we need its height. Can you find the height of
thistriangle?

P
Let us recall how we find its height when we
know its sides. This is possible in an equilateral
triangle. Take the mid-point of QR asM andjoinit to 10 em
P. We know that PMQ is aright triangle. Therefore,
by using Pythagoras Theorem, we can find thelength
PM as shown below:
PQ? = PM2 + QW =i R
i.e, (10)2 = PM?2 + (5)?, since QM = MR. _
Fig. 12.2
Therefore, we have PM? = 75
ie, PM = /75 cm = 5J3 cm.
1 . 1
Then area of A PQR = > x base x height = Ex10><5\/§ cm? = 253 cm.

Let us see now whether we can calculate the area of an isosceles triangle also
with the help of this formula. For example, we take a triangle XY Z with two equal
sides XY and XZ as 5 cm each and unequal sideYZ as 8 cm (see Fig. 12.3).

In this case also, we want to know the height of the triangle. So, from X we draw
a perpendicular XP to side YZ. You can see that this perpendicular XP divides the
base Y Z of the triangle in two equal parts.

X
Therefore, YP=PZ= % YZ=4cm 5cm 5em
Then, by using Pythagoras theorem, we get
XP?2= XY2 -YP? Y 4cm—>P z
=5-42=25-16=9 Fig. 12.3
o, XP=3cm

1
Now, areaof A XYZ = > x base YZ x height XP

1
:E x 8 x 3cm? =12 cm?

2021-22



HERON’ s FOrRMuULA 199

Now suppose that we know the lengths of the sides of a scalene triangle and not
the height. Can you still find its area? For instance, you have atriangular park whose
sidesare40m, 32 m, and 24 m. How will you calcul ateitsarea? Definitely if you want
to apply theformula, you will haveto calculateits height. But we do not haveaclueto
calculate the height. Try doing so. If you are not able to get it, then go to the next
section.

12.2 Areaof aTriangle— by Heron’sFormula

Heron was born in about 10AD possibly in Alexandria

in Egypt. Heworked in applied mathematics. Hisworks

on mathematical and physical subjects are so numerous

and varied that he is considered to be an encyclopedic

writer inthesefields. Hisgeometrical worksdeal largely

with problems on mensuration written in three books.

Book | deals with the area of squares, rectangles,

triangles, trapezoids (trapezia), various other specialised

quadrilaterals, the regular polygons, circles, surfaces of

cylinders, cones, spheres etc. In this book, Heron has

derived the famous formulafor the area of atrianglein Heron (10C.E.-75C.E))
terms of its three sides. Fig. 12.4

The formulagiven by Heron about the area of atriangle, isaso known asHero's
formula. It is stated as:

Area of atriangle= \/s(s-a) (s—b) (s-c) (1

where a, b and c are the sides of the triangle, and s = semi-perimeter, i.e., half the

a+b+c
2
This formulais helpful where it is not possible to find the height of the triangle

easily. Let us apply it to calculate the area of the triangular park ABC, mentioned
above (see Fig. 12.5).

Letustakea=40m,b=24m,c=32m,

perimeter of the triangle =

so that we have s = %244_32 m =48 m.

2021-22



200 MATHEMATICS

s—a=(48-40)m=8m, A

s—b=(48-24) m=24m, 32m 24 m

s—c=(48-32) m=16m.

Therefore, area of the park ABC B C
40 m

= Js(s-a)(s-b)(s-0) Fig. 12.5

J48x 8x 24 x16m? = 384m?

We seethat 322 + 242 = 1024 + 576 = 1600 = 402. Therefore, the sides of the park
make aright triangle. The largest side, i.e., BC which is40 m will be the hypotenuse
and the angle between the sides AB and AC will be 90°.

1
By using Formula |, we can check that the area of the park is 2 X 32 x 24 n?
=384 m?.
We find that the area we have got is the same as we found by using Heron’s
formula

Now using Heron's formula, you verify this fact by finding the areas of other
triangles discussed earlier viz.,

() equilateral triangle with side 10 cm.
(i) isoscelestriangle with unequal side as 8 cm and each equal sideas 5 cm.
You will see that

. 10+10+10
For (i), we have s = +—2+ cm =15 cm.

Areaof triangle = \/15(15 —-10) (15-10) (15-10) cn?

= /15x 5% 5x 5 cm? = 25¢/3 cm?

. 8+5+5
For (ii), we have s = Tcm=9cm

Areaof triangle = ,/9(9 — 8) (9 - 5) (9 — 5) cm?= ,/9x 1x 4x 4cm’=12 cm’.

Let us now solve some more examples:
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Example 1 : Find the area of atriangle, two sides of which are 8 cm and 11 cm and
the perimeter is 32 cm (see Fig. 12.6).

Solution : Here we have perimeter of thetriangle=32cm,a=8cmandb =11 cm.
Thirdsidec=32cm—(8+ 11) cm=13cm C
o, 2s= 32,i.e,s=16cm,

s (16_8)cm=8cm, 11 cm 8 cm
s—-b=(16-11)cm=5cm,
s—c=(16-13)cm=3cm. Fig. 12.6

Therefore, area of the triangle = \/s(s —-a)(s—-b)(s-c¢)

= /16x 8x 5x3cm?=8/30 cm?

Example 2 : A triangular park ABC has sides 120m, 80m and 50m (see Fig. 12.7). A
gardener Dhania has to put a fence all around it and also plant grass inside. How
much area does she need to plant? Find the cost of fencing it with barbed wire at the
rate of 320 per metre leaving a space 3m wide for a gate on one side.

Solution : For finding area of the park, we have

2s= 50 m + 80 m + 120 m = 250 m. s
50 m 80 m
ie, s=125m
Now, s—a= (125-120)m=5m, gl 2] lc
s—b=(125-80) m=45m, 120 m
s—c= (125-50) m=75m. Fig. 12.7

Therefore, area of the park = \/s(s —a)(s—b)(s-c)

J125x 5% 45x 75 m?

37515 m?

Also, perimeter of thepark = AB + BC+ CA =250 m
Therefore, length of the wire needed for fencing = 250 m — 3 m (to be |eft for gate)

=247m
And so the cost of fencing =320 x 247 = 34940
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Example 3: Thesidesof atriangular plot areintheratio of 3:5: 7 and its perimeter
is300 m. Find its area.

Solution : Suppose that the sides, in metres, are 3x, 5x and 7x (see Fig. 12.8).
Then, we know that 3x + 5x + 7x = 300 (perimeter of the triangle)

Therefore, 15x = 300, which givesx = 20.

So the sides of thetriangleare 3x 20m, 5x 20 mand 7 x 20 m

i.e, 60m, 100 mand 140 m.

Can you now find the area [Using Heron's formula] ? 3x X
Weh _ 60+100+140 150 Tx
ehaves= 5 m=1um, Fig. 12,8

and areawill be ,/150(150— 60) (150 — 100) (150 —140) v

/150 x 90 x50 x 10 m?

1500+/3m?

EXERCISE12.1

1. Atrafficsignal board, indicating ‘' SCHOOL AHEAD’, isan equilateral trianglewith
side ‘a’. Find the area of the signal board, using Heron's formula. If its perimeter is
180 cm, what will be the area of the signal board?

2. Thetriangular sidewallsof aflyover have been used for advertisements. The sides of
the walls are 122 m, 22 m and 120 m (see Fig. 12.9). The advertisements yield an
earning of ¥ 5000 per m? per year. A company hired one of itswallsfor 3 months. How
much rent did it pay?

(e
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3. Thereisasdlideinapark. Oneof itsside wallshas been painted in some colour witha
message“ KEEPTHE PARK GREEN AND CLEAN” (seeFig. 12.10). If thesidesof the
wall are15m, 11 mand 6 m, find the areapainted in colour.

KEEP THE PARK
GREEN AND CLEAN

15m

Fig. 12.10

4. Findtheareaof atriangletwo sides of which are 18cm and 10cm and the perimeter is
42cm.

Sidesof atriangleareintheratioof 12: 17 : 25 and its perimeter is540cm. Find itsarea.

An isoscelestriangle has perimeter 30 cm and each of the equal sidesis 12 cm. Find
the area of thetriangle.

12.3Application of Heron’sFormulain FindingAreasof Quadrilaterals

Suppose that afarmer has aland to be cultivated and she employs some labourers for
this purpose on the terms of wages calculated by area cultivated per square metre.
How will she do this? Many atime, the fields are in the shape of quadrilaterals. We
need to divide the quadrilateral in triangular parts and then use the formulafor area of
thetriangle. Let uslook at this problem:

Example4 : Kamlahasatriangular field with sides 240 m, 200 m, 360 m, where she
grew wheat. In another triangular field with sides 240 m, 320 m, 400 m adjacent to the
previous field, she wanted to grow potatoes and onions (see Fig. 12.11). She divided
thefield intwo partsby joining the mid-point of the longest side to the opposite vertex
and grew patatoesin one part and onionsin the other part. How much area (in hectares)
has been used for wheat, potatoes and onions? (1 hectare = 10000 m?)

Solution : Let ABC be the field where wheat is grown. Also let ACD be the field
which has been divided in two parts by joining C to the mid-point E of AD. For the
area of triangle ABC, we have

a=200m,b=240m,c=360m

200 + 240 + 360

Therefore, s= > m = 400 m.
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So, areafor growing wheat D

= ,/400(400 — 200) (400 — 240) (400 — 360) M?

/400 x 200 x 160 x 40 m*

16000v/2m? = 1.6 x /2 hectares

= 2.26 hectares (nearly)
Let us now calculate the area of triangle ACD.

240 + 320 + 400
Here, we have s = m = 480 m.
2 Fig.12.11

So, area of A ACD = ,/480(480 — 240) (480 — 320) (480 — 400) m?

=\/480 X 240 x 160 x 80 m? = 38400 m? = 3.84 hectares

We notice that the line segment joining the mid-point E of AD to C divides the
triangle ACD intwo partsequal in area. Can you give thereason for this? Infact, they
have the bases AE and ED equal and, of course, they have the same height.

Therefore, area for growing potatoes = area for growing onions
= (3.84 + 2) hectares = 1.92 hectares.

Example 5 : Students of a school staged a rally for cleanliness campaign. They
walked through the lanesin two groups. One group walked through thelanesAB, BC
and CA; whilethe other through AC, CD and DA (seeFig. 12.12). Then they cleaned
the area enclosed within their lanes. f AB=9m,BC=40m,CD =15m, DA=28m
and £ B = 90°, which group cleaned more area and by how much? Find the total area
cleaned by the students (neglecting the width of the lanes).

Solution : SinceAB=9mand BC=40m, Z B = 90°, we have:

AC - 92 + 402 m A 28m D
9m 15m
= /81+1600 m
\/_ 41 B 40m C
= m=41m
1681 Fig. 12.12

Therefore, thefirst group hasto clean the area of triangle ABC, which isright angled.

Areaof A ABC = - x base x height

x 40 x 9 m? = 180 m?

NI N -
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The second group hasto clean the areaof triangle ACD, which is scalene having sides
41 m, 15 m and 28 m.

_ 41+15+ 28

Here, S= 5 m=42m

Therefore, area of A ACD = \/s(s —a)(s—h)(s—c)

= \[42(42 — 41) (42 - 15) (42 — 28) m?

= J42x1x27x14m? =126 m?

So first group cleaned 180 m? whichis (180 — 126) m?, i.e., 54 m? more than the area
cleaned by the second group.

Total area cleaned by all the students = (180 + 126) m? = 306 n*.

Example 6 : Sanya has a piece of land which is in the shape of a rhombus
(see Fig. 12.13). She wants her one daughter and one son to work on the land and
produce different crops. She divided the land in two equal parts. If the perimeter of
the land is 400 m and one of the diagonalsis 160 m, how much area each of them will
get for their crops?

Solution : Let ABCD be the field. A 100 m B

Perimeter = 400 m

100 m
So, each side =400 m =+ 4 =100 m. 100 m
i.e.AB=AD =100 m.
D= om €
Let diagonal BD = 160 m.
Fig. 12.13

Then semi-perimeter sof A ABD isgiven by

100 + 100 + 160
s= 5

m=180m

Therefore, area of A ABD = ,/180(180 — 100) (180 —100) (180 — 160)

= /180x 80 x 80 x 20 m? = 4800 m?

Therefore, each of them will get an area of 4800 m2.
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Alternative method :  Draw CE L BD (see Fig

As

And,

ar,

Therefore, areaof A BCD = %><160><60m2 = 4800 m?

BD = 160 m, we have
DE=160m=2=80m
DE? + CE2 = DC?, which gives

CE = ./DC? - DE?
CE = \/100? — 80° m=60m

Fig. 12.14

EXERCISE 12.2
A park, in the shape of aquadrilateral ABCD, hasZ C=90°,AB=9m,BC=12m,
CD =5mandAD =8 m. How much areadoesit occupy?

Find the area of aquadrilateral ABCD inwhichAB =3cm, BC=4cm,CD =4cm,
DA=5cmandAC=5cm.

Radha made a picture of an aeroplane with coloured paper asshownin Fig 12.15. Find
the total area of the paper used.

A

i Sem

1|3 6¢cm
v

i 1.5cm

6.5cm

lem

lem/ 111 \lcm

2cm

Fig. 12.15

A triangle and a parallelogram have the same base and the same area. If the sides of
the triangle are 26 cm, 28 cm and 30 cm, and the parallelogram stands on the base
28 cm, find the height of the parallelogram.
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5. A rhombus shaped field has green grass for 18 cows to graze. If each side of the
rhombusis 30 mand itslonger diagonal is48 m, how much areaof grassfield will each
cow be getting?

6. Anumbrellaismadeby stitching 10 triangular pieces of cloth of two different colours
(seeFig. 12.16), each piece measuring 20 cm, 50 cm and 50 cm. How much cloth of each
colour isrequired for the umbrella?

7. Akiteinthe shape of asguarewith adiagonal 32 cm and anisoscelestriangle of base
8 cm and sides 6 cm each is to be made of three different shades as shown in
Fig. 12.17. How much paper of each shade hasbeen used init?

TIL
8 cm

Fig. 12.16 Fig. 12.17

8. Afloral designonafloorismadeup of 16tiles
which are triangular, the sides of the triangle
being 9 cm, 28 cm and 35 cm (see Fig. 12.18).
Find the cost of polishing the tiles at the rate
of 50p per cm?,

9. Afiddisintheshapeof atrapeziumwhoseparalle
sides are 25 m and 10 m. The non-parallel sides
are 14 mand 13 m. Find the area of thefield.

12.4Summary

Fig. 12.18

In this chapter, you have studied the following points :

1. Areaof atrianglewithitssidesasa, b and cis calculated by using Heron's formula,
stated as

Areaof triangle= \/s(s— a)(s—b)(s-c)

at+b+c
2

2. Areaof aquadrilateral whose sides and one diagonal are given, can be calculated by
dividing the quadrilateral into two triangles and using the Heron’s formula.

where s=

2021-22



r

[=]

O962CH 3

CHAPTER 13

SURFACE AREAS AND VOLUMES
I

13.1Introduction

Wherever welook, usually we see solids. Sofar, inall our study, we have been dealing
with figures that can be easily drawn on our notebooks or blackboards. These are
called plane figures. We have understood what rectangles, squares and circles are,
what we mean by their perimeters and areas, and how we can find them. We have
learnt these in earlier classes. It would be interesting to see what happens if we cut
out many of these plane figures of the same shape and size from cardboard sheet and
stack them up in a vertical pile. By this process, we shall obtain some solid figures
(briefly called solids) such asacuboid, acylinder, etc. In the earlier classes, you have
also learnt to find the surface areas and volumes of cuboids, cubes and cylinders. We
shall now learn to find the surface areas and volumes of cuboids and cylinders in
details and extend this study to some other solids such as cones and spheres.

13.2 SurfaceAreaof aCuboid and aCube

Have you looked at abundle of many sheets of paper? How doesit look? Doesit look
likewhat you seein Fig. 13.1?

J“%“

Fig. 13.1

That makes up acuboid. How much of brown paper would you need, if you want
to cover this cuboid? Let us see:
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First wewould need arectangular pieceto cover
the bottom of the bundle. That would be asshownin
Fig. 13.2 (a)

Then wewould need two long rectangul ar pieces
to cover the two side ends. Now, it would look like
Fig. 13.2 (b).

Now to cover the front and back ends, we would
need two more rectangular pieces of adifferent size.
With them, wewould now have afigure asshownin
Fig. 13.2(c).

This figure, when opened out, would look like
Fig. 13.2 (d).

Finally, to cover the top of the bundle, wewould
require another rectangular piece exactly likethe one
at the bottom, which if we attach ontheright side, it
would look likeFig. 13.2(e).

So we have used six rectangular piecesto cover
the complete outer surface of the cuboid.
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This shows us that the outer surface of a cuboid is made up of six rectangles (in
fact, rectangular regions, called the faces of the cuboid), whose areas can be found by
multiplying length by breadth for each of them separately and then adding the six
areas together.

Now, if wetakethelength of the cuboid asl, breadth asb and the height ash, then
the figure with these dimensions would be like the shape you seein Fig. 13.2(f).

S0, the sum of the areas of the six rectanglesis:
Areaof rectangle 1 (=1 x h)
+
Area of rectangle 2 (=1 x b)
+
Area of rectangle 3 (=1 x h)
+
Area of rectangle 4 (=1 x b)
+
Area of rectangle 5 (= b x h)
+
Area of rectangle 6 (= b x h)
=2(I xb) +2(b x h) + 2(I x h)
= 2(Ib + bh + hl)
Thisgivesus:

Surface Area of a Cuboid = 2(Ib + bh + hl)

where|, b and h are respectively the three edges of the cuboid.
Note: Theunit of areaistaken asthe square unit, because we measure the magnitude
of aregion by filling it with squares of side of unit length.

For example, if we have a cuboid whose length, breadth and height are 15 cm,
10 cm and 20 cm respectively, then its surface area would be:

2[(15 % 10) + (10 x 20) + (20 x 15)] cm?
= 2(150 + 200 + 300) cnv?
= 2 x 650 cm?
= 1300 cm?
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Recall that a cuboid, whose length, breadth and height are all equal, is called a
cube. If each edge of the cubeis a, then the surface area of this cube would be

2axa+axa+axa),i.e, 6a’(seeFig. 13.3), giving us

Surface Area of a Cube = 6a?

where a is the edge of the cube.

Fig. 13.3

Suppose, out of the six faces of a cuboid, we only find the area of the four faces,
leaving the bottom and top faces. In such a case, the area of these four facesis called
the lateral surface area of the cuboid. So, lateral surface area of a cuboid of
length |, breadth b and height h is equal to 2lh + 2bh or 2(I + b)h. Similarly,
lateral surface area of a cube of side a is equal to 4a2.

Keeping in view of the above, the surface area of a cuboid (or a cube) is sometimes
also referred to as the total surface area. Let us now solve some examples.

Example 1 : Mary wants to decorate her Christmas
tree. She wants to place the tree on a wooden box
covered with coloured paper with picture of Santa
Clausonit (see Fig. 13.4). She must know the exact
guantity of paper to buy for this purpose. If the box
has length, breadth and height as 80 cm, 40 cm and
20 cm respectively how many square sheets of paper
of side 40 cm would she require?

Solution : Since Mary wants to paste the paper on
the outer surface of the box; the quantity of paper
required would be equal to the surface area of the
box whichisof the shape of acuboid. Thedimensions
of the box are:
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Length =80 cm, Breadth = 40 cm, Height = 20 cm.
The surface area of the box = 2(Ib + bh + hl)
= 2[(80 x 40) + (40 x 20) + (20 x 80)] cm?
= 2[3200 + 800 + 1600] cnm?
= 2 x 5600 cm? = 11200 cm?
The area of each sheet of the paper = 40 x 40 cm?
= 1600 cm?

surface area of box
area of one sheet of paper

Therefore, number of sheets required

11200

1600
So, she would require 7 sheets.

Example 2 : Hameed has built a cubical water tank with lid for his house, with each
outer edge 1.5 m long. He gets the outer surface of the tank excluding the base,
covered with square tiles of side 25 cm (see Fig. 13.5). Find how much he would
spend for thetiles, if the cost of the tilesis 360 per dozen.
Solution : Since Hameed is getting the five outer faces of the tank covered with tiles,
he would need to know the surface area of the tank, to decide on the number of tiles
required.

Edge of the cubical tank = 1.5 m =150 cm (= a)
o, surface area of the tank = 5 x 150 x 150 cm?

Area of each square tile = side x side = 25 x 25 cm?

surface area of the tank
area of each tile

So, the number of tiles required

5x150 %150
= —— =180 i
25 % 25 Fig. 13.5

Cost of 1 dozentiles, i.e., cost of 12 tiles=% 360

) 360
Therefore, cost of onetile=% 1 =30

So, the cost of 180 tiles= 180 x ¥ 30 =% 5400

2021-22



SURFACE AREAS AND VOLUMES 213

EXERCISE 131

1. Anplastichox 1.5mlong, 1.25 mwide and 65 cm deep isto bemade. It isopened at the
top. Ignoring the thickness of the plastic sheet, determine:;

(i) Theareaof the sheet required for making the box.
(i) Thecost of sheet for it, if asheet measuring 1m? costs ¥ 20.

2. Thelength, breadth and height of aroom are’5 m, 4 m and 3 m respectively. Find the
cost of white washing the walls of the room and the ceiling at the rate of
3 7.50 per m2.

3. Thefloor of arectangular hall has a perimeter 250 m. If the cost of painting the four
wallsat therate of T 10 per m? is¥ 15000, find the height of the hall.
[Hint : Areaof thefour walls= Lateral surfacearea.]

4. Thepaintin acertain container is sufficient to paint an area equal to 9.375 m?. How
many bricks of dimensions 22.5 cm x 10 cm x 7.5 cm can be painted out of this
container?

5. A cubical box has each edge 10 cm and another cuboidal box is12.5 cm long, 10 cm
wideand 8 cm high.

(i) Which box hasthe greater lateral surface areaand by how much?
(i) Which box hasthe smaller total surface areaand by how much?

6. A small indoor greenhouse (herbarium) is made entirely of glass panes (including
base) held together with tape. It is 30 cm long, 25 cm wide and 25 cm high.

() What isthe area of the glass?
(i) How much of tapeisneeded for al the 12 edges?

7. Shanti Sweets Stall was placing an order for making cardboard boxesfor packing
their sweets. Two sizes of boxes were required. The bigger of dimensions
25 cm x 20 cm x 5cm and the smaller of dimensions 15 cm x 12 cm x 5cm. For dl the
overlaps, 5% of thetotal surface areaisrequired extra. If the cost of the cardboard is
T 4for 1000 cm?, find the cost of cardboard required for supplying 250 boxes of each
kind.

8. Parveenwanted to make atemporary shelter for her car, by making abox-like structure
with tarpaulin that coversall the four sides and the top of the car (with the front face
asaflap which can berolled up). Assuming that the stitching marginsare very small,
and therefore negligible, how much tarpaulin would be required to make the shelter of
height 2.5 m, with basedimensions4 m x 3m?
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13.3 SurfaceAreaof aRight Circular Cylinder

If we take a number of circular sheets of paper and stack them up as we stacked up
rectangular sheets earlier, what would we get (see Fig. 13.6)?

Fig. 13.6

Here, if the stack is kept vertically up, we get what is called a right circular
cylinder, sinceit has been kept at right anglesto the base, and the baseiscircular. Let
us see what kind of cylinder is not aright circular cylinder.

InFig 13.7 (a), you seeacylinder, which
iscertainly circular, butitisnot at right angles
to the base. So, we can not say this aright
circular cylinder.

Of coursg, if we have a cylinder with a
non circular base, asyou seein Fig. 13.7 (b),
then we also cannot call it a right circular
cylinder. @ Fig. 13.7 )
Remark : Here, wewill bedealing with only right circular cylinders. So, unless stated
otherwise, the word cylinder would mean aright circular cylinder.

)

Now, if acylinder isto be covered with coloured paper, how will wedo it with the
minimum amount of paper? First take a rectangular sheet of paper, whose length is

just enough to go round the cylinder and whose breadth is equal to the height of the
cylinder asshownin Fig. 13.8.
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>
Sf e T |

~1

Fig. 13.8

The area of the sheet gives us the curved surface area of the cylinder. Note that
the length of the sheet isequal to the circumference of the circular base whichisequal
to 2nr.

So, curved surface area of the cylinder
= area of the rectangular sheet = length x breadth
= perimeter of the base of the cylinder x h

=2nr xh

Therefore, |Curved Surface Area of a Cylinder = 2rrh

where r isthe radius of the base of the cylinder and h is the height of the cylinder.

Remark : In the case of a cylinder, unless stated
otherwise, ‘radius of acylinder’ shall mean’ base radius
of the cylinder’.

If the top and the bottom of the cylinder are also to
be covered, then we need two circles (infact, circular
regions) to do that, each of radiusr, and thus having an
area of nr? each (see Fig. 13.9), giving us the total
surface area as 2nrh + 2nr? = 2nr(r + h).

So, | Total Surface Area of a Cylinder = 2wr(r + h) 7

where h is the height of the cylinder and r itsradius. Fig. 13.9

Remark : You may recall from Chapter 1 that = isan irrational number. So, the value
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of m is a non-terminating, non-repeating decimal. But when we use its value in our

22
calculations, we usually takeits value as approximately equal to = or 3.14.

Example 3: Savitri had to make amodel of acylindrical kaleidoscopefor her science
project. She wanted to use chart paper to make the curved surface of the kaleidoscope.
(see Fig 13.10). What would be the area of chart paper required by her, if she wanted

to make a kaleidoscope of length 25 cm with a3.5 cm radius? You may taket = % .

Solution : Radius of the base of the cylindrical kaleidoscope (r) = 3.5 cm.
Height (Iength) of kaleidoscope (h) = 25 cm.

Area of chart paper required = curved surface area of the kaleidoscope

2nrh

2x§x3.5x 25 cm?

550 cm?

Fig. 13.10

EXERCISE13.2

Assume Tt = % , unless stated otherwise.

1. Thecurved surfaceareaof aright circular cylinder of height 14 cmis88 cm?. Find the
diameter of the base of the cylinder.

2. ltisrequiredto makeaclosed cylindrical tank of height 1 m and base diameter 140 cm
from ametal sheet. How many square metres of the sheet are required for the same?

3. A metd pipeis77 cmlong. Theinner diameter of across
section is 4 cm, the outer diameter being 4.4 cm <
(seeFig. 13.11). Findits

(i) inner curved surface area,
(i) outer curved surface area,
(i) total surface area.

Fig. 13.11
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4,

10.

11.

The diameter of aroller is 84 cm and its length is 120 cm. It takes 500 complete
revolutionsto move once over to level aplayground. Find the area of the playground
inm2,

A cylindrical pillaris50 cmindiameter and 3.5 min height. Find the cost of painting
the curved surface of the pillar at therate of ¥ 12.50 per m?.

Curved surface areaof aright circular cylinder is4.4 m?. If theradius of the base of the
cylinderis0.7 m, find itsheight.

Theinner diameter of acircular well is3.5m. Itis10 m deep. Find
(i) itsinner curved surface area,
(i) thecost of plastering this curved surface at the rate of T 40 per n?.

In ahot water heating system, thereisacylindrical pipe of length 28 m and diameter
5 cm. Find the total radiating surface in the system.

Find

(i) thelateral or curved surface areaof aclosed cylindrical petrol storagetank that is
4.2 mindiameter and 4.5 m high.

1
(i) how much steel wasactually used, if ' of the steel actually used waswastedin
making thetank.

InFig. 13.12, you seetheframe of alampshade. Itisto be
covered with a decorative cloth. The frame has a base
diameter of 20 cm and height of 30 cm. A margin of 2.5¢cm
isto begivenfor folding it over the top and bottom of the
frame. Find how much cloth is required for covering the
lampshade. Fig. 13.12

The students of aVidyalayawere asked to participatein acompetition for making and
decorating penholders in the shape of a cylinder with a base, using cardboard. Each
penholder wasto be of radius 3 cm and height 10.5 cm. The Vidyalayawasto supply
the competitors with cardboard. If there were 35 competitors, how much cardboard
was required to be bought for the competition?

13.4 SurfaceAreaof aRight Circular Cone

So far, we have been generating solids by stacking up congruent figures. Incidentally,
such figures are called prisms. Now let uslook at another kind of solid whichisnot a
prism (These kinds of solids are called pyramids.). Let us see how we can generate

them.

Activity : Cut out aright-angled triangle ABC right angled at B. Paste a long thick
string along one of the perpendicular sides say AB of the triangle [see Fig. 13.13(a)].
Hold the string with your hands on either sides of the triangle and rotate the triangle
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about the string a number of times. What happens? Do you recognize the shape that
the triangle is forming as it rotates around the string [see Fig. 13.13(b)]? Does it
remind you of the time you had eaten an ice-cream heaped into a container of that
shape [see Fig. 13.13 (c¢) and (d)]?

3

Cr—B

A

(a)

¢
B

C_

A

(b) (c) (d
Fig. 13.13

Thisiscalled aright circular cone. In Fig. 13.13(c)
of the right circular cone, the point A is called the

vertex, AB iscaledtheheight, BCiscalled theradius
and AC iscalled the slant height of the cone. Here B
will be the centre of circular base of the cone. The
height, radiusand slant height of the coneare usually
denoted by h, r and | respectively. Once again, let us
seewhat kind of conewe can not call aright circular
cone. Here, you are (see Fig. 13.14)! What you see .
in these figures are not right circular cones; because
in (a), the line joining its vertex to the centre of its

() (b)

base is not at right angle to the base, and in (b) the Fig. 13.14

base is not circular.

Asin the case of cylinder, since we will be studying only about right circular cones,
remember that by ‘cone’ in this chapter, we shall mean a‘right circular cone.’

Activity : (i) Cut out a neatly made paper cone that does not have any overlapped
paper, straight along its side, and opening it out, to see the shape of paper that forms
the surface of the cone. (The line along which you cut the coneis the slant height of
the cone which is represented by |). It looks like a part of around cake.
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(i) If you now bring the sides marked A and B at the tips together, you can see that
the curved portion of Fig. 13.15 (c) will form the circular base of the cone.

-

(@ (b) 1 ©

Fig. 13.15

(i) If the paper liketheonein Fig. 13.15 (c) isnow cut into hundreds of little pieces,
along thelinesdrawn from the point O, each cut portion isalmost asmall triangle,
whose height is the slant height | of the cone.

1
(iv) Now the area of each triangle = 3 x base of each triangle x I.

So, area of the entire piece of paper
= sum of the areas of all the triangles

1

%bﬂ +%bzl +%bsl 4o =EI (b, +b, +b,+-)

1
> x | x length of entire curved boundary of Fig. 13.15(c)

(asb, +b,+ Db, + ... makes up the curved portion of the figure)

But the curved portion of the figure makes up the perimeter of the base of the cone
and the circumference of the base of the cone = 2nr, wherer isthe base radius of the
cone.

1
So, | Curved Surface Area of a Cone = > x | x 2;r = 7l

wherer isits base radius and | its slant height.

Note that 12 = r? + h? (as can be seen from Fig. 13.16), by
applying Pythagoras Theorem. Here h is the height of the
cone.

Fig. 13.16
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Therefore, | = /r?2 + h?

Now if the base of the cone is to be closed, then acircular piece of paper of radius r
is also required whose area is mr2.

So,| Total Surface Area of a Cone = wrl + mr2 = ;wr(l +r)

Example 4 : Find the curved surface area of aright circular cone whose slant height
is 10 cm and base radiusis 7 cm.

Solution : Curved surface area = mrl

22
= = x 7 x 10 cm?

= 220 cm?

Example 5 : The height of a cone is 16 cm and its base radius is 12 cm. Find the
curved surface area and the total surface area of the cone (Use nt = 3.14).

Solution : Here, h=16cmandr = 12 cm.
So, from 12 = h? + r?, we have

= 16> + 12> cm=20cm
So, curved surface area= mrl
= 3.14 x 12 x 20cm?
= 753.6 cm?
Further, total surface area = nrl + mr?
= (753.6 +3.14 x 12 x 12) cm?
= (753.6 + 452.16) cn??
= 1205.76 cm?

Example 6 : A corn cob (see Fig. 13.17), shaped somewhat
like a cone, has the radius of its broadest end as 2.1 cm and
length (height) as 20 cm. If each 1 cm? of the surface of the
cob carries an average of four grains, find how many grains .
you would find on the entire cab. Fig. 13.17

Solution : Since the grains of corn are found only on the curved surface of the corn
cob, we would need to know the curved surface area of the corn cob to find the total
number of grains on it. In this question, we are given the height of the cone, so we
need to find its slant height.
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Here, 1= r? +h? = J(21)? + 207 cm

= ./404.41 cm=20.11cm
Therefore, the curved surface area of the corn cob = 7rl

22
=7 x 2.1 x 20.11 cm? = 132.726 cm? = 132.73 cm? (approx.)

Number of grains of corn on 1 cm? of the surface of the corn cob = 4

Therefore, number of grains on the entire curved surface of the cob
=132.73 x 4 =530.92 = 531 (approx.)

So, there would be approximately 531 grains of corn on the cob.

EXERCISE 13.3

22
Assumer = - unless stated otherwise.
1. Diameter of thebaseof aconeis10.5cmanditsslant height is10 cm. Find its curved
surface area.

2. Findthetotal surfaceareaof acone, if itsslant height is21 m and diameter of itsbase
is24m.

3. Curved surface area of a cone is 308 cm? and its slant height is 14 cm. Find
(i) radius of the base and (ii) total surface area of the cone.

4. A conical tentis 10 m high and theradius of itsbaseis 24 m. Find
(i) slant height of the tent.
(i) cost of the canvas required to make the tent, if the cost of 1 m? canvasis¥ 70.

5. What length of tarpaulin 3 mwidewill be required to make conical tent of height 8m
and baseradius 6 m? Assume that the extralength of material that will berequired for
stitching margins and wastage in cutting is approximately 20 cm (Usen = 3.14).

6. Thedlant height and base diameter of aconical tomb are 25 m and 14 m respectively.
Find the cost of white-washing its curved surface at the rate of ¥ 210 per 100 m?.

7. Ajoker'scapisintheform of aright circular cone of base radius 7 cm and height
24 cm. Find the area of the sheet required to make 10 such caps.

8. A bus stop is barricaded from the remaining part of the road, by using 50 hollow
cones made of recycled cardboard. Each cone has abase diameter of 40 cm and height
1 m. If the outer side of each of the conesisto be painted and the cost of painting is
¥ 12 per m?, what will be the cost of painting all these cones? (Usen = 3.14 and take

J1.04 =102)
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13.5 Surface Area of a Sphere

What is a sphere? Is it the same as a circle? Can you draw a circle on a paper? Yes,
you can, because acircleisaplane closed figure whose every point lies at a constant
distance (called radius) from afixed point, which is called the centre of the circle.
Now if you paste a string along a diameter of a circular disc and rotate it as you had
rotated the triangle in the previous section, you see anew solid (see Fig 13.18). What
doesit resemble? A ball? Yes. It is called a sphere.

Fig. 13.18

Can you guess what happensto the centre of the circle, when it formsasphereon
rotation? Of course, it becomes the centre of the sphere. So, a sphere is a three
dimensional figure (solid figure), which is made up of all points in the space,
which lie at a constant distance called the radius, from a fixed point called the
centre of the sphere.

Note: A sphereislikethe surface of aball. The word solid sphere is used for the
solid whose surface is a sphere.

Activity : Have you ever played with a top or have you at least watched someone
play with one?You must be aware of how astring iswound around it. Now, |et ustake
arubber ball and drive anail into it. Taking support of the nail, let us wind a string
around the ball. When you have reached the ‘fullest’ part of the ball, use pinsto keep
the string in place, and continue to wind the string around the remaining part of the ball,
till you have completely covered the ball [see Fig. 13.19(a)]. Mark the starting and
finishing points on the string, and slowly unwind the string from the surface of the ball.

Now, ask your teacher to help you in measuring the diameter of the ball, from which
you easily get its radius. Then on a sheet of paper, draw four circleswith radius equal
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to the radius of the ball. Start filling the circles one by one, with the string you had
wound around the ball [see Fig. 13.19(b)].

(b)
Fig. 13.19
What have you achieved in all this?

The string, which had completely covered the surface area of the sphere, has been
used to completely fill theregionsof four circles, all of the sameradius as of the sphere.

So, what does that mean? This suggests that the surface area of a sphere of radiusr
= 4 times the area of acircle of radiusr = 4 x (n r?)

So, Surface Area of a Sphere =4 7 r2

wherer isthe radius of the sphere.

How many faces do you see in the surface of a sphere? There is only one, which is
curved.

Now, let ustake a solid sphere, and slice it exactly ‘through
themiddle’ with aplane that passesthrough its centre. What

happens to the sphere?
Yes, it gets divided into two equal parts (see Fig. 13.20)!

What will each half be called? It is called a hemisphere.
(Because ‘hemi’ also means ‘half’) Fig. 13.20

And what about the surface of a hemisphere? How many faces does it have?
Two! There is a curved face and a flat face (base).
The curved surface area of a hemisphereis half the surface area of the sphere, which

s 5 of dnr?
is - of 4nr®.
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Therefore, | Curved Surface Area of a Hemisphere = 2xr?

wherer isthe radius of the sphere of which the hemisphereis a part.

Now taking the two faces of a hemisphere, its surface area 2nr? + mr?

So,| Total Surface Area of a Hemisphere = 3nr?

Example 7 : Find the surface area of a sphere of radius 7 cm.
Solution : The surface area of a sphere of radius 7 cm would be

22
4mr? = 4 x - x 7 x7cm?=616 cm?
Example 8 : Find (i) the curved surface area and (ii) the total surface area of a

hemisphere of radius 21 cm.
Solution : The curved surface area of a hemisphere of radius 21 cm would be

22
=2nr2=2x - x 21 x 21 cm? = 2772 cm?
(i) the total surface area of the hemisphere would be

22
3mre= 3 x = x 21 x 21 cm? = 4158 cm?

Example9: The hollow sphere, in which the circus motorcyclist performs his stunts,
has a diameter of 7 m. Find the area available to the motorcyclist for riding.

Solution : Diameter of the sphere = 7 m. Therefore, radius is 3.5 m. So, the riding
space available for the motorcyclist is the surface area of the ‘sphere’ which is
givenby

22
4mtr? = 4 x = x 3.5x 3.5 m?

= 154 m?

Example 10 : A hemispherical dome of a building needs to be painted
(see Fig. 13.21). If the circumference of the base of the domeis 17.6 m, find the cost
of painting it, given the cost of painting isI 5 per 100 cm?.

Solution : Since only the rounded surface of the domeisto be painted, we would need
to find the curved surface area of the hemisphere to know the extent of painting that
needs to be done. Now, circumference of the dome = 17.6 m. Therefore, 17.6 = 2xr.
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m=28m

7
So, the radius of the dome = 17.6 x
e radius of the dome o 22

The curved surface area of the dome = 2rtr?

22
=2x 7 x 2.8 x 2.8 m?
=49.28m?

Now, cost of painting 100 cm?is% 5.
So, cost of painting 1 m? =3 500 ‘ ‘
Therefore, cost of painting the whole dome Fig. 13.21
=3 500 x 49.28
=3 24640

EXERCISE 134

22 .
Assume T = Vo unless stated otherwise.

1. Find the surface area of a sphere of radius:

() 105cm (i) 5.6cm (i) 14cm
2. Findthe surface area of asphere of diameter:
@) 2l4cm (i) 21cm (i) 35m

3. Findthetotal surface areaof ahemisphere of radius10 cm. (User = 3.14)

Theradiusof aspherical balloonincreasesfrom 7 cmto 14 cmasair isbeing pumped
into it. Find the ratio of surface areas of the balloon in the two cases.

5. A hemispherical bowl made of brass has inner diameter 10.5 cm. Find the cost of
tin-plating it on the inside at the rate of ¥ 16 per 100 cm?.

Find the radius of a sphere whose surface areais 154 cm?.

The diameter of the moon is approximately one fourth of the diameter of the earth.
Find theratio of their surface areas.

8. A hemispherical bowl ismade of steel, 0.25 cm thick. Theinner radius of the bowl is
5 cm. Find the outer curved surface area of the bowl.

9. Avrightcircular cylinder just encloses asphere of £ ——— =3
radiusr (seeFig. 13.22). Find
(i) surfaceareaof the sphere,
(i) curved surface areaof the cylinder,

(i) ratioof theareasobtainedin (i) and (ii). _
Fig. 13.22
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13.6 Volumeof a Cuboid

You have already learnt about volumes of certain figures (objects) in earlier classes.
Recall that solid objects occupy space. The measure of this occupied spaceis called
the Volume of the object.

Note: If an object issolid, then the space occupied by such an object is measured,
and istermed the Volume of the object. On the other hand, if the object ishollow, then
interior isempty, and can befilled with air, or someliquid that will take the shape of its
container. Inthis case, the volume of the substancethat can fill theinterior iscalled the
capacity of the container. In short, the volume of an object is the measure of the
space it occupies, and the capacity of an object isthe volume of substanceitsinterior
can accommodate. Hence, the unit of measurement of either of the two is cubic unit.

So, if we were to talk of the volume of a cuboid, we would be considering the
measure of the space occupied by the cuboid.

Further, the area or the volume is measured as the magnitude of a region. So,
correctly speaking, we should be finding the area of a circular region, or volume of a
cuboidal region, or volume of aspherical region, etc. But for the sake of simplicity, we
say, find the area of acircle, volume of acuboid or a sphere even though these mean
only their boundaries.

= |
N _Has

b

!
Fig. 13.23

Observe Fig. 13.23. Suppose we say that the area of each rectangle is A, the
height up to which the rectangles are stacked is h and the volume of the cuboid isV.
Can you tell what would be the relationship between V, A and h?

The area of the plane region occupied by each rectangle x height
= Measure of the space occupied by the cuboid
So,weget Axh=V

That is, | Volume of a Cuboid = base area x height = length x breadth x height

or | x b x h, wherel, b and h are respectively the length, breadth and height of the
cuboid.
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Note : When we measure the magnitude of the region of a space, that is, the
space occupied by a solid, we do so by counting the number of cubes of edge of unit
length that can fit into it exactly. Therefore, the unit of measurement of volume is
cubic unit.

Again | Volume of a Cube = edge x edge x edge = a3

where a is the edge of the cube (see Fig. 13.24). «— 4

So, if acube has edge of 12 cm,

then volume of the cube = 12 x 12 x 12 cm?
= 1728 cm?. ‘

Recall that you have learnt these formulae in
earlier classes. Now let us take some examples to //
illustrate the use of these formulae: “

Fig. 13.24
Examplell: Awall of length 10 mwasto be built across an open ground. The height
of thewall is4 m and thickness of thewall is 24 cm. If thiswall isto be built up with
bricks whose dimensions are 24 cm x 12 cm x 8 cm, how many bricks would be
required?
Solution : Since the wall with all its bricks makes up the space occupied by it, we
need to find the volume of thewall, which is nothing but a cuboid.

Here, Length= 10 m = 1000 cm
Thickness= 24 cm
Height= 4 m=400cm
Therefore, Volume of thewall = length x thickness x height
= 1000 x 24 x 400 cm?®
Now, each brick is acuboid with length = 24 cm, breadth = 12 cm and height = 8 cm
So, volume of each brick = length x breadth x height
=24 x12x8cm?
volume of the wall
volume of each brick

So, number of bricksrequired =

_ 1000 x 24 x 400
© 24x12x8
= 4166.6

So, thewall requires 4167 bricks.
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Example12: A child playing with building blocks, which are
of the shape of cubes, has built a structure as shown in
Fig. 13.25. If the edge of each cubeis 3 cm, find the volume
of the structure built by the child.

Solution : Volume of each cube = edge x edge x edge
=3x3x3cm=27cm?

Number of cubesin the structure = 15

Fig. 13.25

Therefore, volume of the structure = 27 x 15 cm?®
=405 cm®

EXERCISE 135
1. A matchbox measures4 cm x 2.5 cm x 1.5 cm. What will be the volume of a packet
containing 12 such boxes?

2. A cuboidal water tank is6 mlong, 5mwide and 4.5 m deep. How many litres of water
canit hold? (1 m®=10001)

3. A cuboidal vessel is 10 m long and 8 m wide. How high must it be made to hold 380
cubic metresof aliquid?

4. Findthe cost of digging acuboidal pit 8 m long, 6 m broad and 3 m deep at therate of
3 30 per mé,

5. Thecapacity of acuboidal tank is50000 litres of water. Find the breadth of the tank,
if itslength and depth are respectively 2.5 mand 10 m.

6. A village, having apopulation of 4000, requires 150 litres of water per head per day. It
hasatank measuring 20 m x 15m x 6 m. For how many dayswill thewater of thistank
last?

7. A godown measures40 m x 25 m x 15 m. Find the maximum number of wooden crates
each measuring 1.5 m x 1.25 m x 0.5 m that can be stored in the godown.

8. A solid cube of side 12 cm is cut into eight cubes of equal volume. What will be the
side of the new cube? Also, find the ratio between their surface areas.

9. Ariver 3mdeepand 40 mwideisflowing at therate of 2 km per hour. How much water
will fall into the seain aminute?
13.7Volumeof aCylinder

Just as a cuboid is built up with rectangles of the same size, we have seen that aright
circular cylinder can be built up using circles of the same size. So, using the same
argument as for a cuboid, we can see that the volume of a cylinder can be obtained
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as: base area x height
= area of circular base x height = nr*h

o, Volume of a Cylinder = ®rh

wherer isthe base radius and h is the height of the cylinder.

Example13: Thepillarsof atemplearecylindrically
shaped (see Fig. 13.26). If each pillar has a circular
base of radius 20 cm and height 10 m, how much
concrete mixture would be required to build 14 such
pillars?

Solution : Since the concrete mixture that is to be
used to build up the pillars is going to occupy the
entire space of the pillar, what we need to find here
isthe volume of the cylinders. Fig. 13.26

Radius of base of acylinder = 20 cm
Height of the cylindrical pillar =10 m= 1000 cm
So, volume of each cylinder = wr2h

= %x 20x 20x 1000cm?

8800000
7
8.8 .
= m? (Since 1000000 cm?® = 1m?)

Therefore, volume of 14 pillars = volume of each cylinder x 14

7

=176md
So, 14 pillarswould need 17.6 m® of concrete mixture.

Example 14 : At aRamzan Mela, astall keeper in one
of the food stalls has a large cylindrical vessel of base
radius 15 cm filled up to a height of 32 cm with orange
juice. Thejuiceisfilled in small cylindrical glasses (see
Fig. 13.27) of radius 3 cm up to a height of 8 cm, and
sold for ¥ 15 each. How much money does the stall
keeper receive by selling the juice compl etely?

Fig. 13.27
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Solution : The volume of juice in the vessel
= volume of the cylindrical vessel
= nR2H
(where R and H are taken as the radius and height respectively of the vessel)
=qnx15x15x%x 32cm?
Similarly, the volume of juice each glass can hold = tr?h
(wherer and h are taken as the radius and height respectively of each glass)
= x3x3x8cm?
So, number of glasses of juice that are sold

volume of the vessel
volume of each glass

Ttx15x15x%x 32
TX3x3x%x8

=100
Therefore, amount received by the stall keeper =% 15 x 100
= 31500

EXERCISE 13.6

2 .
Assume T = 72 , unless stated otherwise.

1. Thecircumferenceof thebase of acylindrical vessel is132 cmanditsheightis25cm.
How many litres of water canit hold? (1000 cmé=1I)

2. Theinner diameter of acylindrical wooden pipe is 24 cm and its outer diameter is
28 cm. Thelength of the pipeis 35 cm. Find the mass of the pipe, if 1 cm? of wood has
amassof 0.6 g.

3. A softdrink isavailableintwo packs— (i) atin can with arectangular base of length
5 cm and width 4 cm, having aheight of 15 cm and (i) aplastic cylinder with circular
base of diameter 7 cm and height 10 cm. Which container has greater capacity and by
how much?

4. If the lateral surface of a cylinder is 94.2 cm? and its height is 5 cm, then find
(i) radius of itsbase (i) itsvolume. (User = 3.14)
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5. It costs¥ 2200 to paint theinner curved surface of acylindrical vessel 10 m deep. If
the cost of painting is at the rate of ¥ 20 per m?, find

(i) inner curved surface area of the vessel,
(i) radius of the base,
(iii) capacity of the vessel.
6. The capacity of aclosed cylindrical vessel of height 1 mis 15.4 litres. How many
square metres of metal sheet would be needed to make it?

7. Alead pencil consistsof acylinder of wood with asolid cylinder of graphitefilledin
theinterior. Thediameter of thepencil is7 mm and the diameter of the graphiteis1 mm.
If the length of the pencil is 14 cm, find the volume of the wood and that of the
graphite.

8. A patientinahospital isgiven soup daily inacylindrical bowl of diameter 7 cm. If the
bowl isfilled with soup to aheight of 4 cm, how much soup the hospital hasto prepare
daily to serve 250 patients?

13.8 Volumeof aRight Circular Cone

In Fig 13.28, can you seethat thereisaright circular
cylinder and aright circular cone of the same base
radius and the same height?

PRNEN

Fig. 13.28

Activity : Try to make a hollow cylinder and a hollow cone like this with the same
base radius and the same height (see Fig. 13.28). Then, we can try out an experiment
that will help us, to see practically what the volume of aright circular cone would be!

(b)
Fig. 13.29
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So, let us start likethis.

Fill the cone up to the brim with sand once, and empty it into the cylinder. Wefind
that it fills up only apart of the cylinder [see Fig. 13.29(a)].

When we fill up the cone again to the brim, and empty it into the cylinder, we see
that the cylinder isstill not full [see Fig. 13.29(b)].

When the coneisfilled up for thethird time, and emptied into the cylinder, it can be
seen that the cylinder isalso full to the brim [see Fig. 13.29(c)].

With this, we can safely come to the conclusion that three times the volume of a
cone, makes up the volume of a cylinder, which has the same base radius and the
same height as the cone, which means that the volume of the cone is one-third the
volume of the cylinder.

1
So, Volume of a Cone = gnrzh

wherer isthe base radius and h is the height of the cone.

Example 15 : The height and the slant height of a cone are 21 cm and 28 cm
respectively. Find the volume of the cone.

Solution : From I? =r? + h?, we have

r=JI>?—h? = /282 - 20° cm = 7\/7cm

1 1 22
So, volume of the cone = énrzh = 5 X 7>< 7ﬁ X 7\/7 x 21 cm?
= 7546 cm?®

Example 16 : Monica has a piece of canvas whose area is 551 m?. She uses it to
have a conical tent made, with a base radius of 7 m. Assuming that all the stitching
margins and the wastage incurred while cutting, amounts to approximately 1 m?, find
the volume of the tent that can be made with it.

Solution : Since the area of the canvas = 551 m? and area of the canvas lost in
wastage is 1 m?, therefore the area of canvas available for making the tent is
(551 —1) m? =550 m2.

Now, the surface area of the tent = 550 m? and the required base radius of the conical
tent=7m

Note that a tent has only a curved surface (the floor of a tent is not covered by
canvas!!).
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Therefore, curved surface area of tent = 550 m?.

Thatis, nrl = 550

22
or, — x7x| =550

7

I = 3—0 =25
or, = 2 m= m
Now, 2=r2+h?
Therefore, h= 1?2 —r? = |28 -7 m= /625 - 49m = /576m
=24m

1 1 22
So, the volume of the conical tent = éﬂrzh = 3 X = X7 x7Tx24m’=1232 md,

EXERCISE13.7

22 .
Assume T = ER unless stated otherwise.

1. Findthevolume of theright circular cone with

(i) radius6cm, height 7cm (i) radius3.5cm, height 12cm

2. Findthe capacity inlitres of aconical vessel with
(i) radius7cm,slant height 25cm (i) height 12 cm, slant height 13cm

3. Theheight of aconeis 15 cm. If itsvolumeis 1570 cm?, find the radius of the base.
(User=3.14)

4. If thevolumeof aright circular cone of height 9 cmis48 1 cm?, find the diameter of its
base.

A conical pit of top diameter 3.5 mis12 mdeep. What isits capacity inkilolitres?
6. Thevolumeof aright circular coneis 9856 cm?. If the diameter of the baseis28 cm,
find
(i) bheight of the cone (i) slant height of the cone
(i) curved surface area of the cone

7. ArighttriangleABCwithsides5cm, 12 cmand 13 cmisrevolved about theside 12 cm.
Find the volume of the solid so obtained.

8. If thetriangleABC inthe Question 7 aboveisrevolved about the side 5 cm, then find
the volume of the solid so obtained. Find also the ratio of the volumes of the two
solids obtained in Questions 7 and 8.

9. A heap of wheat isin the form of acone whose diameter is10.5 m and heightis3m.
Find itsvolume. The heap isto be covered by canvasto protect it fromrain. Find the
area of the canvas required.
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13.9Volumeof a Sphere

Now, let us see how to go about measuring the volume of asphere. First, take two or
three spheres of different radii, and a container big enough to be able to put each of
the spheresintoit, one at atime. Also, take alarge trough in which you can place the
container. Then, fill the container up to the brim with water [see Fig. 13.30(a)].

Now, carefully place one of the spheresin the container. Some of the water from
the container will over flow into the trough in which it is kept [see Fig. 13.30(b)].
Carefully pour out thewater from the trough into ameasuring cylinder (i.e., agraduated
cylindrical jar) and measure the water over flowed [see Fig. 13.30(c)]. Suppose the
radius of theimmersed sphereisr (you can find the radius by measuring the diameter

4
of the sphere). Then evaluate 3 nr3. Do you find this value almost equal to the

measure of the volume over flowed?

= —

| i :
= «‘
l I | = |1 : N
(a) (b) (c)
Fig. 13.30

Once again repeat the procedure done just now, with a different size of sphere.

Find theradius R of this sphere and then cal cul ate the val ue of gnR3. Onceagainthis

valueisnearly equal to the measure of the volume of the water displaced (over flowed)
by the sphere. What does this tell us? We know that the volume of the sphere is the
same asthe measure of the volume of thewater displaced by it. By doing thisexperiment
repeatedly with spheres of varying radii, we are getting the same result, namely, the

4
volume of asphereisequal to 3" times the cube of itsradius. Thisgives ustheidea
that

4
Volume of a Sphere = §1I=Ir3

wherer isthe radius of the sphere.

Later, in higher classesit can be proved also. But at this stage, we will just take it
as true.
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Since a hemisphere is half of a sphere, can you guess what the volume of a

. . U R
hemisphere will be? Yes, |t|sE of § Tre = Enr%

2
So, | Volume of a Hemisphere = §1tr3

wherer isthe radius of the hemisphere.
Let us take some examples to illustrate the use of these formulae.

Example 17 : Find the volume of a sphere of radius 11.2 cm.

: . 4
Solution : Required volume = 57”3

= gxgxﬂ 2x11.2x11.2 cm? = 5887.32 cm?®

Example 18 : A shot-putt is a metallic sphere of radius 4.9 cm. If the density of the
metal is 7.8 g per cm?, find the mass of the shot-puit.

Solution : Sincethe shot-putt is a solid sphere made of metal and its massis equal to
the product of its volume and density, we need to find the volume of the sphere.

4
Now, volume of the sphere = 3" r

= ﬂ><§><4.9>< 49x4.9cm®
3 7

= 493 cm? (nearly)
Further, mass of 1 cm?® of metal is7.8 g.
Therefore, mass of the shot-putt = 7.8 x 493 g
= 3845.44 g = 3.85 kg (nearly)
Example 19 : A hemispherical bowl has a radius of 3.5 cm. What would be the
volume of water it would contain?
Solution : The volume of water the bowl! can contain

3

—Tr
3

% X % X 35%x35%x35 cm?=89.8cm?
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EXERCISE 13.8
22 i
Assumen = EE unless stated otherwise.
1. Find the volume of a sphere whose radiusis
@ 7cm (i) 063m
2. Find the amount of water displaced by asolid spherical ball of diameter
@) 28cm (i) 0.21m
3. Thediameter of ametallicball is4.2 cm. What isthe mass of the ball, if the density of
the metal is8.9 g per cm®?
4. Thediameter of the moon is approximately one-fourth of the diameter of the earth.
Whet fraction of the volume of the earth is the volume of the moon?
5. How many litres of milk can ahemispherical bowl! of diameter 10.5 cm hold?
6. A hemispherical tank ismade up of aniron sheet 1 cmthick. If theinner radiusis1 m,
then find the volume of theiron used to make the tank.
Find the volume of a sphere whose surface areais 154 cm?.
A domeof abuildingisintheform of ahemisphere. Frominside, it waswhite-washed
at the cost of ¥ 4989.60. If the cost of white-washing isT 20 per square metre, find the
(i) insidesurface areaof the dome, (i) volume of the air inside the dome.
9. Twenty seven solid iron spheres, each of radius r and surface area S are melted to
form aspherewith surfacearea S'. Find the
(i) radiusr’ of the new sphere, (ii) ratioof Sand S.
10. A capsule of medicine isin the shape of a sphere of diameter 3.5 mm. How much
medicine (inmm?) is needed tofill this capsule?
EXERCISE 13.9 (Optional)*
1. A wooden bookshelf has external dimensionsas

follows: Height = 110 cm, Depth = 25 cm, 85 cm
Breadth = 85 cm (seeFig. 13.31). Thethickness of
the plank is5 cm everywhere. The external faces
are to be polished and the inner faces are to be
painted. If the rate of polishing is 20 paise per

cm? and the rate of painting is 10 paise per cm?, 10 em
find thetotal expensesrequired for polishing and
painting the surface of the bookshelf.

/25 cm

* These exercises are not from examination point of view.

Fig. 13.31
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2. The front compound wall of a house is
decorated by wooden spheres of diameter 21
cm, placed on small supports as shown in Fig
13.32. Eight such spheres are used for this
purpose, and are to be painted silver. Each M
support isacylinder of radius 1.5 cm and height L T T T T T 1
7 cm and is to be painted black. Find the cost
of paint required if silver paint costs 25 paise Fig. 13.32
per cm? and black paint costs 5 paise per cm?.

3. The diameter of a sphere is decreased by 25%. By what per cent does its curved
surface area decrease?

13.10 Summary
Inthischapter, you have studied the following points:

© © N o gk~ WDN P

B R
N PO

=
w

14.

15.

Surfaceareaof acuboid =2 (Ib+bh +hl)

Surfaceareaof acube = 6a?

Curved surfaceareaof acylinder =2grh

Total surfaceareaof acylinder =2xr(r +h)

Curved surfaceareaof acone=mrl

Total surfaceareaof aright circular cone=mrl +xr?,i.e., awr (1 +r)
Surfaceareaof asphereof radiusr=4mr?

Curved surfacearea of a hemisphere=2mr2

Total surfaceareaof ahemisphere= 3nr?

Volumeof acuboid=1xbxh

. Volumeof acube=a®
. Volumeof acylinder =mrh

1
Volumeof acone= §1tr2h

4
Volumeof asphereof radiusr = §1l:r3

2
Volumeof ahemisphere= §1|:r3

[Here, lettersl, b, h, a, r, etc. have been used in their usual meaning, depending on the
context.]
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CHAPTER 14

STATISTICS
I

14.1 Introduction

Everyday we come across alot of information in the form of facts, numerical figures,
tables, graphs, etc. These are provided by newspapers, televisions, magazines and
other means of communication. These may relateto cricket batting or bowling averages,
profits of acompany, temperatures of cities, expendituresin various sectors of afive
year plan, polling results, and so on. These facts or figures, which are numerical or
otherwise, collected with adefinite purpose are called data. Dataisthe plural form of
the Latin word datum. Of course, the word ‘data’ is not new for you. You have
studied about data and data handling in earlier classes.

Our world is becoming more and more information oriented. Every part of our
livesutilisesdatain oneform or the other. So, it becomes essential for usto know how
to extract meaningful information from such data. This extraction of meaningful
information is studied in abranch of mathematics called Satistics.

The word ‘statistics' appears to have been derived from the Latin word * status
meaning ‘a(political) state'. Initsorigin, statisticswas simply the collection of dataon
different aspects of the life of people, useful to the State. Over the period of time,
however, its scope broadened and statistics began to concern itself not only with the
collection and presentation of data but also with the interpretation and drawing of
inferences from the data. Statistics deals with collection, organisation, analysis and
interpretation of data. Theword ‘ statistics' has different meaningsin different contexts.
Let us observe the following sentences:

1. May | havethe latest copy of ‘Educational Statistics of India’.
2.1 liketo study ‘ Statistics' becauseit isused in day-to-day life.

Inthefirst sentence, statisticsisused in aplural sense, meaning numerical data. These
may include a number of educational institutions of India, literacy rates of various
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states, etc. In the second sentence, the word ‘statistics' is used as a singular noun,
meaning the subject which deals with the collection, presentation, analysis of data as
well as drawing of meaningful conclusions from the data.

In this chapter, we shall briefly discuss all these aspects regarding data.

14.2 Collection of Data

L et us begin with an exercise on gathering data by performing the following activity.

Activity 1 : Divide the students of your class into four groups. Allot each group the
work of collecting one of the following kinds of data:

(i) Heights of 20 students of your class.

(i) Number of absenteesin each day in your class for a month.
(i) Number of membersin the families of your classmates.

(iv) Heights of 15 plantsin or around your school.

L et us moveto the results students have gathered. How did they collect their data
in each group?
(i) Didthey collect theinformation from each and every student, house or person
concerned for obtaining theinformation?
(i) Didthey get the information from some source like available school records?

Inthefirst case, when theinformation was collected by theinvestigator herself or
himself with adefinite objectivein her or hismind, the dataobtained iscalled primary
data.

In the second case, when the information was gathered from a source which
already had theinformation stored, the data obtained is called secondary data. Such
data, which has been collected by someone else in another context, needs to be used
with great care ensuring that the source isreliable.

By now, you must have understood how to collect data and distinguish between
primary and secondary data.

EXERCISE 14.1

1. Givefiveexamplesof datathat you can collect from your day-to-day life.
2. Classify thedatain Q.1 above as primary or secondary data.

2021-22



240 MATHEMATICS

14.3 Presentation of Data

Assoon asthework related to collection of dataisover, theinvestigator hasto find out
ways to present them in aform which is meaningful, easily understood and givesits
main features at a glance. Let us now recall the various ways of presenting the data
through some examples.

Example 1 : Consider the marks obtained by 10 students in a mathematics test as
givenbelow:
55 36 95 73 60 42 25 78 75 62

The datain thisform is called raw data.
By looking at it in thisform, can you find the highest and the lowest marks?

Did it take you sometimeto search for the maximum and minimum scores? Wouldn't
it be less time consuming if these scores were arranged in ascending or descending
order? So let us arrange the marks in ascending order as

25 36 42 55 60 62 73 75 78 95
Now, we can clearly see that the lowest marks are 25 and the highest marks are 95.

The difference of the highest and the lowest values in the data is called the range of the
data. So, the range in this case is 95 — 25 = 70.

Presentation of datain ascending or descending order can be quitetime consuming,
particularly when the number of observationsin an experiment islarge, asin the case
of the next example.

Example 2 : Consider the marks obtained (out of 100 marks) by 30 students of Class
IX of aschool:

10 20 3B 992 95 40 50 56 60 70

2 8 8 70 72 70 36 40 3B 40

2 40 50 50 5% 60 70 60 60 88

Recall that the number of students who have obtained a certain number of marksis
called the frequency of those marks. For instance, 4 students got 70 marks. So the
frequency of 70 marksis 4. To make the data more easily understandable, we write it
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inatable, asgiven below:

Table 14.1

Marks Number of students
(i.e., the frequency)

[ERN

FBBRNIBFEE&EEBE
P WONPFEP P BAMBEDNOWPAE®WPRE

Total

8

Table 14.1 is called an ungrouped frequency distribution table, or simply afrequency
distribution table. Note that you can use also tally marks in preparing these tables,
asin the next example.

Example 3 : 100 plants each were planted in 100 schools during Van Mahotsava.
After one month, the number of plants that survived were recorded as :

95 67 28 32 65 65 69 33 98 %
76 42 32 38 42 40 40 69 95 92
75 83 76 83 85 62 37 65 63 42

65 73 81 49 52 64 76 83 92
93 68 52 79 81 83 59 82 75 82
86 90 a4 62 31 36 38 42 39 83
87 56 58 23 35 76 85 30 68
69 83 86 43 45 39 75 66 83
92 75 89 66 91 27 89 93 42
53 69 90 55 66 49 52 83 A 36
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To present such alarge amount of data so that a reader can make sense of it easily,
we condense it into groups like 20-29, 30-39, . . ., 90-99 (since our data is from
2310 98). These groupings are called ‘classes' or ‘class-intervals', and their size is
called the class-size or class width, which is 10 in this case. In each of these classes,
the least number is called the lower class limit and the greatest number is called the
upper classlimit, e.g., in 20-29, 20 isthe ‘lower classlimit’ and 29 isthe ‘ upper class
limit'.

Also, recall that using tally marks, the data above can be condensed in tabular
form asfollows:

Table 14.2
Number of plants | Tally Marks |Number of schools

survived (frequency)
20-29 If 3
30-39 Ml 14
40- 49 MM 12
50-59 (YUl 8
60-69 1,V 18
70-79 M 10
80-89 1110 VR 23
90-99 MM 12

Total 100

Presenting datain thisform simplifies and condenses dataand enables usto observe
certain important features at aglance. Thisis called a grouped frequency distribution
table. Here we can easily observe that 50% or more plants survived in 8 + 18 + 10 +
23+ 12 =71 schools.

We observe that the classes in the table above are non-overlapping. Note that we
could have made more classes of shorter size, or fewer classes of larger size also. For
instance, the intervals could have been 22-26, 27-31, and so on. So, there is no hard
and fast rule about this except that the classes should not overlap.

Example 4 : Let us now consider the following frequency distribution table which
gives the weights of 38 students of a class:
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Table 14.3

Weights (in kg) Number of students

31-35
36-40
41-45
46 - 50
51355
56 - 60
61- 65
66 - 70
NS

Total

BirroNvP,whk oo

Now, if two new students of weights 35.5 kg and 40.5 kg are admitted in this class,
then in which interval will we include them? We cannot add them in the ones ending
with 35 or 40, nor to the following ones. Thisis because there are gapsin between the
upper and lower limits of two consecutive classes. So, we need to divide theintervals
so that the upper and lower limits of consecutive intervals are the same. For this, we
find the difference between the upper limit of aclassand thelower limit of itssucceeding
class. We then add half of this difference to each of the upper limits and subtract the
same from each of the lower limits.

For example, consider the classes 31 - 35 and 36 - 40.
Thelower limit of 36 - 40 =36
The upper limit of 31-35=35
The difference=36-35=1

1
o, half the difference = > =05

Sothenew classinterval formed from31-35is(31-0.5) - (35+0.5),i.e, 30.5- 35.5.

Similarly, the new class formed from the class 36 - 40is (36 — 0.5) - (40 + 0.5), i.e,,
35.5-40.5.

Continuing in the same manner, the continuous classes formed are:

30.5-35.5, 35.5-40.5, 40.5-45.5, 45.5-50.5, 50.5-55.5, 55.5-60.5,
60.5 - 65.5, 65.5-70.5, 70.5-75.5.
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Now it is possible for us to include the weights of the new students in these classes.
But, another problem crops up because 35.5 appears in both the classes 30.5 - 35.5
and 35.5 - 40.5. In which class do you think this weight should be considered?

If it isconsidered in both classes, it will be counted twice.

By convention, we consider 35.5 in the class 35.5 - 40.5 and not in 30.5 - 35.5.
Similarly, 40.5isconsidered in 40.5 - 45.5 and not in 35.5- 40.5.

So, the new weights 35.5 kg and 40.5 kg would be included in 35.5 - 40.5 and
40.5 - 45.5, respectively. Now, with these assumptions, the new frequency distribution
table will be as shown below:

Table 14.4
Weights (in kg) Number of students

30.5-35.5 9
35.5-40.5 6
40.5-45.5 15
45.5-50.5 3
50.5-55.5 1
55.5-60.5 2
60.5-65.5 2
65.5-70.5 1
70.5-75.5 1

Total 40

Now, let us move to the data collected by you in Activity 1. Thistime we ask you to
present these as frequency distribution tables.

Activity 2 : Continuing with the same four groups, change your data to frequency
distribution tables.Choose convenient classeswith suitabl e class-sizes, keeping in mind
the range of the data and the type of data.

2021-22



STATISTICS 245

EXERCISE 14.2

1. Theblood groups of 30 students of Class V11l are recorded asfollows:
A,B,0,0,AB,0,A,0,B,A,0,B,A, 0,0,
A,AB,0O,A,A,0,0,AB,B,A,0,B,A,B,O.

Represent this data in the form of afrequency distribution table. Which is the most
common, and which is the rarest, blood group among these students?

2. Thedistance (in km) of 40 engineersfrom their residenceto their place of work were
found asfollows:

5 3 10 20 5 11 13 7 12 31
9 10 12 17 B 11 2 17 16 2
7 9 7 8 3 5 12 15 18 3
2 14 2 9 6 15 15 7 6 12

Construct a grouped frequency distribution table with class size 5 for the datagiven
above taking the first interval as 0-5 (5 not included). What main features do you
observe from this tabular representation?

3. Therelative humidity (in %) of acertain city for amonth of 30 dayswasasfollows:
981 986 992 93 865 B3 RI9 B3 A2 B1
802 R3 971 9B5 R7 9Bl 972 9BW3 B2 973
%2 R1 849 92 9B7 983 973 B1 R1 &

(i) Construct agrouped frequency distribution table with classes84 - 86, 86 - 88, etc.
(i) Which month or season do you think this data is about?
(i) What is the range of this data?

4. The heights of 50 students, measured to the nearest centimetres, have been found to
be asfollows:

61 10 14 166 168 161 14 162 150 151
62 14 171 166 18 14 16 172 160 10
153 1 161 10 162 165 16 168 1656 14
4 12 158 1% 188 162 160 161 173 166
61 1 162 16/ 168 19 188 1583 14 IX9

() Represent thedatagiven above by agrouped frequency distribution table, taking
theclassintervalsas 160 - 165, 165 - 170, etc.

(i) What can you conclude about their heights from the table?
5. A study was conducted to find out the concentration of sulphur dioxideintheair in
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parts per million (ppm) of a certain city. The data obtained for 30 daysisasfollows:

003 008 008 0.09 004 0.17
0.16 005 002 0.06 0.18 020
011 008 012 013 022 007
008 001 0.10 0.06 0.09 0.18
011 007 005 007 001 004

() Makeagrouped frequency distribution tablefor thisdatawith classintervalsas
0.00-0.04,0.04-0.08, and so on.

(i) For how many days, was the concentration of sulphur dioxide more than 0.11
parts per million?
Three coins were tossed 30 times simultaneously. Each time the number of heads
occurring was noted down as follows:
0 1 2 2 1 2 3 1 3 0
1 3 1 1 2 2 0 1 2 1
3 0 0 1 1 2 3 2 2 0
Prepare a frequency distribution table for the data given above.
Thevalue of T upto 50 decimal placesis given below:
3.14159265358979323846264338327950288419716939937510
() Makeafrequency distribution of the digitsfrom 0 to 9 after the decimal point.
(i) What are the most and the least frequently occurring digits?

Thirty children were asked about the number of hoursthey watched TV programmes
in the previous week. The results were found as follows:
1 6 2 3 5 12 5 8 4 8
10 3 4 12 2 8 15 1 17 6
3 2 8 5 9 6 8 7 14 12

() Makeagrouped frequency distribution table for this data, taking class width 5
and one of the classintervalsas5 - 10.

(i) How many children watched television for 15 or more hours aweek?

A company manufactures car batteries of aparticular type. Thelives(inyears) of 40
such batteries were recorded as follows:

26 30 37 32 22 41 35 45

35 23 32 34 38 32 46 37

25 44 34 33 29 30 43 28

35 32 39 32 32 31 37 34

46 38 32 26 35 42 29 36

Construct a grouped frequency distribution table for this data, using class intervals
of size 0.5 starting from theinterval 2- 2.5.
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14.4 Graphical Representation of Data

The representation of data by tables has already been discussed. Now let us turn our
attention to another representation of data, i.e., the graphical representation. Itiswell
said that one pictureis better than athousand words. Usually comparisons among the
individual items are best shown by means of graphs. The representation then becomes
easier to understand than the actual data. We shall study the following graphical
representationsin this section.

(A) Bar graphs

(B) Histograms of uniform width, and of varying widths

(C) Frequency polygons
(A) Bar Graphs

In earlier classes, you have already studied and constructed bar graphs. Here we
shall discuss them through a more formal approach. Recall that a bar graph is a
pictoria representation of datain which usually bars of uniform width are drawn with
equal spacing between them on one axis (say, the x-axis), depicting the variable. The
values of the variable are shown on the other axis (say, the y-axis) and the heights of
the bars depend on the values of the variable.

Example 5 : In a particular section of Class IX, 40 students were asked about the
months of their birth and the following graph was prepared for the data so obtained:

(SN |
I

Number of Students
—_ N W A~ Wi

Jan
Feb. |
M

Months of Birth ——>
Fig. 14.1
Observe the bar graph given above and answer the following questions:
() How many students were born in the month of November?
(i)  Inwhich month were the maximum number of students born?
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Solution : Note that the variable here is the ‘month of birth’, and the value of the
variable isthe ‘Number of students born’.

(i) 4 students were born in the month of November.
(ii) The Maximum number of students were born in the month of August.
Let usnow recall how abar graphis constructed by considering thefollowing example.

Example 6 : A family with amonthly income of < 20,000 had planned the following
expenditures per month under various heads:

Table 14.5
Heads Expenditure
(in thousand rupees)
Grocery 4
Rent 5
Education of children 5
Medicine 2
Fuel 2
Entertainment 1
Miscellaneous 1

Draw a bar graph for the data above.

Solution : We draw the bar graph of thisdatain the following steps. Note that the unit
in the second column is thousand rupees. So, ‘4’ against ‘grocery’ means 34000.

1. We represent the Heads (variable) on the horizontal axis choosing any scale,
since the width of the bar is not important. But for clarity, we take equal widths
for all bars and maintain equal gapsin between. Let one Head be represented by
oneunit.

2. We represent the expenditure (value) on the vertical axis. Since the maximum
expenditure is ¥5000, we can choose the scale as 1 unit = 3 1000.

3. To represent our first Head, i.e., grocery, we draw a rectangular bar with width
1 unit and height 4 units.

4. Similarly, other Heads are represented leaving a gap of 1 unit in between two
consecutive bars.

The bar graph isdrawnin Fig. 14.2.
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Expenditure (in thousand rupees)
L B YS B SN, e ) S

X &)
O ‘0066 $60 g ‘b)S’\OQ \0\ Q 0(6\ 6\6& K Q>
) ?ﬁy w»@ 5ﬁ9 39@
o W
Heads
Fig. 14.2

Here, you can easily visualise the relative characteristics of the data at a glance, e.g.,
the expenditure on education is more than doubl e that of medical expenses. Therefore,
in some ways it serves as a better representation of data than the tabular form.

Activity 3: Continuing with the same four groups of Activity 1, represent the data by
suitable bar graphs.

Let us now see how a frequency distribution table for continuous class intervals
can be represented graphically.
(B) Histogram

Thisisaform of representation like the bar graph, but it is used for continuous class
intervals. For instance, consider the frequency distribution Table 14.6, representing
the weights of 36 students of a class:

Table 14.6

Weights (in kg) Number of students

30.5-355
35.5-405
40.5-45.5
45.5-50.5
50.5-555
55.5-60.5

Total

Bk wh oo
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Let us represent the data given above graphically as follows:

(i) Werepresent the weightson the horizontal axison asuitable scale. We can choose
the scaleas 1 cm = 5 kg. Also, since the first classinterval is starting from 30.5
and not zero, we show it on the graph by marking a kink or a break on the axis.

(i) Werepresent the number of students (frequency) on the vertical axison asuitable
scale. Since the maximum frequency is 15, we need to choose the scale to
accomodate this maximum frequency.

(i) We now draw rectangles (or rectangular bars) of width equal to the class-size
and lengths according to the frequencies of the corresponding classintervals. For
example, therectanglefor the classinterval 30.5 - 35.5 will be of width 1 cm and
length 4.5 cm.

(iv) Inthisway, we obtain the graph as shown in Fig. 14.3:

N\

161
141
121
101

Number of Students

NGNS

©)

30.5 355 405 455 505 555 605 655

Weights (in kg) ———>
Fig. 14.3

Observe that since there are no gapsin between consecutive rectangles, the resultant
graph appears like a solid figure. This is called a histogram, which is a graphical
representation of agrouped frequency distribution with continuous classes. Also, unlike
abar graph, the width of the bar plays a significant role in its construction.

Here, infact, areas of the rectangles erected are proportional to the corresponding
frequencies. However, since the widths of the rectangles are al equal, the lengths of
the rectangles are proportional to the frequencies. That is why, we draw the lengths
accordingto (iii) above.
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Now, consider a situation different from the one above.

Example 7 : A teacher wanted to analyse the performance of two sections of students
in a mathematics test of 100 marks. Looking at their performances, she found that a
few students got under 20 marks and afew got 70 marks or above. So she decided to
group them into intervals of varying sizes as follows: 0 - 20, 20 - 30, . . ., 60 - 70,
70 - 100. Then she formed the following table:

Table 14.7
Marks Number of students
0-20 7
20-30 10
30-40 10
40- 50 20
50- 60 20
60- 70 15
70 - above 8
Total 0

A histogram for this table was prepared by a student as shown in Fig. 14.4.

22
20
18
16
14
12
10

Number of Students

N R ON

0] 10 20 30 40 50 60 70 80 90 100
Marks

Fig. 14.4
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Carefully examinethisgraphical representation. Do you think that it correctly represents
the data? No, the graph is giving us a misleading picture. As we have mentioned
earlier, the areas of the rectangles are proportional to the frequenciesin a histogram.
Earlier thisproblem did not arise, because the widths of all the rectangles were equal.
But here, since the widths of the rectangles are varying, the histogram above does not
give a correct picture. For example, it shows a greater frequency in the interval
70 - 100, than in 60 - 70, which is not the case.

So, we need to make certain modificationsin the lengths of the rectangles so that
the areas are again proportional to the frequencies.

The steps to be followed are as given below:

1. Selectaclassinterval with the minimum classsize. In the example above, the
minimum class-sizeis 10.

2. The lengths of the rectangles are then modified to be proportionate to the
class-size 10.

For instance, when the class-size is 20, the length of the rectangle is 7. So when
7
the class-sizeis 10, the length of the rectangle will be 0N 10=3.5.

Similarly, proceeding in this manner, we get the following table:

Table 14.8
Marks Frequency Width of Length of the rectangle
the class
0-20 7 20 -’ 10=35
) 20 T
20-30 10 10 10 10=10
= 10 X =
30-40 10 10 10 10=10
= 10 X =
20
40-50 20 10 — x10=20
10
50- 60 20 10 20 10=20
) 10 *°
60- 70 15 10 L 10=15
= 10 X =
8
70-100 8 30 30 * 10= 2.67

2021-22



STATISTICS 253

Since we have calculated these lengths for an interval of 10 marksin each case,
we may call these lengths as “proportion of students per 10 marksinterval”.

So, the correct histogram with varying widthisgivenin Fig. 14.5.

Propotion of students per 10 marks interval —>
o

v 1:0 2030 40 50 60 70 8:0 9:0 100
Marks
Fig. 14.5
(C) Frequency Polygon

There isyet another visual way of representing quantitative data and its frequencies.
This is a polygon. To see what we mean, consider the histogram represented by
Fig. 14.3. Let usjoin the mid-points of the upper sides of the adjacent rectangles of
this histogram by means of line segments. Let us call these mid-pointsB, C, D, E, F
and G. When joined by line segments, we obtain the figure BCDEFG (see Fig. 14.6).
To complete the polygon, we assume that thereis aclassinterval with frequency zero
before 30.5 - 35.5, and one after 55.5 - 60.5, and their mid-points are A and H,
respectively. ABCDEFGH isthe frequency polygon corresponding to the data shown
in Fig. 14.3. We have shown thisin Fig. 14.6.
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Number of Students —— >
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Fig. 14.6

Although, there exists no class preceding the lowest class and no class succeeding
the highest class, addition of the two classintervalswith zero frequency enablesusto
make the area of the frequency polygon the same as the area of the histogram. Why
isthisso? (Hint : Use the properties of congruent triangles.)

Now, the question arises: how do we compl ete the polygon when thereisno class
preceding the first class? Let us consider such a situation.

Example 8 : Consider the marks, out of 100, obtained by 51 students of aclassin a
test, givenin Table 14.9.
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Table 14.9

Marks Number of students
0-10 5
10-20 10
20-30 4
30-40 6
40-50 7
50- 60 3
60- 70 2
70-80 2
80-90 3
90- 100 9

Total 51

Draw afreguency polygon corresponding to thisfrequency distribution table.

Solution : Let usfirst draw a histogram for this data and mark the mid-points of the
tops of therectanglesasB, C, D, E, F, G H, |, J, K, respectively. Here, thefirst classis
0-10. So, to find the class preceeding 0-10, we extend the horizonta axis in the negative
direction and find the mid-point of theimaginary class-interval (—10) - 0. Thefirst end
point, i.e., B isjoined to thismid-point with zero frequency on the negative direction of
the horizontal axis. The point wherethisline segment meetsthe vertical axisis marked
asA. Let L be the mid-point of the class succeeding the last class of the given data.
Then OABCDEFGHIJKL isthe frequency polygon, whichisshownin Fig. 14.7.
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Fig. 14.7
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Frequency polygons can also be drawn independently without drawing
histograms. For this, we require the mid-points of the class-intervals used in the data.
These mid-points of the class-intervals are called class-marks.

To find the class-mark of aclassinterval, we find the sum of the upper limit and
lower limit of aclassand divideit by 2. Thus,
Upper limit + Lower limit
2

Class-mark =

Let us consider an example.

Example 9: In acity, the weekly observations made in a study on the cost of living
index aregiveninthefollowingtable:

Table 14.10
Cost of living index Number of weeks

140 - 150 5
150- 160 10
160- 170 20
170- 180 9
180- 190 6
190 - 200 2

Total 52

Draw afrequency polygon for the data above (without constructing a histogram).

Solution : Sincewe want to draw afrequency polygon without ahistogram, let usfind
the class-marks of the classes given above, that is of 140 - 150, 150 - 160,....

For 140 - 150, the upper limit = 150, and the lower limit = 140

150 +140 290
2 2

Continuing in the same manner, we find the class-marks of the other classes aswell.

So, the class-mark = = 145,
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So, the new table obtained is as shown in the following table:

Table 14.11

Classes Class-marks Frequency
140- 150 145 5
150- 160 155 10
160- 170 165 20
170- 180 175 9
180- 190 185 6
190- 200 195 2

Total 52

We can now draw afrequency polygon by plotting the class-marks along the horizontal
axis, the frequencies along the vertical-axis, and then plotting and joining the points
B(145, 5), C(155, 10), D(165, 20), E(175, 9), F(185, 6) and G(195, 2) by line segments.
We should not forget to plot the point corresponding to the class-mark of the class
130 - 140 (just before the lowest class 140 - 150) with zero frequency, that is,
A(135, 0), and the point H (205, 0) occursimmediately after G(195, 2). So, the resultant

frequency polygon will be ABCDEFGH (see Fig. 14.8).

—
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Number of Weeks

o

D

Fig. 14.8
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Freguency polygons are used when the data is continuous and very large. It is
very useful for comparing two different sets of data of the same nature, for example,
comparing the performance of two different sections of the same class.

EXERCISE 14.3

1. A survey conducted by an organisation for the cause of illness and death among
the women between the ages 15 - 44 (in years) worldwide, found the following
figures (in %):

S.No.

Causes

Femalefatality rate (%)

S N A

Reproductive health conditions
Neuropsychiatric conditions
Injuries

Cardiovascular conditions
Respiratory conditions

Other causes

318
254
124
43
41
20

() Represent the information given above graphically.

(i) Which condition isthe major cause of women’sill health and death worldwide?

(i) Trytofindout, with the help of your teacher, any two factorswhich play amajor
roleinthe causein (ii) above being the major cause.

2. Thefollowing data on the number of girls (to the nearest ten) per thousand boys in
different sections of Indian society is given below.

Section

Number of girlsper thousand boys

Scheduled Caste (SC)
Scheduled Tribe (ST)
Non SC/ST

Backward districts
Non-backward districts
Rurd

Urban

E88883S

2021-22



STATISTICS 259

(i) Represent the information above by abar graph.

(i) Inthe classroom discuss what conclusions can be arrived at from the graph.

3. Givenbelow arethe seatswon by different political partiesin the polling outcome of
a state assembly elections:

Palitical Party A B (© D E F

Seats\Won s 55 37 2 10 37

(i) Draw abar graph to represent the polling results.
(i) Which political party won the maximum number of seats?

4. Thelength of 40 leaves of a plant are measured correct to one millimetre, and the
obtained datais represented in the following table:

Length (inmm) Number of leaves

118-126 3
127-135
136-144
145-153
154-162
163-171
172-180

N AR o oo

(i) Draw ahistogramto represent the givendata. [Hint: First maketheclassintervals
continuous]

(i) Isthere any other suitable graphical representation for the same data?

(iii) Isit correct to conclude that the maximum number of leaves are 153 mm long?
Why?

5. Thefollowingtablegivesthelifetimesof 400 neon lamps:

Lifetime(in hours) Number of lamps
300-400 14
400- 500 5
500- 600 &0
600- 700 86
700-800 /!
800-900 62
900- 1000 48
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(i) Represent the given information with the help of a histogram.

(i) How many lamps have alifetime of morethan 700 hours?

The following table gives the distribution of students of two sections according to

the marks obtained by them:
Section A Section B
Marks Frequency Marks Frequency
0-10 3 0-10 5
10-20 9 10-20 19
20-30 17 20-30 15
30-40 12 30-40 10
40-50 9 40-50 1

Represent the marks of the students of both the sections on the same graph by two
frequency polygons. From the two polygons compare the performance of the two

sections.
7. Therunsscored by two teamsA and B onthefirst 60 ballsin acricket match are given
below:
Number of balls Team A Team B

1-6 2 5
7-12 1 6
13-18 8 2
19-24 9 10
25-30 4 5
31-36 5 6
37-42 6 3
43-48 10 4
49-54 6 8
55-60 2 10

Represent the data of both the teams on the same graph by frequency polygons.
[Hint : First makethe classintervals continuous.]
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8. A random survey of the number of children of various age groups playing in a park
was found asfollows:

Age(inyears) Number of children

1-2
2-3
3-5
=7/
7-10
10-15
15-17

2B ORK o wn

Draw a histogram to represent the data above.

9. 100surnameswererandomly picked up fromalocal telephonedirectory and afrequency
distribution of the number of |ettersin the English a phabet in the surnameswas found

asfollows:
Number of letters Number of surnames
1- 4 6
4- 6 0
6- 8 24
8-12 16
12-20 4

(i) Draw ahistogram to depict the given information.
(i) Writetheclassinterval inwhich the maximum number of surnameslie.

14.5 M easures of Central Tendency

Earlier in this chapter, we represented the data in various forms through frequency
distribution tables, bar graphs, histograms and frequency polygons. Now, the question
arisesif we always need to study all the datato ‘make sense’ of it, or if we can make
out some important features of it by considering only certain representatives of the
data. Thisispossible, by using measures of central tendency or averages.

Consider asituation when two students Mary and Hari received their test copies.
The test had five questions, each carrying ten marks. Their scores were as follows:

Question Numbers | 1 2 3 4 5
Mary’s score 10 8 9 8 7
Hari’'s score 4 7 10 10 10
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Upon getting the test copies, both of them found their average scores as follows:

42
Mary’s average score = 5 =84

41
Hari’'s average score = = =82

Since Mary’saverage scorewasmorethan Hari's, Mary claimed to have performed
better than Hari, but Hari did not agree. He arranged both their scores in ascending
order and found out the middle score as given below:

Mary’s Score 7 8 9 10

Hari's Score 4 7 10 10

Hari said that since his middle-most score was 10, which was higher than Mary’s
middle-most score, that is 8, his performance should be rated better.

But Mary was not convinced. To convince Mary, Hari tried out another strategy.
He said he had scored 10 marks more often (3 times) as compared to Mary who
scored 10 marks only once. So, his performance was better.

Now, to settle the dispute between Hari and Mary, let us see the three measures
they adopted to make their paint.

The average score that Mary found in the first case is the mean. The ‘middle
scorethat Hari was using for hisargument isthe median. The most often scored mark
that Hari used in his second strategy is the mode.

Now, let usfirst look at the mean in detail.

The mean (or aver age) of a number of observations is the sum of the values of
all the observations divided by the total number of observations.

It is denoted by the symbol X , read as ‘x bar’.

Let us consider an example.
Example 10 : 5 people were asked about the time in a week they spend in doing
social work intheir community. They said 10, 7, 13, 20 and 15 hours, respectively.
Find the mean (or average) time in aweek devoted by them for social work.
Solution : We have already studied in our earlier classes that the mean of a certain

Sum of all the observations
Tota number of observations

number of observationsis equal to . To simplify our
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working of finding the mean, let us use avariable x to denote the ith observation. In
this case, i can take the values from 1 to 5. So our first observation is x;, second
observationisx,, and so on till x..

Also x; = 10 means that the value of the first observation, denoted by x,, is 10.
Similarly, x, =7, x, =13, x, = 20 and x, = 15.
Sum of all the observations
Total number of observations

Therefore, the mean X =

X+ Xy + Xg + Xy + Xg
5
10+7+13+20+15 _ 65 _

5 5
So, the mean time spent by these 5 people in doing social work is 13 hoursin aweek.

Now, in case we are finding the mean time spent by 30 people in doing social
work, writing X, + X, + X, + ... + X, would be atedious job.We use the Greek symbol
X (for the letter Sigma) for summation. Instead of writing X + X, + X, + ... + X, we

30

write in , Which is read as ‘the sum of x asi variesfrom 1to 30'.
i=1

30

Y %

— i=1

=, X= 30
n

Y %

Similarly, for n observations X = i:rl]

Example 11 : Find the mean of the marks obtained by 30 students of Class IX of a
school, givenin Example 2.

X X+ X
% 30

ZXi =10+20+36+92+95+40+50+56+ 60+ 70+ 92 + 88
=1 80+70+72+70+36+40+36+40+ 92+ 40+ 50+ 50
56+60+70+60+60+88=1779

1779

X = —— =59,
o, 20 59.3

Solution : Now, X =
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Isthe process not time consuming? Can we simplify it? Note that we have formed
afrequency table for this data (see Table 14.1).

The table shows that 1 student obtained 10 marks, 1 student obtained 20 marks, 3

students obtained 36 marks, 4 students obtained 40 marks, 3 students obtained 50

marks, 2 students obtained 56 marks, 4 students obtained 60 marks, 4 students obtained

70 marks, 1 student obtained 72 marks, 1 student obtained 80 marks, 2 students obtained

88 marks, 3 students obtained 92 marks and 1 student obtained 95 marks.

So, thetotal marksobtained = (1 x 10) + (1 x 20) + (3 x 36) + (4 x 40) + (3 x 50)
+(2x56) + (4 x60) + (4% 70)+ (1x72) +(1x80)
+(2x88) + (3x92) + (1 x95)

=fx +...+f,x, wheref isthe frequency of theith

entry inTable 14.1.

13
In brief, we write thisas Y f;x .
i=1

13
So, the total marks obtained = Y f,x
i=1
= 10+20+108+ 160+ 150+ 112 + 240+ 280+ 72+ 80
+ 176+ 276 + 95

= 1779
Now, the total number of observations

13
Syt
i=1

fo+f,+.. . +1,

1+1+3+4+3+2+4+4+1+1+2+3+1
30

13
fx
_ Sum of al the observations .; %
o, the mean X = : =5
Tota number of observations Z f
_we . -
-3

This process can be displayed in the following table, which is a modified form of
Table14.1.
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Table 14.12
Marks Number of students fx

(x;) (f)

10 1 10

20 1 20

36 3 108

40 4 160

50 3 150

56 2 112

60 4 240

70 4 280

72 1 72

80 1 80

88 2 176

92 3 276

95 1 95
13 13
Y f =30 Y fix =1779
i=1 i=1

Thus, in the case of an ungrouped frequency distribution, you can use the formula

for calculating the mean.

fix

Nagy

X =

n

Y

i=1

Let us now move back to the situation of the argument between Hari and Mary,
and consider the second case where Hari found his performance better by finding the
middle-most score. As already stated, this measure of central tendency is called the

median.

The median is that value of the given number of observations, which dividesit into
exactly two parts. So, when the data is arranged in ascending (or descending) order

the median of ungrouped datais calculated asfollows:
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() When the number of observations (n) is odd, the median is the value of the

n+1 13+1jth.

th
[T) observation. For example, if n =13, the value of the
the 7th observation will be the median [see Fig. 14.9 (i)].

(i)  When the number of observations (n) is even, the median is the mean of the

e,

n

th n th
[Ej and the [E + 1] observations. For example, if n = 16, the mean of the

values of the - and the Bl +1 observations, i.e., the mean of the

values of the 8th and 9th observationswill be the median [see Fig. 14.9 (ii)].

iiiiii@iiiiff

% Median is their mean
7

ffiiiii<>iiiiiff

(1)
Fig. 14.9

Let usillustrate thiswith the help of some examples.

Example 12 : The heights (in cm) of 9 students of a class are as follows:

155 160 145 149 150 147 152 144 148
Find the median of this data.
Solution : First of all we arrange the data in ascending order, as follows:

144 145 147 148 149 150 152 155 160
Since the number of studentsis 9, an odd number, we find out the median by finding
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the height of the [”T”Jth - [%)th = the 5th student, which is 149 cm,

So, the median, i.e., the medial height is 149 cm.
Example 13 : The points scored by a Kabaddi team in a series of matches are as
follows:

17, 2, 7, 27, 15 5 14, 8, 10, 24, 48 10, 8 7, 18, 28
Find the median of the points scored by the team.
Solution : Arranging the points scored by the team in ascending order, we get

2, 5 7,7, 8 8 10, 10, 14, 15 17, 18, 24, 27, 28, 48.

There are 16 terms. So there are two middle terms, i.e. the 1—26 thand [1—26 ats 1)th, i.e.,
the 8th and 9th terms.
So, the median is the mean of the values of the 8th and 9th terms.
10+14
2
So, the medial point scored by the Kabaddi teamis 12.

i.e, the median = =12

Let us again go back to the unsorted dispute of Hari and Mary.
The third measure used by Hari to find the average was the mode.

The mode is that value of the observation which occurs most frequently, i.e., an
observation with the maximum frequency is called the mode.

The readymade garment and shoe industries make great use of this measure of
central tendency. Using the knowledge of mode, these industries decide which size of
the product should be produced in large numbers.

Let usillustrate thiswith the help of an example.
Example 14 : Find the mode of the following marks (out of 10) obtained by 20
students:
4, 6,5 9 3 2 7, 7,6, 5, 4,9 10, 10, 3, 4, 7, 6, 9,9
Solution : We arrange this datain the following form :
2,3 3 4,4,45/ 56,66, 7,7,7,9 9 9 9 10, 10
Here 9 occurs most frequently, i.e., four times. So, the modeis 9.

2021-22



268 MATHEMATICS

Example 15 : Consider a small unit of a factory where there are 5 employees : a
supervisor and four labourers. The labourers draw asalary of ¥ 5,000 per month each
while the supervisor gets< 15,000 per month. Calculate the mean, median and mode
of the salaries of this unit of the factory.

5000 + 5000 + 5000 + 5000 + 15000 35000

5 5
So, the mean salary is¥ 7000 per month.

To obtain the median, we arrange the salaries in ascending order:
5000, 5000, 5000, 5000, 15000
Since the number of employees in the factory is 5, the median is given by the

Solution : Mean = = 7000

(%)th = gth = 3rd observation. Therefore, the median is¥ 5000 per month.

To find the mode of the salaries, i.e., the modal salary, we see that 5000 occurs the
maximum number of timesin the data 5000, 5000, 5000, 5000, 15000. So, the modal
salary is¥ 5000 per month.

Now compare the three measures of central tendency for the given data in the
example above. You can see that the mean salary of ¥ 7000 does not give even an
approximate estimate of any one of their wages, while the medial and modal salaries
of ¥ 5000 represents the data more effectively.

Extreme values in the data affect the mean. Thisis one of the weaknesses of the
mean. So, if the data has a few points which are very far from most of the other
points, (like 1,7,8,9,9) then the mean isnot agood representative of thisdata. Sincethe
median and mode are not affected by extreme values present in the data, they givea
better estimate of the average in such a situation.

Again let us go back to the situation of Hari and Mary, and compare the three
measures of central tendency.

M easur es Hari Mary
of central tendency

Mean 82 8.4
Median 10 8
Mode 10 8

This comparison helps us in stating that these measures of central tendency are not
sufficient for concluding which student is better. We require some more information to
conclude this, which you will study about in the higher classes.
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EXERCISE 144

1. Thefollowing number of goalswere scored by ateam in aseries of 10 matches:
2 3 4 5 0 1 3 3 4 3
Find the mean, median and mode of these scores.

2. In a mathematics test given to 15 students, the following marks (out of 100) are
recorded:

41, 39, 48, 52, 46, 62, 54, 40, 96, 52, 98, 40, 42, 52, 60
Find the mean, median and mode of this data.

3. Thefollowing observations have been arranged in ascending order. If the median of
the datais 63, find the value of x.

29, 32, 48, 50, x, x+2, 72, 78, 84, 95
Findthemodeof 14, 25, 14, 28, 18, 17, 18, 14, 23, 22, 14, 18.
5. Findthe mean salary of 60 workersof afactory from thefollowing table:

Salary (in%) Number of workers

3000
4000
5000
6000
7000
8000
9000
10000

&

Blrr w o o BR

Total

6. Giveoneexampleof asituationinwhich
()  themean isan appropriate measure of central tendency.

(i) themeanisnot an appropriate measure of central tendency but themedianisan
appropriate measure of central tendency.
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14.6 Summary
In this chapter, you have studied the following points:

1
2.

Facts or figures, collected with a definite purpose, are called data.

Statistics is the area of study dealing with the presentation, analysis and interpretation of
data.

How data can be presented graphically in the form of bar graphs, histograms and frequency
polygons.

Thethree measures of central tendency for ungrouped data are:

() Mean: Itisfound by adding all the values of the observations and dividing it by the
total number of observations. It is denoted by X .

n n
2 21
=1 Foran ungrouped frequency distribution, it is X = - 1 .

21

i=1

So, X =

(i) Median: It isthe value of the middle-most observation ().

n+1
2

th
If nisan odd number, the median = value of the ( j observation.

th th
If nisan even number, median = Mean of the values of the (gj and (2 + 1]

observations.
(i) Mode: The modeisthe most frequently occurring observation.
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CHAPTER 15|

PROBABILITY
I

It is remarkable that a science, which began with the consideration of
games of chance, should be elevated to the rank of the most important
subject of human knowledge. —Pierre Simon Laplace

15.1 Introduction

In everyday life, we come across statements such as
(1) Itwill probably raintoday.
(2) | doubt that he will pass the test.
(3) Most probably, Kavitawill stand first in the annual examination.
(4) Chances are high that the prices of diesel will go up.
(5) Thereisa50-50 chance of Indiawinning atossin today’s match.

The words ‘probably’, ‘doubt’, ‘most probably’, ‘chances’, etc., used in the
statements above involve an element of uncertainty. For example, in (1), ‘probably
rain’ will mean it may rain or may not rain today. We are predicting rain today based
on our past experience when it rained under similar conditions. Similar predictionsare
also madein other caseslisted in (2) to (5).

The uncertainty of ‘probably’ etc can be measured numerically by means of
‘probability’ in many cases.

Though probability started with gambling, it hasbeen used extensively inthefields
of Physical Sciences, Commerce, Biological Sciences, Medical Sciences, Weather
Forecasting, etc.
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15.2 Probability —an Experimental Approach

In earlier classes, you have had a glimpse of probability when you performed
experimentsliketossing of coins, throwing of dice, etc., and observed their outcomes.
You will now learn to measure the chance of occurrence of a particular outcomein an
experiment.

The concept of probability developedinavery
strange manner. In 1654, a gambler Chevalier
| de Mere, approached the well-known 17th
| century French philosopher and mathematician
* | BlaisePascal regarding certain dice problems.
Pascal became interested in these problems,
studied them and discussed them with another
French mathematician, Pierre de Fermat. Both J
Pascal and Fermat solved the problems pigrredeFermat
(1623-1662) independently. This work was the beginning (1601-1665)
Fig. 15.1 of Probability Theory. Fig. 15.2
The first book on the subject was written by the Italian mathematician, J.Cardan
(1501-1576). Thetitle of the book was* Book on Games of Chance’ (Liber deLudo
Aleage), published in 1663. Notable contributionswere al so made by mathematicians
J. Bernoulli (1654-1705), P. Laplace (1749-1827), A.A. Markov (1856-1922) andA.N.
Kolmogorov (born 1903).

Activity 1 : (i) Take any coin, toss it ten times and note down the number of times a
head and atail come up. Record your observations in the form of the following table

Table 15.1
Number of times Number of times Number of times
the coin is tossed head comes up tail comes up
10 — —

Write down the values of the following fractions:

Number of times a head comes up
Total number of times the coin is tossed

Number of times a tail comes up
Total number of times the coin is tossed

and
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(i) Tossthe coin twenty times and in the same way record your observations as
above. Again find the values of the fractions given abovefor this collection of
observations.

(iii) Repeat the same experiment by increasing the number of tosses and record
the number of heads and tails. Then find the values of the corresponding
fractions.

You will find that as the number of tosses gets larger, the values of the fractions
come closer to 0.5. To record what happens in more and more tosses, the following
group activity can also be performed:

Acitivity 2 : Divide the class into groups of 2 or 3 students. Let a student in each
group tossacoin 15 times. Another student in each group should record the observations
regarding headsand tails. [Note that coins of the same denomination should be used in
all the groups. It will betreated asif only one coin has been tossed by all the groups.]

Now, on the blackboard, make a table like Table 15.2. First, Group 1 can write
down its observations and calcul ate the resulting fractions. Then Group 2 can write
downitsobservations, but will calculate the fractionsfor the combined data of Groups
1 and 2, and so on. (We may call these fractions as cumulative fractions.) We have
noted the first three rows based on the observations given by one class of students.

Table 15.2
Group | Number | Number Cumulativenumber of heads| Cumulativenumber of tails
of of Total number of times Total number of times
heads tails thecoin istossed thecoin istossed
1) 2 (©)] 4 ®)
1 3 12 i E
15 15
7+3 _10 8+12 20
2 ¢ 8 15+15 30 15+15 30
7+10 17 8+20 28
3 F 8 15+30 45 15+30 45
4 . .

What do you observe in the table? You will find that asthe total number of tosses
of the coin increases, the values of the fractionsin Columns (4) and (5) come nearer
and nearer to 0.5.

Activity 3: (i) Throw adie* 20 times and note down the number of timesthe numbers

*A dieisawell balanced cubewith its six faces marked with numbersfrom 1 to 6, one number
on one face. Sometimes dots appear in place of numbers.
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1,2, 3,4,5, 6 comeup. Record your observationsin theform of atable, asin Table 15.3:

Table 15.3

Number of timesadieisthrown Number of timesthese scoresturn up

1 2 3 4 5 6

Find the values of thefollowing fractions:

Number of times1 turned up
Total number of times the dieis thrown

Number of times 2 turned up
Total number of times the dieis thrown

Number of times 6 turned up
Total number of times the dieis thrown

(i) Now throw the die 40 times, record the observations and cal culate the fractions
asdonein (i).
Asthe number of throws of the die increases, you will find that the value of each
1

fraction calculated in (i) and (ii) comes closer and closer to s
To seethis, you could perform agroup activity, asdonein Activity 2. Divide the
studentsinyour class, into small groups. One student in each group should throw adie
ten times. Observations should be noted and cumulative fractions shoul d be cal cul ated.
The values of the fractions for the number 1 can be recorded in Table 15.4. This
table can be extended to write down fractions for the other numbers also or other
tables of the same kind can be created for the other numbers.
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Table 15.4
Group Total number of timesadie Cumulativenumber of times1turned up
isthrown in agroup Total number of timesthedieisthrown
(€ (@) (©)
1 — —
2 — —
3 — —
4 — —

Thedice used in all the groups should be almost the same in size and appearence.
Then all the throws will be treated as throws of the same die.

What do you observe in these tables?

You will find that as the total number of throws gets larger, the fractions in

Column (3) move closer and closer to % .

Activity 4 : (i) Toss two coins simultaneously ten times and record your
observations in the form of atable as given below:

Table 15.5

Number of timesthe
two coinsaretossed

Number of times
nohead comesup

Number of times
onehead comesup

Number of times
two headscomeup

10

Write down the fractions:

Number of times no head comes up

"~ Total number of times two coins are tossed

Number of times one head comes up

"~ Total number of times two coins are tossed

Number of times two heads come up

"~ Total number of times two coins are tossed

Calculate the values of these fractions.
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Now increase the number of tosses (asin Activitiy 2). You will find that the more
the number of tosses, the closer are the values of A, B and C to 0.25, 0.5 and 0.25,
respectively.

In Activity 1, each toss of a coiniscalled atrial. Similarly in Activity 3, each
throw of adieisatrial, and each simultaneoustoss of two coinsin Activity 4isalsoa
trial.

So, a trial is an action which results in one or several outcomes. The possible
outcomesinActivity 1 wereHead and Tail; whereasin Activity 3, the possible outcomes
werel, 2, 3,4,5and 6.

InActivity 1, the getting of ahead in a particular throw is an event with outcome
‘head’. Similarly, getting a tail is an event with outcome ‘tail’. In Activity 2, the
getting of a particular number, say 1, is an event with outcome 1.

If our experiment was to throw the die for getting an even number, then the event
would consist of three outcomes, namely, 2, 4 and 6.

So, an event for an experiment isthe collection of some outcomes of the experiment.
In Class X, you will study amore formal definition of an event.

So, can you now tell what the events arein Activity 4?

With thisbackground, let usnow seewhat probability is. Based on what we directly
observe asthe outcomesof our trials, wefind the experimental or empirical probability.

Let n be the total number of trials. The empirical probability P(E) of an event E
happening, isgiven by
Number of trials in which the event happened
Thetota number of trids
In thischapter, we shall befinding the empirical probability, though wewill write
‘probability’ for convenience.
Let us consider some examples.

To start with let us go back to Activity 2, and Table 15.2. In Column (4) of this
table, what isthefraction that you cal culated? Nothing, but it istheempirical probability
of getting ahead. Notethat this probability kept changing depending on the number of
trialsand the number of heads obtainedinthesetrias. Similarly, theempirical probability

P(E) =

12
of getting atail isobtained in Column (5) of Table 15.2. Thisis I to start with, then

itis 2, then - and
itis 7, then 7=, and soon.
So, the empirical probability depends on the number of trials undertaken, and the

number of times the outcomes you are looking for coming up in thesetrials.
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Activity 5 : Before going further, ook at the tables you drew up while doing
Activity 3. Find the probabilities of getting a 3 when throwing adie a certain number
of times. Also, show how it changes as the number of trials increases.

Now let us consider some other examples.

Example 1: A coinistossed 1000 timeswith the following frequencies:

Head : 455, Tall : 545
Compute the probability for each event.
Solution : Sincethe coinistossed 1000 times, the total number of trialsis 1000. Let us
call the events of getting ahead and of getting atail asE and F, respectively. Then, the
number of times E happens, i.e., the number of times a head come up, is 455.

Number of heads
Total number of trias
455

ie, P(E)= — =0.455
1000

So, the probability of E =

Number of tails
Tota number of trials
545

i.e, P(F) = ——= =0.545
) 1000

Note that in the example above, P(E) + P(F) = 0.455 + 0.545=1, and Eand F are
the only two possible outcomes of each trial.

Similarly, the probability of the event of getting atail =

Example 2 : Two coins are tossed simultaneously 500 times, and we get
Two heads: 105times
One head : 275times
No head : 120times
Find the probability of occurrence of each of these events.

Solution : Let us denote the events of getting two heads, one head and no head by E,,
E, and E,, respectively. So,

105

P(El) = Eiii =0.21
275

P(E,) = 500 =0.55
120

P(E,) = 500 =0.24
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Observethat P(E,) + P(E,)) + P(E,) = 1. Also E, E, and E, cover all the outcomes
of atrial.

Example3: A dieisthrown 1000 timeswith the frequenciesfor the outcomes 1, 2, 3,
4,5and 6 asgiveninthefollowing table:

Table 15.6

Outcome 1 2 3 4 5 6

Frequency 179 150 157 149 175 190

Find the probability of getting each outcome.

Solution : Let E denote the event of getting the outcomei, wherei =1, 2, 3, 4, 5, 6.
Then

Frequency of 1
Totd number of timesthedieis thrown

Probability of theoutcomel= P(E)

179

= 1000 =0.179

- 150 157
Smilaly, P(E) = 1000 =015, P(E)= 1000 =0.157,

149 175
P(E,) = 1000 =0.149, P(E)= 1000 =0.175

and P(E) = —— =0.19.

Note that P(E)) + P(E,)) + P(E,) + P(E,)) + P(E)) + P(E)) = 1
Also note that:
(i) The probability of each event lies between 0 and 1.
(i) Thesum of al the probabilitiesis 1.
(iii) E.E, ... E,cover all the possible outcomes of atrial.

Example4 : Onone page of atelephone directory, there were 200 tel ephone numbers.
Thefrequency distribution of their unit placedigit (for example, inthe number 25828573,
the unit placedigitis3) isgivenin Table 15.7:
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Table 15.7

Digit 0 1 2 3 4 5 6 7 8 9
Frequency | 22 | 26 | 22 | 22 | 20| 10 | 14| 28 | 16 | 20

Without looking at the page, the pencil is placed on one of these numbers, i.e., the
number ischosen at random. What isthe probability that thedigit initsunit placeis6?

Solution : The probability of digit 6 being inthe unit place

Frequency of 6
Tota number of selected telephone numbers

4 0.07
200
You can similarly obtaintheempirical probabilitiesof the occurrence of the numbers

having the other digitsin the unit place.

Example5: Therecord of aweather station showsthat out of the past 250 consecutive
days, its weather forecasts were correct 175 times.

(i) What isthe probability that on a given day it was correct?

(i) What isthe probability that it was not correct on a given day?
Solution : Thetotal number of days for which the record is available = 250
(i) P(the forecast was correct on a given day)

Number of days when the forecast was correct
Total number of daysfor which the record is available

175 _
250
(i) The number of days when the forecast was not correct = 250 — 175 = 75

75
So, P(the forecast was not correct on a given day) = 550 =0.3

0.7

Noticethat:
P(forecast was correct on a given day) + P(forecast was not correct on a given day)
=07+03=1
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Example 6 : A tyre manufacturing company kept a record of the distance covered
before a tyre needed to be replaced. The table shows the results of 1000 cases.

Table 15.8

Distance (in km)| less than 4000 | 4000 to 9000 | 9001 to 14000 | more than 14000

Frequency 20 210 325 445

If you buy atyre of this company, what isthe probability that :
(i) itwill need to be replaced before it has covered 4000 km?
(i) itwill last morethan 9000 km?

(iii) it will need to be replaced after it has covered somewhere between 4000 km
and 14000 km?

Solution : (i) Thetotal number of trials = 1000.
The frequency of atyre that needs to be replaced before it covers 4000 km is 20.

20
So, P(tyre to be replaced before it covers 4000 km) = —— =0.02

1000
(ii) The frequency of atyrethat will last more than 9000 km is 325 + 445 =770
. 770
So, P(tyre will last more than 9000 km) = 1000 =0.77

(iif) The frequency of a tyre that requires replacement between 4000 km and
14000 kmis210 + 325 = 535.

535
So, P(tyre requiring replacement between 4000 km and 14000 km) = 1000 =0.535

Example 7 : The percentage of marks obtained by a student in the monthly unit tests
are given below:

Table 15.9
Unit test I I [l v V
Per centage of 69 71 73 63 74
marks obtained

Based on this data, find the probability that the student gets more than 70% marksin
aunit test.
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Solution : Thetotal number of unit testsheld is 5.
The number of unit tests in which the student obtained more than 70% marksis 3.

3
So, P(scoring more than 70% marks) = 5

=06

Example 8 : An insurance company selected 2000 drivers at random (i.e., without
any preference of one driver over another) in a particular city to find a relationship
between age and accidents. The data obtained are given in the following table:

Table 15.10
Ageof drivers Accidentsin one year
(in years)
0 1 2 3 over 3
18- 29 440 160 110 61 35
30-50 505 125 60 2 18
Above 50 360 45 35 15 9

Find the probabilities of the following events for adriver chosen at random from the

city:
(i) being 18-29 years of age and having exactly 3 accidents in one year.

(i) being 30-50 years of age and having one or more accidentsin a year.
(iii) having no accidentsin one year.
Solution : Total number of drivers = 2000.

(i) Thenumber of driverswho are 18-29 years old and have exactly 3 accidents
inoneyear is61.
61
So, P (driver is 18-29 years old with exactly 3 accidents) = 2000
=0.0305 = 0.031
(i) The number of drivers 30-50 years of age and having one or more accidents
inoneyear = 125+ 60 + 22 + 18 = 225

So, P(driver is 30-50 years of age and having one or more accidents)

225
= —— =01125=0.113
2000

(iii) The number of drivers having no accidentsin one year = 440 + 505 + 360
= 1305
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1305
Therefore, P(drivers with no accident) = 5000 =0.653

Example 9 : Consider the frequency distribution table (Table 14.3, Example 4,
Chapter 14), which gives the weights of 38 students of a class.

(i) Find the probability that the weight of a student in the class lies in the interval
46-50 kg.

(i) Give two events in this context, one having probability 0 and the other having
probability 1.

Solution : (i) The total number of students is 38, and the number of students with
weight intheinterval 46 - 50kgis 3.

3
So, P(weight of astudent isin theinterval 46 - 50 kg) = 33 =0.079

(i) For instance, consider the event that a student weighs 30 kg. Since no student has
thisweight, the probability of occurrence of thiseventis0. Similarly, the probability

38
of astudent weighing more than 30 kg is 38 =1

Example 10 : Fifty seeds were selected at random from each of 5 bags of seeds, and
were kept under standardised conditionsfavourable to germination. After 20 days, the
number of seedswhich had germinated in each collection were counted and recorded
asfollows:

Table 15.11

Bag 1 2 3 4 5

Number of seeds 40 48 42 39 41
ger minated

What isthe probability of germination of

(i) more than 40 seedsin a bag?

(i) 49 seedsin abag?

(i) more that 35 seeds in a bag?

Solution : Total number of bagsis 5.

(i) Number of bagsin which more than 40 seeds germinated out of 50 seedsis 3.

3
P(germination of more than 40 seedsin abag) = 5 =0.6
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(i)  Number of bagsin which 49 seeds germinated = O.

0
P(germination of 49 seedsin abag) = 5 =0.

(i) Number of bagsin which more than 35 seeds germinated = 5.

5
So, therequired probability = = =1

Remark : Inall the examples above, you would have noted that the probability of an
event can be any fraction from O to 1.

EXERCISE 151

1. Inacricket match, abatswoman hitsaboundary 6 times out of 30 balls she plays. Find
the probability that she did not hit a boundary.

2. 1500 families with 2 children were selected randomly, and the following data were

recorded:
Number of girlsin afamily 2 1 0
Number of families 475 814 211

Compute the probability of afamily, chosen at random, having
@) 2girls (i) L1girl (i) Nogirl
Also check whether the sum of these probabilitiesis 1.

3. Referto Example5, Section 14.4, Chapter 14. Find the probability that astudent of the
class was born in August.

4. Three coins are tossed simultaneously 200 times with the following frequencies of
different outcomes:

Outcome 3 heads 2 heads 1 head No head

Frequency PA] 7 7 2

If thethree coins are simultaneously tossed again, compute the probability of 2 heads
coming up.

5. Anorganisation selected 2400 families at random and surveyed them to determine a
relationship between income level and the number of vehicles in a family. The
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information gathered islisted in the table bel ow:

Monthly income Vehicles per family
(in%) 0 1 2 Above?2
Lessthan 7000 10 160 5 0
7000 — 10000 0 305 27 2
10000—13000 1 53% 2 1
13000—16000 2 469 5¢) 5
16000 or more 1 579 & 83

Suppose afamily is chosen. Find the probability that the family choseniis
(i) earningI 10000 — 13000 per month and owning exactly 2 vehicles.

(i)  earning< 16000 or more per month and owning exactly 1 vehicle.

(i)  earning less than < 7000 per month and does not own any vehicle.
(iv) earning 13000 — 16000 per month and owning morethan 2 vehicles.
(v) owning not morethan 1 vehicle.

Refer to Table 14.7, Chapter 14.

(i) Find the probability that a student obtained less than 20% in the mathematics
test.

(i)  Find the probability that a student obtained marks 60 or above.

To know the opinion of the students about the subject statistics, a survey of 200
students was conducted. The data is recorded in the following table.

Opinion Number of students
like 13
dislike 6

Find the probability that a student chosen at random

(i) likesstatistics, (i) doesnot likeit.

Refer to Q.2, Exercise 14.2. What isthe empirical probability that an engineer lives:
(i) lessthan7km from her place of work?

(i)  morethan or equal to 7 km from her place of work?

1
(i) within P km from her place of work?
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9. Adctivity : Note the frequency of two-wheelers, three-wheelers and four-wheelers
going past during atime interval, in front of your school gate. Find the probability
that any one vehicle out of the total vehicles you have observed is atwo-wheeler.

10. Activity : Ask al the students in your class to write a 3-digit number. Choose any
student from the room at random. What isthe probability that the number written by
her/himisdivisible by 3? Remember that a number isdivisible by 3, if the sum of its
digitsisdivisibleby 3.

11. Elevenbagsof wheat flour, each marked 5 kg, actually contained thefollowing weights
of flour (inkg):

497 505 508 503 500 506 508 498 504 507 500

Find the probability that any of these bags chosen at random contains morethan 5 kg
of flour.

12. InQ.5, Exercise 14.2, you were asked to prepare afrequency distribution table, regarding
the concentration of sulphur dioxideintheair in parts per million of acertain city for
30days. Using thistable, find the probability of the concentration of sulphur dioxide
intheinterval 0.12 - 0.16 on any of these days.

13. InQ.1, Exercise 14.2, youwere asked to prepare afrequency distribution tableregarding
the blood groups of 30 students of aclass. Usethistable to determine the probability
that a student of this class, selected at random, has blood group AB.

153 Summary
In this chapter, you have studied the following points:

1. Anevent for an experiment is the collection of some outcomes of the experiment.
2. Theempirical (or experimental) probability P(E) of an event E isgiven by

Number of trialsin which E has happened

P(E) = -
Tota number of trids

3. The Probahility of an event lies between 0 and 1 (0 and 1 inclusive).
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